CALCULUS
Volume by slices and
the disk and washer methods:
Problems
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0720-1. Let R be the region bounded by
ok y=x+landz=2in1<y<2.
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotating R about the y-axis.

ANSWER: ~
a. ¥y =2 X
r$ //(‘S)
Ly
Yy = 2
y =1
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0720-1. Let R be the region bounded by
oeP y=zxz+landzxz=2Iin1<y<2.
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.

< /[w<x+1>2—w<12)]d:c 1

continued on next slide




0720-1. Let R be the region bounded by
oeP y=zxz+landzxz=2Iin1<y<2.
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.

/ (x4 1)2 - r(1%)]de  +
/127r(22) — 7(12) da




0720-1. Let R be the region bounded by
oeP y=zxz+landzxz=2Iin1<y<2.
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.

ANSWER:
o) SU xr =2 X,\/ '/ [r(z +1)2 —7(1%)]dz  +
: 4 o : 5
B ¥ | (@) ~=(1%) da
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0720-1. Let R be the region bounded by
oeP y=zxz+landzxz=2Iin1<y<2.
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.

ANSWER: T 2
C. Z/k T = 2 (‘SJX : /1 [7(2¢) — w(y — 1)“] dy
dD g ! >
& /4 _ e
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotating R about the y-axis.
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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2
=7r/1 (l+2m+y—l)—y2dy

2
='fr/1 —2+y+2y— 1)1 ?ay

13




D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.

OL

2
='fr/1 2 +y+2(y—1)Y?dy

2 2(y—1)3/2]V77
3 "2 3/2

y.—1
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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2(y — 1)3/2]3“2

3/2 y:—1

12 2[(1)3/2 - 0]
+ 20—
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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D720—2. Let R be the region bounded by
y—1=(zx—1)2 and y = .
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

c. Find the volume of the solid obtained by
rotatlng R about the y-axis.
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OQ 20-3. Let R be the region bounded by
y=Inx, x =4 and y=1.
a. Sketch R.
b. Find the volume of the solid obtained by
rotatmg R about the y-axis.

i 4
:w16m4—5"46+—1

i 2
= 16In4+%—24]. 19







O(BD720—4. Let R be the region bounded by
y=sSihzand y=01in 0<zx <.
a. Sketch R.
b. Find the volume of the solid obtained by
rotating R about the z-axis.

1 — |cos(2
Hint: sin?z = [ (22))

ANSWER: ____________ b. [(esnoZe

0

_ W/?T 1 — [cos(2x)] g
0 2 |

(r — [(sin(2:1:))/2]]:”'_”r

2 2 x:—0

m—[0/2] 0-— [0/2]]

2 2
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D720—5. Let R be the region bounded by

2+ (y —3)% = 1.
a. Sketch R.
b. Find the volume of the solid obtained by

rotating R about the z-axis.

OL

Note: This solid is called a torus. It is in the
shape of a doughnut.

1
Hint: Remember that 2/ . \/1 — 22 dx is known;

It is the area enclosed in a circle of radius 1.
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O(BDTQO 5. Let R be the region bounded by
2 + (y — 3)
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

1
Hint: Remember that 2/ . \/1 — 22 dx is known;

it is the area enclosed in a circle of radius 1.




O(BDTQO 5. Let R be the region bounded by
2 + (y — 3)
a. Sketch R.

b. Find the volume of the solid obtained by
rotating R about the z-axis.

1
Hint: Remember that 2/ . \/1 — 22 dzis known;

it is the area enclosed in a circle of radius 1.







(20-6. Let R be the region bounded by
y=x3 and :C=y4.
a. Sketch R.
b. Find the volume of the solid obtained by

rotating R about the line y = —1/2.
c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.

OL
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D720—6. Let R be the region bounded by
y = z3 and x = y~*.

a. Sketch R.

T = g4 28




D720—6. Let R be the region bounded by
y = z3 and x = y~*.

b. Find the volume of the solid obtained by
rotating R about the line y = —1/2.




D720—6. Let R be the region bounded by
y = z3 and x = y~*.

b. Find the volume of the solid obtained by
rotating R about the line y = —1/2.

G 7 4 3 5
60 105 280 @ 336
=7 |~55 = 350 + 355 + o]
I | | 420 420 420 420

R 44 :y4l 451 30
| =

I 420




D720—6. Let R be the region bounded by
y = z3 and x = y~*.

c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.

xI

3

5/3  o,4/319 1
Yy Yy
Tzt 12/3]

y.—0

+ +3]_[0]] -




D720—6. Let R be the region bounded by
y = z3 and x = y~*.

c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.

~1/3

Il |

xI







0720-7. Let R be the region bounded by

oLD
y = z2 and x = y°.
a. Sketch R.
b. Find the volume of the solid obtained by

rotating R about the line y = —1/2.

c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.
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0720-7. Let R be the region bounded by

oLD 2

y = x2 and z = ¢°.

a. Sketch R.




0720-7. Let R be the region bounded by

oLD 2

y = x2 and z = ¢°.

b. Find the volume of the solid obtained by
rotating R about the line y = —1/2.

