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Applied Coin-Flipping
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N coin flips T tails

N — 1010100

Male height (inches): 69 + SH — 1
| VN
Probability that: 69 -5 < ht <69+ 57

/ O
69 — 5 < 69 SH_T§>

VN
—T
<

H
—5<5
N
DIVIDE BY 5
H—-T

5

_1< <1 10




Applied Coin-Flipping

__ 1010100 : : H heads
N =10 N coin flips T tails
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Male height (inches): 69 4+ 5
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Applied Coin-Flipping
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Applied Coin-Flipping
N = 1010 N coin flips H heads

T tails
= 0.000000000001\108 108

Probability that: 32 < acc <324 ?
| VN VN

T
Probability that: —100 < < 1007
v N

Answer > 99.9999999999999%

H-T
2. 6
Grav accel (ft/sec?): 32 4+ 10 square root

Maybe all physical phenomena is probabilistic,
but sometimes the denominator is so large
that we can't detect it.

We'll see that v N is the “right” denom. 4
for detectibly probabilistic phenomena.




Coin-Flipping Applied to Finance
N — 1010100
Current stock price: 1 USD

30 days from now, derivative contract pays:
5 USD if 1/e < price <e, 2 USD otherwise
e~ 2.71828

Expected payout?

6 =T 5

2% -
Grav accel (ft/sec<): 32+ 1 square root

Maybe all physical phenomena is probabilistic,
but sometimes the denominator is so large
that we can't detect it.

We'll see that v NV is the “right” denom. %

for detectibly probabilistic phenomena.




Coin-Flipping Applied to Finance

N — 1010100 split-second := 30 Jc\:lfays
Current stock price: :lln Q%D

30 days from now, derivative contract pays:

5-USD if 1/e < price <e, 2_USD otherwise
—L=hn=1t \ \
Answer:
e EXPECTed PAYOUtESs g 65) 1(0.52)
Model: Each split-second, In(price)

either increases or decreases by 1/v' N,

AR 50% chance of uptick,
50% chance of downtick.

In(ending price)
H_T Wiy?
Probability that: —1 < < 17 mrEen =

v N ~ 68%




Coin-Flipping Applied to Finance
Choose an integer n > 1. e.g..n=N/2
In(stock price) starts at 0 on a (horizontal) number line.
Flip a fair coin 2n| times in 30 days.

With each head, it

moves 1/+/2n units in the positive direction (right).
With each tail, it

moves 1/+4/2n units in the negative direction (left).

e.g n—=—29
2n =18
H — T Why?
Probability that: —1 < < 17 Answer [

VN ~ 68%




Coin-Flipping Applied to Finance
Choose an integer n > 1.
In(stock price) starts at 0 on a (horizontal) number line.
Flip a fair coin 2n| times in 30 days.

With each_h it
moves [1/+/2n| units in the positive direction (right).

With eac
moves

HL1Vd

T T T T T T T S A ~In(price)
e.g. n=29 P E paths with
2n =18 ~¢ S e T 9+ 2 heads
# paths: 218 NN e I-ll_ and

................................................. B9 5 tails
.................. H end here

N-H 30 days
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Question: What is the probability of ending at 4/4/187
Answer: 2718x # of paths ending at 4/v/18,

# of collections of 18 Hs and Ts
- with 94+2 Hsand 9—-2 Ts

Il
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942
Start with 18 Ts, choose 9 + 2 of them
and change the chosen 9 4+ 2 to Hs.
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T paths with
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T and
T 9 — 2 tails
T end here

T30 days
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Build a historgram: Start by placing a rectangle (“bar”)
(@ka. mhargraph) porizontally centered at 4/v/18

height? | 1 18
whose area IS 518\ 04

width? 2 '
next bar?
Question: What is the probability of ending at 4/4/187

18
. ~n—18
Answer: 2 X (9—|—2)
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N-1H.30 days
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Build a historgram: Start by placing a rectangle ( “bar")
(ak.a."bargraph™) yorizontally centered at 4//18

helghts hose area is 1 ( 18 )
W r IS —— .
width? 218\ 9+ 2
next bar?

