Financial Mathematics
One variable integral calculus review




Def'n:Let I be an interval.
Let f be a function whose domain contains [.
A function F'is called an antiderivative of f on [

if, Vo € I, we have: F'(z) = f(x).

Def'n:Let f:R — R be a function.
A function F' is called an antiderivative of f
if, Vo € R, we have: F/(z) = f(z).

e.g.: Find all antiderivatives of f(z) = z2.

Guess: F(z) = $z° Guess—E(z) = 23
Fl(z) =22 = f(2) (r) = 3 T




Def'n:Let I be an interval.

Let f be a function whose domain contains I.
A function F'is called an antiderivative of f on [

expressions. . . if, Vo € I, we have: F'(z) = f(x).

Def'n:Let f: R — R be a function.
A function F'is called an antiderivative of f
if, Vo € R, we have: F/'(z) = f(z).

e.g.: Find all antiderivatives of f(z) = x~.
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Guess: F(z) = $z°

F'(z) = z* = f(x)

Guess: F(z) = 223+ 6

F'(z) = z° = f(x)

Other antiderivatives:

%$3 + 8
%:133 + 3




Def'n:Let I be an interval.
Let f be a function whose domain contains I.
An expression F'(x) is called an antiderivative of f(x)

w.r.t. x on I if, Vx € I, we have: F'(z) = f(x).

Def'n:Let f: R — R be a function.
A function F'is called an antiderivative of f
expressions. . . if, Vo € R, we have: F/'(z) = f(z).

e.g.: Find all antiderivatives of f(z) = z2.

Guess: F(x) = %m?’ Guess: F(x) = %x?’ + 6
F'(w) = a2 = J(a) F'(e) = a2 = f(a)
Other antiderivatives:
%$3 + 8
%:133 + 3




Def'n:Let I be an interval.

Let f be a function whose domain contains 1.
An expression F'(x) is called an antiderivative of f(x)

w.r.t. x on I if, Vx € I, we have: F'(z) = f(x).

Def'n:Let f: R — R be a function.

An expression F(z) is called an antiderivative of f(x)
w.r.t. z if, Vo € R, we have: F/(z) = f(x).

e.g.: Find all antiderivatives of f(z) = x~.

2

Guess: F(z) = :1,,:19
Fl(z) =22 = f(x

Guess: F(z) = 223+ 6

Other antiderivatives:
1.3 g (of z2 w.r.t. z)

)

§.’L’

F'(z) = 22 ;é f(x

1.3 33—

gCC

d/dx is not "1-1"
and so is not invertible.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢'(x) = h/(z), for all z in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vz € (a,b),
g(z) = (h(z)) + c.

Def'n:Let f: R — R be a function.

An expression F(z) is called an antiderivative of f(x)

w.r.t. z if, Vo € R, we have: F/(z) = f(x).

e.g.: Find all antiderivatives of f(z) = z2.

Guess: F(x) = %:c Guess: F(x) = %x?’ + 6

Fl@) =% = (@M~ F'@) =2? £ /()
Other antiderivatives:
1.3 (of 22 w.r.t. z) Ldm /
3 8 = CE2

{323+ C|CeR}is
the set of all antiderivatives of z2 w.r.t. x.

t23 43— d/dz is not “1-1"
and so is not invertible.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢'(x) = h/(z), for all z in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vz € (a,b),
g(z) = (h(z)) + c.

Def'n:Let f: R — R be a function.
An expression F(z) is called an antiderivative of f(x)
w.r.t. z if, Vo € R, we have: F/(z) = f(x).

Notation: The set of all antiderivatives of f(x) w.r.t. x
is denoted ] f(x) daf.

Traditional to

: 2 — 1.3 drop the set braces
e.g..f z=dx _{333 +CC eR} and everything after

the vertical line (|)

{323+ C[CeR}is =
the set of all antiderivatives of z2 w.r.t. x.




EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢’(z) = K (x), for all  in an interval I, (open, closed,
then g — h is constant on I; (bddh,aluf;]%%%r)])

that is, dc € R s.t., Vz € (a,b),
g(z) = (h(z)) + c.

Def'n:Let f: R — R be a function.
An expression F(z) is called an antiderivative of f(x)
w.r.t. z if, Vo € R, we have: F/(z) = f(x).

Notation: The set of all antiderivatives of f(x) w.r.t. x
is denoted / f(x) daf.

