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Boundary value problems of spaces of automorphic forms
by Adil Ali

Abstract

We apply some ideas of Bombieri and Garrett to construct natural self-adjoint
operators on spaces of automorphic forms whose only possible discrete spectrum is
As = s(s—1) for s in a subset of on-line zeros of an L-function, appearing as a compact
period of cuspidal-data Eisenstein series on GL4. These ideas have their origins in re-
sults of Hejhal and Colin de Verdiére. In parallel with the GL(2) case, the corresponding
pair-correlation and triple-correlation results limit the fraction of on-the-line zeros that

can appear in this fashion.
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Chapter 1

Introduction

We apply the spectral theory of automorphic forms to the study of zeros of L-
functions. A refined version of the spectral theory of automorphic forms plausibly has
bearing on zeros of automorphic L-functions and other periods. This is powerfully
illustrated by the following example, which is a much simpler analogue of our present
result. In 1977, H. Haas [Haas 1977] attempted to numerically compute eigenvalues A

of the invariant Laplacian

0? 0?

o2 o)

on SLy(Z)\$, parametrized as A\, = w(w — 1). Haas listed the w-values, intending to

A = y¥

solve the differential equation

(A= Xy)u=0
H. Stark and D. Hejhal [Hejhal 1981] observed zeros of ¢ and of an L-function on the list.
This suggested an approach to the Riemann Hypothesis, hoping that zeros w of ¢ would
be in bijection with eigenvalues A\, = w(w — 1) of A. Since a suitable version of A is a
self-adjoint, non-positive operator, these eigenvalues would necessarily be non-positive
also, forcing either Re(w) = % or w € [0,1]. Hejhal attempted to reproduce Haas’ list

with more careful computations, but the zeros failed to appear on Hejhal’s list. Hejhal

realized that Haas had solved the inhomogeneous equation
(A — A\yp)u = 62

allowing a multiple of an automorphic Dirac 6 on the right hand side. Here w is a cube

root of unity, and §¢(f) = f(w) for an SLy(Z)-automorphic waveform f. However,
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since solutions u, of (A — A)u = §¢ are not genuine eigenfunctions of the Laplacian,
this no longer implied non-positivity of the eigenvalues.

The natural question was whether the Laplacian could be modified so as to exhibit
a fundamental solution as a legitimate eigenfunction for the perturbed operator. That

is, one would want a variant A’ for which
(A" = Aty = 0 <= (A= N)u, = C-5¢

Because of Y. Colin de Verdiere’s argument for meromorphic continuation of Eisenstein
series [CAV 1981], it was anticipated that A’ = A would be a fruitful choice for the
Friedrichs extension of a suitably chosen restriction. A is self-adjoint, and therefore
symmetric. This gave glimpses of progress toward the Riemann hypothesis.

Friedrichs extensions have the desired properties and they played an essential role
in another story, namely Colin de Verdiere’s meromorphic continuation of Eisenstein
series, though there, the distribution that appeared was the evaluation of constant
term at height y = a. There, the spaces of interest were the orthogonal complements
L?('\$), to the spaces of pseudo-Eisenstein series with test function data supported
on [a,0). A, was A with domain C2°(I"\$)) and constant term vanishing above height
y = a. A was the Friedrichs extension of A, to a self-adjoint operator on L?(I'\$))s.

In this way, a Friedrichs extension attached to the distribution on I'\$) given by

Tu(f) = (cpf)(ia)

has all eigenfunctions inside a +1-index global automorphic Sobolev space, defined as

the completion of C2°(I'\$)) with respect to the +1-Sobolev norm

=

[fla = (1= A)f, f)

The Dirac § on a two-dimensional manifold lies in a global Sobolev space H~'~¢ with
index —1—e for all € > 0, but not in H~!, so by elliptic regularity, a fundamental solution
lies in the +1 — e-Sobolev space. This implies that a fundamental solution could not be
an eigenfunction for any Friedrichs extension of a restriction of A described by boundary
conditions.

The automorphic Dirac 6ng is an example of a period functional. Periods of auto-

morphic forms have been studied extensively: after all, Mellin transforms of cuspforms
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are noncompact periods. Hecke and Maass were aware of Eisenstein series periods: in
effect, Hecke treated finite sums over Heegner points attached to negative fundamental
discriminants, and Maass treated compact geodesic periods attached to positive funda-
mental discriminants. A simple example is given by
(i) = Co(i) (s)

Co(2s)
More generally, let ¢ a quadratic field extension of a global field k of characteristic not
2. Let G = GLy(k), and let H be a copy of £* inside G. The period of an Eisenstein
series By = Zve P\Gr ©(vg) along H is defined by the compactly-supported integral

period of F; along H = / Ey
ZpHi\Hy

Via Iwasawa-Tate integrals,

&u(s)
E, =
/ZAHk\HA fk(23)

Noncompact periods have been studied extensively. Let G be a reductive group over
a number field F', and let H C G be a subgroup obtained as the fixed point set of an
involution 6. [Jacquet-Lapid-Rogowski 1997] studied the period integral

M (p) = / o(h) dh
H(F)\H(A)

The authors use a regularization procedure and a relative trace formula to obtain an
Euler product for II(E), where E is an Eisenstein series.

This paper examines the discrete spectrum of a Friedrichs extension &9 associated to
a compactly-supported G L4(Z)-invariant distribution 6onG = GL(4), whose projection
6 to the subspace of L%(GL4(Z)\GL4(R)/O4(R)) spanned by 2,2 pseudo-Eisenstein
series with fixed cuspidal data f and f and the residue of this Eisenstein series, a
Speh form. This distribution lies in the —1 index Sobolev space. We prove that the
parameters w of the discrete spectrum )\, = w(w — 1), if any, of &9 interlace with
the zeros of the constant term of the 2,2 Eisenstein series E}D’ s where f is a GL(2)
cuspform. Such spacing is too regular to be compatible with the corresponding pair-
correlation and triple-correlation conjectures, and this powerfully constrains the number

of zeros w of 8 F1_,, appearing in the discrete spectrum of Zg. In particular, the discrete

spectrum is presumably sparse.



Chapter 2
Spectral Theory

We follow [Langlands 1976], [MW 1990], [MW 1989], and [Garrett 2012]. Fix, once
and for all, Ko, = O4(R), and K,, = GL4(Z,) for non-archimedean places v. Let 3 be
the center of the enveloping algebra of Go, = GL4(R).

Definition 1. Given a parabolic P in G = GLy4 and a function f on ZyGi\Gp, the

constant term of f along P is
cofle)= [ fng)dn
Ne\Na

where N is the unipotent radical of P.

We will let & = Q throughout. An automorphic form is a cuspform if, for all
parabolics P, the constant term along P is zero. This is the Gelfand condition (in the
weak sense). Since the right G g-action commutes with taking constant terms, the space

of functions L2 (ZyGr\Ga) satisfying the Gelfand condition is G z-stable, and so is a

cusp

sub-representation of L?(ZyGr\Ga). We note that there are non-K,-finite vectors in
L*(ZyGr\Ga). R. Godement, A. Selberg, I. Gelfand and I. I. Piatetski-Shapiro showed

that integral operators attached to test functions on Lgusp(ZAGk\GA) are compact.

Specifically, for ¢ € C°(Gy) which is right K-invariant, the operator
foe-f

gives a compact operator from L2, (Z4G;\Ga) to itself. Here

(p-Nly) = / o(r) - f(yz) dx

ZpGp\Ga

4
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By the spectral theorem for compact operators, this sub-representation decomposes
into a direct sum of irreducibles, each with finite multiplicity. The remainder of L? is
decomposed as follows.

We classify non-cuspidal automorphic forms according to their cuspidal support, i.e.
the smallest parabolics on which they have non-zero constant term. In GL(4) there are
four associate classes of proper parabolic subgroups. There is P* = GL4, P>L1, pL21
P12 the maximal proper parabolic subgroups P!, P13 and P22, and the standard

minimal parabolic subgroup PL1 11,

Definition 2. A pseudo-Fisenstein series is a function of the form
To(g) = > oy-9)
YEPL\Gh,
where ¢ is a continuous function on ZyNaMi\Gp with cuspidal data on the Levi com-

ponent.

For example, given the 2, 2 parabolic, the function out of which the pseudo-Eisenstein
series is constructed is

A % detA

2

)+ f1(A) - f2(D)

where ¢ is a compactly-supported, smooth function on R and f; and fs are cuspforms

on G Lo with trivial central character. For the 3,1 parabolic, consider the function

A % e
w,fl@h(( o )) = o) )

where A € GL3 and f; is a cuspform on GL3. For the 2,1, 1 parabolic, let

400 detA detA
eronea| 0 b 0 [) = f(A)o1(557) - 6a(50)
0 0 ¢

The 1,1, 1, 1-pseudo-Eisenstein series is discussed later.

Proposition 1. In the following, abbreviate @y r,05, by ¢. For any square-integrable

P

automorphic form f and any pseudo-Eisenstein series V.,

with P a parabolic subgroup

(f. D)z, c060 = (cpf, P) Z,NP MP\Gy
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Proof. The proof involves a standard unwinding argument. Let N* and M? denote

the unipotent radical and Levi component of P, respectively. Observe that

9P e, = / f(9) - UP(g) dg = / @S w0rg) dg

ZGr\Ga ZyGp\Ga YEP\G
This is

- / f(9)e(g) dg = / f(9)e(9) dg

ZpyPp\Gy ZANE M \Gy

- [ [ sogeing) dndg

Zy Ny Mp\Gp NE\Na

_ / ( / F(ng) dn)e(g) dg

ZyNyMp\Gy Np\Ny

= (cp/f, <P>ZAN§M,5\GA

From this adjointness relation, we have the following

Corollary 1. A square-integrable automorphic form is a cuspform if and only if it is

orthogonal to all pseudo-Eisenstein series.

Since the critical issues arise at the archimedean place, we consider the real Lie
group. To this end, let G = PGL4(R), I' = PGL4(Z).

Definition 3. The standard minimal parabolic B is defined as the subgroup
B = Pl,l,l,l

of upper-triangular matrices, with standard Levi component A, unipotent radical N, and

Weyl group W, the latter represented by permutation matrices.

Let AT be the image in G of positive diagonal matrices. Consider characters on B

of the form

) = laal** - ag]* - |as|*® - aq|*

0 0 0 ag



For the character to descend to PGL,,, necessarily s; + s9 + s3 + s4 = 0.

Definition 4. The standard spherical vector is

@M (pk) = xs(p)

and the spherical Eisenstein series is

Eig) = Y. ¢P(yv-9)

~vyeBNI\I'

The spherical Eisenstein series is convergent for Re(s) > 1 and meromorphically
continued to an entire function of s as in [Langlands 544, Appendix 1]. The function
f— cpflg) is left N(B NT')-invariant.

Recall that for ¢ € C°(N(BNT)\G)X ~ CX(AT), letting (,)x be the pairing of
distributions and test functions on a space X, the pseudo-Eisenstein series ¥,,(g) enters

the adjunction relation

(cf,PInBarne = (f,¥e)r\a

That is, ¢ — W, is adjoint to f — cpf. Then cpf = 0 is equivalent to

<f7 q’(p)F\G =0
for all ¢.

Proposition 2. The pseudo-FEisenstein series W, admits a W-symmetric expansion as
an integral of Eisenstein series. That is,
v, = 11/ Es - (g, E2ps)r\q ds
(W (2md) 7 [
Proof. To decompose the pseudo-Eisenstein series ¥, as an integral of minimal-parabolic
Eisenstein series, begin with Fourier transform on the Lie algebra a ~ R"~! of A*. Let
(,) : a* xa — R be the R-bilinear pairing of a with its R-linear dual a*. For f € C2°(a),

the Fourier transform is

Fourier inversion is
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Let exp : a — AT be the Lie algebra exponential, and log : AT — a the inverse. Given
p € C(AT), let f = ¢ oexp be the corresponding function in CS°(a). The (multiple)
Mellin transform My of ¢ is the Fourier transform of f:

~

AMp(i&) = f(§)

Mellin inversion is Fourier inversion in these coordinates:

/ e62) F(¢) de = 1/ ST p(i€) dé

1
QD(EXPLL’) = f(ZE) = ( (27T)dima

Qw)dima

Extend the pairing (,) on a* x a to a C-bilinear pairing on the complexification. Use

the convention
(exp)® = ¢H6m) = (&)

With a = expz € AT, Mellin inversion is

1 . 1
pla) = (27r)dlma/a a'* M p(i€) dE = (27rz')dima/w* a® M p(s) ds

With this notation, the Mellin transform itself is

Mpls) = /A a7p(a) da

Since ¢ is a test function, its Fourier-Mellin transform is entire on a* ®g C. Thus, for

any o € a*, Mellin inversion can be written

1 S
pla) = @iy /U L M p(s) ds

Identifying N(BNT)\G/K ~ AT, let ¢ — a(g) be the function that picks out the
A" component in an Iwasawa decomposition G = NATK. For o € a* suitable for

convergence, the following rearrangement is legitimate,

Vo) = X ellon) = X i [ abw)rels) ds
~ye(BNI)\I' ~EBND\D (27”) o+ia*

~veBNT\T
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This does express the pseudo-Eisenstein series as a superposition of Eisenstein series,
as desired. However, the coeflicients .# ¢ are not expressed in terms of W, itself. This

is rectified as follows. Letting p denote the half-sum of positive roots,

(fEdne = | f9)E(g) = / f(9)alg)® dg
NG BNI\G

:/ / f(ng)a(ng)® dg =/ cpf(g)a(g)’ dg
N(BNI')\G JNNI\N N(BNI')\G

= /A+ ch(a)as% = /A+ cf(a)a™ 7% da = Mepf(2p —s)

That is, with f = ¥,
<\I]4p,Es>F\G = %CB\I/@(Q,O — S)

On the other hand, a similar unwinding of the pseudo-Eisenstein series, and the recol-

lection of the constant term cpFEs, gives

(Vo Es)r\g = / ©(9)Es(g) dg = / / ¢(ng)Es(ng) dg
BNT\G N(BND)\G J NN\ N

= / go(g)cBES(g) dg = / QO(CL)CBES(CL) da
N(BND)\G At

o
da

j— w-s —_—

- [ @ e G

w

= e | el da = S en(s) o2

Combining these,

McpVy(20—35) = (Yo, Es)\g = ch(s)//lcp@p—w-s)

w
Replacing s by 2p — s, noting that 2p —w - (2p — s) = w - s,
Mcp¥y(s) = Z cw(2p — s) M p(w - )
w

To convert the expression
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into a WW-symmetric expression, to obtain an expression in terms of cg¥,,, we must use
the functional equations of E,. However, o + ia* is W-stable only for ¢ = p. Thus,

the integral over o + ia* must be viewed as an iterated contour integral, and moved to

p+ia*.
\p L pp— / Epstlp(w - s) d
= N a* w-s pl\w - s S
P |W| ” (27”)d1mu ptia*
1 1 / 1
e E; ——Mp(w-s))ds
’W’ (27”)dlmu p+ia* (; Cw(s) )

On p + ia*, we have ﬁ(s) = cw(2p — s). Therefore,

P e ) = S eul2o— gl s) = MepTos)

This gives the desired spectral decomposition,

1 1
v :,_/ By M0 (s) ds
v W[ (2mi)dima [ o v
LI / Ey- (U, Esp e d
= — s - v Eop_s)r\q ds
(W (2mi)dima [ 4o #7208 /T

O]

Proposition 3. The map f — (s — (f, Es)) is an inner-product-preserving map from

the Hilbert-space span of the pseudo-FEisenstein series to its image in L*(p + ia).

