Grobner Geometry of Schubert and
Grothendieck transition formulae

Alexander Yong
(University of California, Berkeley)

Based on joint work with:
Allen Knutson
(University of California, Berkeley)

Slides available at:
http://www.math.berkeley.edu/ ayong



Grobner bases and Grobner geometry

Let R = Cl|xq,...,xn] be a polynomial ring and
I C R an ideal.

Hilbert's basis theorem: I = (f1,..., fi)-

Pick a term order < on the monomials in R.
This determines an initial term in(f) for every

fel.

Let
in(I) = (in(f) : fel.

Moreover, {f1,..., fr} is a Grobner basis of [
with respect to < if

in(I) = (in(f1),...,in(fx))



Grobner degenerations
X = Spec(R/I) is the affine scheme of I.

in(X) = Spec(R/in(I)) is the initial scheme
of X

Algebraically, we use Grobner bases to deduce
properties of R/I from the simpler R/in(I)

Geometrically, a Grobner basis corresponds to
a flat deformation of X under the action of C*
until it degenerates (breaks) into a union of
coordinate subspaces.

Some invariants of X such as the Hilbert series
are necessarily preserved under such degenera-
tions.

E.g., properties such as reducedness, equidi-
mensionality, Cohen-Macaulayness, will follow
for X if one can degenerate X to some in(X)
with these properties.



One step in a Grobner degeneration
Theme: Grobner degeneration in stages.

Let X be a closed subscheme of a vector space
H @ L (for hyperplane and line).

Let C* act on X by rescaling the second com-
ponent:

The flat limit
X' =limt-X
t—0
is a “slow-motion’” projection of X onto H

X’ obviously contains the actual projection of
X onto H.

But it actually contains more.



Geometric vertex decompositions

Consider the closure X inside H x (L U {oo}).
Define

AN:=XN(H x{co}) C Hx{co} = H.

Our results are in terms of the following frame-
work:

Theorem 1 (Knutson-Miller-Y.) The support
of the limit scheme X' is exactly

(M x{0}) Unxgoy (A X L),
a union of the projection component and the
cone components.

If X is homogeneous, we get a coefficient-wise
lower bound on the Hilbert series hx(s):
S
hix(s) 2 hn(s) + ——ha(s)
with equality if and only if the set-theoretic
equality for X' is also a scheme-theoretic equal-

Ity.
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Reducedness

When equality holds, we say that X’ (or X)
has a geometric vertex decomposition.

In practice, to check this equality, it is enough
to show that X’ is reduced.

Algebraically, we are studying the initial “y-
forms” of theideal I C Clz1,...,y =x[,...,xy].




Matrix Schubert varieties

These may be presented as B_ x B_|_ orbit clo-
sures in M,«n(C), or as cut out by determi-
nants.

Given a permutation matrix m € Sy, in M, «,(C)
B_ = n xn invertible lower triangular matrices
B4 = nxn invertible upper triangular matrices

The matrix Schubert variety is

Xr = B_7mB,, closure taken inside M x,(C).
[Fulton '96, Knutson-Miller '00]

It contains all matrices satisfying prescribed
rank conditions, so determinantally, e.g.:

Xo5143 := Spec(C[Z]/I2143)
where

<11 <12 <13
Io143 1= <2117 221 222 223| = 2117227233 L .. >
<31 <32 <33




Equivariant cohomology classes

The torus T' C B_ acts on M, x,(C) leaving
X invariant.

Hence there is a T-equivariant cohomology class

[YW]T S H%(Mnxn«c)) = H%(pt) = Zlzq,...,2n],

a single polynomial in z1,...,zn (MoOre soon).



Equivalent geometry/topology/algebra

(1) (Classical algebraic geometry) Let (a;;) for
1<:<m, 1< 353 <n bea matrix of homoge-
neous forms in xg,x1,...xN. FiX a nonnegative
integer r. Let

VT:{(xOleI...IwN)E]P)N:ranK(A)ST}

What is the expected degree of V.7
(The case » = 0 is Bézout's theorem.)

(2) (Topology) Let X be a smooth algebraic
variety (or manifold). Let W : EF — F be a
morphism of vector bundles of rank m and n
over X. Let

Dy(W) = {z € X : rank(W(z)) < r}.

What is cohomology class [D,(W)] € H*(X) in
the Chern classes of E and F'?

(3) (Commutative algebra) X = Spec(C[Z]/I).
What is the Hilbert series of R = C[Z]/Ix7

In each case, connections to Schur polyno-
mials were discovered.



Transition formulae

The Schubert polynomial is the equivariant
Schubert class of X :

[YW]T — 67T(x17 SRR 7wn) S H%(MRXR(C)%
[Knutson-Miller '00, Fulton '96].

Let ¢ be the position of the last descent of m,
i.e., where n(¥) > n(£+ 1), then the Schubert
transition formula has the form:

67‘(‘(%1, “ .. ,xn) —
xgsﬂl(ﬂil,---,xn)‘F Z 60(3717---73771)7
ocT ()

for some uniquely defined permutations =/, 7 ()
[Lascoux and Schiitzenberger '82]

This formula uniquely algebraically determines
the Schubert polynomials (differently than the
geometric divided difference operators)

Goal: To give a geometric (degeneration) in-
terpretation of the transition formula.
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A geometric vertex decomposition for
matrix Schubert varieties

Theorem 2 (Knutson-Y.) Let X be any ma-
trix Schubert variety. Let ¢ be the last descent
ofmande= ({,m(¥) —1). Let L be the matri-
ces supported at e, and H those supported on
the complement.

Then X' has a geometric vertex decomposi-
tion; it is reduced and Cohen-Macaulay. The
projection component I'l X L is a matrix Schu-
bert variety and the divisor A X L is a union of
several other matrix Schubert varieties. The
resulting recursion for the Hilbert series of X
is Lascoux's K-theory transition formula.
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Applications to geometry of
combinatorial positivity

Theorem 2 gives a geometric framework that
interprets many combinatorial numbers and con-
structions from the study of degeneracy loci
and (K-theory, quantum) Schubert calculus,
by counting components of a sequentially
degenerated matrix Schubert variety.

Some examples:

(I) Monomial positivity of &x(x1,...,xn), dif-
ferently than in [Knutson-Miller ‘00]

(II) The classical Littlewood-Richardson rule.

(III) “Schur positivity” of Schubert polynomi-
als [Buch-Kresch-Tamvakis-Y. '02]

(IV) Schur positivity of stable Schubert poly-
nomials.

(V) The quiver coefficients [Buch-Fulton '99].
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Another interpretation, K-theory, and
new formulae

(VI) The Lascoux-Schiitzenberger transition tree
IS a tree of degenerations.

Our work extends to K-theory, explaining for-
mulae for Grothendieck polynomials [Buch ‘02,
Buch-Kresch-Tamvakis-Y. ‘03, Lascoux ‘01].

Moreover, the geometry naturally leads one to
new formulae, see Allen Knutson’s talk, com-
iINng up next.
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