Traditional to

: 2 — 1.3 drop the set braces
e.g../:r; dr = 3L +C and everything after

the vertical line (|)
Note: {323 + C'|C € R} = {323 - 6C|C € R}




EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢'(x) = h/(z), for all z in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vz € (a,b),
g(z) = (h(z)) + c.

Def'n:Let f: R — R be a function.
An expression F(z) is called an antiderivative of f(x)
w.r.t. z if, Vo € R, we have: F/(z) = f(x).

Notation: The set of all antiderivatives of f(x) w.r.t. x
is denoted ] f(x) daf.

Traditional to

: 2 — 1.3 drop the set braces
e.g../:r; dr = 3L +C and everything after

the vertical line (|)
Note: {323 + C'|C € R}-=5{223 — 6C | C € R}
. ooks strange, but it's correct, as sets.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢'(x) = h/(z), for all z in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vz € (a,b),
g(z) = (h(z)) + c.

Def'n:Let f: R — R be a function.
An expression F(z) is called an antiderivative of f(x)
w.r.t. z if, Vo € R, we have: F/(z) = f(x).

Notation: The set of all antiderivatives of f(x) w.r.t. x

is denoted /f(a:)dw.

Traditional to

: 2 — 1.3 drop the set braces
e.g../:c dr = 3L +C and everything after

the vertical line (|)
Note: %:c?’ 4+ C = %333 — 6C
. ooks strange, but it's correct, as sets.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢'(v) = W' (v), for all v in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vv € (a,b),
g(v) = (h(v)) +c.

Def'n:Let f: R — R be a function.
An expression F(v) is called an antiderivative of f(v)
w.r.t. v if, Yo € R, we have: F'(v) = f(v).

Notation: The set of all antiderivatives of f(v) w.r.t. v
is denoted /f(fu) dv.

Traditional to

: 2 — 1.3 drop the set braces
e.g../v dv = 3v°+C and everything after

the vertical line (|)
Note: %fv:” +C = %v?’ —6C
. ooks strange, but it's correct, as sets.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢’(t) = K/ (t), for all t in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vt € (a,b),
g(t) = (h(t)) t+c.

Def'n:Let f: R — R be a function.
An expression F(t) is called an antiderivative of f(t)
w.r.t. ¢t if, Vvt € R, we have: F/(t) = f(¢t).

Notation: The set of all antiderivatives of f(t) w.r.t. ¢
is denoted / f(t) di}

Traditional to

: 2 — 1,3 drop the set braces
€.9g.. /t at = 3t +C and everything after

the vertical line (|)
Note: %t:” +C = %ti” —6C
. ooks strange, but it's correct, as sets.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢’(s) = K/ (s), for all s in an interval I, (open, closed,
then g — h is constant on I; (bddh,abf&%%%r)])

that is, dc € R s.t., Vs € (a,b),
g(s) = (h(s)) + c.

Def'n:Let f: R — R be a function.
An expression F(s) is called an antiderivative of f(s)
w.r.t. s if, Vs € R, we have: F/(s) = f(s).

Notation: The set of all antiderivatives of f(s) w.r.t. s
is denoted / f(s)ds|

Traditional to

: 2 — 1.3 drop the set braces
e.g..fs ds = 35 +C and everything after

the vertical line (|)
Note: %53 +C = %53 —6C
. ooks strange, but it's correct, as sets.
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EQUALITY OF DERIVATIVES: works for any

kind of interval

If ¢ = h' on an interval I, (open, closed,
then g — h is constant on I; (bddh,abf;]%%%r)‘)
that is, dc e R s.t., on I,
g=h-+c.

Def'n:Let f: R — R be a function.
A function F' is called an antiderivative of f
if: I/ = f on R.

Notation: The set of all antiderivatives of f
is denoted / 1l

Traditional to

: 2 _ 1 3 drop the set braces
9. /(.) o 3(.) +C and everything after

the vertical line (|)
Note:2(e)3 4+ C = 3(e)3 - 6C
. ooks strange, but it's correct, as sets.

