CALCULUS
Inverse functions




(or injective)
DEF'N: A function f is one-to-one (or 1-1) if

Vs, t € dom|f], s#t = [f(s)#F f(1).
HORIZONTAL LINE TEST:
A function is one-to-one If and only if

no horizontal line intersects its graph
more than once.

horizontal ling’test FAILS
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Spp NOT one-to-one




DEF'N: A function f is one-to-one (or 1-1) if
Vs, t € dom|f], s*=t = f(s)# f(t).

DEF'N: Let f: A— C be a function.
The image of f is {f(a)|a € A},
and is denoted by either [im[f]l or|f(A))

DEF'N: Wesay f: A— Cisonto B if f(A) = B.

DEF'N: Let f: A— C be both one-to-one and onto B.
The inverse of f is the function

f~1: B — A defined by
f—l(y) = | the unique x € As.t. f(z) =vy |




DEF'N: A function f is one-to-one (or 1-1) if
Vs, t € dom|f], s*=t = f(s)# f(t).

DEF'N: Wesay f:A—Cisonto B if f(A) =B

DEF'N: Let f: A— C be both one-to-one and onto B.
The inverse of f is the function

DEF'N: W Lo, B A defined by i r(4) = B.
» FLy) =—Jthe unique z € Ast. flz) =y ] -

T et 7 A= (7T be both one-to-one and onto B.
To have an inverse

Pt ST R = N T S

| N€ INVEISE gne-to-one is needed.
f~1: B — A defined by

f~Yy) = [theuniquezecAst f(z)=vy]
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DEF'N: A function f is one-to-one (or 1-1) if
Vs, t € dom|f], s*=t = f(s)# f(t).

DEF'N: Wesay f: A— C isonto B if f(A) = B.

DEF'N: Let f: A— C be both one-to-one and onto B.
The inverse of f is the function

f~1: B — A defined by
f~Y(y) = [theuniqueze Ast. f(z)=vy]

To have an inverse,
one-to-one is needed.

\ f(x) ;= [f(x)]™, provided n # —1. Ve#0,c" 1 = 1 \
1 C

Typically, f~1(2) # [f(z)] 1 = ——. 5

Spp f(z)




f(z) = z2 g = f][0, )

1/4

1:/2

—1}2 1}2

f(1/2) =1/4 g(1/2) =1/4
f(=1/2)=1/4 g(—1/2) is undefined!
f is not one-to-one. g IS one-to-one.
No good way to define g :[0,00) — [0,00) is
f_1(1/4) as a number. one-to-one.
Ve
Isit 1/2 or —1/27 17 6

SPp Goal:Graph g™ .




1/4

1:/2

g~ (1/4) =1/ g(1/2) = 1/4
g(—1/2) is undefined!

THE MORAL.:
To get the gph of the inverse,

reflect the graph of the fn g:[0,00) — [0,00) is
through the 45° line one-to-one.

g IS one-to-one.

Ve

Spp Goal:Graph g—=.




Some inverse functions. .. (7/2,1)

arcsin (7/3,v/3/2) I
(n/4,v2/2) (/a2
NOT 1-1 SKIP n/5 sin(fr/2) T1

(7/6,v1/2)]




Some inverse functions. ..
arcsin

Cos := cos|[0, 7]




Some inverse functions. ..
arcsin, arccos

arccos ‘= Cos—1

Cos := cos|[0, 7]

§4.10 45° line




Some inverse functions. ..
arcsin, arccos

tan
Tan := tan|(—

T T
272
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Some inverse functions. ..
arcsin, arccos, arctan

45° line

§4.10




Some inverse functions. ..
arcsin, arccos, arctan

NOT 1-1

§4.10

cot
Cot ;= cot|(0, 7)
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Some inverse functions. ..
arcsin, arccos, arctan, arccot

arccot := Cot—1

We do NO'T

try to define
arcsec or arccsc

L AT

45° line

§4.10

1-1
Cot := cot|(0. 7
Cot ;= cot|(0, 7
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sin : (—oo,00) — [—1,1] | _ arcsin
Sin [—%g] — [—1,1] Sin=1:[-1,1] — [-5,Z] \
T sin Sinx T Sin~1z = arcsinz
V0 V0 V0

0 73 2 2 O

T Al V1 s

6 P D 6
SKIP 7/5/

T V2 V2 V2 m

4 2 2 2 4

™ V3 V3 _ V3 s

3 2 2 2 3

T Va4 V4 V4 i

2 2 2 2 —D

T O undef!ned TS S—

271 O undefined Sin(—xz) = —(Sinxz) 15

§4.10 | arcsin(—z) = —(arcsinx)




_arcsine

Sin=!t:[-1,1] - [-5,5

wa AR o

SIINE

2

§4.10

=

undefined
undefined

| [arcCos, arctan, arccot.

X
V0 0
2 Next
subtopic:
V1 _
—5 6 Why
“arc’ 7
_ V2 s
2 4
_ V3 s
2 3
V4 s
2 2
EXERCISE:

Sin~ !z = arcsin z

Make similar tables for
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Recall. . .