2 12
—-ﬂ'(£2'+'§) dx

5 3 ,4/3 ,7/67% 71

3 4/3 7/6]$}+O




0720-7. Let R be the region bounded by

oLD 2

y = x“ and a:—y.

b. Find the volume of the solid obtained by
rotating R about the line y = —1/2.

RO

| a® N 4/3 N m7/6r‘3—>1
| 3 / 7/6 z.—0
l 1
I - - - | —
| ] 3+4/3+7/6] []]
1
\ y=-12pa1=m|-=—=42 —}
. / I 3+4+7
' [ 84 140 315 360
| — — —
K " 420 420+420+4zo]
T=yb 4517 37
|
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0720-7. Let R be the region bounded by

oLD 2

y = x2 and z = ¢°.

c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.

r=—1/3




0720-7. Let R be the region bounded by

oLD 2

y = x2 and z = ¢°.

c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.

r=—1/3

=n-m sty [




0720-7. Let R be the region bounded by

oLD

r=—1/3

y:

2

I

and x = y°.

c. Find the volume of the solid obtained by
rotating R about the line x = —1/3.

=
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08720‘8' Let R be the region bounded by
y=4cosz, y=¢€e?in0<z<7n/4.
Set up, but do not evaluate, an integral that
yields the volume of the solid obtained by
rotating R about the line y = 5.

ANSWER:
Vx € [0, 7/4],
5> 4cosx > 4cos(m/4) > ™/ > e

/4
/O 7T(5—€x)2—7T(5—4COSLE)2 dx |
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03720'9' Describe the solid of revolution
whose volume is given by

2
w/l (9683: — 4€2$) dz.
Do not evaluate this integral.

ANSWER:

This is the solid obtained by revolving
the region bounded by

y=3e4x, y=2e*in1<x<?2
about the z-axis. ®

44




0720-10.Describe the solid of revolution

OLD . .
whose volume is given by
7T
7r/ (2 +sinz)? — 4dz.
/2
Do not evaluate this integral.

ANSWER:

This is the solid obtained by revolving
the region bounded by

y=24sinz, y=2inn/2<x<m
about the z-axis. B

ALTERNATE ANSWER:

This is the solid obtained by revolving
the region bounded by

y=sinz, y=0inn/2<x<m
about the line y = —-2. 8 25







C9320—11. A solid S sits above a horizontal
plane P. Vx > 0, let P, be the horizontal

plane that iIs x units above P. Suppose that
S lies between P; and P>. Suppose, also, that

VvV € [1,2], the intersection of S and P, is the
region inside an ellipse

whose major axis has length =z
. . 2
and whose minor axis has length e2%~,

Compute the volume of S.

Hint: Remember that if @ and b are the
major and minor axes of an ellipse FE,

then the area inside FE is wab/4. 4




20-11. A solid S sits above a horizontal

OoLD

plane P. Vx > 0, let P, be the horizontal
plane that is x units above P. Suppose that
S lies between P and P>. Suppose, also, that

vV € [1,2], the intersection of S and P, is the
region inside an ellipse

whose major axis has length «
. . 2
and whose minor axis has length 2%,

Compute the volume of S.

Hint: Remember that if a and b are the
major and minor axes of an ellipse FE,
then the area inside FE is wab/4.

ANSWER: ,
Area of the ellipse in P,: mwxes® /4

2 .
Volume of S: /1 (7‘1‘33‘6 * /4) dx |




2 .
ANSWER: Volume of S: /1 (7‘(‘33‘6 * /4) dx

et w=22. Then du = 2z dzx.

/12 (7‘(‘(1]623: /4) dr = /22 (7T62U/4) d2u

8

B - 2u' u.—4
8 _ 2 du:—1
7T _68 62_

— ] 49
8|2 2







0720-12. Using the disk method, find the

OoLD . . .
volume in a ball of radius 5, following
the diagram shown below.

<>

51




0720-12. Using the disk method, find the
volume in a ball of radius 5, following
the diagram shown below.

oLD




0720-12. Using the disk method, find the
OoLD
volume in a ball of radius 5,

ANSWER:

5
/577(\/25—372) da:'—w/ 52 — 22 da

52 — 22 is
even in o

—277/ 52 — 22 dx

37T —5
= 27 5235'——

lx:—0

:zw_(52-5 533) (0)_

—2or |53 — — -




0720-12. Using the disk method, find the
OoLD . .
volume in a ball of radius 5, ...

ANSWER: . ] 2
5 5
/571'(\/25—5152) de = 27 |53 — =

— gw [53] ] 54







0720-13.We create a napkin holder by drilling

““?a cylindrical hole of radius 4 through the
middle of a ball of radius 5, as shown below.
Using the washer method, find its volume.

<>
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0720-13.We create a napkin holder by drilling

““?a cylindrical hole of radius 4 through the
middle of a ball of radius 5, as shown below.
Using the washer method, find its volume.

washer

57




0720-13.We create a napkin holder ...
“*’Using the washer method, find its volume.

3
¥ 52—x2—42dm
—3
3
=TT 32—:132d:1:
_33 32—x_2i5.
ecven In x
= 27 32—$2d:c
O
- 1z —3
, 3 xr—
=27 |3 — —
3_;c:—>0

— 27 -(32 - 3 333) (O)- 58




0720-13.We create a napkin holder ...
“*’Using the washer method, find its volume.

— %W [33] ] 59




