
Topic 26

0026-1: a) W• is Brownian motion, and Xt = arctan (Wt) and so

dXt =
1

1 +W 2
t

dWt −
Wt

(1 +W 2
t )2

dt

b) Y t = eWt and so

dYt = eWtdWt +
eWt

2
dt

c) XtYt = arctan (Wt)e
Wt and so

d(XtYt) =

[
eWt

1 +W 2
t

+ eWt arctan (Wt)

]
dWt

+
1

2

[
eWt(1 +W 2

t )− 2Wte
Wt

(1 +W 2
t )2

+
eWt

1 +W 2
t

+ eWt arctan (Wt)

]
dt

d) We will employ the identities (dWt)
2 = dt, (dWt)(dt) = 0, and (dt)2 = 0. Thus from a),

b) and c), we get

(1) [(Xt)(dYt)] = arctan (Wt)

(
eWtdWt +

eWt

2
dt

)

(2) [(dXt)(Yt)] =

(
1

1 +W 2
t

dWt −
Wt

(1 +W 2
t )2

dt

)
eWt

[(dXt)(dYt)] =

(
1

1 +W 2
t

dWt −
Wt

(1 +W 2
t )2

dt

)(
eWtdWt +

eWt

2
dt

)
(3)

=
eWt

1 +W 2
t

dt(4)

Thus,

[(Xt)(dYt)] + [(dXt)(Yt)] + [(dXt)(dYt)] =

(
arctan (Wt)e

Wt +
eWt

1 +W 2
t

)
dWt

+

(
arctan (Wt)

eWt

2
− Wte

Wt

(1 +W 2
t )2

+
eWt

1 +W 2
t

)
dt

( = d(XtYt))

0026-2: a) W• is Brownian motion, and Xt = arctan (t) and so

dXt =
1

1 + t2
dt

b) Y t = eWt and so

dYt = eWtdWt +
eWt

2
dt

1



2

c) By Ito’s Lemma (second version), we get

d(XtYt) = d(arctan (t)eWt)(= f(Wt, t))

=
[
eWt arctan (t)

]
dWt +

[
eWt

2
arctan (t)

]
dt+

[
eWt

1 + t2

]
dt

=
[
eWt arctan (t)

]
dWt +

[
eWt

2
arctan (t) +

eWt

1 + t2

]
dt

d) From a), b) and c), we get

[(Xt)(dYt)] = (arctan (t))

(
eWtdWt +

eWt

2
dt

)
[(dXt)(Yt)] =

(
1

1 + t2

)
eWt

and so

[(Xt)(dYt)] + [(dXt)(Yt)] = [arctan (t)eWt ]dWt +

[
eWt

2
arctan (t) +

eWt

1 + t2

]
dt

( = d(XtYt))

0026-3: We suppose that dXt = σtdWt + µtdt. Then define f : R2 → R2 by f(x, y) = ex

(i.e. f is constant on y for fixed x), and let Ut := f(Xt, t). Then

d(eXt)

eXt
=

1

eXt
dUt

=
1

eXt

[
eXtdXt +

eXt

2
(dXt)

2 + 0dt

]
(Ito’s Lemma 3 gives)

= σtdWt + µtdt+ (σtdWt + µtdt)
2/2

= σtdWt + µtdt+ σ2
t /2dt

0026-4: a) Xt = e4Wt+t3 and if we let f(x, t) = e4x+t
3
, then Xt = f(Wt, t). Then using

Ito’s Lemma, we get

dXt = 4e4Wt+t3dWt + 8e4Wt+t3dt+ 3t2e4Wt+t3dt

= 4e4Wt+t3dWt +
[
8e4Wt+t3 + 3t2e4Wt+t3

]
dt

b) From part a), we have that

dXt = 4e4Wt+t3dWt +
[
8e4Wt+t3 + 3t2e4Wt+t3

]
dt

Define

σ(Xt, t) := 4Xt
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and

µ(Xt, t) := 8Xt + 3t2Xt

Then

dXt = σ(Xt, t)dWt + µ(Xt, t)dt

Now if Yt = sin (Xt + t) and we define g(x, t) := cos (x+ t), then Yt = g(Xt, t). Thus by
applying the third version of Ito’s Lemma, we get

dYt = [(∂1g)(Xt, t)][σ(Xt, t)]dWt

+ [(∂1g)(Xt, t)][µ(Xt, t)]dt

+ [(∂2
1g)(Xt, t)/2][σ(Xt, t)

2]dt

+ [(∂2g)(Xt, t)]dt

or

dYt = [cos (Xt + t)4Xt] dWt

+

[
cos (Xt + t)(8Xt + 3t2Xt)−

sin (Xt + t)

2
(4Xt)

2 + cos (Xt + t)

]
dt

If we want, we could replace Xt by e4Wt+t3 to remove all traces of Xt, however this answer
should suffice.

