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Applied Coin-Flipping
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Applied Coin-Flipping

__ 1110100 - - H heads
N = 10 N coin flips T tails
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Applied Coin-Flipping

__ 1110100 - - H heads
N. = 10 N coin flips T tails

H-T
/N square root
Probability thati. 69 —5 < ht <69+ 57

H-T
Probabilityxthat: —1°< <17 Answer
N ~ 68%

Male height (inches): 69 + 5

‘ T
Grav accel (ft/sec?); 32 4+ 10° NO
N square root

0° 10°
Probability that: 32 \/N < acc < 32 —|—??
EXTREMELY small N

Probability that: —1000 <
EXTREMELY close to 100% v IN

< 10007 .,




Applied Coin-Flipping
N = number of seconds in 30 days
Current stock price: 1 USD
=1 Tx >0 S := stock price
T+ 710, ifz<0 30 days from now

Contract pays: (S —1)4 USD,
30 days from now

Expected payout?

Each second, price changes
either by a factor of 1.000035616
or by a factor of 0.999964386.

50% chance of uptick,
50% chance of downtick. i



Applied Coin-Flipping

Coin-flipping game: Flip a fair coin N times.
IT H heads and T’ tails,
pay (u"d" —1)4,
30 days from now.

Contract pays: (S —1)4 USD,
30 days from now

Expected payout?

Each second, price changes P

either by a factor of 1. 000035616
or by a factor of O. 999964386\\

50% chance of uptick, d
50% chance of downtick. .



Applied Coin-Flipping

Coin-flipping game: Flip a fair coin N times.
IT H heads and T’ tails,
pay (u"d" —1)4,
30 days from now.

Expected payout?

Computing probabilities is relatively easy,

—VNOr TAOMn MNA/MIIT

computing expected values Is generally harder.



Compute the probability that
H-T

—1< <1
v IN
X =(H-T)/VN
Compute the probability that
—1 <X <1.

Hq ;= number of heads after first flip
H> := number of heads after second flip
Hpy = number of heads after Nth flip = H



Compute the probability that

H—T
—1 < <1

Vv N
X:=(H-T)/VN

Compute the probability that
—1 <X 1. X is hard ...

For all integers j € [1, N,
Hj = number of heads atter j5th flip
T; := number of tails after\jth flip

D; = H; —1; ‘ Easier: D1XD1/7, Do, Dy \

- .

H=Hy, T=Ty, Xl=(EHy-TNn)/VN
=|Dn/VN| 9




0 1 random variable

D= Hy — 17 : a variable whose value is
determined by random events
s o1 05 o
<_ distribution of D;
.5 —1 0.5

distribution of 17 — Hy
IS exactly the same

keep the distribution
forget its origin
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/divide by 7
D+

=H=1 What about D1 /77

/ Canpot recover the "aﬂgem\,vaf!%b!gkorm

0.511
0.54-1

O_An _iEs distribution. . - CZU:.I:]Q
[distribution of D4|
21 iS cost

1 = \/—
1 — Hq has the Same distribution.

(expression) Replace z by e “*
of z

Generating fureton:

Fourier transform:
£t

not time

keep the distribution

forget its origin

0.5 x |
0.5 x |

_ARepl. t by t/7]

ezt
e—zt

:|cost — . SHT T | ] Fourier 1

transform



—0.541/7 2/ Te—

—0.54-1/7 2z Y %—

Generating function:
Fourier transform:

What about D1/77

Replace t by t/7.

i=/—1

Replace z by e~

(0.5)21/7 4 (0.5)2~1/7
(0.5)e~ /T 4 (0.5)ett/7

|
cos(t/7)

et/7 = cos(¢/7)

i sin(t/7)

e~ /T = cos(t/7) — i sin(t/7)
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2 0.25
O 0.25 4+ 0.25=10.5

—2 0.25
forget its origin keep the distribution
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—0.2542 P —
—0.5 40 20 = 1<
——0.254-2 22—

forget its origin keep the distribution

Generating function: watch ciosely ... nothing up my sleeve . ..

(0.25)22 + 0.5+ (0.25)z~2
= ((0.5)z 4 (0.5)2~1)7

the generating function
of the distribution i — /41
of Dl \/

eplace z by e™%
Fourier transform: (cos t)2 = cos?t

14



_ . Goal: X~
Dy =|Hp—~TN]: What about Dy /v/N?
divide by v N Replace t by ¢t/ N.

HAVMN ON

Generating function:
NO WAY!!
= ((0.5)z 4+ (0.5)z—H) ¥

the generating function
of the distribution i = /21
of Dl \/_

eplace z by e%
Fourier transform: (cos t)N=|cos™ ¢

15




_ /NT . Goal: X
X = DN/VN : What about Dy /vN?

Replace t by t/v/N.

