Topic 26

0026-1: a) W, is Brownian motion, and X; = arctan (I;) and so

1 W,
dX; = ——=dW; — ——=dt
Praw Tt (L W)
b) Yt =e" and so
e
dY, = eV dW, + 5 dt
c) X,Y; = arctan (W;)e"* and so
Wi
d(X.Y;) = L e + e arctan (Wt)} dw,
1 [e™(1+W2) — 2Wet et W,
= tarct dt
5 { SENIE +1 e + et arctan (W;)

d) We will employ the identities (dW;)? = dt, (dW;)(dt) = 0, and (dt)? = 0. Thus from a),
b) and c), we get

et
(1) [(X;)(dY;)] = arctan (W) (eWtth+ - dt)
(2) [(dX)(Y7)] = (%det — (1_:4/—1;[/)3)2&> oW
(3) [(dX)(dY;)] = (%W;d”/t - (HW—Mt/E)zdt) <6Wtcth - e2tdt)
eV
Thus,

et
(CCNA¥] + (@) (00 + (@) ¥y = (anctan (e + )

We Wi Wi
e Wee e
i >ﬁ

> T wRE 1wz

+ (arctan (W)
(=d(X¢1))

0026-2: a) W, is Brownian motion, and X; = arctan (¢) and so
1

dX; = ——
K )

dt

b) Yt= et and so
Wi

2

4y, = eVeaw, + &

1

dt




c) By Ito’s Lemma (second version), we get

d(X;Y;) = d(arctan (t)e"*)(= f(W;, 1))

= [eWt arctan (t)] dW; + [ 5

et
arctan (t)] dt + {m] dt

W, e et
= |:€ tarctan (t)i| th + |: 9 arctan (t) + 1 T t2:| dt

d) From a), b) and c), we get

[(X,)(dY;)] = (arctan (t)) (eWtth + £ Qtdt>

@x)09] = ()

1+ ¢2
and so

[(X,)(dY3)] + [(dX)(Y2)] = [arctan (£)e")dWV, + FQt arctan (1) + 1 4 dt

( = d(XtY;ﬁ))

0026-3: We suppose that dX; = ;dW; + usdt. Then define f : R? — R? by f(z,y) = e”
(i.e. f is constant on y for fixed x), and let U; := f(X,t). Then

d(e*t) 1
—eXt - eXt dUt
1 eXt
(Ito’s Lemma 3 gives) = eXtd X, + 5 (dX,)? + 0dt
et

= O'tth + ,utdt + (Utth + ,utdt)2/2
= 0 dW, + pudt + o2 /2dt

0026-4: a) X; = "t and if we let f(x,t) = e**° then X, = f(W,,t). Then using
Ito’s Lemma, we get

dX; = 4e™ AW, + 8™ dt + 3¢2eW
— 4 gy, 4 [8 AWt | 542 64Wt+t3] dt

b) From part a), we have that
dX, = 4" AW, + [864Wt+t3 + 3t264Wt+t3] dt

Define
O'(Xt, t) = 4Xt



and
,U/(Xt, t) = 8Xt + 3t2Xt
Then
dXt = O'(Xt, t)th + /L(Xt, t)dt
Now if Y; = sin(X; +¢) and we define g(z,t) := cos(x +t), then Y; = g(X;,t). Thus by
applying the third version of Ito’s Lemma, we get
dYy = [(019)(Xe, 1)][o (X4, 1)]dW,
+ [(01g) (X, )] [1(Xe, )] dt
+[(079) (X, 1) /2][0 (X, 1)) dt
+ [(029)(Xy, 1)]dt

or
dY;g = [COS (Xt + t)4Xt] th
sin (X; + t)

+ |cos (Xt + t) (8Xt + 3t2Xt> — B

(4X,)? + cos (X, + 1) | dt

AW 413

If we want, we could replace X; by e to remove all traces of X;, however this answer

should suffice.

0026-5: We suppose that X, solves
dX; = X;(0.25dW; + 0.06dt), Xo=14
SetY; :=In X;. Then
dx, 1 [(dX,\’
=5 (%)
= 0.25dW; + 0.06dt — 0.5(0.25dW; + 0.06dt)?
= 0.25dW; + 0.06dt — 0.5(.0625)dt
= .025dW, + 0.02875dt
Hence
Y, = 0.25W, 4 0.02875t + C

Using our initial condition that Xy = 4 we get Yy = In4, and so C' = In4. Since Y; = In X},
we get that

Xt = €Yt
— 60425Wt+0.02875t+1n4

— 460.25Wt+0.02875t

0026-6: a) dX; = 0.4dW,;—0.05X,dt, and so if 0(V},t) := 0.4 and pu(Xy,t) := —0.05X}, then
X, is a solution of dX; = odW;+ udt. Now U; = %% X, and so if we define f(x,t) := %%y,
then U; = f(X},t). Therefore by version three of Ito’s Lemma, we have

AU, = 0.4e*% dW, — 0.05.X,e”*"dt + 0dt + 0.05.X,e™ " dt



or

dUt = 0.460'05tth; UU =3
Now V; = U?, so if we set g(z,t) := e®* X2 then V; = g(X;,t). Thus,
dVi = 2" X, - 0.4dW; + 2% X (—0.05 X, )dt + %1(0.4)2dt + 0.1e%M X2 dt

or
| dV; = 0.8¢ 1 X, dW; + 0.16"dt |
b) Since
dU, = 0.4e"%taW,
we get
9
Ug — U() = 04/ 60'05tth
or °