0026-5: We suppose that X• solves

dXt = Xt(0.25dWt + 0.06dt), X0 = 4

SetYt := lnXt. Then

dYt =
dXt

Xt

− 1

2

(
dXt

Xt

)2

= 0.25dWt + 0.06dt− 0.5(0.25dWt + 0.06dt)2

= 0.25dWt + 0.06dt− 0.5(.0625)dt

= .025dWt + 0.02875dt

Hence

Yt = 0.25Wt + 0.02875t+ C

Using our initial condition that X0 = 4 we get Y0 = ln 4, and so C = ln 4. Since Yt = lnXt,
we get that

Xt = eYt

= e0.25Wt+0.02875t+ln 4

= 4e0.25Wt+0.02875t

0026-6: a) dXt = 0.4dWt−0.05Xtdt, and so if σ(Vt, t) := 0.4 and µ(Xt, t) := −0.05Xt, then
Xt is a solution of dXt = σdWt+µdt. Now Ut = e0.05tXt, and so if we define f(x, t) := e0.05tx,
then Ut = f(Xt, t). Therefore by version three of Ito’s Lemma, we have

dUt = 0.4e0.05tdWt − 0.05Xte
0.5tdt+ 0dt+ 0.05Xte

0.05tdt
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or
dUt = 0.4e0.05tdWt; U0 = 3

Now Vt = U2
t , so if we set g(x, t) := e0.1tX2

t , then Vt = g(Xt, t). Thus,

dVt = 2e0.1tXt · 0.4dWt + 2e0.1tXt(−0.05Xt)dt+ e0.1t(0.4)2dt+ 0.1e0.1tX2
t dt

or
dVt = 0.8e0.1tXtdWt + 0.16e0.1tdt

b) Since
dUt = 0.4e0.05tdWt

we get

U9 − U0 = 0.4

∫ 9

0

e0.05tdWt

or

U9 = 3 + 0.4

∫ 9

0

e0.05tdWt

Since Ut = e0.05tXt, we get that
X9 = e−0.45U9

and so

X9 = e−0.45

[
3 + 0.4

∫ 9

0

e0.05tdWt

]
Now

0.4

∫ 9

0

e0.05tdWt ∼ N (0, (0.4)2

∫ 9

0

e0.1tdt)

or

0.4

∫ 9

0

e0.05tdWt ∼ N (0, 1.6(e0.9 − 1))

Therefore,
X9 ∼ N (3e−0.45, 1.6(e0.9 − 1))

Finally,

E[U9] = E[e0.45X9] = 3e0.45e−0.45 = 3

Similarly, since
dVt = 0.8e0.1tXtdWt + 0.16e0.1tdt

we have that

V9 − V0 =

∫ 9

0

0.8e0.1tXtdWt + 0.16e0.1tdt

or

V9 = V0 +

∫ 9

0

0.16e0.1tdt

This then gives, with V0 = 9

V9 = 9 + 1.6(e0.9 − 1)

d)
V ar[X9] = E[e−0.9V9]− e−0.9E[U9]

2

or
V ar[X9] = 1.6(1− e−0.9)
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Topic 27

0027-1: a) Xt = e4Wt+t3 so

dXt = 4e4Wt+t3dWt + (8 + 3t2)e4Wt+t3dt

Thus define σt and γt by

σt := 4e4Wt+t3 and γt := 2 + (3/4)t2

b) First we compute:

1

2

∫ T

0

γ2
t dt = 2T + T 3/2 + 9/160T 5

Hence,

E
[
e

1
2

R T
0 γ2

t dt
]

= e2T+T 3/2+(9/160)T 5

c) This follows precisely from the fact that the value in b) is finite and then applying
Girsanov’s Theorem.
d)