HAVMN ON

Fourier transform: cos™V (t/v/'N)



Generating functions

X = Dyn/VN: Fourier transforms

HAVMN ON

Fourier transform: cos™ (¢/v/N)

Fourier transform: cos™V (t/v/'N)



Generating functions

X = Dpn/VN : — Fourier transforms
O Fourier analysis
Spectral theory
. J% Useful?
The problem: <
Compute the probability that
-1 <X <1.
. o—32%/2
Exercise: lim  cos” (3//n) =

Fourier transform: |cos™ (¢/v/N)

~ lim cos” (t/v/n) T e=t?/2

n—oo

IVerify for t =3|"




X = DN/\/N :
Fourier transform: cos™ (¢/v/N)

~ lim  cos™ (t/v/n) = e~ t°/2

n—oo

Fourier transform: cos™ (¢/v/N)

~ lim cos" (t/v/n) = e 1°/2

n—oo

19



— |/ N/ V N
Fourier transform—|cos (t/v/N) I

~| lim cos" (t/v/n

n—oo

l Key idea of Central Limit T heorem:

Let nave distr. with Fourier transft. e_t2/2.

Inverse Fourier Transforml

The problem:

Compute the probability that
—1 <X <1.

Approximately equal to the probability that
—1 < Z<1.



7" , 23 R.Vh
1 —332/2 Do this for|Z wit
— € d.CU = this
V2T infinitesimal all x € R dist.
"NOTES

Mistake: /
0
/ o722 qp = V21

OO\

Do € {2,0,-2}
distribution supported on three points
Dye{-N,—-N+2,....,N—2,N}
distribution supported on N + 1 points

By contrast, the distribution of Z 21
does not have finite support.



Do this for
all x € R

2
e~ T7/2 dp Az

RS
)

Problem: Compute the probability that
Z =7

7/

Solution: / ﬁ e—T2/2 dp — 0

7\

22



Do this for
all x € R

2
e~ T7/2 dp Az

b
N

Problem: Compute the probability that
2 < 4 <3

3 2
S 1 —x</2
Solution: /2 Tax © dx [CID(:::)]:L,_2
= P(3) —P(2) = 0.0214
2.14% 23



L o220, Ay

V2r

. Do this for

—

all x € R

Generating function:

co— 1

A cour /2T

2 .
e *°/2 dxr = Exercise

Fourier transform: [Verify for ¢t = 3i]

XL

[

L e=°/2 gy : —t2/2

— e
\/ 27

' Key idea of Central Limit Theorem:

et Z have distr. with Fourier transf. e_tZQ.
Then Z is “close” to X.



1 Do this for
X V2T all x € R

O

_ | 2
Exercise: / 3T e /2 dr = 3°/2

— 00 \/ 27T

Fourier transform: [Verify for t = 3i]
/OO e "7 ! e=%%/2 gy i e—1°/2
—00 \/ 27 \

' Key idea of Central Limit Theorem:
Let Z have distr. with Fourier transf. e_tZQ.
Then Zis “close” to X.




probability problems,
7 then expected value problems

c—22/2 g |1, o Do this for
all x € R

=
N

The problem:

Compute the probability that
-1 <X <1.

Approximately equal to the probability that
-1 < Z<1.

Approximate solution: ‘ Berry-Esseen Theorem

1 2 _
/ v ¢ Pde= @@L,
= 68.27% 20



probability problems,
then expected value problems

Goal:
Compute the expected value of f(ufd?).

~
0
3
o
O

Coin-flipping game: Flip a fair coin/N times.
IT H heads and T tails,
pay (ufdl —1)4,
30 days from now.

fl) = (z—1)4

27



f(@) = (z— 1)

Goal:

Compute the expected value of f(ufd?).

New easier problem:
Compute the expected value of f(D>).

Do = Hy —"1I5":
T
\ f — g
—0.5 0 f(0)—
\ WOrks for
——0.254 -2 f(=2)e— any function
[0.25][f(2)] + [0.5][f(0)] + [0.25][f(=2)] = 0.25

28



Define: g(x) = 5e% 4+ z2
Goal:
Compute the expected value of f(ufd?).

New easier problem:
Compute the expected value of g(D»).

Do = Hy —"1I5":
0.2542 g(2)
0.5 40 g(0)
0.254—-2 g(—2)

[0.25][g(2)] + [0.5][¢g(0)] + [0.25][¢g(—2)] = Exercise

29



Recall: flx) =(x—1)4
Goal:
Compute the expected value of f(ufd?).

New easier problem:
Compute the expected value of f(Z2).

7
1 —42/2 Do this for
— ¢ dr 4z €T
V27 f( ) all x € R

/_OO f@) A e /2 da
@ =G_D4

:ﬁ /_ Lf (z)] e /2 dr = exercise,




Recall: flx) =(x—1)4
Goal:
Compute the expected value of f(ufd?).

New easier problem:
Compute the expected value of f(X).

/.
2 1 —z2/2 Do this for
—— € drqx x
X V2T /(@) all x € R

—a:2 2
[ uen e
[ =G -4

ASpopl)rr?:x' \/7/ Lf (z)] e _IQ/Q dx| = exercise,




Recall: f(x) = (x — 1)_|_ asWerj(tper.gbfTX

Goal: 1 1
Compute the expected value of |f(utd!).

New easier problem: 1K
Compute the expected value of |g(X)|.

®.@,
AR s [ e 2 .



