
1

Math 5654 Midterm 2 Solutions

Problem 1

Let Z = ΠLX.
We have X = cY , where X − cY ⊥ Y . Then 〈X,Y 〉 − c〈Y, Y 〉 = 0, so

3− c4 = 0, or c = 3/4.

Problem 2

Let Y = (Y1, Y2).

(i)

ΣY,Y =

 Cov (Y1, Y1) Cov (Y1, Y2)

Cov (Y2, Y1) Cov (Y2, Y2)

 =

 2 1

1 1

 .
(ii) By Problem 4.3.8 in the text,

a1Y1 + a2Y2 = AY,

where

A = QXYQ
−1
Y Y =

[
3 1

] 2 1

1 1

−1

=
[

3 1
] 1 −1

−1 2

 =
[

2 −1
]
.

Thus a1 = 2 and a2 = −1.

More direct approach We can solve two equations: X − a1Y1 − a2Y2 ⊥
Y1, X − aY1 − a2Y2 ⊥ Y2, which gives us 3− 2a1 − a2 = 0,

1− a1 − a2 = 0.
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Problem 3

By Definition 4.2.18, every linear combination ofX1, . . . , Xm is a one-dimensional
Gaussian random variable.

Since each element Yj is a linear combination of X1, . . . , Xm, every linear
combination of Y1, . . . , Yn is a linear combination of X1, . . . , Xm. Thus ev-
ery linear combination of Y1, . . . , Yn is a one-dimensional Gaussian random
variable.

By Definition 4.2.18, (Y1, . . . , Yn) is Gaussian.

Problem 4

(i) Since L1 ⊂ L2, Z ∈ L2. So Z cannot be a better approximation
than W , the best approximation in L2. That is, ‖X −W‖ ≤ ‖X − Z‖.

(ii) When (X,Y1, Y2) is Gaussian, we know by Theorem 4.2.25 that

E (X|Y1, Y2) = Z.

Thus Z is the best approximation to X in all of σ (Y1, Y2). Since L2 ⊂
σ (Y1, Y2), Z is the best approximation to X in L2. That is, Z = W .

Problem 5

Consider a nonnegative function f on Rn+2.
Then

Ef (X0, . . . , Xn+1)

=
∫
f (x0, . . . , xn+1)π0 (x0) p (x0, x1) . . . p (xn−1, xn) p (xn, xn+1) dx0 . . . dxn+1

=
∫

Rn+1

(∫
R
f (x0, . . . , xn, xn+1) p (xn, xn+1) dxn+1

)
π0 (x0) p (x0, x1) . . . p (xn−1, xn) dx0 . . . dxn

= E

(∫
R
f (X0, . . . , Xn, xn+1))p (Xn, xn+1) dxn+1

)
.

By Definition 5.1.2, (Xn) is a time-homogeneous Markov chain with transi-
tion kernel p.
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Problem 6

(i) When h is larger, the relative size of the noise is smaller.

(ii) In the notation of Problem 5.2.3, v2 = h2 + 1.
By Problem 5.2.3, the limit of σ̄2

n is given by x, where x is the unique
positive solution of

x =
1

h2 + 1
x

h2x+ h2 + 1
+

1
h2 + 1

.

Simplifying, we have (
h2 + 1

)
x =

x

h2x+ h2 + 1
+ 1.

This gives

h2
(
h2 + 1

)
x2 +

(
h2 + 1

)2
x = x+ h2x+ h2 + 1.

Dividing both sides by h2 + 1 we have

h2x2 +
(
h2 + 1

)
x = x+ 1,

or
h2x2 + h2x− 1 = 0,

i.e.
x2 + x− 1

h2
= 0.

Hence

x =
−1 +

√
1 + 4

h4

2
.

This quantity decreases as h increases, which is consistent with (i).
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Problem 7

First, a remark. For any nonnegative function h on Rn+1,

Eh (X0, . . . , Xn) = Eh (X0, X0U1, . . . , X0U1 . . . Un)

=
∫

R×[0,1]n
f (x0, x0u1, . . . , x0u1 . . . un)π0 (x0) dx0 du1 . . . dun.

Now consider a nonnegative function f on Rn+2.
Then

Ef (X0, . . . , Xn+1) = Ef (X0, X0U1, . . . , X0U1 . . . Un+1)

=
∫

R×[0,1]n+1

f (x0, x0u1, . . . , x0u1 . . . un+1)π0 (x0) dx0 du1 . . . dun+1

=
∫

R×[0,1]n

(∫
[0,1]

f (x0, x0u1, . . . , x0u1 . . . un+1) dun+1

)
π0 (x0) dx0 du1 . . . dun.

Now we apply the remark, with

h (x0, . . . , xn) =
∫

[0,1]
f (x0, x0u1, . . . , x0u1 . . . un+1) dun+1,

and we see that

Ef (X0, . . . , Xn+1) = E

(∫
[0,1]

f (X0, X1, . . . , Xn, Xnun+1) dun+1

)
.

Making the substitution xnun+1 = xn+1, Xndun+1 = dxn+1, this becomes

Ef (X0, . . . , Xn+1) = E

(∫
[0,Xn]

f (X0, X1, . . . , Xn, xn+1)
1
Xn

dxn+1

)

= E

(∫
R
f (X0, X1, . . . , Xn, xn+1)

1
Xn

I[0,Xn] (xn+1) dxn+1

)
.

By Definition 5.1.2, (Xn) is a time-homogeneous Markov chain with transi-
tion kernel p, where

p (x, y) =
1
x
I[0,x](y).
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Alternate approach used by one student Let r(y) = I[0,1](y), so that
r is the density of Un for each n.

Let ρn (x0, . . . , xn) be the density of (X0, . . . , Xn), assuming that it ex-
ists. Then the joint density of (X0, . . . , Xn, Un+1) is ρn (x0, . . . , xn) r (un+1).

For any nonnegative function f on Rn+2,

Ef (X0, X1, . . . , Xn+1) = Ef (X0, X1, . . . , Xn, XnUn+1)

=
∫
f (x0, . . . , xn, xnun+1) ρ (x0, . . . , xn) r (un+1) dx0 . . . , dxn dun+1

=
∫
f (x0, . . . , xn, xnun+1) ρ (x0, . . . , xn) r

(
xn+1

xn

)
dx0 . . . , dxn

(
1

xn

)
dxn+1

=
∫
f (x0, . . . , xn, xnun+1) ρ (x0, . . . , xn) p (xn, xn+1) dx0 . . . , dxn dxn+1,

where p (xn, xn+1) =
(

1
xn

)
r
(

xn+1

xn

)
. Hence

ρn+1 (x0, . . . , xn+1) = ρn (x0, . . . , xn) p (xn, xn+1) .

Considering n = 0, 1, . . ., it follows that ρn (x0, . . . , xn) exists for all n and
is given by

ρn (x0, . . . , xn) = π0 (x0) p (x0, x1) . . . p (xn−1, xn) .

Thus Problem 5 of the exam is applicable.


