MATH 4707, HOMEWORK II, SOLUTIONS TO GRADED PROBLEMS
February 25, 2010
INSTRUCTOR: Anar Akhmedov

(1) 4.3.6

Solution: Let a,, denote the number of all such subsets of {1,2,--- ,n}. We will find a
recurrence relation for a,,. There are two types of subsets, the subsets that contain 1 and
the subsets that do not contain 1. If the subset do not contain 1, then there are Fj, 1
possible subsets of {2,3,--- ,n} without consecutive elements (see Problem 4.1.3 page 67
and the solution on page 260). If the subset do contain 1, then it can not contain 2 and
n. There are F,,_; possible subsets of {3,4,---,n — 2} without consecutive elements.

Thus, we get the following recurrence: a,, = F41 + Fr—1.

(2) 4.3.8

Solution We give an inductive proof. By experiment, we check that d,, = 2" — F;, > 0
for small n. For example, d; = 2! — F; = 1 > 0. Assume that d,_; > 0 holds for all
n > 2, and we will show that d,, > 0 holds. d, = 2" — F, = 2" —F,_1 — F,,_o >
2" —2F, 1 =2(2""' - F,_1) =2d,_1 > 0.

(3) 4.3.9

Solution:

a) We give an inductive proof. It is easy to check that Fo+Fy+Fg+- - -+ F,, = Fopqp1—1
holds for small n. Assume that Fy + Fy+ Fg+ -+ Fop = Fopp1 — 1 forall k <n—1, we
will show that it holds for k& = n. F2+F4—|—F6+ . —|—F2n = (FQn_l — 1)—|—F2n = F2n+1 —1.

b) F2, | — F} = (Fugp1 — Fo)(Fug1 + Fo) = Fuo1 Fogo

We will use Binet’s formula for the Fibonacci numbers and Binomial Theorem to prove
c) and d). We have F,, = —L-(a™ — b"), where a = 12—‘/5 and b = % Since a and b
are solutions of the equation 22 —z — 1 = 0, we have the following identities: a? = a + 1,
P2=b+1,a+b=1, and ab= —1.
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(4) 5.4.1

Solution: Let A denote the event that the sum of the points is 8 if we throw a die
twice. A ={(4,4),(5,3),(3,5),(6,2),(2,6)}. Since the sample space S has 36 elements,
we have P(A) = |A|/|S| =5/36.

(5) 5.4.3
Solution:

Since A and B are independent events, we have P(A N B) = P(A)P(B). Thus,
P(AUB)=P(A)+ P(B)— P(ANB) = P(A)+ P(B) — P(A)P(B).
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