Proof. Let f € C(I'\G), ¢ € CF(N\G), and assume ¥V, is orthogonal to residues of

E, above p. Using the expression for ¥, in terms of Eisenstein series,

1 1
(Wy, f) = <‘W’@m)(hml/p+ia*<‘1’go,E2p—s>'Est,f>

1 1
= — U, , Fy, ) - (E d
[W| (2mi)dima /P-Ha*( ¢r Bap-a) - (Ban f) ds

The map
Uy = (P, Eops)

with s = p + it and ¢t € a*, produces functions

u(t) = (Yo, Ep—it)
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satisfying
B B B E2p—s
u(wt) = <‘1’¢,E2p—w-s> = <‘IISD’EU)'(2P*S)> - <\ij’m>
w
= cw(s)-u(t) forallweW
since
1
Is 2 —S) = C S) =
w(2p ) w(s) cw(s)
on p + ia*.

Proposition 4. Any u € L?(p + ia*) satisfying uw(wt) = cy(s) - u(t) for all w € W is
in the image.
Proof. First, for compactly-supported u meeting this condition, we claim
¥ LI / (8) - Byyse dt £ 0
= W (97 )dima utt) - Epit
W @ri)dime f e a

It suffices to show cpW¥, is not 0. With s = p + it, the relation implies u(t)E2,—s is
invariant by W. Let

C = {tea” : (t,a) >0 for all simple o > 0}

be the positive Weyl chamber in a*, where (,) is the Killing form transported to a* by
duality. Then
qJ 11 / () - B, dt ! / () - B, dt
= — u(t) - = — u(t) -
Wl @m)dime ] ’ (2mi)dime [, o ’

Since u(tw) = u(t) - ¢y (p + it), the constant term of ¥,, is

CB\IIU = U(t) -a® dt

1
(Qﬂi)dima otiar
This Fourier transform does not vanish for non-vanishing u. O

Given G = GL4(R),T' = GL4(Z), and K = O4(R), it is necessary to invoke the com-
plete spectral decomposition of L?(I'\G/K), that cuspforms and cuspidal data Eisen-
stein series attached to non-minimal parabolic Eisenstein series attached to non-minimal

parabolics, and their L? residues, as well as the minimal-parabolic pseudo-Eisenstein
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series, span L?(I'\G/K). And we must demonstrate the orthogonality of integrals of
minimal-parabolic Eisenstein series to all other spectral components.

We now decompose the pseudo-Eisenstein series with cuspidal data. We carry this
out for the 3, 1 pseudo-Eisenstein series, 2, 2 pseudo-Eisenstein series, and 2,1, 1 pseudo-
Eisenstein series with cuspidal data. This follows a similar pattern as the spectral
decomposition. Let P = P3!. We decompose P3! and P'3 pseudo-Eisenstein series
with cuspidal support. The data for a P pseudo-Eisenstein series is smooth, compactly-
supported, and left Z, M ,f N ép -invariant. For now, we assume that the data is spherical,
i.e. right K-invariant. This means that the function is determined by its behavior on
ZaM ,f \M § . In contrast to the minimal parabolic case, this is not a product of copies of
G L1, so we can not simply use the GL; spectral theory (Mellin inversion) to accomplish
the decomposition. Instead, this quotient is isomorphic to GL3(k)\GL3(A), so we will
use the spectral theory for GL3. If n is the data for a P3! pseudo-Eisenstein series U,

we can write 1 as a tensor product n = f ® p on

Zaryn)GL3()\GL3(A) - Zar,)\ZaLya)

Saying that the data is cuspidal means that f is a cusp form. Similarly, the data
¢ = ¢ps for a P>1-Eisenstein series is the tensor product of a GL3 cusp form F and a
character x; = |.|° on GL;. We show that Wy, is the superposition of Eisenstein series
Er s where F' ranges over an orthonormal basis of cusp forms and s is on the critical

line.

Proposition 5. The pseudo-FEisenstein series Wy, admits a spectral decomposition
Wiy = Z/<‘I’f,n,EF,s> -Epsds
F S

where the sum is over spherical cuspforms F on GL3(k)\GL3(A).

Proof. Using the spectral expansions of f and 7,

n=rfen= (> (fF) (/<u7xs>-xs ds) = D [ (g Prs) - rs ds

cfms F' s cfms F 7S

So the pseudo-Eisenstein series can be re-expressed as a superposition of Eisenstein
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series

Upnle) = D nru(r9)

YEPL\G,

- Z Z <77f7l/“ <PF,3> : @F,s('yg) ds

yEP\Gy, cfms F ¢

- Z /<77f,u790F,s> Z ©ors(vg) ds

cfms F' YEPL\Gy
= Z /<77f,;u (PF,8> : EF,s ds
cfms F %

The coefficient (1, ¢)gr, is the same as the pairing (V,, E,)qr,, since

(U, Ep) = (cp(¥y),0) = (0, 0)

So the spectral decomposition is

\Ime = Z /<\Ilf,777EF,S> : EF,s ds
s

cfms F'
L]

It now remains to show that pseudo-Eisenstein series for the associate parabolic, () =
P13 can also be decomposed into superpositions of P-Eisenstein series. Notice that in
the decomposition above, when we decomposed P-pseudo-Eisenstein series into genuine
P-FEisenstein series, we did not use the functional equation to fold up the integral,
as in the case of minimal parabolic pseudo-Eisenstein series. For maximal parabolic
Eisenstein series, the functional equation does not relate the Eisenstein series to itself,
but rather the Eisenstein series of the associate parabolic. We will use this functional
equation to obtain the decomposition of associate parabolic pseudo-Eisenstein series.
The functional equation is

E?‘,s = bF:S ’ E}F;,lfs

where br s is a meromorphic function that appears in the computation of the constant

term along P of the @)-Eisenstein series.

Proposition 6. The pseudo-Eisenstein series \IIQM admits a spectral decomposition

W, = 3 [0F, B i B
F S
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where F' ranges over an orthonormal basis of cuspforms.

Proof. We consider a QQ-pseudo-Eisenstein series \Il? 4 with cuspidal data. By the same
arguments used above to obtain the decomposition of P-pseudo-Eisenstein series, we

can decompose \I/JC;) L into a superposition of ()-Eisenstein series,

9.9 = > [ pwers) - BE(9)

cfms F V%
Now using the functional equation,

W)= Y / (W9, b ERy_) b B,
cfms F

= > [@FLBE ) el BE
cfms F VS

giving the proposition. O

So we have a decomposition of @-pseudo-Eisenstein series (with cuspidal data) into
a P-Eisenstein series (with cuspidal data). In order to use the functional equation we
did have to move some contours, but in this case there are no poles, so we did not pick
up any residues. Likewise, if 7 is the data for a P?>!! pseudo-Eisenstein series v, we

can write 77 as a tensor product n = f® 1 ® pg on

Zarym)\ZaLya) X Zar, () X 2GLi(a)

Similarly, the data ¢ = ¢p,, s, for a P?L1_Eisenstein series is the tensor product
of a GL2 cuspform and characters xs, and xs, on GL;. We show that Wy , is the
superposition of Eisenstein series Er g, s, where I’ ranges over an orthonormal basis of

cusp forms and s; and so are on the vertical line.

Proposition 7. The 2,1, 1 pseudo-Eisenstein series Wy ,, ., admits a spectral expansion

Ve = Z/ /<77f,u1,,u2790F781,82> B s
F Js1Ys2

where F' ranges over an orthonormal basis of cuspforms.
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Proof. Using the spectral expansions of f and p,

v=fomem = (Y (1F)F)-( [

cfms F S1

{11, Xs1) * X1 d51) - (/ (12, Xs5) * X5 d52)

52

= Z / / <77f,,u1,,u27 (PF781782> “PFs1,s2 dS1 ds2
51 /82

cfms F' $
Therefore, the pseudo-Eisenstein series can be re-expressed as a (double) superposition

of Eisenstein series.

Vi = Z Nf a2 (V9)
YEP\Gx

= Z Z / (Mfprpas PFys1,s2) - PFys1,s2(79) ds1 dsa
1782

yEP\Gy, cfms F * 8

= Z //<nf7#17u2a‘pF,81,82> Z PFs1,5:(79) ds1 ds2
s1 Jso

cfms F YEPL\Gy,
= 3 [ Ot o) Err ()
cfms F V51 v 52

Finally, if 7 is the data for a P>? pseudo-Eisenstein series ¥, we can write

Nigu = Qg
on
Zar,(A)/Zar,(A) X Zar,(A)

where f and ¢ are cuspforms, and p is a compactly-supported smooth function on
GL(1). Similarly, the data ¢ = ¢y, 1, s for a P»?-Eisenstein series is the tensor product
of GL(2) cuspforms f; and fy and a character ys.

Proposition 8. The 2,2 pseudo-FEisenstein series Wy, has a spectral expansion in terms

of 2,2 Eisenstein series

l:[jn = Z <nf797l“(pF17F27S>EF17F2y5 ds
Fi,F 7”8

where Fy and F» are cuspforms on GL(2).
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Proof. Writing

— fogen= (Y R )Y <g,F>-F>-</S<u,xs>-xs>

cfms F cfms F'

= > /nfg,mSDFl,Fz,) PRy Fy,s A3

CfmSF1 F2

As before, the corresponding pseudo-Eisenstein series will unwind

vy = Z Nf.gn(19) = Z /<77f,gvua‘10F1,F2,S>'EFl,Fz,s ds
’YEPIC\C;]C cfmsF1,F> s

O

Recall the construction of 2,2 pseudo-Eisenstein series. Let ¢ € C°(R) and let f

be a spherical cuspform on G Ly with trivial central character. Let

detA —
@(( ) D) (5es |- 7 F()

extending by right K -invariance to be made spherical. Define the P%2 pseudo-Eisenstein

series by

Uo(g) = Y. ¢

YEPL\G
We recall the construction of 2,1,1 pseudo-Eisenstein series. Let f be a spherical
cuspform on GLy(k)\GL2(A), and let ¢, p2 € C(R). Let

400 detA detA
et et
eron| 0 b 0 [) = 561550 ("5
0 0 c
The 2, 1,1 pseudo-Eisenstein series with this data is
Vo = D ¢ro10(19)

YEPL\G

Proposition 9. The pseudo-Eisenstein series \I’?f is orthogonal to all other pseudo-

Fisenstein series in Sob(+1).
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Proof. Recall by [MW p.100] that

2.1,
(U225 e = 0

Let us now check that they’re also orthogonal in the +1-Sobolev space. Note that

21,1 2 w211 2 2,11
<\Pi’2’ \ij >+1 = <\Ilg202a \1]1/; >L2 + <A\P<,2027 ‘ljw >L2

Since the first summand is zero, it suffices to prove that the second is zero. To this end,

we rewrite the Casimir operator

Q=M+ +Q+U

where
0 = %Hfg + E12F21 + Ez1E1 2
and
Dy = %H??A + B3 4FE43+ Ey3F34
while
Q3 = ing,ZﬁA

We let €4 be the remaining terms appearing in the expression of Casimir. We prove that
application of €2 to ¥, produces another function in the span of 2,2 pseudo-Eisenstein
series. Being in the span of 2,2 pseudo-Eisenstein series renders ¥, orthogonal to
all other non-associate pseudo-Eisenstein series. We will prove that when restricted to
G/K, Q acts as the SLy-Laplacian on the cuspform f, Qs acts as the SLo-Laplacian

on f, while 3 acts as a second derivative on the test function. Indeed, let
L.
0 = §H1,2 +Ei192F1 + Ey1F 2

where Hj o = diag(1,—1,0,0) and F; ; is the matrix with 1 in the ij** position and 0s

elsewhere. We check how Hj 2 acts on smooth functions on ¢. Let

SRR
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Observe that

a b 0 0 et 0 0 0
A x d c d 0 0 0 et 00
Hio-p = = ¢
(<0 D>) dtt:o(OOfg 0 10)
0 0 h 1 0 0 1
This is
aet bet 0 0
d cet det 0 0 detA ael  be
S - AR RS 05)
dt|,_o 0 0 f g det cet de
0 0 h 1

Use Iwasawa coordinates on the upper left hand GL(2) block of the Levi component,

namely
1 1 00 Vi 0 00
n_o 0 0 N oﬁoo
o 10 " 0O 0 10
0 01 0 0 01

As in the discussion for SLa(R),

0
(HLQf)(nxlmyl) = 23/187y1f(n901my1)

Therefore, letting A; be € restricted to G/K, we see that the effect of A; on the

cuspform f is just

Therefore,

Al(s@d)?f:?) = (’O(bv)‘ffvf = )\f ‘(’Dd)?.ﬂ?