And now, for something completely different. . .or is it? | 14

Next subtopic: Area




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hyp := (b —a)/n,

Goal: Find this area.
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

3 a at at b : 16
lhs  2hs




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

partition of [a, b]
into three subintervals
all of length h3

left endpoint midpoint right endpoint

first subinterval second sybinterval third subinterval

R SANS S S VA S -
3 __a+ a+ a+ at+ __ b
®=0hsz 1hz 2hz  3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

partition of [a, b]
into three subintervals
all of length h3

left endpoints Mmidpoints right endpoints

3 — ot a-f at at —b: 18
— Oh3 1h3 2h3 3hy




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

Next: 10th partition of [a,b]. ..
3rd partition of [a, b]

 f
3T 3 _ a+ a+ a+ at _ g 19
®=0hsz 1hz 2hz  3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp == (b—a)/n,
width of the subintervals in the nth partition

WARNING: A is for “horizontal’, not “height”

10th partition of [a, b]
width of the subintervals in the 10th partition

hio =

20




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp == (b—a)/n,

width of the subintervals in the nth partition
WARNING: A is for “horizontal’, not “height”
Back to the 3rd partition. ..
These rectangles have width hqg, not height.
h partition of [a, b]

width of the subin in the 10th partition
R
NN \\\ f
A b—a ‘
10 — 10 — a+ a+ _ g 21
_ Oh3 1Oh3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

3rd partition of [a, b]

Values
of f
at the
right
endpts

*
*
*
*
*
*
*
. .
*
* L
*
*
*
"
*

h

0 = at at at at _ b 22
— Ohs 1h3 2h3 3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let [RpSYf

Right 3rd Riemann Sum from a to b of f

h3
b total _
R3S, f = shaded = < [h3
area
h3.
\.
b— a

r

:[f(éi_-
:[If(ai__

“
*
*
‘$
*

__a+
a_0h3

a+
1hs

n
=" [hllf(a+ jhn)l,
J=1
N
- h3)]
3
-2h3)] p = ) [hsllf(a+ jh3)]
J=1
- 3h3)]
J
"""" Jlaths) Values
““““ of f
““““ 4 RTSRRIY f 7 2h3) a%;ﬂi
“ f endpts
A DI b f(a+ 3h3)
a-t a+ __ b 23
2h3 3h3 T




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].
Vintegers n > 1, let hp := (b —a)/n,

et [RnSSfl:i= Y [Rallf(a + jhn)],
j=1

fla+ (3~ 3)h3).,
fla+ (2-Dh3)
fla+ @ —3)hs) ~

Values
of f
at the
midpts - . -
. _b—a TS I I T I T N
3T 3 _ a+ a+ a+ at _ g 24
®=0hsz 1hz 2hz  3h3




h3

DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].
Vintegers n > 1, let hp := (b —a)/n,

let

let

fla+ (3~ 3)h3).,

fla+ (2 - %)h:-s).“

fla+ (1 —Hng) ™

RnS? f

MnSf

=Y [hallf(a+ jha)),

j=1
= > [hllf(a+ (G — 3)hn)]
j=1

Values Midpoint 3rd
of f Riemann Sum
at the from a to b of f
midpts
b total
f  M3S,f= shaded
b—a area
- . a+ a+ a+ at+ __ ” 25
3 @=0hy 1lhy 2hs 3h3 "




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let [RnS2f|:= i [n][f (@ =+ jhn)],

j=1
Values b ik 1
of f let Mnsaf .= Z [hn] [f(a + (] — j)hn)]
at the 1=1
left
endpts

fla+ (3 —-1)h3),
fla+ (2 —-1)h3),
fla+ (1 —1)h3),

 f
3 3 _ a+ a—+ a—+ at _ ¢ 26
®=0hsz 1hz 2hz  3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].
Vintegers n > 1, let hp := (b —a)/n,

let [RnS2f|:= i [n][f (@ =+ jhn)],

Values
of f let Mnng
at the
left

endpts

fla+ (3 —-1)h3),
fla+ (2 —-1)h3),
fla+ (1 —1)h3),

[hn]f(a+ (J — %)hn)]

and let Lnng

hal]lf(a+ (G — 1)hn)].

j=1
n
= )
j=1
n
=) |
............ j=1

Next: n = 10... Left 3rd
Riemann Sum
from a to b of |

.0
*
*
.0
L

‘e
.
.
.
.
.
.
.
.
.
.
.
‘e
.

1 total
f L3S,/ = shaded
b—a area
h3 = 3 _at af at af _, 27
®=0hsz 1hz 2hz  3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let [RnS2f|:= i [n][f (@ =+ jhn)],
j=1

et PLSEAi= 3 [l (fa+ G — 3]
j=1

and let |Ln,SPf|:= i [ha]lf(a 4+ (G — 1)hn)].
j=1

Goal: Find this area.