Question: What is the probability of ending at 4/4/187
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Build a historgram: Start by placing a rectangle ( “bar")
(ak.a. bar 9raph™)  horizontally centered at 4//18
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Build a historgram: Start by placing a rectangle (“bar")
(a.ka. 7bar araph™) i orizontally centered at 4/v/18

height? %g? hose area i 1 ( 18 )_012140
width? [2/v/18[(hr 218\9+2)|

Next bar: horizontally centered at 6//18
1 ( 18 )—007082
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Build a historgram: Start by placing a rectangle ( “bar")

(8.k.a. bar 9raph™) |norizontally centered at 4/1/18
height? 23 % 1 ( 18 ):0.12140
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end here
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Build a historgram: Start by placing a rectangle ( “bar")

(a.k.a. “b
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Build a historgram: Start by placing a rectangle (“bar”)
S Bar Qs ) horizontally centered at 4/4/18
nelants Vslrggh)'lz whose area is - ( 18 )
width? 2/v/18 218\ 9+ 2

vVintegers k € m make a bar
horizontally centered at (2k)/+/18
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Build a sequence of historgrams: Vintegers
Vintegers k € [—-mim], make a bar

n>1,

horizontally centered at (2k)/vBn
Width of the bars: Y - 1 Bn ( )/
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

horizontally centered at (2k)/v2n
Width of the bars: Y 1 o () )/

2/\/2?’2, area = 22?’1 n—l—k

T =T
Probability that: —1 < <1? N = 1010
JN
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar
horizontally centered at (2k)/v2n

Width of the bars: 1 o
H—-T
Probability that: —1 < <17 N =100

VN

[ Area under hist. #N/2 } L: s
AnSWer'{between r=—landx=1) ™~ 68%
Idea: Find lim_fn(x), Span of nth histogram:
then integrate from =z = —1 —(2n+1)/vV2n
toz=1. to (2n+1)/vV2n
ettt []] e—x2/2
n = I Goal: lim_ fn(x) = Nor:
ot ract: [* 2 da~ 0.68
act: ~ 0.
l —1 V27 B
- L e— »Space
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

2/v2n

darea =

22n \ 4

n > x?/2

?
x in the span of
nth histogram

horizontally centered at (2k)/v2n
Width of the bars: Y 1 o (2k)/

left side of bar: [(2k)/v/2n] —[1/v/2n]
right side of bar: [(2k)/v2n]+[1/v/2n]

Span of nth
—(2n A

histogram:

-1)/v2n

Goal: Iim fp(x) =

n—a~oo
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—x</2

V2r
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Build a sequence of historgrams: Vintegers n > 1,

Vintegers k € [—n,n], make a bar
horizontally centered at (2k)/v2n

Width of the bars: 1 o
2
n > x/2 left side of bar: [(2k)/v2n] —[1/v/2n]

2z in the span of| right side of bar: [(2k)/v2n]+[1/v2n]
nth histogram

Span of nth histogram:
—(2n+1)/v2n
to (2n+1)/vV2n
' e—x2/2
(Euoal:nll_>mOO fn(x) = Nor
m>a22/2 & —vV2n<z<+2n
2_?'112?I
=, 32
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

x in the span of
nth histogram

horizontally centered at (2k)/v2n

Width of the bars: 1 o
2
ﬁf /2 left side of bar: [(2k)/v2n] —[1/v/2n]

right side of bar: [(2k)/v2n]+[1/v/2n]

Span of nth histogram:
—(2n+1)/vV2n

/t/CS (2n+1)/v2n

Goal: nggéfn(a:) = Nor

e—T%/2

n>ax2/2 < —/2n <z z j5 in the span of

the nth histogram
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Build a sequence of historgrams: Vintegers n > 1,

Vintegers k € [—n,n], make a bar

horizontally centered at (2k)/vV/2n
Width of the bars: Y 1 o () )/

area = T
K2 n\n+k
— Kn

- [(2k)/v/2n] —[1/+/2n]
F(2K) /v/2n) +[1/+/2n)

k — kn,

ared
22a\n+k width

[<2kn)/ﬁ 1—[1/ \<w<[(2kn)/x/_ 1+[1/F ]I

2n vV 22n z2/2
and let hy, = ( ) . Goal: lim_fn(z) =
[ 22n\n+kn) 2 122 V27
fn(:c) Then hp — . 3
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Central Limit Theorem:[CSt===R]Vn > :17:2/2,choose kn S.t.
[(2kn)/V2n] —[1/v2n] < & <[(2kn)/v2n] 4[1/v/2n],

dlth'—l( 2n )\/272,
W T k) T2 1
T hen hfn, ? . 35
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Asymptotics of kjp:

[(2kn) /»/2m] —[1/+27] < 713 [(2kn) /s2m] +[1/~27]
V2n

Central Limit Theorém: Vn > 72/2,choose ky s.t.