Recall:
Goal:

write H, T

flz) = (z — 1)-|— as expr.s of X

!

Compute the expected value of f(ufd?).

New easier problem:
Compute the expected value of g(X).

N = 2,592,000

H+T=N

X|=|(H-T)/VN
XV N VN
HAT =N ADD

H;ﬁ" — XV N|NEGATE

ADD

—H +T = —X+/N

2)H = N4+ X+/N 2T = N — X+/N
o0 2
N U [ e e :



Recall: f(x) = (x — 1)_|_ 'pr.s 8f X
i

Goal:
Compute the expectedvalue of [f¢atldl).

New easier pro
CcComp he ex

H =N/2+XVN/2 | T=N/2—-XV/N/2

JH = 4N/2uX\/N/|2 JT — G|N/2d—X\/T\f/2
WHgT =N =230 x 24 x 60 x_60(= 2,592, 000

2H = N+ XV N 21'= N — XN

>0
S o | e da 34



Recall: flx) =(x—1)4 l l
Goal:
Compute the expected value of |f(ud!).

New easier problem: 1
Compute the expected value of [g(X)|.

H = N/24+ X+VN/2 T=N/2—-XVN/2
JH = N2y XVN/2 dT — gN/24—XVN/2

wHdl = (N/2 gN/2 ,, XVN/2 dlx\/_/z

= (ud)N"? () XV | ¢ —(ud)fi’/2
CJX\k—m&/)W>

Approx. 1 _3;2 2 el —
Sol'n: ﬁ/—oo o(2)) €72 d (u/d)VN/2




Recall: flx) =(x—1)4 l l
Goal:
Compute the expected value of |f(ud!).

New easier problem: l
Compute the expected value of |g(X)|.

o(p) = f(CeRP)

fud?) = f(CekX) = g(X)

u

H I — ,N/2 gN/2 , XV/N/2 j—XVN/2 \
(ud) /2 (u/d)X\/N/Q C = (ud)N/?2

C "X | k= In((u/d)VV/2)

00
A\SpOﬁ)rl'C])x ﬁ /—oo lg(x)] €_x2/2 dx 36



Recall: flx) =(x—1)4
Goal:
Compute the expected value of |f(ud!).

Restatement of goal: ]
Compute the expected value of |g(X).

o(x) = J(C7)

futldl) = f(CekX) = g(X)

H I — ,N/2 gN/2 , XVN/2 ;—XVN/2 \
(ud) /2 (u/d)X\/N/z C = (ud)N/?2

C "X | k= In((u/d)VV/2)

u

o, @)
R | [ e e :




Recall: flz) =

|

N

N =2,592, ooo

g(z) :=f(Cer) = (Cek4— 1)

0.0573390439

|
[\/7 / @Ex - 1):3_6_:’32/2 dx Cekv)

1000948567

38

100010005 C = (ud)N/2
0.99989997
. N | k= In((u/d)VN/2)
/
/
Approx.| | 1 /OO 9(0)] e_xz/de

Sol'n: | (/27 e




V2or

O

—o0 1

V2r

— OO

(Cekr — 1), e % /2 dy

(Cekx — 1)_|_ 6_332/2 dx

39



0.0573390439

—oo ||
.000948567

~ ,
/ (Cekr L 1Y) |0 /72/2| g
a /.
Ceka/— 1 =
Ceko =
ebt =1/C
ka =1In(1/C)= —InC

-a=—(InC)/k







31

=[of

P(—a)

V27 [1 — (P(a))]

kx —a:2/2da,; _/OO €x2/2d$]

a




\/%E(—a)

_L[O/(’Oekxe—ﬁ/zdx _/OO
Ver | Ja “ o Ja

/OO k(a+k) o~ (z+k)2/2 4.

—k ~

—

_—

—

e

k‘ze—:cz/Q

o—k?/2

KT

-—..,—-—--

o0
ek2/2/
a—k

h —

6_5’32/2 dx

2nd(k — a)

6_372/2 dx ]

a=—(InC)/k I



\/%E(—a)

_ 1 * kx o —x2/2 /:: —22/2 ]
VQW[Ol’J C il?' a ) ’

—

/Ook k(z+k) —(a+k)2/2 1.
0L - _
ok? o=z /2 ,—k? /2
-— —--me—e-—--8——
ok? /2

T/%CI;(; — a)J

a=—(InC)/k I



ﬁ\

\/%2(—&)

[C/ ka ,—22/2 g, _/:Oeﬁ/zd;]

ekz/Q\/ZdD(k —a)

ek 123/ 27 o (k — a)

= —(InC)/k I



%ﬁ(—a)

1 > ka —x2/2 _/OO —x2/2 ]
%[C‘lb e™te diz:" i e dx

k123 /27 b (k — a)

1.002595363

' & .

0.073874328 0.01653528434

ce’2[o(k—a)] - [¢(Ca)

|

0.024214083

a = —0.01653528434

k = 0.0573390439

C' = 1.000948567 ‘

a=—(InC)/k I




SUMMARY:

Coin flipping problems are tractable via CLT,
and useful in many applied settings,
in particular, finance.

a7



