Continuous-time Kalman

1 Statement of the problem

Here we study the one-dimensional case of Kalman filtering in continuous time.
This is treated in Section 6.5 of the text. The filtering equations are given there
in Theorem 6.5.4, which is stated for the multidimensional situation. To avoid
messy expressions, the proof is only given in the text for the one-dimensional
case. We will do the same here, but our proof will be formulated a little differ-
ently.

The statement of the theorem in the one-dimensional case is as follows.

Theorem 1 (One-dimensional Kalman) Let a,c, h, g be real constants with
g > 0. Let W and B be independent Wiener processes. Let Xg be a Gaussian
real-valued random variable. Assume that Xy, W, B are independent. Let X
and Y be processes satisfying:

t t
Xt:XO—I—/ aXSds—i—/ cdWs, (1)
0 0
t t
Yt:/ ther/ gdB;. (2)
0 0
Let
Xy =E(X4|o (Yo,)) - (3)
S =E (X, - X)) (4)
Then X satisfies
B t h2 B B t h
Xt:EX0+/ (a—225> Xsds—f—/ — s dYs (5)
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and ¥ satisfies

_ h2 -\ _
= <2a — 922t> Y+ 2 (6)

The purpose of these notes is to prove Theorem 1. It is easy to see that we can
assume without loss of generality that
EX, = 0. (7)

So from now on we will assume this.



2 Stochastic integrals over an interval

Lemma 1 (Integrating over intervals) Let a,b € [0,00) with a < b. Let g
be nonrandom and is continuously differentiable. Let V be any random variable.

b a
/0 g (s) dW 7/0 g(s) dW, =
b
9(b) (Wy — V) — gla) (Wa — V) - / J(s5) (W~ V) ds. (8)

In particular
b a b
/ g(s) dW,— / g (s) dW, = g(b) (Wy — W)~ / J(5) (W, — W) ds. (9)
0 0 a
Proof

b a b
/0 g(s) dW, - /0 g () AW, = gB)Wy — g(a)Wa — / g ()W, ds.

Also

0=V (g(b) — g(a)) - / §(s)V ds.

a

Subtracting the second equation from the first proves the lemma.

3 A bit of Ito calculus

In the approach in our text the stochastic integral

/Otg<s> aw,

is only defined rigorously when the integrand g is nonrandom and is continuously
differentiable. This is all we need for our course.

As we noted in class, because the stochastic integral is additive with respect
to intervals of integration, the definition in the text extends easily to the case in
which the integrand ¢ is nonrandom and piecewise continuously differentiable.

Of course this is still rather special. As remarked in class, one can actually
define the stochastic integral for very general random integrands g as long as
they are nonanticipating. To make sure that all the properties we are used will
hold, one should also assume that g(¢) has finite second moment for each t.

We should be aware that Itd’s stochastic integral is defined for general inte-
grands, but for our work we won’t use general integrals.



Let W be a Wiener process. We are often interested in a process X which
can be written in the following way.

¢ ¢
X =Xo +/ f(s) ds+/ g (s) dWs. (10)
0 0
We often write (10) more concisely as
dX: = f(t)dt + g(t)dWr, (11)

The ordinary integral part,

/Otf(S) s,

is defined even when f is a rather general random process, of course.
1t6 showed that a product rule holds.

Lemma 2 (Ité’s product rule for stochastic differentials) Let (W) be a
Wiener process and let dXy = f(t)dt + g(t) dWe, dYy = h(t) dt + k(t) dWr,
where f, h, g,k can be random, and are all assumed to be nonanticipating. Then

d(XY), = X, dY, + Y, dX, + gk dt. (12)

We won’t prove Lemma 2, so we won’t use it.

However, we only really need the following consequence of Lemma 2 which
would obtained by taking expectations throughout. To make it more convenient,
we’ll prove this lemma for the case of stochastic integrals against several Wiener
processes (Lemma 2 extends to this situation also).

Lemma 3 (Expected product rule for stochastic differentials)
Let W, ...,W™ be independent Wiener processes and let

dX, = f(t)dt + g*(t) dWL + ... + g™ (t) dW™,

X L (13)

dY; = h(t) dt + k' (t) AW} + ..+ k™ (&) dW]",
where f, h are random and continuous and g1, . .., Gm, k1, -- -, km are nonrandom
and continuously differentiable. We assume that Xo, W?',...,W™ are indepen-

dent and Yo, Wt ..., W™ are independent. We assume that f(t),h(t) € Lo
for each t. We also assume that f and k are nonanticipating, in the following
simple sense:

Ef(s) (W} —=W;) =0, Eg(s) (W = W) =0 (14)
for all times s,t with s <t and alli=1,...,m. Then

E(XY1) — E(XoYo) =

E/O Xsh(s)ds+E/() st(s)ds+;E/O g (s)k'(s)ds. (15)



Proof This lemma is easy to prove by cases. Using bilinearity we can break
up both sides of (15) into pieces which are simpler.