A similar argument which uses H3 4, E34 and F43 as the standard basis in the lower

right 2 x 2 block, shows that, for Ag the restriction of Qs to smooth functions on G/ K,
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It remains to check the effect of Q3 = 1H 12’27374. Observe that

a b 0 0 a b 0 0 el 0
d 0 0 d c d 0 0 0 e
Hi2349 = = ¢ )
12,349 0 f g ) dtt_o( 00 fyg 0 et
0 0 h 4 0 0 h i 0 0 0 et
Yet this is just
aet  bet 0 0
d cet det 0 0
= — o ., D)
dt],_ 0 0 fe* ge

Which gives

dt|,_, e tdetD cet det he=t e

since both f and f have trivial central character. Therefore, the effect of 1 H1 34 as a

differential operator on ¢ 6 FF is

1
aHi2sa- 0y 7 = Py 7
That is,
A3y p7 = Porff

Together the effect of the three differential operators is

(A1t A2+ As3)py 17 = Poyrag)orersT

Therefore,
(A1 + Ay + A3) (T, ) = \Pwufﬂfww”,f,?

The operator Ay acts by 0 on the vector ¢ 6T Therefore,

AV, _ =T _
“s,1.F PO trpete £ 7

The function

Y _
PO Hrpo+o" 1 F
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is another 2,2 pseudo-Eisenstein series because (Af + A7)¢ + ¢" is another function in

C°(R), so [MW, p.100] applies again to give

21,1
<\II‘P()\f+>\?>¢+¢//’fy77 ) >L2 =0
Therefore,
2,1,1
<A\Ijs@7f3’q}w )2 =0

proving that the pseudo-Eisenstein series are orthogonal in the +1-index Sobolev space.
An inductive argument shows that they are orthogonal in every Sobolev space.
An analogous argument shows that 2,2 pseudo-Eisenstein series are orthogonal to

3, 1 pseudo-Eisenstein series, as well as 1,1, 1 pseudo-Eisenstein series. ]
We turn our attention to the 3, 1-Eisenstein series.

Proposition 10. 3,1 pseudo-FEisenstein series are orthogonal to all other (non-associate)

pseudo-FEisenstein series in Sob(+1).

Proof. We review the construction of 3,1 pseudo-Eisenstein series with cuspidal and
test function data. Let f; be a spherical cuspform on GL3(k)\GL3(A) and ¢ € C°(R).

Consider the vector
A * detA
<Pf,¢>(< 0 d )) = f(A)‘Gﬁ(T)

Working in GL4 consider the element

0 0
m=| """ cam
0 0
0 0

o O o =
o O o O

We determine the effect of H; as a differential operator on ¢y 4. To this end, let

1 1 I2 0 Y1 0 0 0

0 z3 0 0 y 0 O

Neyzoxs = 0 10 My1yoyzya = 0 0 y5 0
3

0 0 1 0 0 0 wy
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Then
e 000
d 0100
Hl-¢f7¢(nx1x2x3my1921/394) = %t:0¢f7¢(nx1132x3my1y2y3y4 00 10 )
0 0 0 1
This is
% tzo‘Pf#b(nx1x2m3my1ety2y3y4) = ylaiyl(pfvd’(nxlm%mylyzysyz;)
Therefore,

Hy - @f,¢(nx1x2x3my1y2y3y4) = ylTzﬂ@fﬁ(nmrzmsmywzysyd

The effect of Hy and Hj is computed similarly. That is

Hj - ‘Pf,¢(nw1w2x3my1y2y3y4) = y2%Sof@(nwwzwgmywwsyzx)

while
0

Hs - ¢ 1.¢(Nayzoms Myryoysys) = 3/3aiyg@fﬂ(”xwzxsmywzysyzx)

With notation as before, we determine the effect of E;9 as a differential operator.

Observe that

1 ¢t 00
d 01 00
Eig- @f,¢(nx1x2x3my1y2y3y4) = dat 90f,¢(n131562x3my1y2y3y4 0010 )
t=0
00 01

This is just

d
- (Pf,¢(n$1+y1t332333my1y2y3y4) =W ¢f7¢(n11$2$3my1y2y3y4)
dt|,_, 0x1

Therefore, the effect of E 5 is 3/18%17 and Fj differentiates only the cuspform f. Similar

arguments show that the effect of Iy 3 as a differential operator is

0
Ei3— y287$2
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and

0
Ey3 — ys3 87363

Observe that Eq 4, E2 4, and E34 act by 0 on ¢ 4. We prove this for EF 4, the argument
being identical for E3 4 and Fs34. Note

1 0 0 ¢
B4 0f,0(Naymaas My yoysys) = < @ 1,6 (N1 2025 My yoysya vl )
dt]—g 0010
0 001
This is
1 1 zo * y1 0 0 O
d 0 1 zz3 O 0 yo 0 O
@t:ow’d’( 0 0 1 0 0 0 y3 O =0
0 0 1 0 0 0 1wy
Let
0000
H, - 0000
0000
0 001
Then
1 21 29 O y1 0 0 O
H4‘90f,¢( 0 1 x3 O ‘ 0 yo 0 O )
0 1 0 0 0 y3 O
0 0 0 1 0 0 0 1wy
Which is
Iz a2 O y1 0 0 0
d 0 1 z3 O 0 yo 0 O
al Y 0 0 1 0| |0 o ys 0 ) = 1o
0 0 1 0 0 0 wyqgt

It is clear to see that this is the only element of the Lie algebra differentiating the test
function datum. If {X;} is a basis of gl;(R) and {X;} is the dual basis relative to the
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trace pairing, define an element Q2 € Uy by
0 => XX/
i

Let €3 be the element of Zy, given by
Lo 1o 1.
0 = §H1 + 5H2 + §H3 + E19b91 + E13E31 + B3+ E39

As shown above, this element differentiates the cuspidal-data, and does not interact
with the test function datum. Since Q1 € Zy,, it acts by a scalar Ay on the irreducible

unramified principal series generated by f. Then,
Q=M+ Hi+Q

where Q9 = Q — Oy — H4. Since )y interacts with neither the cuspidal data nor the
test function data, its effect as a differential operator on ¢y, will be 0. Note that

M- @re = oxsf.e, While Hy - oy = g 4. Therefore,

Qore = Cr(ote)

producing another 3, 1 pseudo-Eisenstein series, which is orthogonal to the 2, 1, 1 pseudo-
Eisenstein series, 1,1, 1, 1 pseudo-Eisenstein series, and 2, 2 pseudo-Eisenstein series, by
[MW,p.100]. O

Finally, we consider 2, 1, 1 pseudo-Eisenstein series. Let X1, Xo,..., X, is a basis for
gl (R), with dual basis X{, X5,..., X} relative to the trace pairing. Let Q =) . X; -
X} € Zg, and let A be € descended to G/K. We will show that application of A to
a 2,1,1 pseudo-Eisenstein series made with cuspidal data f and test functions ¢, @9
produces another 2,1,1 pseudo-Eisenstein series. This will prove that 2,1,1 pseudo-
Eisenstein series are orthogonal to all other (non-associate) pseudo-Eisenstein series by
[MW, p.100]. We recall the construction of 2,1, 1 pseudo-Eisenstein series. Let f be a
spherical cuspform on GLo(k)\GL2(A), and let ¢1,¢pa € C°(R). Let

o O

) = 1) 61T ()

o o O

A
Cfonga(] 0
0
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The 2,1, 1 pseudo-Eisenstein series with this data is

Vo = D ¢r616(19)
YEPL\G

Proposition 11. The 2,1,1 pseudo-FEisenstein series W, is orthogonal to all other

(non-associate) pseudo-Eisenstein series in Sob(+1).

Proof. We consider basis elements of the Lie algebra gl,(R). Let E;; be as before. Let
H; be the matrix with 1 on the i*" diagonal entry and 0’s elsewhere. We consider the
effect of the H;’s as differential operators on ¢y 4, 4,. It will be convenient to use an
Iwasawa decomposition on the GLs block in the upper left hand corner. We will be

considering right K-invariant functions, so ¢ is determined by its effect on n,my,,

where
1 z 00 vy 0 0 O
01 00 0 o 0 O
Ny = and Mmy,y, =
0 010 0O 0 10
0 0 01 0 0 01

We calculate Hy’s effect on ¢4, ¢, (nemy,y,). Note that

d

Hl‘@(nwmywz) = it
t=0

So(nxmywtyg) = y187190(nzmy1y2)

Similarly,
0
Hy - p(ngmy,y,) = y28790(nzmy1y2)
Y2

Therefore, H; and H, differentiate the cuspform f, and leave the functions ¢; and ¢o

as they are. As before,

B @(namy,y,) = yl%‘!’(”mmylyz)

Let us consider the effect of Hs as a differential operator on (. Observe that

d
H3'90f7¢17¢2(nxmy192y3y4) = i 090f7¢17¢2(nxmy1y2y36ty4)
=

This is

d detA detA detA detA
L @26, (CMA) — _ap(a) - g (S84 (SH4
dt t=0 Y3 Yy Y3 Yy




Therefore,

Hs - 05.61,60 (NaMy yoysys) = Pf—26) .02
Similarly,

Hy - 05,61,60 (NaMy yoysys) = Pfip1,—26%

Observe that E7 3 acts as 0 on ¢y 4, 4,. Indeed,

zZ1 22 0 0 1 0 ¢ O
B d‘ ( z3 z4 0 O 01 0 0 )
173 ' (P ’ ’ = 5 SO I’ ?
fr01,02 dtt:O fro1,02 0 0 b 0 00 1 0
0 0 0 ¢ 0 0 0 1
This is just
A4 0 0
d z3 z4 0 0
-l Pren =0
dt o frn ¢2( 0 0 b O )
0 0 0 ¢
The effect of E7 4 is computed similarly. Observe
Z1 2 0 O 1 0 0 ¢
o d‘ ( zz z4 0 0 01 00 )
174 : ()0 ) ) = = (P ? I
f,01,02 dtt:O frd1,02 0 0 b O 00 1 0
0 0 0 ¢ 0 0 0 1
Which is
zZ1 22 0 O
d Z3 24 0 O
=0
dt t:0¢f7¢17¢>2( 0 0 b 0 )
0 0 0 ¢

The elements F3 1, F32, F41 and Ey 2 also act as 0. To see that Fs3 4 acts by 0, note

21 29 0 0 1000
E34"Pf¢1¢2:d‘ P b1, o 000 0100)
’ Y dtf,_o """ 0 0 b 0 00 1 ¢

0 0 0 ¢ 0001
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Which is
Z1  Z9 0
d 23 24 0 0 d detA detA
dt t:090f7¢1,¢2( 0 0 b bt ) dt t:Of( ) - é1( b2 Yoo 2 )
0O 0 0 ¢

Likewise, F43 acts by 0 as a differential operator. The terms which contribute non-

trivially to the effect of the PG L4(R)-Laplacian are
(H{ + Hj + B12F>1 + B21 By ) + Hi + Hj
the parenthetical expression acts by a scalar Ay on the cuspform f. That is,
(H} + H3 + E19E21 4+ E2 1 E12) 056160 = ©hpfin o

since H12 + H22 + E12E51 + E21E 2 is the Laplacian on PGLy(R). The remaining two
terms in expression act as follows:
2
H3Q1 61,00 = Pragh oo

Therefore,

(HY + HF + By 2By + Eo 1 B + H3 + HY)Pro100 = Parfonn + Prash.en T P sy
Therefore, with A the PG L4(R)-Laplacian,

AV, = ¥ + U

Prf,¢1,02 Pfa6! 0o T \Il@f,m,wg

is again in the vector space spanned by 2,1, 1 pseudo-Eisenstein series, so is orthogonal

to all other non-associate pseudo-Eisenstein series in L?, as claimed. ]

We review Maass-Selberg relations and the theory of the constant term for GLy4, as
in [Harish-Chandra, p.75], [MW, p.100-101] and [Garrett 2011a]. Let P = P2 be the

standard, maximal parabolic subgroup

P2’2 N GL2 *
0 GlLo
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with unipotent radical N* and standard Levi component M. The parabolic P is self-
associate. Let f be an everywhere spherical cuspform on GLy(k)\GL2(A) with trivial

central character and let ¢ be the vector

p(nmk) = @gp(nmk) = |det mq|**|det ma| > - f(m1) - f(ma)

mq *
m =
0 mo

with mq, meo in GLo, so that m is in the standard Levi component M of the parabolic

where

subgroup P, n € N its unipotent radical, k¥ € K, and | - | is the idele norm.

Definition 5. The spherical Eisenstein series is

Efi(g) = Eog(g) = > @li(y-g) for Re(s)>1
YEPL\Gi

For Re(s) sufficiently large, this series converges absolutely and uniformly on com-
pacta. We define truncation operators. For a standard maximal proper parabolic

P = P??2 as above, for ¢ = nmk with

mi *
m =
0 mao
as above, n € N¥ and k € O(4) define the spherical function

|det my|?

