Financial Mathematics

Conditional probabillity, independence and
the Central Limit Theorem
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We win if Y(w) turns out to be 1.
Tyche tells us X(w), then Y (w). In between?
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We win if Y(w) turns outto be 1.
Tyche tells us X(w), #tfien Y (w). In between?

90% of time, = —1,& we very likely lose.
PrY = —1[X = —1]=8/9 3/9 of the time| °
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We win if Y(w) turns out'to be 1.
Tyche tells us X (w)yThen Y(w).

10% of time, w) =1, & we very likely win.
PrlY =1]X =1]=9/10 9/10 onthe time| °
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Definition: The conditional probability

of P given @ is
_ Pr(P & Q]

2 Pr(P| Q)]
N\ |warning: Pr[Q]
[0,1][ " Only defined when Pr[Q] # 0.

Is P likely or unlikely?
Given that you're told ) happened,

iIs P likely or unlikely?




Definition: The conditional probability

of P given @ is
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Definition: The conditional probability
of P given @ is

_ Pr(P & Q]
3 Pr(Q]
Only defiméd when-Pr[Q] # O. \
! Key point:
(events) |Finding out
T Pr[P|Q] =Pr|P], Ci1 =1
: has no
e if Prip & Q] _ Pr[P] influence on
Pr[Q] i the prob.
| that
e.. if Pr[P & Q] = (Pr[PD)(Pr[Q]).| C»=1.
0.25
Pri(Co = 1) |(C1 = 1)]=—"2=0.5

these are independent 0.5 = Pr{C> = 1]




Definition: The conditional probability

of P given @ is

PriP &
Do N Pr[P ‘ Q] — [ Q]
Warning: Pri@]

Only defined when Pr[Q] # 0. \
Definition: -AsstrePH-=0— Key point:
P & @ are independent (events) |Finding out

T PriP & Q] = (Pr[PD)(Pr[@]).] Ci1 =1
has No
influence on
the prob.

| that

T PrlP & Q] = (Pr[PD)(Pr[Q]).| C»=1.

0.25
Pri(C2 =1)|(C1 =1)]=—+-=05

these are independent 0.5 = Pr{C> = 1]
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Definition: The conditional probability

of P given

Q) IS

PriP| Q]

[0, 1]

)\ Warning:

_ Pr(P & Q]
Pr{Q]

Only defined when Pr[Q] # 0.

Definition:

Key point:

P & @ are independent (events) |Finding out
T PriP & Q] = (Pr[PD)(Pr[@]).] Ci1 =1

The probabiiity]  |1@S NO
of both is the influence on
product of the the prob.
probabilities” that
C> = 1.
0.25
Pr[(Co=1)|(C1 =1)]=——=0.5

these are independent

0.5 =pr[c, = 1]
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Definition: The conditional probability
of P given @ is

PriP &
SrPIQ] = &Y
WwWarning: PF[Q]
\ Only defined when Pr[Q] # 0. \
Definition: Key point:

P & @ are independent (events) |Finding out
T PriP & Q] = (Pr[PD)(Pr[@]).] Ci1 =1

Definition: has no

S & T are independent (PCRVs) EE"l]]fe'USPOCbe on

if, \V/A, B g R, that
S € A is independent of T' € B. Ch=1.

Pri(Cr = 1) |(Cy = 1)]=22>=025

12

these are independent 0.5 = Pr{C> = 1]




Definition: The conditional probability
of P given @ is

PriP &
PrPIQ] = 1 &Y
Warning: Pr[Q]
\ Only defined when Pr[Q] # 0. \
Definition: C1 {1} is

P & @ are independent (events) |independent

f Pr[P & Q] = (Pr[P])(Pr[Q]).|of €2 € 11}
Definition: ,C’é S {_5} M
S & T are independent (PCRVs) [\ gpen S
f VA, B CR, of € € {1}.

= & C1 and C5
S € A is independent of T € B. independent
0.25

Pri(C2 =1)[(C1 =1)]=——=05
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these are independent 0.5 = Pr{C> = 1]




Def'ns: P, @@, R are independent (events) if
P, ), R are pairwise-independent
and Pr[P & @ & R] = (Pr[P])(Pr[Q])(Pr[R]).
S, T, U are independent (PCRVs) if,
VA, B,C CR,Se A, T € Band U € C are indep.