Case a Suppose that dX = 0. Then X; = X for all ¢. We must show that
t
EXQ (th — Yo) = E/ Xoh(s) dS,
0
or in other words that

t t m t
E/ Xoh(s)ds = EXO/ h(s)ds + Z EX, / g'(s) dw’.
0 0 0

i=1

This follows since X, fot g'(s) dW! are independent and Efot g'(s) dWi =0 by
equation (3) in Theorem 6.3.2 in the text. Hence the result holds.

Case b Suppose that dY = 0. The result holds just as in Case a.

Case ¢ Suppose that Xo =0 and Yy = 0. If we can prove the result holds in
this case we are done, using bilinearity to break up the general case.

Case c.1
dX; = f(t)dt, dYy = h(t)dt.

In this case the result follows from the ordinary product rule of calculus.

Case c.2
dX; = g'(t) dW}, dY; = k'(t) dW7.

In this case the result follows from equation (4) in Theorem 6.3.2 in the text.

Case c.3
dX, = g'(t)dW}, dY, =k (t) AW}, i # j.

In this case the result follows from the independence of the processes W, W7
and equation (3) in Theorem 6.3.2 in the text.

Case c.4
dX; = g'(t) dW}, dY; = h(t)dt.
We must show that
t
E(XY;) = E/ Xsh(s) ds,
0

where

Xe= [ gawi=gow - [ (') wids

0
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and

Y, = /Ot h(s)ds.

(Remember we are assuming now that Xy =Yy =0.)
Using equation (9) of Lemma 1, and the nonanticipating property, we see
that

X — X L h(s)
for all s < t¢. Thus

E(X,Y)) = EX, /Oth(s) ds:/ot EXth(s)ds:/Ot EXsh(s)ds:E/Othh(s) ds

as claimed.
Case c.b
dY; = k'(t) dW}, dX; = f(t)dt.

This is the same as Case c.4.
Using bilinearity, the lemma follows.

Handy notations

In order to work with Lemma 3 efficiently, we’ll invent our own notation. This
notation will never be popular, because it is not really needed as soon as one
learns the real Ito formula. But it will save some writing.

Let Z be any random process such that FZ; exists as a finite number for
each ¢. Let u be continuous (possibly random), such that E|u(s)] < oo for
each s. We write

dgZ; = u(t) dt (16)

to mean that
t
EZ,—EZ, = E/ u(s) ds. (17)
0

When (13) holds we let
(dX,) = f()dt, [dY;] = h(t) .

We refer to [dX:] as the finite total variation part of the differential dX;.
Finally, when (13) holds we let

(dX;,dY;) = (f(t)dt + i g (t)dWi, h(t) dt + zm: K (t) dW)

. (18)
=> gtk (t)dt.
i=1



We refer to (dX;,dY;) as the joint variation of the differentials dX; and dY;.
From (18) we have the well-known It6 multiplication table for stochastic
differentials:

(dt,dW}) =0,
(W}, dW}) = dt, (19)

Using our notations we can now rewrite the conclusion of Lemma 3 in a some-
what more elegant form.

de (XiYr) = Xi [dY3] + Y, [dXe] + (d X, dYy). (20)

A skeptical person might argue that equation (20) only looks elegant because
we have hidden the details of (15) inside our notation, but actually it is easy to
calculate using (20) if we remember the two facts mentioned above: (i) the fact
that [dX;] is the finite variation part of the differential, and (ii) the multiplica-
tion table given in (19).

Accordingly, equation (20) will be our preferred way of expressing Lemma 3.

Remark on multiplication table heuristics

The first equation in (19) expresses the fact that we discard differential terms
that are smaller than dt, and we consider dW/ to have size on the order of v/dt.

The second equation in (19) expresses the fact that variance of the Wiener
process increases linearly with time. It also expresses Theorem 6.2.8 in the text
on quadratic variation. It consistent with the idea that the size of dW} is on
the order of V/dt.

The third equation in (19) expresses the idea that because of the indepen-
dence of the mean-zero processes W' and W/, the quantity dW; dW; should
have expectation zero.

Checking the nonanticipating property

It follows from Theorem 6.3.2 in the text that integrating a deterministic func-
tion of time against a Wiener processes gives a nonanticipating process in the
sense of the definition appearing in the statement of Lemma 3. Using the for-
mula for the solution of a stochastic differential equation given in equation (26)
of the next section, it follows that all the processes we have to deal with here
are nonanticipating.

It is also an easy argument to show that integrating a nonanticipating process
against time gives us another nonanticipating process, if we ever need to know
that.



4 Solving stochastic differential equations

Let V be any process that has a differential (for example V' might be Wiener
process, or V might be some process constructed from a Wiener process by
solving a stochastic differential equation).

We sometimes have to solve the following kind of stochastic differential equa-
tion.

where v and g are deterministic functions of time, with u continuous and g
continuously differentiable. A good way to solve (21) is to use an integrating
factor Z(t), defined by

Z(t) = e~ Joueds, (22)
Then Z'(t) = —u(t)Z(t), and after multiplying by Z we can rewrite (21) as

Z(t)dX + Xy dZ(t) = Z(t)g(t) dV;. (23)
Now we need a lemma.