P _ 1P

= 6%(nm) = 6F(m)

where 67 is the modular function on P. For fixed large real T, the T-tail of the P-

constant term of a left NV ,f -invariant function F'

ZF(g :{ cpF(g) = h"(g)

T
0 chP(g) < T

IN IV

Definition 6. The truncation operator is
T P P P/ T P
NME, = E, - FE (cPE<p)

where

EP(p)(g) = > #(rg)

’YEPz\F
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These are square-integrable, by the theory of the constant term(|MW, pp.18-40],

[Harish-Chandral). The Maass-Selberg relations describe their inner product as follows.
The inner product

(ATEL,ATED)

of truncations ATEg and ATEf; of two Eisenstein series Eg and Ef;) attached to

cuspidal-data ¢, ¥ on maximal proper parabolics P = P??2 is given as follows. The

term ¢, refers to the quotient of Rankin-Selberg L-functions appearing in the constant

term cPEg. That is,
L@2s—1,7@x)
L(2s,mr@7")

as in [Langlands 544,Section 4] where 7 is locally everywhere an unramified principal

Cs —

series isomorphic to the representation generated by the cuspform f locally.

Proposition 12. Maass-Selberg relations

Ts+r—1 - Ts—l—(l—?)—l

+ {91, 95) e~

T P TP\ _ R

g s+7-1

T(1=s)+7-1 T(1=s)+(1-7)-1
-9 +(1-7)-1

Following [M-W pp.18-40], an important consequence of the Maass-Selberg relations

+ (g¥, gy )edr el

w g1
+<gl 392>Cs (1 — 8) -1

is that for a maximal, proper, self-associate parabolic P in GL,, on the half-plane
Re(s) > % the only possible poles are on the real line, and only occur if (f, f*) # 0. In
that case, any pole is simple, and the residue is square-integrable. In particular, taking
f=1foxfo

(RessoEg,RessoEf;) = (fo,fo>2 - Ress, c?

as in [Harish-Chandra,p.75]. The group GL4 gives the first instance of non-constant,
noncuspidal contribution to the discrete spectrum; the residues of the Eisenstein series
at its poles give Speh forms. Recall ([Langlands 544] Section 4, though he uses a different
normalization), that the constant term is equal to

detA
} detD

detA }1_5 A2s—1,7r@7)

detD A2s,t@7) F(4) - £(D)

" f(A) - F(D) + |

The L-function appearing in the numerator necessarily has a residue at the unique pole
in the right half-plane. This residue of the Eisenstein series at this pole is the Speh form
[Jacquet] attached to a GL(2) cuspform f, and is in L2.
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We now compute the 2,2 constant term of the2, 2 Eisenstein series with cuspidal
data f and f. Let P = P?? be the self-associate standard parabolic in G = GL, with
Levi component GLg x GLa. Let f; and fa be spherical cuspforms on GLg(k)\GL2(A).

Define the spherical vector

A % detA |
SOf,fl,fQ(( 0 D )) = ‘d::D‘ fl(A)fQ(D)

and then extending to G4 by right K,-invariance and Z,-invariance everywhere locally.

Define cuspidal-data Eisenstein series for Re(s) > 1 by

P P
E57f17f2 (g) = Z 9057‘]“17]"2 (’yg)
YEPL\G,

Proposition 13. The P-constant term of the P-Fisenstein series Effl 2 (g9) is given
by

detA
detD

detA
detD

L(m ® 79,25 — 1)

1—s
A D) =S

”- f1(A) - f2(D) + |

P
CPE57f17f2(g) = ‘

where m 1s the Gp-representation generated by fi and mo is the Gp-representation gen-

erated by fo.

Proof. The constant term of E ¢, r, along P is given by

©s, 1,12 (EYng) dn

P P
s,f1,f2 Ne\Na 1,02 E1PLENNL\ Ny

£€P\G /N
The double coset space P\G/N surjects to WP\W/W?T which has three double coset
representatives, two of which give a nonzero contribution. The identity coset contributes
a volume, which we will compute later. The nontrivial representative is £ = o9030109.
Observe that & - P, - €71 N Ny = {1} so that

CPngth(g) = /

3087f17f2(ng) dn + / ‘Ps,f17f2(§”g) dn
Nk\NA NA

To compute the contribution of the integral

/ ©s.f1.12(Eng) dn
N,

A
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we must re-express the Eisenstein series representation-theoretically. To this end, let
Tp = @y, be the representation of G generated by fi and let 7y, = ®muy, , be the

G a-representation generated by fs. For places v outside a finite set S, fix isomorphisms

Ju: IndXﬁ,v — Tfip
and
Ly :Indx fy 0 = T

Their tensor product j, ® I, is a representation of the Levi M = GLs ® GLo. Extend
representations of Levi components trivially to parabolics. A 7¢-valued Eisenstein series

is formed by a convergent sum
D SR
YEPL\Gg

Let T =®,T, : ¢ — fNA ©(&ng) dn. We have a chain of intertwinings
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QR IdG ((7s,.0) ® 7,0)v5,) ® R IdG (X 10 @ Xfon) V5" )
veS vgS

$iterated induction

Q) Ind? (.0 © 7, 0)vh, © Q) Indy (Ind7 (xsi0 ® Xpao)vpe™™™)
Lo (&md$r (jul))
QR IdS (14,0 ® 7p )0, © R IdS (14,0 @ Tpy0)05,)
$T2®Tv
® Indg: (70 ® wa)y}{s) ® ® IndIGD: (g0 ® 7Tf27'uI/]13:8)
$1®(®Ind§§ Gilels )

® md% (7,0 @ T 0)vp ) @ ® Imd % (IndE (X fr0 @ X gV,

iiterated induction

Q@ dF: (w0 ® Tp)vp, * ©1) @ QY IdG (g0 © Xpo)gy, "

The advantage of this set-up is that for v outside the finite set S, the minimal
parabolic unramified principal series has a canonical spherical vector, namely that spher-
ical vector taking value 1 at 1 € G,,. Therefore the isomorphism T; can be completely
determined by computing its effect on the canonical spherical vector. The intertwinings

T, among minimal-parabolic principal series can be factored as compositions of similar
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intertwining operators attached to reflections corresponding to positive simple roots,
each of which is completely determined by its effect on the canonical spherical vector
in the unramified principal series. The simple reflection intertwinings’ effect on the

normalized spherical functions reduce to G Lo computations.

Thus, with simple reflections

0100 1 0 00 1 0 00
1 0 00 0 010 01 00
o1 = o9 = o3 =
0 010 0100 0 001
0 0 01 0 001 0 010
and with corresponding root subgroups
1 2 00 1 000 1 0 00
01 00 01 y O 01 00
Ny, = N,, = Nyy =
0 010 0 010 0 01 =z
0 001 0 0 01 0 001

The simple-reflection intertwinings

S flg) = /N f(ong) dn S, f(g) = /N f(oang) dn

Sed(@) = [ floung) dn
No,
are instrumental because we wish to compute the effect of
Sy © 805 0 Sy © Sy

on the normalized spherical vector in the unramified minimal-parabolic principal series

I(s1,s2,83,54). Furthermore,

SO'T = SO' OS’T

Therefore, we must understand the effect of the individual S,,’s. Recall that
Se, : I(s1,82,83,84) = I(s1,83+ 1,80 —1,84)

Similarly,

Soy : I(s1,52,83,54) — I(s2 + 1,51 — 1, 3,54)
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and
So‘g : I(Sla 52,53, 54) — I(Sly 52,54 + 1a S3 — 1)
The normalized spherical function f° € I(s1, 52, 83,54) is mapped by Sy, to a multiple

of the normalized spherical function in I(se + 1,s1 — 1, s3,54). The constant is

1 2 00 1 000
01 00 x 1 00
SUOI:/OU dac:/o dx
() [ (o 0010) f(0010)
0 001 0 0 01

Using the Iwasawa decomposition for GLo(k,), we show that this calculation reduces

to a GLo calculation. Indeed, there is ( “ Z ) in the maximal compact of G'La(ky)
c
such that
1 0 a b B x ok
o)) -G

Therefore,

1 000 a b 0 0 x x 0 0

x 1 00 c d 00 B 0 «x 00

0010 0oo10f| f[o0oo010

0 0 01 0 0 01 0 0 01

From this, it follows that the constant S,, fO(1) with
Sal : I(Sl, S92, 83, 84) — I(SQ + 1,8 — 1,83, 84)

is the same as the constant in the intertwining from I(s1, s2) — I(sa+ 1,51 —1) of GLg

900((; f))d:c

where ° is the normalized spherical vector in the GLo principal series. A similar

principal series, namely

argument applies to the other intertwining operators attached to other simple reflec-

tions. We recall the GLy computation below. At absolutely unramified finite places,
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1 0
( ) € K, = GLy(o,) for z < 1. For x > 1,

O eGe

Thus, with local parameter @ and residue field cardinality ¢, since the measure of

8=

{z ek : |2[=q"}

is (¢ — 1)¢" 1, we see that

/0@0(<i S))dm = /|z|§11dx+/ml>1¢0(<

— Cv(sl — S2 — 1)
1+ (1—q)) gt = 222 =~
= Co(s1 — s2)

S 8BI=
—_

! ))d:p

This is

with the Iwasawa-Tate unramified local zeta integral (,(s).

Using this G Ly reduction, we see that
So’g . I(Sla 52,53, 84) — I(Sh S3 + 17 S2 — 1) 34)

and maps the normalized spherical vector in I(s1, s2, 3, 84) to

CU(SQ — 83 — 1)
Co(s2 — 83)

times the normalized spherical function in I(s1,s3 + 1,2 — 1, s4). Then
Sgl : 1(81,83 + 1,8 — 1,84) — 1(834-2,81 — 1,89 — 1,84)

and sends the normalized spherical function in I(s1,s3 + 1,52 — 1,84) to
Cv(sl — 83 — 2)
Co(s1—s3—1)
times the normalized spherical function in I(s3 + 2,51 — 1,52 — 1,s4). Then S,, maps

the normalized spherical vector in I(s3+ 2,81 — 1,82 — 1, 84) to

Cu(s2 — 54 —2)
Cu(s2 — 84— 1)
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times the normalized spherical vector in I(s3 4+ 2,81 — 1,584 + 1,50 — 2). Finally, S, :
I(ss+2,81—1,844+1,80—2) = I(s3+2,84+2,81 — 2, so—2) and sends the normalized
spherical function in I(s3 4+ 2,81 — 1,54+ 1,50 — 2) to

Co(s1 — 84 —3)
Cu(s1 — 84 —2)
times the normalized spherical function in I(s3 + 2,84 + 2,81 — 2,89 — 2). Altogether,

Sey 0S54 0 Ss, 05y, maps the normalized spherical vector in (s, s2, s3, S4) to

Gu(s2=s3=1) Cu(s1—853—2) Culs3—54—2) Cu(s1—54—3)
Co(s2—83)  Gu(s1—s3—1) Culs2—s4—1) (o1 —54—2)

times the normalized spherical vector in the unramified principal series

I(S3—|—2,S4+2,81—2,82—2)

For (s1,52,53,54) = (S +5f,,8 — S, =S+ Sf,, —S — Sf,) We get

Gols —sp —(=s+sp)—1) Gs+sy —(=s+sp)—2)
CU(S_Sfl _(_5+Sf2)) <U(S+Sfl _(_S+Sf2)_1)
Guls—sp —(=5—55) —2) Gls+sy —(=s—sp)—3)

C’U(s —SfH (3 - SfQ) - 1) . C’U(S +tsp — (_S - SfQ) - 2)

the Rankin Selberg L-function

L(m ® 79,25 — 1)
L(7T1 ®7T2,28)




Chapter 3

Global Automorphic Sobolev

Spaces

We recall basic ideas about global automorphic Sobolev spaces. For example, see
Decelles [2011b], [Grubb], and [Garrett 2010]. Consider the group G = GL(4) defined
over a number field k. At each place v, let K, be the standard maximal compact
subgroup of the v-adic points G, of G. That is, K, = GL4(9O,) for nonarchimedean
places v where O, denotes the local ring of integers, and K, = O4(R) for v real and
K = U(n) for v complex. Consider the space C°(ZsGr\Ga,w) where w is a trivial
central character. We define positive index global archimedean spherical automorphic
Sobolev spaces as right K.-invariant subspaces of completions of C°(ZyGi\Ga,w)
with respect to a topology induced by norms associated to the Casimir operator €.
The operator Q acts on the archimedean component f € C°(ZyGi\Ga,w) by taking

derivatives in the archimedean component. The norm |.|; on C°(ZyGp\Ga,w)¥ is

1
[fle= {1 = )°f, f)2
where (, ) gives the norm on L?(Z,G1\Ga,w), induces a topology on the space C°(Z,G\Ga,w)X.

Definition 7. The completion H (ZyG\Ga,w) is the {-th global automorphic Sobolev

space.

HY(ZyG1\Gy,w)is a Hilbert space with respect to this topology.
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Definition 8. For ¢ > 0, the Sobolev space H *(ZyGy\Ga,w) is the Hilbert space dual
of H'(ZyG\Ga,w).