[(2kn) /v2n] —[1/v2n] £ 7 <[(2kn) /v2n] +[1/v/2n],
1 ( 2n )@

and let hy i(=—— .
n + k
n 2 8_72/2

22n
Then hp — 36

V21




Asymptotics of kjp:

[(2kn) /»/2m] —[1/+27] < 71 [(2kn) /s2m] +[1/~27]

VvV 2n
2k, — U <|7Tv/2n <|2kp + 2kn — U< 2k, <Rkn,+ 1

kn|— Y~ 2kn+ 1 LEADING TERMS

In+1 ~ n— 1 n.—k
kn _>‘éo "
Central Limit Theorém: Vn > 72/2,choose ky s.t.

[(2kn)/v2n] —[1/v2n] <7 <[(2kn)/v2n] +[1/v2n],

o e T 1 ( 2n ) 2n
an e — — —_—.
" 22n n"‘kn 2 8_72/2

Then hp — . 37
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Asymptotics of kjp:

\ |
Central Limit Theorém: Vn > 72/2,choose ky s.t.

[(2kn)/v2n] —[1/v2n] <7 <[(2kn)/v2n] +[1/v2n],

— 1 ( 2n ) 2n
an e — — —_—.
" 22n n"‘kn 2 8_72/2

Then hp — . 38
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Asymptotics of kjp:

Dk, ﬂ 1 l?\/Qn ~ 2kn /+ 1
Dk — 1 rv 2k ~ 2k 4 1

divide by 2: 2k, ~ 7v/2n ‘
kn ~ 7v2n/2 =7\/ﬁ 4 = 7\/n/2
V4
Central Limit Theorém: Vn > 72/2,choose ky s.t.

[(2kn)/v2n] —[1/v2n] <7 <[(2kn)/v2n] +[1/v2n],

o e T 1 ( 2n ) 2n
an e — — —_—.
" 22n n"‘kn 2 8_72/2

Then hp — . 39
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1 2n vV 2n e/

ke, ~ 7\/n/2

Central Limit Theorém: Vn > 72/2,choose kv S.L.

[(2kn)/V2n] —[1/v/2n] < 7 <[(2kn)/v2n] +[1/v2n],
2n )\/%

n + kn

~~

1
and let hn :ﬁ(

| o—7°/2
Then hp WANT | 40
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1 2n vV 2n e’ /2
~ = — ——. Want: h .
\k” z n/%’ fon 22n(n—l—kn) 2 " V2T
DIVIDE
BY n

B T2

n n

:I:nwyn—>z:>m—n—>1, Yn — 2 = !zc_n] sl — [N][z] = xn — 2
Yn Hn
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1 2n vV 2n 8_72/2
n+k k
ASYMPTOTIC <] — T =14 T’:” 1
n—k k
ASYMPTOTIC<[ —— =1-——1

ADD AND SUBTRACT 1
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1 — 2n  Vn
Mr=Tozal20 b =\ 4 ko o,




o 1 ( 2n )| V2n
n 22n n + kn 2
1 (2n)! V2n
227 |[(n + kn)1[((2n) |- (n 4+ ka)D!||2- Va4
_ 1 (2n)! 2n
221 [(n 4 kp)'1[(2nl=nl— kn)!] \/ 4
1 (2n)! n
22n [((n + k)] [ — En)!] 2
B\ _ B!
A)  AY(B - A)
1 [ 2n \V2n | e=7°/2
kn n+ kn~mn 45
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1 (2n)! n
h"n_22n [(n 4 En ! [(n — En)!] 2
1 (2n)! n
22n [(n 4+ En)'][(n — kn)!] 2
2n — 2n Want: h 8_72/2.
k?’b an -— TN —I_ kn ~n 16




1 (2n)!

hn_22n [+ EnD!][(n — EnD!] \/g
/3

1 2n)!
22n [a] [bxlt]

\/27r 2n)) (2nl/e)2n

2ranlan e \/Qﬂ%l bn e)lﬂ n.— bm;

Stirling’s Formula: n! ~ v/ 2nin ([@/ e J2

In ~Y Yn — < — In — 2

2
( " )—n Want: hn, >e .
’n"‘kn 2 \/271'

kn_>0 an = n—+ kg~ n —[d
b, = n—kp ~n —[3




1 (2n)! n

B N = ey B

1 (2n)! n

22n [an!][br!] 2
27(2n)(2n/e)?n

o EEmesn

?\/Swa;(ra’;/"e){a’;‘n/e)an][" QWbT\/Q br(bn/€)bn

Stirling’s Formula: n! ~ v27wn (n/e)”
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SUMMARY:

Coin flipping problems are tractable via CLT,
and useful in many applied settings,
In particular, finance.

Stirling = CLT
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