‘ etc., etc., etc ‘
Definition: Cq € {1}is
P & @ are independent (events) |independent
T PriP & Q] = (Pr[PD(Pr[Q]) [OF C2 € 11}
Definition: Cp €{-1}is
S & T are independent (PCRVs) |Independent

f, VA, B CR, ‘Zf 2. S ‘g}'
P 1 2
\ S € A is independent of T' € B. independent
0.25
Pri(Cy =1)[(C1 = 1)]=—"2=0.5
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these are independent 0.5 = Pr{C> = 1]
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_1-- ............................. P o
) S
02 — E1/4 E1/2 .3/ .1
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1.._0. ..... ._o. ..... .._o ...... .—O
C3 = -
B T S G- S S SO - SO S vintegers j, k > 1,
— j # k implies
| etcC. palrwise C: and Cj
Exercise: Graph (4. are independent.

Fact: Cq1,Co,C3,... are pW-independent.

Stronger: Any finite set of C1,C,... s

IS an Independent set.




Def'n: Let § and T' be PCRVs.
Let F:={(a,b) € R?|Pr[(S = a)&(T =b)] > 0}.
The joint distribution of (S,T)
associates, to each element (a,b) € F,
the value Pr[(S = a)& (T = b)].

Remark: To compute the distribution of S+ T,
you need to know the JOINT distr. of (S,T).
Knowing both the distribution of S
and the distribution of T
IS insufficient. Same for S7T'.
However, if S and T are independent,
then their joint distribution
IS determined by

their individual distributions,
becaus

All this Pr:e(s = )& (T = b)] =

generalizes 16

to >2 pCrvs.  (Pr[S=a])(Pr[T =1b]).




Fact: independent = uncorrelated

Pf. Let S, T be independent PCRVS.
Want: E[ST] = (E[S])(E[T])
A= {a e R|/Pr[S = a] > 0}
B :={be R|Pr[T'=5] >0}
E[ST] = ) > (Prl(§=a)&(T = b)])ab

aEAbeB

= S S [(Prfs = al(Pr((T = b)])ab
aEA[bEB /

— [Z (Py/é = a])ﬂ[z (Pri(T = b)])ﬂ
acA be B

= (E[SD(E[T]) QED
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Fact:
Let X and Y be independent PCRVs.
T hen, for any functions f,qg : R — R,
f(X) and ¢g(Y) are independent.

, coin has 4+1 and —1
T he idea: instead of H and T.

Flip a|£1| fair coin twice.

IT I tell you the first flip,
you get no useful info about the second.

I I tell you 3 x (the first flip) 4+ 7,
you get no useful info about

5 x (the second flip) — 1.
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Fact:

Let X and Y Dbe independent PCRVSs.
T hen, for any functions f,qg : R — R,

Proof: Give

Want: Pr[(

f(X) and ¢g(Y) are-independent.

nS,T CR.
f(X)€eS) & (g(Y) €T)]

= (Pr[f(X) € SD(Prlg(Y) € T])
Pri(f(X) € 8) & (9(Y) € T)]

=Pr[(X € f71(8)) & (Y € g7 (]))]

= (Pr[X € f7H(S)D(PrlY € g~ (1))

= (Pr[f(X) € SD(Prlg(Y) € T])

QED
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Fact:
Let X and Y be independent PCRVSs.

T hen, for any functions f,qg : R — R,
f(X) and ¢g(Y) are independent.

Fact: indepgndent uncorrelated
Restatement:
Let A and B be independent PCRVSs.
Then E[AB] = (E[A])(E[B]).

Corollary:
Let X and Y be independent PCRVs.
Then, for any functions f,g : R — R,

E[(f(X)(g(Y)] = (E[f(X)D(E[g(Y)]).

Rmk: Converse is true, too. pf omitted




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

Dp:=C14---4Ch

= — 50%
Ol — 1 /2 1
B [ T 6 ® 50%
;1O ............ ° 9 50%
02 — i1/4 1/2 :3/4 :1
[ IS — o — o 50%
——od— 25%
T
D2 —_ =|]_/4 ¢3/4 1 50%
14
B —o 25% 21




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

n.=C1+- -4+ Ch
Fact: independent = uncorrelated,

i.e., S, T independent =
Var|S + T'] = Var[S] + Var[T].