Since the space of test functions is a dense subspace of HY(ZyGy\Gy,w) with £ > 0,
dualizing gives an inclusion of H*(Z,G)\Ga,w) into the space of distributions. The

adjoints of the dense inclusions H* — H'! are inclusions

HieJrl(ZAGk\GA, w) — Hie(ZAGk\GA, w)



Chapter 4
Casimir Eigenvalue

Let G = SL4(R) and I(sy, s2, 3, S4) a minimal-parabolic principal series. Let
g =sly

be the Lie algebra of G. For i # j, let E; ; be the matrix with 1 in the (i, j)-th position
and O elsewhere. Let H;; be the matrix with 1 in the (7,7)-th position and —1 in the
(4, j)-th position. Observe that H;;i1 span the Cartan subalgebra h and the E; ; for
1 # j span the rest of the Lie algebra. Assume without loss of generality that ¢ < j. We
have the bracket relations
[Eij, Eji] = Hi;
As before, the Casimir element is given by
1 1 1
Q = §H12,2 + §H22,3 + §H§,4 + () EijEij + EijEj;)
jyi
Rearranging, this gives
1 1 1
Q = SHi,+ SHig+ S HEy + (Y 2E;:B: + Hij)
,J

The lie algebra g acts on C*°(G) by

d
X flg)= @\tzof(getX)
The product F;;E; ; act by 0, so Casimir is simply

1 1 1
Q= (§H12,2 — Hyo) + (§H22,3 — Hy3) + (§H§,4 — Hs4) + Hia+ His+ Hou

38
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Proposition 14. The Casimir operator acts on I(s1,s2,s3,54) by the scalar

1 1 1
5(31 — 59)% — (51 — 89) + Z(Sl + 59 — 53 — 54)% — (59 — 83) + 5(53 —54)% — (53 — 54)

— (81— 84) — (51 — 83) — (52 — 54)

Proof. Let us see how Hj 2 acts on I(s1, S2, s3,54). Note that

e¢ 0 00
iz _ 0 et 00
0 10
0O 0 01
Therefore
et 0 0 0 et 0 0 0
d 0 et 00 d 0 et 00
a’t:()f( 0 L o ) = @hzox( 0 L o )
0O 0 01 0O 0 01
d
— %h:oet‘ﬂ '€_t82

This is just (s; — s2). Likewise, we see that H;; will act on I, by s; — sj. Therefore,

the Casimir operator will act by

S (51— 522 = (51— 2) (52— 53)? = (52— 85) + (55 — 52)? = (53 — 52) + (51 — 52)

+ (s1— 53) + (52 — 54)
Let G = GL4 and I(sq, S2, S3, S4) @ minimal-parabolic principal series. Let
g=gl

be the Lie algebra of G. For i # j, let E;; be the matrix with 1 in the (¢, j)-th position
and O elsewhere. Let H;; be the matrix with 1 in the (¢,%)-th position and —1 in
the (j,j)-th position and let Hjg34 = diag(1l,1,—1,—1). Observe that H; ;.1 span the
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Cartan subalgebra h and the E;; for ¢ # j span the rest of the Lie algebra. Assume
without loss of generality that ¢ < j. We have the bracket relations

[Eij, Eji] = Hyj

As before, the Casimir element is given by

1

1

1
Hipgy + §H§4 + (Z EijEji + EjiEij)
ji

Rearranging, this gives

1 1 1
Q= §H122 + 1H12234 + §H324 + (Z 2B Eji — Hij)
(]

The Lie algebra g acts on C*°(G) by
X . _ i tX
fl9) = Zl=0f(ge™)
The product Ej;;jE;; act by 0, so Casimir is simply
L. 19 L.
Q= (GHiy — Hi2) + (( Higgy — Has) + (5 H3y — Haa) — Hia — Hiz — Ho

As an example computation, let us see how Hiy acts on I(sy, se, s3,54). Note that

et 0 0 0
otHi2 0 et 00
0 0 1 0
0 0 01
Therefore
e¢ 0 0 0 e 0 0 0
d 0 et 00 d 0 et 00
dt’t:of( 0 0 1 0 )—dt\tzox( 0 0 1 0 )
0 01 0 01
— £|t:06tsl 'e—tSQ

dt
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This is just (s; — s2). Likewise, we see that H;; will act on I by s; — s;. Therefore, the

Casimir operator will act by

1 1 1
5 (51— 52)" = (51— s2) + (51 + 52 — 53— 54)" — (52— 53) + (53— 54)" — (53— 54)

— (s1—s4) — (81— 83) — (52 — 84)
O

Letting s1 = s+s¢, s = —s+5¢, 53 = s—5f, 54 = —s—s¢, we see that (s1—s2) = 2s,
(so—53) = —25+2s¢, (s3—s54) = 25, (51—54) = 25+2s¢, (s1—53) = 255, (S2—54) = 257,
and finally (s1 4+ s2 — s3 — s4) = 4sy. Putting all this into the above expression for

Casimir’s action gives that Casimir acts by

As,f = 452 —1—45% — 85y —4s

Observe that
Ao f — Aw,f = 4(s(s—1) —w(w —1))



Chapter 5

Friedrichs self-adjoint extensions

and complex conjugation maps

We review the result due to Friedrichs that a densely-defined, symmetric, semi-bounded
operator admits a canonical self-adjoint extension with a useful characterization. We
follow [Grubb], [Garrett 2011c], [Friedrichs 1935a] and [Friedrichs 1935b].

Let T be a densely defined, symmetric, unbounded operator on a Hilbert space V', with
domain D. Assume further, that 7" is semi-bounded from below in the sense that
lul|> < (u,Tu) for allu € D.

Let (z,y)1 = (Tz,y) on D. Let V; be the completion of D with respect to the new inner

product. The operator 7" remains symmetric for (,);. That is,
(Tz,y)1 = (2, Tyn

for x,y € D. By Riesz-Fischer, for y € V', the continuous linear functional

f(x) = (z,y)

can be written

for a unique y’ € V. Set
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That is, the inverse TF_r1 of the Friedrichs extension Tw of T is an everywhere-defined
map

N e

continuous for the (,); topology on Vi, characterized by

(T, Ti'y) = (x,y)

We will prove that, given 6 € V_; and Ty = T'|kerg, the Friedrichs extension Ty has the
feature that
Tou = f forueVy,feV

exactly when

Tou = f+c-0 forsomeceC

Define a conjugation map on V to be a complex-conjugate-linear automorphism
j:V — V with (jz,jy) = (y,z) and j2 = 1. A conjugation map is equivalent to a
complex-linear isomorphism

AV V*

of V' with its complex-linear dual, via Riesz-Fischer, by

A)(x) = (z.jy) = (y,jz)
Assume j stabilizes D and that T'(jz) = jTz for x € D. Then j respects (,)1:
(e, gy = (y,Tz) = (y,ah
for z,y € D. Also, j commutes with T:
(. T gy = (.5y) = (w.ge) = (Tg'v. gzl = (2,575 vh

forx € Vi and y € V. Let V_; be the complex-linear dual of V3. We have Vi C V C V_;.
By design,
T:D—->VCV_,

is continuous when V has the subspace topology from V_;:

Ty|-1 = supj,,<1|AMTy)(z)| = supl(z, jTy)| = [(x,Tjy)| < suplz1|- |y1| = |yh
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by Cauchy-Schwarz-Bunyakowsky. Thus the map T': D — V extends by continuity to

an everywhere-defined, continuous map
T Vi = V.,

by
(T#y)(x) = (x, jy)

Further, T# : Vi — V_4 agrees with 7w, : D; — V on the domain D; = BV of T,

since

(T#y)(z) = (z, 5y = Tz, jy) = (T2, Ty Trjy) = (T Tz, Trjy)

which is
= (z,Trjy) = ATwy)(z) forz e D andy € Dy

This follows since Ty extends T', and noting the density of D in V.

The following were presented as heuristics in [CdV 1982/1983] and treated more
formally by Garrett in [Garrett 2011a]. We give complete proofs.

Theorem 1. The domain of Tr.is D1 = {ue€ Vi : T#ucV}.
Proof. T#u = f €V implies that
(wgun = (TFu)@) = AT*a)(x) = Af)@) = (@,4f) forallz € Vi

By the characterization of the Friedrichs extension, Tr (ju) = jf. Since Tr commutes

with 7, we have Tpu = f. O
Extend the complex conjugation j to V_1 by (jA)(x) = M(jx) for = € Vi, and
write

(x,Nvixv_, = (40)(x) = 0(jz) (forx € Vi and § € V_y)

For 0 e V_q,
ot = {zeVi: (x,0)v,xv, =0}

is a closed co-dimension-one subspace of V; in the (,);i-topology. Assume 6 ¢ V. This

implies density of #+ in V in the (, )-topology.
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Theorem 2. The Friedrichs extension Ty = (T'|g1)rr of the restriction T|gr of T to
D N6+ has the property that Tpu = f foruw € Vi and f € V ezactly when

T#u = f+c
for some c € C. Letting D1 be the domain of T, the domain of Ty is
domainTy = {x € Vi : (x,0)v,xv., = 0, Tz €V +C-0}
Proof. T#u = f + c- 0 is equivalent to
o, juh = T*u)(x) = (f+c 0)@) = (z,f) (for all z € 64).

This gives (x,ju)y = (z,7f). The topology on 6 is the restriction of the (,);-
topology of Vi, while #+ is dense in V in the (, )-topology. Thus, ju = T;ljf by the
characterization of the Friedrichs extension of Ty.. Then v = T} Lt since j commutes
with T O

Given an everywhere-defined map T-1:V = Vi, characterized by

(Tx,T_ly> =(z,y) (forzeD,yeV)

we review the proof that given 6 € V_; and Ty = T|xers, the Friedrichs extension Ty has
the feature that
Tou = f forueVi,feV

exactly when

Tou = f+c-0 for someceC
Observe that Tyu = f 4 ¢ - 0 is equivalent to
<$,’LL>1 = <x7TU> = <.T,f+ c- 9>V1><V_1 = <x7f>V1XV_1 < Teu = f

where the second equality follows from restricting in the first argument and extending

in the second.



Chapter 6
Moment bounds assumptions

We will need to assume a moment bound to know that the projected distribution is
in the desired Sobolev space. This assumption is far weaker than Lindelof, but highly

non-trivial.

Proposition 15. For a degree n L-function L(s) with suitable analytic continuation

and functional equation, a second-moment bound
’ 1
/\L(2 +it)? dt < T
0

implies a pointwise bound
A
L(op +it, f) <gpe (L+[t])27C  (for everye > 0)

Proof. The proof of this is a standard argument, as follows. Fix o, > % For 0 <t, € R,
let s, = 0, + it,. Let R be a rectangle in C with vertices % + 4T and 2 &1 for T > t,.
By Cauchy’s Theorem
1 (5—50)2
L(s0, f)? = (s, ) ds

211 s— S,
R

Since the L-function has polynomial vertical growth, we can push the top and bottom

of R to oo, giving

o

1 o((3=00)Fi(t—to))? 1
L02:/ CL(= +it)? dt +0(1
(80" = 57 (L =) +i(t—to) (G +it)dt+0()

46
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The part of the integral where |t — t,| > t, is visibly <, 5, et

_ 42 (4 2
|e(Gootilt—to)?)| = (300 ~(-to)? o 52 TG ot

for [t — t,| > to. Squaring the convexity bound for L(% + it) gives

1 n
\L(2 +it)[2 < |t|2T¢  (for all € > 0)
Thus
o o
(5 =00 +i(t—to))?) 1 _2 C-t)?  m
/ 16 ’ - .L(, —l—it)2 dt <5, eTt /e tzit .t2te < e to
5 (3 —00) +i(t —to) 2

2t,

The other half of the tail, where ¢ < 0, is estimated similarly. For 0 < ¢t < 2t,, use the
assumed moment estimate and the trivial estimate

e((%_UO"‘i(t_tO))Q)

2_

<<(70 6(%_00) (t_t0)2 <<0'o 1

(3 —00) +i(t —to)

Then 2 2
O J(F—o0Fi(t—t0))?) 7
e\\2 1 1
CL(=+it)? dt < /L+it2dt<<tA
/(%_O_O)_i_z(t_to) (2 ) Oo J ‘ (2 )‘ o
Thus,

1 [ eBits* g
L(so)* = — — L(= +it, )2 dt+ 0(1) Ko, t2
o = gp [ Ty Uy ) O < b

—00

Then a standard convexity argument [Lang, p.263] gives the asserted \to|§+e on g, = %
for all € > 0.

O



Chapter 7

Local automorphic Sobolev

spaces

A notion of local automorphic Sobolev spaces Hj ;. defined in terms of global au-
tomorphic Sobolev spaces HgZ,s. 1s necessary to discuss the meromorphic continuation
of solutions u = u,, to differential equations (A — A\y,)u = 6 for compactly-supported
automorphic distributions #. We want a continuous embedding of global automorphic
Sobolev spaces into local automorphic Sobolev spaces. This will follow immediately from
the description, below. Second, compactly-supported distributions 6§ € H, g_aﬁc should ex-
tend to continuous linear functionals in H ¢ . A convenient corollary is that such 6
moves inside integrals appearing in a spectral decomposition/synthesis of automorphic
forms lying in global automorphic Sobolev spaces. Finally, we want automorphic test
functions to be dense in the local automorphic Sobolev spaces.

The necessity of the introduction of larger spaces than global automorphic Sobolev
spaces is apparent already in the simplest situations. On I'\$), with I' = SLy(Z),
when 0 € H galfge is an automorphic Dirac 6*¢ at zy € T'\$, the spectral expansion in
Re(w) > 3 for a solution u, to that differential equation yields u, € H, gla_f(f, but the
meromorphic continuation to Re(w) = 3 and then to Re(w) < % includes an Eisenstein
series F,, which lies in no global automorphic Sobolev space. That E,, lies in local
automorphic Sobolev space H;. is immediate from the smoothness of £, and the

definition of the local spaces, below.
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We describe local automorphic Sobolev spaces. Given a global automorphic Sobolev
norm |.|s, the corresponding local automorphic Sobolev norms, indexed by automorphic

test functions ¢, are given by

f—=f

s,p = |p- fls for f smooth automorphic
Definition 9. The s-th local automorphic Sobolev space is given by
Hp (X)) = quasi-completion of C2°(X) with respect to these semi-norms

By definition, C2°(X) is dense in H;

lafc

(X). Continuity of the embedding of the global
automorphic Sobolev spaces into the local uses integration by parts. The Lie algebra g
admits a decomposition g = €@ s where £ is the Lie algebra of the maximal compact
subgroup K and s is the algebra of symmetric matrices. Choose an orthonormal basis

{z;} for s with respect to the Killing form (,). Define the gradient

7

where X, is the differential operator given by X, f(g) = %|t=0 f(g-e®). Observe that

in the universal enveloping algebra

Vi-VF = () Xpfox) O XpFox) =Y Xef X F

J

where the product is the Killing form on s.