Next: n = 60. .. Left 10th
AT Riemann Sum
from a to b of f

1 total
\f L105,f = shaded
b—a ‘ area
hlo p— 10 — a_|_ a_l_ _ e 28
— Ohs 10h10




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

hn .= (b—a)/n,

Vintegers n > 1, let

let
let

and let

Goal: Find this area.

RnSCfl:=

MpS? =

Ly Sof|:=

S [l (a + hn)],
1

j:

S (hnl[f(a+ G = 3)ha)]
j=1

n

Z [hn]lf(a+ (G — 1)ha)].

j_

Left 60th
Riemann Sum
from a to b of f

Take Iim ...
n—aoo
b—a
"60 = 60 _at

1 total
\f LeoS,f = shaded
| area
CL:‘|‘_: 29




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let [RnS2f|:= i [n][f (@ =+ jhn)],
j=1

et PLSEAi= 3 [l (fa+ G — 3]
j=1

NE

and let |Ln,SPf|:= [ha]lf(a 4+ (G — 1)hn)].
j=1

T heorem:

lim Lp,SPf = lim MpS°f= lim R,SYf

n—aoo n—aoo n—oo
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let [RnS2f|:= i [n][f (@ =+ jhn)],
1

j:

et |MpSofl:= 3 [hallf(a+ (G — 3)hn)]
1=1

n

and let |Ln,SPf|:= Z [hn][f(a + (5 — 1)hn)]-

]_

DEFINITION OF A DEFINITE INTEGRAL:

n—aoo n—aoo n—oo

b
/ F(@)dzl:= lim LpS°Ff = lim Mu,S°f = lim Rn,S°f
a

31




/ab f(os)drc=fab f(v)dvzfab £(t) dt =]ab f(s)ds=fbf

a

DEFINITI OF A DEFINITE INTEGRAL:

n—aoo n—aoo n—oo

b
/ F(@)dzl:= lim LpS°Ff = lim Mu,S°f = lim Rn,S°f
a

32

Other limits yield the area. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hyp := (b —a)/n,

let pf,(zl) € [a,a + hn], pf,(f) € [a+ hn,a + 2h4],

p$® € [a+ 2hn,a+ 3hal, ..., p§ € [a+ (n — 1)hn, b]
and let RSy, :=| ) ] Lf (05 )]
Then j=1 \

b _ REMARK: This kind
/a fle)de = lim RSn. |5f sum is a Riemann sum of f.

DEFINITION OF A DEFINITE INTEGRAL:

n—aoo n—aoo n—oo

b
/ F(@)dzl:= lim LpS°Ff = lim Mu,S°f = lim Rn,S°f
a

33

Subintervals can have varying lengths. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

vVintegers n > 1, let k, > 1 be an integer,
“nth partition”
let azzcgo) < - <33,g€”) = b,
“points in subintervals in the nth partition”

ot prgl) c [33%0)’3:%1)]' L pgcn) c [x%kn—l)’wgkn)],

“mesh of the nth partition”
S (1)_,.(0)

let up, 1= max{ xp : w%k”)—x%k”_l) }

’ * o @

and let RSy :=| Y [5) — 25 V1Y)
j=1 \

REMARK: This kind
of sum is a Riemann sum of f.

34

Subintervals can have varying lengths. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let k, > 1 be an integer,

“nth partition”
let @ = :L'T(LO) - < a:'(k”) = b,n
“points in subintervals in the nth partltlon
ot p(l) [m(O) %(11)]’ L pgcn) c [xgkn—l)’wgkn)],
“mesh of the nth partition” B
ot = max{ wgl) w%O) L (kn)  (kn—1) )

kn
and Iet RS, = Y [2%) — 2 V1))
j=1

Assume lim up = 0.
n—oeo
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Subintervals can have varying lengths. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

vVintegers n > 1, let k, > 1 be an integer,
et a = a{D < - < 2 =1,

let p(l) [;13(0) :1:'7(11)], Cey Pgﬂn) S [x%kn—l)’wgkn)],
let up 1= max{ a:(l) w?(LO) ey a:f,(@k”)—wv(zk”_l) }

and let RS, := Z 1z — 2918,

Assume lim pup = 0. Then / f(x)dz = lim RS,,.

n—aoo n—~oo