C1,...,Cp are all standard (i.e., /n&an 9

E[Dr] = (E[C1]) +--- + (E[CR])
=04+ ---4+40=0
Var[Dn] = (Var[Cq]) + --- + (Var[Cy])

D, D,
E|l—| =0 and Var|—| =1,

VN VN

. Dy
l.e., — IS standard. -

NG




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

Dp:=C1+4+---+Cn

Preview of the Central Limit T heorem:

asS n — Q.

In distribution

Dy >
VN /
standard/Definition?
normal

random
variable

Do Do
E|l—|=0 and Var|—| =1,
4L Vn.
. Dy

l.e., — IS standard.

\/ﬁ 23




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

Dy =Ci+---4+Ch
Preview of the Central Limit T heorem:

INn distribution|, as n — oo.

Dy >
VN /
standard/Definition?
normal

random
variable

Vtest functions 1,

FIUneE?
E w(—’”) — E[y(2)]
\vn/ \

i > T e—x2/2 -
T | W@l Y de




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

Dp:=C1+4+---+Cn

Preview of the Central Limit T heorem:
Vtest functions 1,

i Dy, ] \ 1 o0 _:C2/2
e |0 (22|~ ooz ) et 2 o

Relatively easy: ‘“test function’” =

“Ycontinuous, compactly supported function”
vtest tunctions v,

AR
E_w(\/—a)f

i > T 6—332/2 -
T | W@l P de




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

Dp:=C1+4+---+Cn

Preview of the Central Limit T heorem:
Vtest functions 1,

i Dy, ] \ 1 O _:C2/2
e |0 (22|~ ooz ) et 2 o

Relatively easy: “test function” =
“continuous, compactly supported function”

Harder to prove: ‘test function” =
Ycontinuous, exponentially-bounded function”

\ f exponentially bounded means:

JA,B > 0 s.t. Vo € R, |f(z)] < AeBlzl [ =




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

n =01+ -4+ Ch

Preview of the Central Limit

heorem:

vcontinuous, exypynentially-bounded v,

Dpn\ . 1 >C —z2/2
e |0 (22|~ ooz ) et 2 o

ERETCRR Compute Jim E |(P/V7 - 7)

n—00

+]'

\ f exponentially bounded means:

JA,B >0 s.t. Vz € R, |f(z)| < AeBlel |z




C, : models (#heads) — (#tails)
Definition: Vintegers n > 0, after » flips of a fair coin
n =01+ ---+Chp

Preview of the Central Limit Theorem:
vcontinuous, exponentially-bounded v,

Dy \ X 1 > —z2/2
e |0 (22|~ ooz ) et 2 o

[(e” — 7)_|_] [e—x2/2] dr=. ..

S = b

olution: —/

ution oy
exp-bdd——(x) = (e — 7)1

Exercise: Compute |im E[(eDn/\/ﬁ—T)

n—00

" f exponentially bounded means:
JA,B >0 s.t. Vz € R, |f(x)| < AeBlal |2




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

Dn=01+'__0n

Preview of the Central Limit Theorem:
vcontinuous, exponentially-bounded v,

Dyn\ 1 o< 7
E Jn) (—”) —— [ Ww(@))[e /] da
ohin) L v/ 2 /_OO Hint: i (z) ;= e®@Tb

Def'n: vX, the augmented expectation of X
is defined by [AE[X] := (E[X]) + 5(Var[X]).

“asymptotically normal”\‘ Dn

Fact: Fixa,beR. Let Rp i=a (—) + b.

“E almost asymptotically commute\s( with e®" \/ﬁ
Then lim El[efin] = lim e~E[Rn]

_____________ n—oo - 1 m—oo
. CLT 2/5CLT ,.

P im E[eR”] =e_bea /2 = |im eAE[Rn] 29
n—aoeo exercise exercise n—aoo




L : models (#heads) — (#tails)
Definition: Vintegers n > 0, after n flips of a fair coin

n =014+ --+Ch

Preview of the Central Limit Theorem:
vcontinuous, exponentially-bounded v,

D 1 2
£ (—”) > (@)le /2] da
R;E | \vn/. \/ﬂ/_OOHint:Q/)(:U)::(a,a:'—|—b):Iz
Def'n: vX, the augmented expectation of X
is defined by [AE[X] := (E[X]) + 5(Var[X]).

o

“asymptotically normal”\‘ Dn

Fact: Fixa,beR. Let Rp i=a (—) + b.