9
Ug=3+0.4 / eVt g,
0

Since U; = "%t X,, we get that

Xg = e P,

and so 0
Xg=e "% [3 +0.4 / 60'05tth:|
Now 0 ’ o
0.4 / VOt qW, ~ N(0, (0.4)? / etdt)
or 0 9 0
0.4/ PPt qW, ~ N(0,1.6(e”? — 1))
Therefore, "
Xg ~ N(3e7 %% 1.6(e™ — 1))

Finally,

E[Us] = E[e"5 Xy] = 304504 = 3

Similarly, since

dV, = 0.8¢" M X, dW, + 0.16e>dt
we have that

9
Vo — Vo = / 0.8¢" Y X, dW, + 0.16e% 1 dt
0
or

9
Vo=V +/ 0.16e%dt
0
This then gives, with V5 =9

Vo =9+ 1.6(e" —1)

d)
Var[Xe] = Ele”"Vy] — e *?E[Uy]?
" Var[Xo) = 1.6(1 — e ")



Topic 27
0027-1: a) X, = eWit?’ g0
dX; = 4™ AW, + (8 4 3t2) e+ dt
Thus define o, and ~,; by
o, =4 and 4y, =2+ (3/4)1

b) First we compute:
A
3 / NEdt = 2T + T3 /2 +9/160T°
0

Hence,

T
E [B%fo yfdt} _ 2T+T?/2+(9/160)T°

c) This follows precisely from the fact that the value in b) is finite and then applying
Girsanov’s Theorem.

d)
E {/OTafdt} =

T
Elo?]dt

N

E [1668Wt+2t3] dt

1 > 3 2
— 16e8Viet+2t* o=2?/2 g0 | ot
V 2w /oo

T 2t3 0o

1

Ge 32~ (E=8VD? /20| gt
V2T J_so

T

16 €2t3+32t dt

T

(since Wy ~ \/tZ)

I
8 o— S— S— F— >—

A\

e) This follows from the fact on slide 9 of topic 27.

0027-2: a) The two terms inside the exponential in the expansion of {r are

T 2
/ e dW, — L5 s
; 2



b) The two terms inside the exponential in the expansion of exp(—i fOT fde) are
T
—i/ EsdW s + Esysds
0

¢) The four terms inside the exponential in the expansion of {7+ exp(—i fOT fdes) is

T 2 T
/ —vsdWy — —=2ds — z/ EsdWy + E5vsds
0 2 0
or

T 2
/ —7sdWs — Esds — 1€ dWy — i&sy4ds
0
d) The five terms inside the exponential in the expansion of pr are

T 72 52
/ —vsdW — ?Sds — i€ dWy — i&sysds + Esds
0

Topic 28
0028-1: a) There is an error in the statement of the problem. It should read ”Find o, and
Yo s.t. dX; = oy(dW; + v, dt)” Hence,
gy = O?)Xt and Yt = 0.2

b) If we set Y; := In(X;) we get
dX, 1 [(dX,\’
dy, = &2t~ (42
X, 2(&)
= (0.3dW, + 0.06dt) — 0.5(0.09)dt
= 0.3dW; — 0.015dt

(and so) Y, =0.3W,; — 0.015¢t +In 7
(and since Y; = In(X;)) X, = O-3Wi—0.0156+1n7
(or) X, = 7e03Wi—0.015¢

c) 7 = 0.2 and so
E [65 Iy w?dt} _ 05 ) ElFlat
_ 60.5f0T E[0.22]dt

T
— (05 3 0.04dt



0028-2: a) Here we have
dX, = 0.2dW; + 0.035dt, Xo=4
dB; = 0.05B,dt
S, = eXt
and we get that
dS;

=dX dX2
5, TGt

= 0.2th + 0.055dt
= 0.2dW, + 0.05dt
where dW, = dW, + %00 005 0995 7¢. Solving the SDE using the initial condition that Sy = e*, we get

S, = ele02Wir0.03t

Hence, the price of the derivative that pays (6 — e*7), at time ¢t = 7 is given by
P = 6_0‘05’7EV[(6 _ €X7)+]
= OB TE(6 — 7).

_ 6—0.35/\/%/OO (6 — 6460.2\ﬁgc+o.21)Jre—gﬂ/zal$

—4. 213

—035/\/_/ ot 02fz+021) —x2/2d

= 5.489 x 1076

b) We want to find the price as a function of x and ¢, and then take the partial derivative
with respect to x to find F(z,t). So take S; to be x and recalculate. Thus we get

S, = 2e0-2Wi+0.03t

and hence,
P(l’,t) — 6—0.05(7—t)EV[(6 _ S7)+]

e—0.05(7—t)  poo 02Y/Ter021 /2
= —F— (6 — xe™ =V IET2) L em ¥ 2 ds
v 2w NS
—0.05(7— 2.989—Inz /(.27
— € (0 / )(6 _ x€0.2ﬁ5+0.21)6—s2/2d8

Vor )
)

o005t 2.989—Inz/(:2v/7) 0.2v/7540.21 2/9
(and so) F(:I:‘,t) = (— — (6 — xel2vTst0. )6*8 ds
Vo