§4.10

sin @

tan@

cos 6
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0<0<35, so

Sinfd = sin 0,
Cos 6O = cos9,
Tanfd = tané

and Cotf = cot¥d

Sin : [—%,%] — [—1, 1]
Cos: [0,7] — [—1,1]
Tan: (—%,%) — R
Cot: (0,7) - R

,Sin g

§4.10

Ccos 6
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0<0<35, so
Sinfd = siné,
CosO = cosé, L
Tanfd = tané Qé
and Cot0 = cot¥é - |(—U
<
- ™ 0 UQ \:
Sin: [-5,5] = [-1,1]| 7/ Cosf \J1
Cos: [0,7w] — [—1,1]
Tan: (-5,5) = R
Cot: (0,7) — R _1
Let S ;= Sina#,
et C := Cos6
and let T —Tan 0.
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O0<6O<T so because we're
2" using radians. . .
Sinfd = sin 0,
Cosf = cos0, 1 K__/
Tanfd = tané T
and Cotf = coté 0
S
H onto 9
Sin [—§,§ 1—> [ 1, ].] -1 $ 1
Cos : [0,7] &5 [—1,1]
Tan : ( g,% Oli_}o
Cot: (0,7) =R )
¢ measures arc length
0 = arcsin S Let S := Sin?,
0 = arccosC let ' := Cos¥0
0 = arctanT and let T := Tanaé.

0 = arccot K Let K ;= Cot#.| 20
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LEARN:

/<E>RN:

Cot: (O,n) =R

. . to
Sin : [—g,w
Cos : [0, 7] ﬁ%
Tan : (-%,W

AN

arccot 'R —

-

[-1, 11\1[—%
: [— 1] — [O,ﬂ']
d an .

’75”\' < (=2:3

(0, 7)

§4.10

Next subtopic:
Inverses of
complementary
Trig fns yield
complementary
angles

21




Sin: [-5,5] — [-1,1] arcsin : [-1,1] — [-5,5
Cos: [0,7] — [—-1,1] arccos : [—1,1] — [0, 7]

Fact: Vax € [—1, 1],
(arcsinz) + (arccoszx) = 5

\ S‘:‘“é'CJE.—-@ 7”6 R’—l 1] arcsin:[-1,1] — [_g,g

Cos: 0.7l ==L (arctanz) + (arccotz) = %

. 7T 7T
:I:a'ﬁ_b_ﬁ—. ; NN w}

|;m'(—7£l—>m arcran IR —5 Z)
Cot:(O,7) = R arccot : R — (0, 77) 202
Cot:(0,7m) —» R arccot: R — (0, m)

Next subtopic:
Inverses of
complementary

Trig fns yield

complementary 22
§4.10 angles




Sin: [-5,5] — [-1,1] arcsin : [-1,1] = [-5, %
Cos : [o[w]\v[ 1,1] arccos : [~ 1.1V [ 7]

\ Factl Vo & [—1, 1],
arccos;r;)%
Proof‘ Le Sin—1z.
+5 <0 < Sin@ = sinf
53 <50 \
0<5—-0Lm 5(2— cos(5 — 6)
Cos™ \
arccosz’= Cos~lz =% —0 =5 — (arcsinz)
Q_D 23
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Sin : [-5,5] — [-1, 1] arcsin @ [-1,1] — [-5,5
Cos: [0,7] — [—1, 1] arccos : [—1,1] — [0, 7]
\ : We can also see this by
Fact: vz € [-1,1], looking at graphs ...

I — 7T
(arcsinz) + (arccosz) = 5

Fact: Vo € R,
(arctanz) + (arccotz) = 5

Proof: Similar. QED
See Exercise 7, 34.10, p. 92.
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(1,%)

(_17 _%)

y = arcsing
Yy.— Y

)
(17_’5)
—y = arcsingc
)
y = —arcsinc
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(_172)

\ 4

(17_%)

y = —arcsinx

yi—=y—5

(—1,5)
(11_’5)
7T . .
y — 5 = —arcsinz
y = —arcsinc
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(17_%
y = —arcsinx
yi—=y—5

»

(_137-(-)

(1,0)

)
y — 5 = —arcsinz

)

y = 5 —arcsinx
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(_177T)

»

(=1,m) 1

y = g—arcsinaf; Yy = arccoscx

y = 5 —arcsinx

(1,0) (1,0))




(_1')71-)

»

(_177T)

(1,0)

(1,0)

y =2 —arcsinx Yy = arccoscx

2
- . Next subtopic:
then trig ...

g — arcsinx 4+ arccosc 29




INVERSE TRIG FN THEN TRIG FN

V1 —z?
tan(arccosz) = tan(0) =

X
1 1 —x?
Want: cos =z /0
xr
cos(arcsinz) = cos(6) = /1 — 22
1 x

Want:sin = x 0

Spp /1 —a°
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INVERSE TRIG FN THEN TRIG FN
1

\/1—|—a:2

cos(arctanxz) = cos(0)=

V1422 |,

Want: tan =x /0

1

1
sec(arccosx) = sec(f) = —
x£r

Want: cos =z« /0
X

Spp
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INVERSE TRIG FN THEN TRIG FN

sin(arctanz) = sin(f) = -

\/1—|—:c2
V1422 |,
Want: tan =z /9
1

1 2
csc(arctanz) = csc(h) = \/ ks

£r

1422\ o

Want: tan =z /0

1

Spp