Proposition 16. For f, F' € C°(I'\G), we have the integration-by-parts formula
/ (—Af)F = Vf-VF
uYe, G
Proof. Letting X = I'\G, consider the integral
~f(g- eV =F(q-e*) d
/Xatf(g e) 5 Flg-e™) dg

Let u = %f(g -ef®i) and dv = %F(gemi)dg. Then du = %;52]0(9 - el1%i . eh2%i) while

v = F(g). Then, using the compact support of f and its derivatives, we get

0

| N 8? .
flo- )5 Plg-e) dg = [ —2Eo pig- e Fig) dg

9
x Ot
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Taking limits as ¢; and t2 approach 0 gives the integration-by-parts formula

/XXxif-XxiF = /X(—Xxiff-F
/X( Af) - /Vf VF

Now we can compare the local automorphic Sobolev +1-norm to the global auto-

and

O]

morphic Sobolev +1-norm as follows:

Proposition 17. Every local automorphic Sobolev +1-norm is dominated by the global

automorphic Sobolev +1-norm.

Proof.
g, = leflin = [0 =)ol = [ Ve -v@h+ [ of of
This is
/)((fV¢+¢Vf)'(m+¢W)+\s@f!%2
- / PVl + / (FBVT - Vo + oFVIVE) +of s
X X

The first and last summands are dominated by (Cy + C2)|f|7. where C1 = sup||¢|| and
Cy = sup||Vy||. For the middle term, we use Cauchy-Schwarz and a constant bigger
than 2 - [[of] - Ve

(JV] Ve +ofV V) < /2<P\f\HVfHHV90H<</ VA

N

—fle (| —ar f>%s|f|p~</ A=AV 1)} = 1fle flas < 170
M X

That is, with an implied constant independent of f,

lof 1 < | flm
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Proposition 18. There is a continuous map
1 1
Hgafc — Hlafc

Proof. The previous result proves continuity of HglafC — HY for every automorphic

1

test function ¢. Since H}. . is the projective limit of the H'*¥ over all automorphic test

functions ¢, the universal property of the projective limit guarantees that there must
— Hj O

: 1
be a continuous map H, e afc"

afc



Chapter 8

Main Theorem: Characterization

and Sparsity of discrete spectrum

Recall the construction of 2,2 pseudo-Eisenstein series. Let ¢ € C°(R) and let f
be a spherical cuspform on GLa(k)\GL2(A) with trivial central character. Let

detA 2 —
w(( ) (5D )- (D)

extending by right K-invariance to be made spherical. Define the P2 pseudo-Eisenstein

series by

To(g) = Y. ¢

YEPL\G

: _ A b _ __ | detA |2 ;
Given g = L let h = h(g) = |§551° be the height of g. The spectral decom-

position for € in a global automorphic Sobolev space H ™% is
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(0,1)
1,1)

6= > (OR)F+

< + Z <§7 TF2> . TFQ
Fy cfm GL4

F5 cfm GL2

atico - 2,2 2,2
+ D / (0, Exypy o) EFyp s ds
F3,Fy cfm GL2

+ ) / 0,85 ) ER ds+ Y /

Fs cfm GL3 Fg cfm GL2 Y P10

+ / (6,E)) - Ex d\
ptiak

min

pico 2,1,1 2,1,1
G,EF’&’A) CER N dA

where F' and F' are cuspforms on GL(2) and the Y ’s are Speh forms. We are interested
in the subspace V of L?(Z4G},\G) spanned by 2,2 pseudo-Eisenstein series with fixed
cuspidal data f and f, where f is everywhere locally spherical. Let D, s be the subspace
of V consisting of the L?-closure of the span of 2,2 pseudo-Eisenstein series with fixed
cuspidal datum f and f with test function ¢ supported on h(g) < a and whose constant
terms have support on h(g) < a.

Let A, be A restricted to D, r, and let Aa be the Friedrichs extension of A, to a
self-adjoint (unbounded) operator. By construction, the domain of A, is contained in
a Sobolev space @1, defined as the completion of D,y with respect to the +1-Sobolev
norm (f, f)1 = ((1 — A)f, f)r2. We recall [M-W,141-143|, and [Garrett 2014] the

Theorem 3. The inclusion ® — ®,, from ®L with its finer topology, is compact, so

that the space ®, decomposes discretely.

Indeed, let L% be the subspace of L2(PGL4\PGL4(R)/O4(R)) with all constant terms
vanishing above given fixed heights, specified by a real-valued function 7 on simple posi-
tive roots described below. By its construction, the resolvent of the Friedrichs extension
maps continuously from L? to the automorphic Sobolev space H' = H'(PGL4(Z)\PGL4(R)/O4(R))
with its finer topology. Letting
H,=H'NL;
with the topology of H', it suffices to show that the injection

1 1
H77—>L77
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is compact. To prove this compactness, we show that the image of the unit ball of H%
is totally bounded in L727.

Let A be the standard maximal torus consisting of diagonal elements of GL4, Z the

center of G, and K = O4(R). Let AT be the subgroup of Ag with positive diagonal

entries, and let ZT = Zr N AT. A standard choice of positive simple roots is

& = {aj(a) = 2 i=1,...,r—1}
Q41
where a is the matrix
aiz 0 0 O
0 a2 0 O
a =
0 0 a3 O
0 0 0 ag

Let N™ be the unipotent radical of the standard minimal parabolic P™™ consisting
of upper-triangular elements of G. For g € G, let g = ngazk, be the corresponding
Iwasawa decomposition with respect to P™". From basic reduction theory, the quotient

ZrG7\GR is covered by the Siegel set

S = NPM\Npt - ZN\AL K = ZTNP™\{g € G : a(ag) >

\gg, for all o € <I>}

Further, there is an absolute constraint so that

Lin</ M

for all f. For a non-negative real-valued function 7 on the set of simple roots, let
Xy ={9€6 : alag) = n()}

for o € ®. Let
Cy, = {9€6 : alag) <n(a) for all a € ¢}

This is a compact set, and
& =c,ul)xy
acd

For a € ®, let P™ be the standard maximal proper parabolic whose unipotent radical

N has Lie algebra n® including the o' root space. That is, for a(a) = a?il’ the Levi
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component M of P*is GL; x GL4—;. As before, let (cpf)(g) denote the constant term
along a parabolic P of a function f on Gz\Ggr. For P = P% write ¢® = cp. For a non-
negative real-valued function 1 on the set of simple roots, the space of square-integrable

functions with constant terms vanishing above heights 7 is
L727 = {f € L*(ZgGz\Gr/K) : ¢“f(g) = 0 for a(ay) > n(a), for all a € ®}

Vanishing is meant in a distributional sense. The global automorphic Sobolev space H'!

is the completion of C2°(ZrGz\GRr)" with respect to the H! Sobolev norm

21: 1—A '7
i /ZRGZ\GR< Yo

where A is the invariant Laplacian descended from the Casimir operator 2. Put H,% =
H'N L.

Proposition 19. The Friedrichs self-adjoint extension An of the restriction of the
symmetric operator A to test functions in L% has compact resolvent, and thus has purely

discrete spectrum

Proof. Let

A = {a€ A : ala) >

\23 : for all a € @}

We grant ourselves that we can control smooth cut-off functions:
Lemma 1. Fiz a positive simple roots a. Given o > n(«)+1, there are smooth functions

oy fora € @ and gog such that: all these functions are real-valued, taking values between

0 and 1, ¢ is supported in Cu+1, and ¢ is supported in X, and 902 +3avh =1

Further, there is a bound C' uniform in p > n(«) + 1, such that |f - ¢2|H1 < C|\flg,

and
[f - eplm < C-|flm
for all p > n(a) + 1.
Then the key point is

Claim 1. For a € @,

lim <sup‘f|L2> =0

H—00 | f e

where the supremum is taken over f € H% and support(f) C X5
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Temporarily grant the claim. To prove total boundedness of H}] — L%, given € > 0,
take p1 > n(a) + 1 for all a € @, large enough so that f- |2 <e, forall f € H%, with
|flzn < 1. This covers the images {f - ¢f; : f € H,%} with a € ® with card® open balls
in L? of radius e. The remaining part {f - gog c f e H%} consists of smooth functions
supported on the compact C,. The latter can be covered by finitely-many coordinate
patches ¢; : U; — R?. Take smooth cut-off functions ¢ for this covering. The functions
(f-¢i) ogb;l on R? have support strictly inside a Euclidean box, whose opposite faces can
be identified to form a flat d-torus T¢. The flat Laplacian and the Laplacian inherited
from G admit uniform comparison on each ¢(U;) , so the H'(T%)-norm of (f-¢)op; ! is

(2

uniformly bounded by the H!'-norm. The classical Rellich lemma asserts compactness
of
HY(T%) — L*(T%)

By restriction, this gives the compactness of each H'-¢; — L?. A finite sum of compact
maps is compact, so H' - gog — L? is compact. In particular, the image of the unit ball
from H' admits a cover by finitely-many e-balls for any € > 0. Combining these finitely-
many e-balls with the card(®) balls covers the image of H,} in L727 by finitely-many e-balls,
proving that H,% — L? is compact.

It remains to prove the claim. Fix o = a; € ®, and f € H% with support inside
X5, for up > n(a). Let N = N* P = P% and let M = M" be the standard Levi

component of P. Use exponential coordinates

1i x
Nge =
0 14

In effect, the coordinate z is in the Lie algebra n of Ng. Let A C n be the lattice which
exponentiates to N3. Give 7 the natural inner product (,) invariant under the (Adjoint)
action of MrN K that makes root spaces mutually orthogonal. Fix a nontrivial character

1 on R/Z. We have the Fourier expansion

flngm) = > ¥(x,8) fe(m)

gen’

with n € Ng, m € Mg, and A’ is the dual lattice to A in n with respect to (,), and

fe(m) = b (,€) f(ngm) da

n\A
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Let A" be the flat Laplacian on n associated to the inner product (, ) normalized so that

AMp(z,§) = —(£,8) - ¥(z,§)

Let U = M N N™,_ Abbreviating A, = Adu,

with Haar measures dx, du, da, and where § is the modular function of Pg. Using the

Fourier expansion,

flunga) = flungu™t - ua) = Z Y(Ayx, &) - fg(ua)

geN

= > (@, A8 - fe(ua)

genN
Then
A f(unga) = Y (ARE, ALE) - lx, ALE) - fe(ua)

geN
The compact quotient Uz\Ug has a compact set R of representatives in Ug, so there is

a uniform lower bound for 0 # £ € A"
0 < b <infyerinforecar (A€, ALS)

By Plancherel applied to the Fourier expansion in x, using the hypothesis that fg =0
in X7,

flunga)|? de = / flungu™! )P de = fe(ua)
/. ) Amn\ ( )| WA

gen’

<b_lz |f§ ua) Z A“fg ua) ( a)

geN EeN
= / —A"f(ungutua) - f(ungu™t -ua) de = / —A"f(unga)- f(unga) dz
u=1Au\n A7 A\n

Thus, for f with f(O) =0on a(g) >n,

fI? <</ / / —A"f(unga) - f(unga) de du —
‘ |L2 Z+\ASF UZ\UR A;lA\n ( ) ( ) 5(@)
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Next, we compare A" to the invariant Laplacian A. Let g be the Lie algebra of Gg,

with non-degenerate invariant pairing
(u,v) = trace(uv)

The Cartan involution v — v? has +1 eigenspace the Lie algebra £ of K, and —1
eigenspace s, the space of symmetric matrices.

Let ® be the set of positive roots  whose root space gg appears in n. For each
B € ®N | take x5 € gg such that x5+x% € s, xﬂ—x% € ¢, and (xg,:c% = 1: for B(a) = Z—j

with ¢ < j, x3 has a single non-zero entry, at the 7 50 place. Let

0 0
Q = Z (xgacg +$B$5)
pedN
Let Q" € Ug be the Casimir element for the Lie algebra m of Mg, normalized so that
Casimir for g is the sum Q = Q' + Q”. We rewrite Q' to fit the Iwasawa coordinates:
for each 3,

xgx% + x%xg = 295533% + [a:%,xg] = 2:5% —2zp(xg — x%) + [x%,xﬁ] € 23:% + [.'17%,(176] + ¢

Therefore,
QO = Z 223 + [2%,25] modulo ¢
BedN
The commutators [a:%, xg] € m. In the coordinates un,a with Ug acting on the right,

xg € nis acted on by a before translating x, by
unga - €8 = ung - PO . g = UNg 1 B(a)as @

. d
That is, x5 acts by ((a) - T

For two symmetric operators S, T on a not-necessarily-complete inner product space
V, write S < T when

(Sv,v) < (Tw,v)

for all v € V. We say that a symmetric operator 1" is non-negative when 0 < 7T'. Since

a € AZ, there is an absolute constant so that a(a) > p implies 3(a) > p. Thus,

ok 1 5
Z('?x%( - > 7

AN = .
2
BedN H BedN
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on C’go(ij)K with the L? inner product. We claim that

- Z [1‘%,1‘[3] -Q">0
pedN

on Cgo(Xg)K . From this, it would follow that

1 1 1
—A“<<?- — > a3 <—2 = > 2= > bl - | = 5 (-A)

pedN BedN BedN

Then, for f € H% with support in X7 we would have

1 1
\f|i2<</6—A"‘f-f<<'u2 G—Af-f«}J?/ZG\G —Af- f<< S fln
RYZ R

Taking p large makes this small. Since we can do the smooth cutting-off to affect the H*
norm only up to a uniform constant, this would complete the proof of total boundedness
of the image in L? of the unit ball from H%