“E almost asymptotically commute\s( with e®" \/ﬁ
Then lim El[efin] = lim e~E[Rn]

n—00 n—~oo

Pf .. o R - CLT b q2/9CLT ..  AE[R.] / Qr—
P im E[eR”] = ¢bea”/2 = |im eAE[Rn].O‘O 30
n—oo exercise nN—oo




“normal’! ‘'standard normal”
. N o

Fact: Fixa,beR. Let R:=aZ +b.
“E almost commutes with e®. ..

Then Elefl] = eHFLA. nex ironic

... but we need to go Sur?rrgr?]nd
from the expectation /

to the augmented expectation” mean/var

of iid sum

Def'n: vX, the augmented expectation of X
is defined by [AE[X] := (E[X]) + 5(Var[X]).

“asymptotically normal”\‘ Dn

Fact: Fixa,beR. Let Rp i=a (—) + b.

“E almost asymptotically commute\s( with e®" \/ﬁ
Then lim El[efin] = lim e~E[Rn]

_____________ n—x T ____
o CLT b g2/2CLT . Q

PT lim Efefin] = ePet /2= |im eAE[Rn].O‘O 3
n—oo n—oo




iIndependent, identically distributed

v

Exercise: Let n 1= 12. Assume Xq,..., Xy [d|
po=E[Xq] = = E[X})]

o= SD[Xq] =--- = SD[X}]

Let S = X1 4 -+ Xn.
Assume E[S] = 0.225181512,
SD[S] = 0.158877565. Find p and o.

Def'n: vX, the augmented expectation of X
is defined by [AE[X] := (E[X]) + 5(Var[X]).

“asymptotically normal”\‘ Dn

Fact: Fixa,beR. Let Rp i=a (—) + b.

“E almost asymptotically commutes with e®*” \/ﬁ
Then lim E[ef"] = lim ¢AERa]

n—00 n—~oo

n—s 00 N— 00 ‘&




iIndependent, identically distributed

v

Exercise: Let n 1= 12. Assume X+q,..., Xy lid|.
pi=E[X1] = - = E[Xy]

o =\SD[Xq] = --- = SD[X}]

Let S 1= X1 4+ -

SD[S] = 0/158877565. Find pu and o.

Solution:

0.225181512
\
E[S] =

so u = 0.225181512/12

33




independent, identically distributed |
Exercise: Let n = 12. Assume X+q,..., Xy lid|.

pi=E[X1] = - = E[X4]
o= SD[X1] = --- = SD[X,]
Let S = X5+ -+ X,
Assume E[S] = 0.225181512,
SD[S] ='0.158877565. Find p and o.

Solution: p = 0.225181512/12

Var[S] = Var[X1] + - - - + Var[X,]

u = 0.225181512/12

34




iIndependent, identically distributed

v

Exercise: Let n 1= 12. Assume X+q,..., Xy lid|.
pi=E[X1] = - = E[Xy]

o :=\SD[Xq] = --- = SD[X}]

Let §:= X1+ PXn.
Assume E[S] = 0.225181512,
SD[S] = 0.1658877565. Find u and o.

Solution: p =,0.225181512/12
(0.158877565)2

= no? = (12)02,
so 02 = (0.158877565)2/12
so o = 0.158877565//12 >




iIndependent, identically distributed

v

Exercise: Let n 1= 12. Assume X+,..., Xy lid|.
pi=E[X1] = = E[Xy]

o= SD[Xq] =--- = SD[X}]

let S:= X1+ -+ Xn.
Assume E[S] = 0.225181512,
SD[S] = 0.158877565. Find p and o.

Solution: p = 0.225181512/12
o= 0.158877565/v/12 &

o = 0.158877565/1/12 >




iIndependent, identically distributed

v

Exercise: Let n 1= 12. Assume X+,..., Xy lid|.
pi=E[X1] = = E[Xy]

o= SD[Xq] =--- = SD[X}]

let S:= X1+ -+ Xn.
Assume E[S] = 0.225181512,
SD[S] = 0.158877565. Find p and o.

Solution: p = 0.225181512/12

o= 0.158877565/v/12 &
Mean and variance are cut by a factor of 12.

Standard deviation is cut by a factor of v/12.

Conversely, on adding n uncorrelated PCRVS,
SD increases by a factor of /n, NOT n.
A portfolio of uncorrelated assets is better. . .