Lemma 4 (Special product rule for stochastic differentials) Let W be Wiener
process and let

dX, = f(t)dt + g(t)dVi, dZ, = h(t) dt,

where f is continuous and possibly random, h is continuous and nonrandom,
and g is continuously differentiable and nonrandom. Then

d(X2), = X¢dZy + Zy dX;. (24)
Proof Assignment 7.

Finishing the solution
Using Lemma 4, equation (23) becomes
d(X:Z(t)) = Z(t)g(t) dV4, (25)

and so we find that

X(t)=Z(t)"'Xo +/U Z(t)"1Z(s)g(s) dV. (26)

Solutions have the Gaussian property

Consider the special situation in which V' is Gaussian, for example the situation
in which V' is a Wiener process. As observed in the text, the property of
being a Gaussian process is preserved when taking limits. This means that the
function X in (26) is Gaussian. That is, the solution of (21) is Gaussian.



5 Proof for Theorem 1

We recall that we are assuming (without loss of generality) that EXy = 0.

5.1 Introducing mysterious functions ¥, X,

Let ¥; denote the solution of
h? 9
Z; = (20, - 922t> Et +c 5 (27)

Yo = EXZ2. (The quantity ¥; is denoted by £, in your text.) Define

h h?
ﬂt:g—QEt7 at:a—ﬁthza—g—zzt. (28)

Let X denote the solution of the equation

dX; = a, X, dt + cdW, — g dB, (29)
with Xo = Xp. By (26) this solution exists and is unique.
5.2 Finding EX2
Using Lemma 3,

dpX? = 2X, [dXt] +(dXy, dX)

=20, X2 dt + 2 dt + (2¢° dt.

Let Ty = EX?. We have shown that

dly = 20Ty dt + 2 dt + ﬁfgz dt.
That is,

[} =2 + 2+ ﬁtzgz.

Also Iy = EXZ.
We can easily rewrite (27) as

¥ =205 + 2+ ﬁtzgz.
Also ¥g = EXZ. Tt follows that
(B¢ —Ty) =20, (8 —Ty),
and g — 'y = 0. Hence I'; = X; for all t. That is,

EX? =%, for all . (30)



5.3 Finding EX, X,
Using Lemma 3,
dp XX, = X, [dX,] + X, {df(t} +(dXy, dX)
= CLXtXt dt + OétXtXt dt + 02 dt.
Let A; = EX;X;. We have shown that
dA; = (a + o) Ay dt + 2 dt.
That is,
A, = (a+ ap) Ay + 2.

Also Ag = EXZ.
Comparing this with (27), we see that

(2t —Ay) = (a+ ) (= Ay),
and g — Ag = 0. Hence A; = ¥ for all t. That is,
EXtXt =3} for allt.
5.4 Finding EX.,Y,
Using Lemma 3,
dpX.Y; = X, [dY] + Y, [dXt] +(dX, dYy)
= hX, X, dt + oY, X dt — B9 dt.
Let ¥, = EXtY}. Using the fact that EXtXt = >, we have shown that
d¥ = (hS; + o) Uy dt — Big* dt = U, dt.
That is,
\I/:t =¥,

Also ¥y = 0 since Yy = 0.
Hence ¥y = 0 for all t. That is,

EX,Y; =0 for all t.

(31)



5.5 Finding EX,Y,
Using a very easy case of Lemma 3, for ¢ > s we have
dpXiY, = Y, [dX)]
= Y, X, dt.
Let ©, = EX,Y,. We we have shown that

d@t = ath dt
That is,
@; = Oét@t.

Also ©, = EX,Y, = 0.
Hence ©; = 0 for all t > s.

EX,Y,=0forall t > s. (33)

5.6 Xt lo (Yv[oﬂ)
We see from (33) that for any times sq,...,s, <t we have
X, LY,,....Ys,.

By the Gaussian property, Xt, Ys,,...,Ys, areindependent. By a simple limiting
argument, for any element V € o (Y[o,t]), X and V are independent. Since
EX; =0, X; LV. Thus X; L o (Yjo).

5.7 X,— X, €0 (Yioy)
We have
d (Xt — Xt) —dX, — dX, = aXydt + cdW, — a, X, dt — cdW, + Brg dB;
_ (Xt . Xt) dt + Beh X, dt + B9 dB, (34)
~a (Xt - Xt) dt + B, dY,.

Solving this equation using an integrating factor, as in Section 4, we find that

X0 =% = [ 207 Z()g(s)dv.. (35)

where

i fiands
By Theorem 6.3.3 in the text, the stochastic integral in (35) can be approximated
by linear combinations of random variables Y, s € [0,¢]. Hence

Xt — Xt co (5/[0’,5]) .

10



5.8 Finishing the proof

Since X; L o (Y[O’t]) and also X; — X; € o (Y[o,t])7 it follows by definition that
X, — X; = X;.

By (34), equation (5) holds.

We showed earlier that X; = EXE Hence by (4) we now know that ¥; = ¥;.
Thus by (27) we have that equation (6) holds.

This completes the proof of Theorem 1.
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