To prove the claimed nonnegativity of 7' = — BedN [:c%, xg]—€", exploit the Fourier
expansion along N and the fact that x € n does not appear in T": noting that the order

of coordinates n,u differs from that above,

F da
/Z+\A3r /UZ\U]R{ /A\n T f(nzua)f(nyua) de du m

da
/Z+\A+/(JZ\UR//X\n Zwmf waé’ (ua) dr du —— 5(@)

3

Only the diagonal summands survive the integration in = € n, and the exponentials

cancel, so this is
da

Lo, 3. Tetun) ) 57

Let F¢ be a left- Ng-invariant function taking the same values as fg on UR AT K, defined
by

Fe(ngpuak) = fe(uak)

for n, € N, uw e U, a € AT, k € K. Since T does not involve n and since F¢ is left
Np-invariant,
ng(ua) = TFe¢(ngua) = —AF¢(nyua)
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and then

da
/Z o /U s f(ua)-fe(ua) du /Z s /U a2 > —AF(ua)-Fe(ua) du 5a)

The individual summands are not left-Uz-invariant. Since fg(’yg) = fA%(g) for ~ nor-
malizing n, we can group £ € A’ by Uy orbits to obtain Uz subsums and then unwind.
Pick a representative w for each orbit [w], and let U, be the isotropy subgroup of w in

Uy, so

/ Z —AF¢(ua) - Fe(ua) du = Z/ Z —AF¢(ua) - Fe(ua) du
Va\Ur ~¢ @ 7UE\UR el

Z/U —AFasu(ua) - Fazu( Z/ w —AF,(ua) - Fy,(ua) du

w] 7 U2\UR yeq,, \UZ
Then

da
—AF ua F ua) / / —AF,(ua du —
/Z+\A /UZ\UR z elua)-Fel Z ZR\AL JUNUg JFolua) é(a)

Since —A is a non-negative operator on functions on every quotient Z* NgU,\Ggr/K of
Gr/K, each double integral is non-negative, proving that 7' is non-negative.
This completes the proof that H% — L% is compact, and thus, that the Friedrichs
extension of the restriction of A to test functions in L% has purely discrete spectrum.
O

Since the pseudo-Eisenstein series appearing in the spectral decomposition are or-
thogonal to all other automorphic forms appearing in the spectral expansion in every
Sobolev space, we can speak of the projection 6 of the period distribution 0 to the
subspace V of L?(ZyG\Gy). That is,

1 [atico _
(0, FE

—100

) B

0 = 0,Tp)-T5+— 1T

Ari f.f.s

where (,) is the pairing of distributions with functions. To check 6 is well-defined, we
must check that, for every square-integrable automorphic form f not in the L?-span of

2, 2 pseudo-Eisenstein series, we have
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To this end, let us check it for 3,1 pseudo-Eisenstein series Wy, 4, with cuspidal data fi
and test function data ¢;. Then

~ =~ 1929 2,2 3,1
0,V 6,) = <<97 Ty)-Yyp+ (0, mf7?7¢> ' \ijj,¢’ \I/fl,¢1>
This is
~ 3,1 >~ 129 2,2 3,1 .
<(97Tf> : Tf7‘1’f1,¢1> + <<9"I’f,f,¢> ' ‘I’f,f,¢v‘1’f1,¢1> =0

The Speh form Yy is a A-eigenfunction. Furthermore, it is orthogonal to 3,1 pseudo-

Eisenstein series in L?. Indeed, using the adjunction relation,

(Tp, W3 .0 = (31T, 05.61)

Since the 3,1 constant term of the Speh form Y is zero, the above is zero. Therefore, the
Speh form Y is orthogonal to 3, 1 pseudo-Eisenstein series. Since 2, 2 pseudo-Eisenstein

series are orthogonal to 3,1 pseudo-Eisenstein series, we conclude that
|3 ] T w22 L 22 3,1 _
(0, V5 ,6) = <<97 Ty)-Ty+0, ‘ij,?,¢> \ijj#f” \ijl’¢1> =0

We now prove that for a 2,1, 1 pseudo-Eisenstein series W with cuspidal data fo

and test functions ¢9 and ¢3, that

Pfa,p2,63
(0, Yo sy 09050 = 0

As before, this is just

1 2,1,1 7 o2\ @22 2,1,1
<<9’ Tf> ¥ \I]@fz,¢2,¢3> ™ <<9’ \I’fj,¢> \Ilf,?,gb’ q’fg,¢2,¢3>

The second term is zero, because the pseudo-Eisenstein series are orthogonal. The first

term gives zero. Indeed

21,1 _ _
LV sy = (21101 P hngs) = O

since the 2,1,1 constant term of the Speh form Y is zero.
Let Ay be A with domain ker § N V. We will show that parameters for the discrete
spectrum s f = sy(sy—2)+s(s—1) (if any) of the Friedrichs extension Ay are contained

in the zero-set of the L-function appearing in the period.
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To legitimize applying the distribution 6 to cuspidal-data Eisenstein series Ef? s
requires discussion of local automorphic Sobolev spaces. Recall that 6 is in the —1
global automorphic Sobolev space, so is in the —1 local automorphic Sobolev space. As

E .55 is in the +1 local automorphic Sobolev space, we can apply 6 to it.

Theorem 4. For Re(w) = %, if the equation (A — Xy f)u = 0 has a solution u € V,
then OEf?w = 0. Conwversely, if aEffw = 0 for Re(w) = %, then there is a solution

to that equation in V, and the solution is unique with spectral expansion

0(Ts) Y 1 OF % _
NCY)) f+_/ PFls o
()\’I‘f — /\w) 47 )\s,f — )\w,f fifs
(3)
convergent in V1
Proof. The condition 6 € V_; is that
OF .= 2
7’ f’f’l_S’ dt < oo
1+t

R

Thus, v € Vi1, and u has a spectral expansion of the form

1
u = Afo + 471_7;/145‘_E‘ﬁf,l_SClS
(3)

witht — A i in L?(R). The distribution 6 has spectral expansion in V_,

1
0 = 0(Y;)-T; + — [ 0E B, ds

47‘(‘/1/ f7?71_5
(3)

f,?75

We describe the vector-valued weak integrals of [Gelfand 1936] and [Pettis 1938] and
summarize the key results. We follow [Bourbaki 1963].

Definition 10. For X,u a measure space and V a locally convex, quasi-complete
topological vector space, a Gelfand-Pettis (or weak) integral is a vector-valued integral
CUX,V) — V denoted f — I; such that for all « € V*, we have

a(ly) = /Xaofd,u

where the latter is the usual scalar-valued Lebesgue integral.
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Proposition 20. Hilbert, Banach, Frechet, and LF spaces together with their weak

duals are locally convex, quasi-complete topological vector spaces.
Proposition 21. Gelfand-Pettis integrals exist and are unique.

Proposition 22. Any continuous linear operator between locally convex, quasi-complete

topological vector spaces T : V. — W commutes with the Gelfand-Pettis integral:
T(Iy) = Iry

Note that F 1T lies in a local automorphic Sobolev space. By the Gelfand-Pettis
theory, if T : V' — W is a continuous linear map of locally convex topological vector
spaces, where convex hulls of compact sets in V' have compact closures and if f is a
continuous, compactly-supported V-valued function on a finite measure space X, then

the W-valued function T o f has a Gelfand-Pettis integral, and

(1)~ fros

Let V = Hllafc(X ). Note that V is a locally convex, quasi-complete topological vector
space since it is the completion of CS°(X) with respect to a family of semi-norms.
Given a compactly-supported distribution § € H g_aéc(X ), 0 extends to a continuous linear
functional 8 € Hl_1 (X), by section 7. Since 6 is a continuous mapping 6 : Hl_1 (X)—C,

afc afc

given a continuous, compactly-supported HILfC(X )-valued function f,

e/Xf:/Xeof

Gelfand-Pettis theory allows us to move 6 inside the integral. Thus
(Ary = Aw)Ay = 6(Ty)

and

Moot = Auwg) - As = 0B, 5,

The latter equality holds at least in the sense of locally integrable functions. Letting
w = % + i1, by Cauchy-Schwarz-Bunyakowsky, for any € > 0,

T+e€ T+e€

2 2
/|9Ef,f;it’ dt = /(A%+it,f_)‘%+ir,f)‘4é+it| dt
T—E€ T—E€



64
Using s = % + it and rewriting the difference of eigenvalues gives us equality of the
above with
T4€ T+e€ T+e€
/ |(t—7)(t—1+ T)A%_Htht < / it — 7| dt - / (t — i+ T)A%Ht\?dt <é
T—e T—e T—e
The function

b= 0 71

is continuous, in fact

S — eEf,?,s

is meromorphic, since 6 is compactly supported (see [Grothendieck 1954] and [Garrett
2011 e]), so

0FE 1w = 0
Conversely, when 6 F1_,, = 0, the function
OF ,1_.
f7f7777’t
t — _ Jr2 7
()‘1+it — Aw)

2
is continuous and square-integrable, assuring H'-convergence of the integral

00C) -y 1 [OFp s By
)\Tf - A’LU,f 47T7’ ()\S,f - )\w»f)

(3)

this spectral expansion produces a solution of the differential equation. Any solution
in V1! admits such an expansion, and the coefficients are uniquely determined, giving

uniqueness. ]

Let X, = {A,D € GLy : \SZ%P = a}. Let H be the subgroup of GLs x GLy

consisting of pairs (B, C') so that |det B-detC'| = 1. The group H acts simply transitively

on X,, so X, has an H-invariant measure. Fix G Lo cuspforms f; and fs and define

naF = / cp(F(a)) - f1(A) - fo(D) da
ZrHp\Xq

Proposition 23. Take Re(w) = % For a > 1 such that the support 0f6~? 18 below h = a,
the constant term cpu of a solution u € V! to (A — Aw,f)u = 6 vanishes for height
h>a.
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Proof. Let n4,1,0, be the functional above. This functional is in H ~27 for all € > 0.
Thus, for u € H,

0(Yy)- Ty 1 OE 71
_ _ S U SR ) -
Nafiofth = Nafiof: <(/\Tf D) i /(5) N Errsds

We can break up the integral into two tails and a truncated finite part. The truncated
finite part is a continuous, compactly-supported integral of functions in a local auto-
morphic Sobolev space, so Gelfand-Pettis theory allows us to move compactly-supported
distributions inside the integral. The tails are spectral expansions of functions in H+!,
and since H1! embeds into a local automorphic Sobolev space, the Gelfand-Pettis theory

applies there also, allowing us to move the distribution inside the integral.

0(Y)) tapon(Y) , 1 / O 71 MonorBrge o
)

(Ar; — Aws) A Aef — Mw s
This is
. Ts)-Y 1 a. 101 7 s
g Manern(Ly) Yy 1 [ Tepopbypy, CBygy . ds
()\Tf — )\w,f) 47 (%) ()\s,f — )\wvf) o
which is
Na,fof (X)) - Tp | 1 Cla'™% + ¢1-4a%)
i v i Nof — A Epgans ds
( Ty w,f) ™ (%) ( s, f w,f)
where
C= f(A) - f(D) - f1(4) - fo(D)dx
ZrHi\ X4

Since 6 has compact support below h = a, the last integral need be evaluated only for

h < a. Using the functional equation

c-sByF s =EpFa1 s

we see

s 1-s
Cl1_sQ a
— == . FE.,- ds = / . E.- ds
/@) Nop = Auwg) 1T ) Cag —dag) T

by changing variables. Thus, for g with h(g) < a, the integral can be evaluated by
residues of vector-valued holomorphic functions as in [Grothendieck] and [Garrett 2011

el.
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T T 1—s _.a’
g (Mahern(ly) Yy 1 [ Cla™+ca ) ‘Bz, ds
Wy =Awy)Ami gy sy = Auy) -

. 1—s
_ g [ Mesien (X)) Yy 1/ G o4
()\Tf — /\w,f) 211 ) ()\s,f - )\w,f)

Consider the integral

1-—s _
/ a ‘9Ef,f,s s
(1) (Asp = Auyp)

With s = a+1¢T, consider a rectangle with vertices %:tiT and T'+¢T. Let 1 be the line
segment from % + 4T to T +iT. Let 2 be the line segment from 7'+ 7T to T — i1, and
let 3 be the line segment from T — T to % —T'. We invoke our assumed subconvexity

bound 0E, < |s|17¢. Then we get an estimate

'™ 0B 7 al =" sl 1
|| —— g« 2B 2
y Asf = Awf [As,f = Aw, £l 2

since y; has length T" — % Then,

al—s . |S|1—e . (T B %) - al—s . |8|1—e

1
S IES (Is]=5) =0

[As.f — Aw, £l

as T — oo, since the denominator is a degree 2 polynomial in s, while the numerator is

a polynomial of degree 2 — €. Likewise, for the curve o, we get an estimate

al=% . 0FE .- 1—s | |o|l—¢
}/ fofss dS‘ < a ‘S‘ X (2T)
Y2 )\Svf - )\wnf ‘)\svf - )\w’f‘

since y; has length 27". Then,

al—s . |S|1—e . (T_ 1) - al—s . |S|1—e

<& BL s 0
277 Psr = Awygl

[As.f = Aw,f

as T — oo, since the denominator is a degree 2 polynomial in s, while the numerator is
a polynomial of degree 2 — €. A similar argument shows that the integrals along ~» and

v3 go to 0 as T' — 0. Therefore, the original integral

al’SGEf ? s
/ — > ds = —2mi(sum of residues in the right half-plane)
(&) Asp = Aw,f)
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This implies

27i Nsf — M f)

The Eisenstein series E,+ = has a simple pole at s = 1 ([MW] and [Garrett 2011 f]),

1 a1_5~C-9Ef?S
/ =2 ds = —(sum of residues in the right half-plane)
(3)

with residue
Nafiof(Lr) Ly
(Ary = Aw,f)

Therefore HEf? ¢ has residue at s = 1 given by

0 (na,f1®f2(Tf) : Tf)

(Ary = Aw,r)
Thus,
1-s _ —w

1/ @ C OB g e g (Menen(Th) e\ o amt

271 (1) (As,f _— /\ﬂhf) ()\Tf — )\w,f) 1—2w ffl-w
Returning to the original equation,

oo (Ys)- Ty 1 Cla'™) al ™"
0 — . 0F.+ . d = -C-0F =+

( Oy =ds) 270 )y O =) 02 %) T T © s

Since 9E1—w,fj = 0, we are done.
O

Recall that ®, decomposes discretely, with (square-integrable) eigenfunctions con-

sisting of truncated Eisenstein series A*E s I T of Eisenstein series for s; such that
a*- f(A)- f(D)+a'™ ¢ f(A)- f(D)=0

where (A, D) € X,, and finitely-many other eigenfunctions. In fact, these truncations
are in H 2~ for every € > 0, since they are solutions to the differential equation (A —
Aw,f)U = T fif,- There are finitely-many other eigenfunctions in addition to these
truncated Eisenstein series.

