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Classical model for 1-locus diploid species with
alleles aand A:

{g_ 0? }p _ r[ZPaa+PaA]2
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Souplet and Winkler (2011, 2012) showed that

I|m 210AA(X7 t) + paA — 1
t=00 2[Paa + paa + pAA] 7

uniformly on bounded sets. The proof relies on
showing that all the densities approach infinity,
but pas does so more quickly. (Unrealistic
model.)
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MAIN THEOREM.
Let the death rates satisfy the inequalities

%[Taa + TaA] < Taa < Taa

Let the function R(p) satisfy the following
conditions.

i. There are numbers ¢ < k < m such that when
¢ < p < m, R(p) is nonnegative and
continuously differentiable, and R'(p) < 0

ii. R({) = Taa, R(K) = a4, and R(m) = 7aa. In
particular, (¢,0,0) and (0,0, m) are equilibria.
iii. 3¢ < k.



Suppose that
¢ < Paa(xa O) + PaA(Xa O) + pAA(Xa 0) <m,
2paa(X,0) + paa(x,0) > 0 on some open set,

and

lim SUp[Paa(Xa 0) o pAA(X7 O)] <.

|X|—00

Then for any ¢ with ¢ < 21/D[7aa — Taa]
lim [max X, )] = lim[max X, t
Jim [max paa(x, 1] = lim [max poa(x. )

= lim [max |m — paa(x, t)|]] = 0.
t—oo | x|<ct



Proofs

Let 5
b . Pan — Apaapan
. 4p *

Equations become

0 0
5 DW paa = [A(p) — Taalpaa + R(p)h

o
{8_1‘ - Dﬁ} paa = [R(p) — Taalpaa — 2R(p)h

2
{% - D%} paa = [R(p) — Taalpaa + R(p)h.
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P = Paat PaA T PAA
9, 02
ot 0x?
(<p(x,0)<m = (< p(x,t) <m.

[R(p) — Taalp < {— - D—} 0 < [R(p) — radlp
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- 4PaaPAA
4p '

{a% _ DA} h=—20|V{[2pan+ padl/[20]}

- [ZTaA — Taa — TAA]PEA/ [4P]

— {744 + [Taa — Taallpaa/ Pl + [Taa — Taallpaa/pl}h.
Let

h:= e

h = mPe ™!/[44].

0 P\ ; A
{8_1‘ - Daxz} h=—7anh

> —{7an + [Taa — Taal[paa/p] + [Taa — Tanllpaa/pl}h.
h(x, t) < m?e ™! /[4(].



= —[7aa — R(p)]paa — [R(p) — Taalpaa < 0.

Then forany n > 0, z < z, where
0 92 .
{E — DW} z=0
2(x,0) = ¢ +n+ max{z(x,0) — ¢ —n, 0}.

lim sup[sup z(x, t)] < /.

t—o0 X
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q = 2paa + paa
p=qg+z<qg+{¢+nwhen tis large.

2 0L\ q> (Alg+ ()~
Then q > g, where

O P VG [R@+ (4 1)~ radld

ot Ix? q=1h(q n) — TaAlq
g(x,0) = min{q(x,0), [k — ¢ —n]/2}.

Monostable Fisher-KPP equation with slope

R(¢ + n) — 144 at 0, and stable equilibrium

liminf[min q(x, t)] > k — (.

t—oo |x|<ct
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Assume
R(3() > 7,4, S0 that k > 3.
Then
lim [sup paa(X, )] = 0.

t—o0 |X|§Ct

12/20



Proof.
Apply previous result with ¢ replaced by ¢ such
that

¢ < €< 2+v/D[raz — Tan].

Choose
n < k— 3.

Then p > 1q > I[k — ( — ] > ¢, so that
v = Taa— R(3[k—(—n]) > 0 for |x| < &t, t large.
Then

0 0?

{E‘ - Dﬁ} paa = [R(p) — Taalpaa + A(p)h
< —Vpaa + Ke ™!

for | x| < ¢t and t sufficiently large
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Comparison function: Choose 1 > 0 so that

v—Du? .
S
L

c<

and define
(|x], t) :=yel Pl cosh ux
+[K/(v — Tan)l[e7™ — 7]

This satisfies the equation
0 0?
{61‘ D(‘?x?}v vv + Ke .
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For large t
\'\/(at’ t) ~ %,ye[—y+Dﬂ2+&u]t_l_[K/(V_TAA)][e—TAAt_efyt]_

Since the exponent is positive, one can choose
v so that ¥(Ct, t) > m > pa, for large t. Then
Paa < V.
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On the other hand, V is increasing in |x|, so that
paa(X, 1) < V(x,t) < ¥(ct, t) for |x| < ct. But

v(ct,1) ~ Syl O [K /(v —raa)| [0 -6 7]
The first exponent is negative. Let

& = min{—[—v + Dp? + cpu), Tan}-
Then there is an M, such that

max paa(Xx, )] < Maae ¢! for |x| < ct.
|x|<ct
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SO

PgA = ph+4paapaa-
paa < p < mand & < Taa,

1,
pan < Mane 2% for|x| < ct.
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The previous two results show that if 7 is a lower
bound for —R'(p)¢ on the interval [¢, m], there is
a K such that

{%—D;—;}[m—p]

= —R(p)p + TaaPaa + TaAPaA + TAAPAA
1.
< ~[R(p) — R(m)]p + Ke™ 2"

1.
< —[m — p] + Ke 2.
This is essentially the inequality satisfied by paa,
but with v replaced by 7 and 744 replaced by %&

max[m — p(x, t)] < Me ™.
|x|<ct

max[m — paa] < Maae™ .
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Speed limit:

Suppose that
g(x. 0)eV /DX < .
Note that
0 02
5 Dﬁ q = Rq — 27aapAA — TaApaA

< [Taa — TaAlQ.
Comparison function:
E] — Me_ V [Taa—TAA]/D{X—2\/ D[raa—7aalt}
Comparison principle: g < g, so that if

C > 2\/D[Taa — TAA],
lim [max q(x, t)] = 0.

oo x>t 19/20




Corresponding Fisher-KPP equation:

0
(2 oalu
= U(1 — U)[(Taa — TaA)(1 — U) + (TaA — TAA)U].
Spreading speed (Hadeler and Rothe, 1975)

2\/D[Taa — Taa] When 755 — Ta0 > %[Taa — TAA]
c' = %DUZ[Taa - 7'AA]/\/%[Taa - TAA] - [Taa - 7_azA]

)
When 73 — 724 < Z[Taa — a4
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