Let's explore this. . . 37




Var[A + B] = (Var[A]) + (Var[B]) +
2(Cov[A, B])

E[A+ B] = (E[A]) + (E[B])

Say A and B are prices, one month from now,
of two financial assets.

If E[A] is large, then A becomes attractive.
If E[B] is large, then B becomes attractive.

If Var[A] is small, then A becomes attractive.
If Var|B] is small, then B becomes attractive.

If Cov[A, B] is small or, even better, negative,
then the portfolio of A and B

becomes attractive.| s




Cauchy-Schwarz:

—\/Var[A]\/Var[B] < Cov|[A, B] < \/Var[A]\/Var[B]

Definition:
A and B are perfectly correlated it

Cov[A, B] = \/Var[A]/Var[B]

Definition:
A and B are perfectly anti-correlated if
—/Var[A],/Var[B] = Cov[A4, B]

39




Cauchy-Schwarz:
—\/Var[A]\/Var[B] < Cov|[A, B] < \/Var[A]\/Var[B]

vVnon-deterministic PCRVs A, B,

A, B
Corr[A, B]|:= CoviA, B]
J/Var[Aly/Var[B]
- r-r—-r———>"=—=—=—=—=—=7—=- =~ "7 ==~ ~"¥¥7¥¥=7" = =¥="=-"=-"=-"=-"=-"=-"=-"=-"=-"==°
ofdand B | 1 —1 < Corr[A, B] < 1

Suppose A and B are non-determinstic PCRVSs.

Corr[A,B] =1 if and only if
A and B are perfectly correlated.

Corr[A, B] = 0 if and only if
A and B are uncorrelated.

Corr[A,B] = —1 if and only if 0
A and B are perfectly anti-correlated.




Definition:

A and B are positively correlated if
Cov[A,B] >0

(equiv., for non-det. A and B: Corr[A,B] > 0).

Definition:

A and B are negatively correlated if
Cov[A,B] <0

(equiv., for non-det. A and B: Corr[A,B] < 0).

Definition:
A and B are uncorrelated it
Cov[A,B] =0
(equiv., for non-det. A and B: Corr[A,B] = 0).

IT A and B are uncorrelated,
or, even better, negatively correlated

then the portfolio of A and B ;
becomes attractive.




Definition: Standard deviation := v/Variance

VPCRVs X, [SD[X]|:= /Var[X]

Var[2X] = 4(Var[X]) | Var[eX] = ¢?(Var[X])
SD[2X] = 2(SD[X]) | SD[cX] = |¢[(SD[X])

Intultion: Variance measures risk, but
standard deviation measures risk better,

because doubling the position really ought
only to double the risk.

42




Definition: Standard deviation := v/Variance

VPCRVs X, [SD[X]|:= /Var[X]

Var[A + B] = (Var[A]) + (Var[B]) +
2(Cov[A, B])

2 2
SD[A—I—B]:\/(SD[A]) (SDIBI)

2(Cov[A, B])




Cov[A, B]

Corr[A, B] := \/Var[A] \/Var[B]
(SD[A])? + (SD[B])? +
SD[A + B] =\/ 2(Cov[A, B])

2 2
SO + B :\/(SD[A]) (SD[B])

2(Cov[A, B])




Cov|A, B]

C A, =
orrid, Bl J/Var[Al/Var[B]

* (SDIAD2 + (SDIB))2+ *
SPlA+ Bl =4 2(Cov[A, B])

Assume Corr[A, B] = 1 LTIPLY &Y \/Var[A],/Var[B]
Then Cov|A, B]'= 1\/Var[A]\/)ér[B]
= (SD[A])(SD([B]).

I

Then SD[A + B] = /[(SD[A]) + (SD[B])]?
= (SDJ[A]) 4+ (SD[B]).

" For perfectly correlated PCRVs,

45

standard deviations add.




Cov|A, B]
J/Var[Al/Var[B]

Corr[A, B] :=

\ Var[A + B] = (Var[A4]) + (Var[B]) +
2(CoV[A, B])

Assume Corr[A, B] = 0. .
0.

hen Cov|[A,B] =0- \/Var[A]\/Var[B] =
hen Var|A 4+ B] = (Var|[A]) 4+ (Var|B])

For uncorrelated PCRVSs, variances add.

" For perfectly correlated PCRVs,

46

standard deviations add.