Let S denote the operator S = 1—A, with dense domain in ®}! as before. Then S is

an unbounded, symmetric, densely-defined operator. We have the continuous injections

o - o, —» 0!
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Then S extends by continuity to S# : ®. — ®_1. Since we have the natural inclusion
j:®p — HT
taking adjoints produces an inclusion
jFoHTY 5ot

Let j; denote the image of ¢ under this mapping.Then we can solve the differential
equation

(ST = Xo)u = 3}
because j; € P, .

Proposition 24. Take a > 1 such that the (compact) support of 0 is below height a.
If necessary, adjust a so that 0Es; # 0 for any s; such that

a*l - f(A)- f(D) +a'™ - cs, - f(A) - (D) =0

where (A, D) € X,. For w not among the s;j, the equation (S* — Aw,f)V = Jy has a

unique solution vy, € VN O, this solution lies in H', and has spectral expansion

— a —
=Y OE 71—,  NEpgs,
=

j )\Sjvf - vaf || A Ef,f,sj'

2

Proof. As before, any solution is in H*!, since # € H~'. The solution v € V N ®, has

an expansion in terms of the orthogonal bases A“E s P

NE. .5
Vy = Z Ajﬁ convergent in H 1
Sj’fhf

Thus,

NE <
g5 = (S* = Ay e = Z()‘Sj,f_)\w,f)Ajﬂ
j H /\a Ef’?zst

Indeed, since the compact support of 0 is below h = a, the projection 0 to V is in
the H~! completion of V N ®,. Therefore, the expansion of Jp in terms of truncated

Eisenstein series must be

sk Z 0Ef7?75j ) AaE.ﬂ?ysj
Jo = : H Ae F
J

fa??sj ‘ ’2
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noting that 0F FFs = ONE FFs Thus, the coefficients A; are uniquely determined,

also giving uniqueness.
O

Proposition 25. Solutions w to the equation 6v, = 0 all lie on (% +iR) U [0, 1], and

there is exactly one such between each pair s;,sj+1 of adjacent solutions of

= 0.

detA |s

‘ detA’1_5 A2s—1,7@7)
detD

| detD AQ2s,m@ ")

Proof. Using the expansion of v, in H*! in terms of the truncated Eisenstein series,
and that of # € H~! in those terms,
12
|0E175j7f7f|
Asjof = Awyg) - I A" E, 5l

v, =
J
Since every Ag; r is real, for Ay ¢ ¢ R, the imaginary part of v, is easily seen to be
nonzero, thus 6v,, # 0. Thus, any solution lies in (% + iR) UR. For A, > 0, all the
(infinitely-many) summands are nonnegative real, so the sum can not be 0. Therefore
w e (2 +iR)U0,1].

Take Re(w) = % with As;.1r < Awy < As;p- Note that 6v, € R for such w.
For w on the vertical line segment between s; and s;i1, all summands but the Gt
and (5 + 1) are bounded. As w — 55, 0 < Agjip — Awyp — 0T and Asjin,f = Aw,f 18
bounded. As w — sj11, 0> Ag,,; r— Ay — 07 and As; — Ay, is bounded. Since w — vy,
is a holomorphic H*!-valued function, fv,, is continuous. By the intermediate value
theorem, there is at least one w between s; and s;11 with 6v,, = 0.

To see that there is at most one w giving 6v,, = 0 between each adjacent pair s;, 5541
again use holomorphy of w — v,,, and take the derivative in w:

2
Y Y it
; i : i

Everything is positive real except the purely imaginary 2w — 1, because, in fact, the
height a was adjusted so that no 0 Ey_, ¢ vanishes. That is, away from poles, the deriva-
tive is non-vanishing, so all zeros are simple. Returning to the proof of the theorem:
suppose u € V such that (S# —\,)u = j; with Re(w) = . For u to be an eigenfunction

for Ay requires fu = 0 by the nature of the Friedrichs extension.
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From above, n,u vanishes above a height a depending on the compact support of 6.
Thus, ©u € V N ®,, so u must be the solution v, expressed as a linear combination of
truncated Eisenstein series, and 6v,, = 0. Since there is at most one w giving v, = 0

between any two adjacent roots s; of

=0

| detA | detA s A@2s—1,7@7)
detD detD A2s,m@7")

giving the constraint.



Chapter 9
L-function background

We review some standard facts about automorphic L-functions on GL,, following
[Iwaniec-Kowalski] and [Jacquet]. Let m = ®,m, be an irreducible automorphic repre-

sentation of GL,,(Q), and assume that 7 is unitary. To such 7, one associates an Euler

) = H L(s,mp)

given by a product of local factors. Outside a finite set of primes Sy, m, is unramified

product

and we can associate to m, a semi-simple conjugacy class {A(p)} € GL,,(C). Such a
conjugacy class is parametrized by its eigenvalues o (j,p) for j = 1,...,m. The local

factors L(s,mp) for the unramified primes are given by
m
L(s,mp) = det(I —p~* H 1 —a(5,p)p %) !

At the ramified finite primes, the local factors are described by the Langlands parameters
of mp. There is also an archimedean local factor L(s, 7). L(s, 7o) can be written as a
product of m Gamma factors:

m

S’ﬂ'oo H S+Mw )

where I'g(s) =7 2F(%) and - (7) is a set of m numbers associated to mo. They satisfy

Re(jux(7)) > — 5
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Let
O(s,m) = L(s, 7o) L(s,7)

Associated to 7 is its contragradient 7, which is itself an irreducible cuspidal automor-
phic representation. For any p < oo, 7, is equivalent to the complex conjugate 7, and

therefore
{az(j,m)} = {ax(k,p)}

and

{z()} = {px(i)}

Godement-Jacquet proved that ®(s,7) extends to an entire function, is bounded in

vertical strips and satisfies a functional equation
O(s,m) = €e(s,m)P(1 —s,7)
with
e(s,m) = 7(m)Q;°

where (), > 0 is the conductor of 7. It is a positive integer with prime factors in S
and 7(m) € C*. We note that Q# = Q, and that 7(7)7(7) = Q.

The zeros of ®(s,7) will be denoted by pr, and are the nontrivial zeros of L(s, ).
The nontrivial zeros of L(s, ) are related to those of L(s, ) via s — 1—s. The Riemann

hypothesis for L(s, ) is that Re(pz) = . We also introduce the counting function
No(T) : = #{ps : [Tm ps| < T}

We have
m
N (T) ~ —Tlog T
T
An important consequence of the above is the Small Gaps Conjecture, namely, that

logn
27

hminfn—>oo(7n+l - ’Yn) =0

Let By = {)\;} be a multi-set of N numbers and let @ be a box in R"~!. The n-level

correlation of the set By is defined as

1 :
N#{()‘jl_>‘j27"-7>\jn—1_)‘jn)GQ:1§]1§"‘SN}
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where j;, # ji, if i1 # i2. This measures the correlations between the differences of
numbers in By. We can regard the box () as a product of n — 1 characteristic functions
of intervals and express the condition x € @ in terms of the characteristic functions.
Following Rudnick-Sarnak, let f be a smooth, symmetric function such that f is of

rapid decay in the hyperplace Z?zl z; =0 and
fle+t(1,...,1)) = f(x) forteR

Define the n-level correlation of the set By with respect to f as

RiBy.D) = % ()

SCBy:|S|=n

where

f0S) = fjs--5 N, S ={N,... 00}
To study the n-level correlation of the zeros of L-functions, assume the generalized
Riemann hypothesis and normalize the v, by

5 (9)

L ()

m .
_ | (9)
g og|v;’|

in order for the average vertical spacing between zeros to be 1. Let
By = {\V).1<j<N}

Assuming GRH and that the Fourier transform

flut, ... up) = f(x) - e(xu) dx
R7

is supported in Z?:l luj| < % Rudnick and Sarnak proved that

) dx

n—1 n

where inn(6 o)
(n) . SINT\ P — Pk
O

for 1 <j<mnand1l<k<n. This can be written as

lim R,(Bn,f) = n/ flzr, ..., xn)Wh(z1, ..., zp) doy ... dop—1
N—o0 Rn—1
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where z,, = —x1 — - - — £,—1. In particular, we have

Jin Ra(Ba.f) = 2 [ fo—oWate.—s) ds = [ j(o) (1—(““’”””%)2 s

T

where f(x) = f(z,0), which agrees with the Montgomery pair correlation result.
Recall that the 2,2 constant term of the 2,2 Eisenstein series with fixed cuspidal
data f and f at height h = a is

a’ + Csal—s

where .
_AQR(-3s).f®7)
’ A@2s, f&f)

A standard argument principle computation shows that the number of zeros of a® +

csa' ™% with imaginary parts between 0 and T > 0 is

T T
N(T) = —log(=— +Tloga+ O(log T)
m 2me
All zeros of a® + c;al ™ are on Re(s) = 1 for a > 1. Recall ([Iwaniec-Kowalski, p.115])
that

log t

log L(1 +iu, f ® f) —log L(1 +it, f @ f) = O( ) (u—1t)

log log t
for u > t.

—S

Lemma 2. The gaps between consecutive zeros of a® + csa'™* at height greater than or

equal to T are

T 1
logT + O

)

log log T

Proof. The condition for the vanishing of a® + c;a' =% can be rewritten as

A@2s, f® f)
A(2(1 - S)a f X f)

where

ﬂ.l—s

2

S+u—v
2

S—u+v
2

S—p—v
2

s+p+v -

I( )T

)T )

where p is the parameter for the principal series I, generated by f, while v is the

parameter for the principal series generated by f. Therefore, with s on the critical line,
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we have
—1 =
F( 1+2it2+/$*1/)r( 1+2it;,u+u )1—\( 1+2it2f,ufu )F( 1+2it2+u+u) 7_‘_1721'15 L(l + Qit, f ® ?)
F( 1—22t2+u—1/)r( 1—21t2—u+1/)1—x( 1—21t2—,u—1/)r( 1—2zt2+u+1/) L(l o Qit, f ® 7)

All the factors on the right-hand side are of absolute value 1. The count of zeros as
t = Im(s) moves from 0 to 7" is the number of times the right-hand side assumes the
value —1. Regularity is entailed by upper and lower bounds for the derivative of the

logarithm of that right-hand side, for large t. Observe that

d I'(a + it) d .
Cimlog — T — 9 Yy 10 T(a + it
gmloe pa Ty T ZgimlesTletit)

From the Stirling asymptotic,

1 1 1
log I'(s) = (s—i)logs—s—i—?og 21+ O5(=)
s

in Re(s) > § > 0. From this, we have

1
log ' it) = itl it) — ) —log 2
og I'(a +it) = itlog (a + it) (a+zt)+20g 7r+05(a+it)
— it(i(m 1 O(L)) +log t + O(%)) - (a+it) + —log 27 + Og(——)
t t2 2T a—+ it

Therefore,
Im log I'(a +it) = tlogt—t+ O(%)
Consider, for 0 < § < t,
Im log I'(a+i(t+6)) —Im log T'(a+it) = ((t+6)log (t+8)—(t+6))— (tlog t—t)+0(%)
Which is 5
1
= Slog t — (t49) - 5+05(%) = dlog £ — 25+ Os(;)

1

In particular, for 0 < 6 < Tog 7"

Imlog I'(a+i(t+ ) — Im log I'(a +it) = dlog t + O(

)

log t
Let

I—\( 1+2’it2+,u71/ )F( 1+2it;u+l/ )F( 1+2it27u71/ )F( 1+2it2+u+1/ )

ft) =

I—\( l—2it2+,u—l/ )F( 1—2it2—u+1/ )F( 1—2it2—u—1/ )F( 1—2it2+u+1/)
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Then using the calculation above,

1
Im log f(t+d) — Im log f(t) = 4dlogt + O(@)

The result on L(1 + it, f ® f) quoted above gives

log t

log L(1 + 2i(t +0), f @ f) —log L(1 + 2it, f @ f) = O( )

log log t
Therefore,

log t

Im log A(1 +2i(t + ), f @ f) — Im log A(1 + 2it, f ® f) = 4610gt+0(@

)0

The presence of the 4 being due to the four factors of I' appearing. Thus, if ¢ gives a
0 of the constant term, the next ' =t + ¢ giving a zero of the constant term must be
such that

log t

4dlog t 4+ O -0 > 27
I

oglogt
On the other hand, when that inequality is satisfied, then the unit circle will have been
traversed, and a zero of the constant term occurs.

O]

Since periods of automorphic forms produce L-functions, it is anticipated that 0 F
will produce a self-adjoint, degree 4 L-function, with a corresponding pair-correlation
conjecture. That is, given € > 0, there are many pairs of zeros of §F; within € of each
other. The previous section exhibits the zeros w of #F; as paramaters of the discrete
spectrum of &9. Since parameters of the discrete spectra interlace with the zeros s; of
a®+csa' ™%, and these are regularly spaced by the argument above, the discrete spectrum

is presumably sparse.
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