Math 5654 Midterm 2 Solutions

Problem 1

Let Z = TI;X.
We have X = ¢Y, where X —cY L Y. Then (X,Y) — (YY) =0, so
3—c4=0,orc=3/4
Problem 2
Let Y = (Yl,YQ).
(i)
Cov (Yl, Yl) Cov (Yl, Y2> 2 1

Yyy = =
Cov (YQ, Yl) Cov (YQ, Y2> 1 1

(ii) By Problem 4.3.8 in the text,
a1Y1 + aYs = AY,

where

Thus a1 = 2 and ay = —1.
More direct approach We can solve two equations: X —a1Y] —aoYs L
Y1, X —aY) — aoYs L Ys, which gives us

3 — 2a1 —ay = O,

1—a1—a2 = 0.



Problem 3
By Definition 4.2.18, every linear combination of Xy, ..., X,, is a one-dimensional
Gaussian random variable.

Since each element Y is a linear combination of X1, ..., X,,, every linear
combination of Y7,...,Y,, is a linear combination of X1,...,X,,. Thus ev-
ery linear combination of Y7,...,Y,, is a one-dimensional Gaussian random
variable.

By Definition 4.2.18, (Y1, ...,Y,) is Gaussian.

Problem 4

(i) Since L1 C Lo, Z € L3. So Z cannot be a better approximation
than W, the best approximation in £9. That is, | X — W < || X — Z|.

(ii) When (X, Y1,Y2) is Gaussian, we know by Theorem 4.2.25 that
E(X|V1,Ys) = Z.

Thus Z is the best approximation to X in all of o (Y7,Y2). Since Lo C
o (Y1,Y2), Z is the best approximation to X in £o. That is, Z = W.

Problem 5

Consider a nonnegative function f on R"*2,
Then

Ef (X07--~7Xn+1)
= /f(%, s Tng1) To (20) P (20, 21) - P (Tn—1, Tn) P (Tn, Tng1) dg ... dTpyy

:/ </ f(3507-~,l’n,l‘n+1)P(»’Um$n+1) dwn—f—l)
Rn+1 R

mo (w0) p (w0, 1) - - p (Tn—1,Tn) dxo ... dzp,

=K (/ [ (Xo,. .o, X0, Tng1))p (Xns Tgr) d$n+1> .
R

By Definition 5.1.2, (X,,) is a time-homogeneous Markov chain with transi-
tion kernel p.



Problem 6

(i) When h is larger, the relative size of the noise is smaller.

(ii) In the notation of Problem 5.2.3, v? = h% + 1.
By Problem 5.2.3, the limit of 52 is given by x, where z is the unique
positive solution of

- 1 x n 1
COR24+1R2z+R24+1 0 K241

X

Simplifying, we have

Ril)o=— 41
K ey -
This gives

W (R 1) 2%+ (B2 4+ 1) s =2+ h2z+h + 1.
Dividing both sides by h? 4+ 1 we have

h2x2—|—(h2—|—1):v:a:+1,

or
22+ h?x—1=0,
l.e. 1
Hence
—1+4/1+ 4
x—f.

This quantity decreases as h increases, which is consistent with (i).



Problem 7
First, a remark. For any nonnegative function i on R"*!,
Eh(Xo,...,X,) = Eh(Xo, XoU,..., XoU; ... Uy)

= / f (zo, xou, ..., zouy ... uy) o (zo) droduy ... duy,.
R x[0,1]™

Now consider a nonnegative function f on R"*2.
Then

Ef(Xo,..., Xny1) = Ef (Xo, XoU1, ..., XoU1 ... Uny1)

= / ) f (xo,fboul, ..., ToUY .. .un+1) ™0 (ZEO) d.’Eo du1 e dun+1
R x[0,1]7+

= / < f(a;o,xoul,...,xoul...un+1) dun+1> 0 (LU()) d]:odul dun.
Rx[0,1] \ J[0,1]

Now we apply the remark, with

h(xoy...,zy) = f (zo, Tou, ..., xoU1 - .. Upt1) dUpi1,
[0,1]

and we see that

Ef (X07 v 7Xn+1) =F ( f (—X07 X17 v 7Xn7 Xnun—‘rl) dun+1> .

[0,1]
Making the substitution xpun+1 = pt1, Xpdunt1 = dxn41, this becomes

1
Ef(Xo,...,Xn+1) =F / f(XQ,Xl,...,Xn,l‘nJrl) 7d$n+1
[0,Xn] Xn

1
=F </ f (Xo,Xl, ooy X, $n+1) X7][07Xn] (xn+1) d$n+1> .
R n

By Definition 5.1.2, (X,,) is a time-homogeneous Markov chain with transi-
tion kernel p, where

1
p(z,y) = 5—7[0@] (y)-



Alternate approach used by one student Let r(y) = Ijp1)(y), so that
r is the density of U, for each n.
Let py, (zo,...,x,) be the density of (Xo,...,X,), assuming that it ex-
ists. Then the joint density of (Xo, ..., Xn, Unt1) is pn (o, - -+, Zn) 7 (Upt1)-
For any nonnegative function f on R"*2,

Ef (X07X15 .. 'aX’n+1) — Ef (X07X].7' . -aXn,XnUnJrl)

= /f (Z0y v oy Ty Tunt1) P (T, - oy Tp) T (Unt1) dXo - ..y dTp dUups
= /f (T0y -+ oy Ty TUnt1) p (T, .o, Tp) T (%) dxg ..., dz, (ﬁ) dxn 41

= /f (Toy v oy Ty Tuns1) P (T, -« oy ) P (T, Tng1) dg - .oy ATy ATy,

where p (Tn, Tni1) = (x%) r (x;—zl) Hence

Pn+1 (xov s 7$n+1) = Pn (.%'0, s ,xn)p (xnv xn+1) .
Considering n = 0,1,..., it follows that p, (xo,...,z,) exists for all n and
is given by

pn (o, ..., xn) = mo (x0) p(T0,21) - .. P (Tp—1,2n) .

Thus Problem 5 of the exam is applicable.