E

[∫ T

0

σ2
t dt

]
=

∫ T

0

E[σ2
t ]dt

=

∫ T

0

E
[
16e8Wt+2t3

]
dt

=

∫ T

0

[
1√
2π

∫ ∞
−∞

16e8
√
tx++2t3e−x

2/2dx

]
dt(since Wt ∼

√
tZ)

=

∫ T

0

[
16e2t

3

√
2π

∫ ∞
−∞

e32te−(x−8
√
t)2/2dx

]
dt

=

∫ T

0

16e2t
3+32tdt

<∞

e) This follows from the fact on slide 9 of topic 27.

0027-2: a) The two terms inside the exponential in the expansion of ζT are∫ T

0

−γsdWs −
γ2
s

2
ds
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b) The two terms inside the exponential in the expansion of exp(−i
∫ T

0
ξsdW̃ ) are

−i
∫ T

0

ξsdWs + ξsγsds

c) The four terms inside the exponential in the expansion of ζT · exp(−i
∫ T

0
ξsdW̃s) is∫ T

0

−γsdWs −
γ2
s

2
ds− i

∫ T

0

ξsdWs + ξsγsds

or ∫ T

0

−γsdWs −
γ2
s

2
ds− iξsdWs − iξsγsds

d) The five terms inside the exponential in the expansion of ρT are∫ T

0

−γsdWs −
γ2
s

2
ds− iξsdWs − iξsγsds+

ξ2
s

2
ds

Topic 28

0028-1: a) There is an error in the statement of the problem. It should read ”Find σ• and
γ• s.t. dXt = σt(dWt + γtdt)” Hence,

σt = 0.3Xt and γt = 0.2

b) If we set Yt := ln(Xt) we get

dYt =
dXt

Xt

− 1

2

(
dXt

Xt

)2

= (0.3dWt + 0.06dt)− 0.5(0.09)dt

= 0.3dWt − 0.015dt

Yt = 0.3Wt − 0.015t+ ln 7(and so)

Xt = e0.3Wt−0.015t+ln 7(and since Yt = ln(Xt))

Xt = 7e0.3Wt−0.015t(or)

c) γt = 0.2 and so

E
[
e

1
2

R T
0 γ2

t dt
]

= e0.5
R T
0 E[γ2

t ]dt

= e0.5
R T
0 E[0.22]dt

= e0.5
R T
0 0.04dt

= e0.002T

<∞
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0028-2: a) Here we have

dXt = 0.2dWt + 0.035dt, X0 = 4

dBt = 0.05Btdt

St = eXt

and we get that

dSt
St

= dXt +
1

2
dX2

t

= 0.2dWt + 0.055dt

= 0.2dW̃t + 0.05dt

where dW̃t = dWt + 0.005
0.2

dt. Solving the SDE using the initial condition that S0 = e4, we get

St = e4e0.2W̃t+0.03t

Hence, the price of the derivative that pays (6− eX7)+ at time t = 7 is given by

P = e−0.05·7Eν [(6− eX7)+]

= e−0.05·7Eν [(6− S7)+]

= e−0.35/
√

2π

∫ ∞
−∞

(6− e4e0.2
√

7x+0.21)+e
−x2/2dx

= e−0.35/
√

2π

∫ −4.213

−∞
(6− e4e0.2

√
7x+0.21)e−x

2/2dx

= 5.489× 10−6

b) We want to find the price as a function of x and t, and then take the partial derivative
with respect to x to find F (x, t). So take St to be x and recalculate. Thus we get

St = xe0.2W̃t+0.03t

and hence,

P (x, t) = e−0.05(7−t)Eν [(6− S7)+]

=
e−0.05(7−t)
√

2π

∫ ∞
−∞

(6− xe0.2
√

7s+0.21)+e
−s2/2ds

=
e−0.05(7−t)
√

2π

∫ 2.989−lnx/(.2
√

7)

−∞
(6− xe0.2

√
7s+0.21)e−s

2/2ds

F (x, t) =

(
∂

∂x

)[
e−0.05t

√
2π

∫ 2.989−lnx/(.2
√

7)

−∞
(6− xe0.2

√
7s+0.21)e−s

2/2ds

]
(and so)


