GENERALIZED SHALIKA MODELS OF p-ADIC SOy,
AND FUNCTORIALITY

DIHUA JIANG, CHUFENG NIEN, AND YUJUN QIN

ABSTRACT. Let F denote a p-adic local field of characteristic zero.
In this paper, we investigate the structures of irreducible admissi-
ble representations of SOy, (F') having nonzero generalized Shalika
models and find relations between the generalized Shalika models
and the local Arthur parameters, which support our conjectures on
the local Arthur parametrization and the local Langlands functori-
ality in terms of the dual group associated to the spherical variety,
which is attached to the generalized Shalika models.

1. INTRODUCTION

This paper is a sequel of our previous work on the characterization
of symplectic representations of p-adic group GLs, in terms of the gen-
eralized Shalika models on the F-split special orthogonal group SOy,
([JQO7], [JNQOS], [INQ10-1], and [JNQ10-2]), where F' is a p-adic local
field of characteristic zero. For simplicity of notation, we use GG for an
algebraic group and also for its F-rational points of G. Our objective
here is to study the structure of irreducible admissible representations
of SOy, which have a nonzero generalized Shalika model.
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Let v = 1 and inductively define

(1.1) Vp = (V 1> , form >2,neN.
n—1

We often use abbreviation v for v, if there is no confusion for the rank
n. Let SOy, be the even special orthogonal group attached to the non-
degenerate 4n-dimensional quadratic vector space over I’ with respect
to vy,. That is,

So4n - {g S GL4n| tg *Vin - g = V4n}-

We recall from [JQO7] the definition of the generalized Shalika models
on SOy,. Let Py, = M>,V5, be the Siegel parabolic subgroup of SOy,
consisting of elements of the following form:

(12 w0=(5 (")

where g € GLsy, and g* = v, 'g 1s,, and X satisfies X = —v9, X1s,,.

The generalized Shalika subgroup Ha, of SOy, is the subgroup of
P, consisting of elements (g, X) with g € Sp,,,. Here the symplectic
group is given by

Sp2n = {g € GL?TL‘ tg : J2n g = JQTL}:

where Jy, is given by

Jop = (_V ”"), neN.

Define a character ¥y of Hy, (We write H = Ha, if there is no confu-
sion) by letting

(13) Unl(9.X) = (tx(a Xva,)
(14) = iy ) X0

where 1) is a nontrivial character of F'.

The generalized Shalika functional or ¢y-functional of an irreducible
admissible representation (o, V) of SOy, is a nonzero functional in the
following space

HOI’H’)—((VU, ¢’H) = HomSO4n (VU7 Ind7s—{04n (IDH))

Here for any closed subgroup H of GG, and for any admissible represen-
tation 7 of p-adic H, Ind% (7) denotes the normalized smooth induction,

and ind% (1) denotes the normalized compact induction.
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The local uniqueness of the generalized Shalika models is proved by
Nien in [N10], that is, for any irreducible admissible representation
(0,V,) of SOy, the dimension of the space

HOI’HH (vm 1/}7'[)

is at most one. Let ¢y, be a nonzero iy-functional of an irreducible
admissible representation (o, V,) of SOy,. For v € V,, and g € SOy,
we define

HdJH (97 U) = &JJH (O‘(g)(l))),
which is a yy-generalized Shalika function on SOy, attached to v. The
space consisting of all 1y-generalized Shalika functions with v € V is
called the y-generalized Shalika model of o or just the y-model of
0.

One of the key local results of [JQO7] is that the Shalika models
(which is recalled below) and the generalized Shalika models are in-
trinsically related through the parabolic induction.

For an irreducible, unitary, supercuspidal representation (7,V;) of
GLy,, we consider the following unitarily induced representation of
So4n

39 (s, 7) = IndP)* (| det |2 - 7)
which consisting of all smooth V;-valued functions ¢, on SOy, such
that

¢rs(m(a)ng) = |detal2 "7 7(a)drs(9),
where m(a) € My, with a € GLy,, n € Vs,.

Theorem 1.1 (Theorem 3.1, [JQOT7]). The unitarily induced represen-
tation 1594 (s, 7) admits a nonzero generalized Shalika functionals only
when s = 1. In that case, 159 (1, 7) admits a nonzero generalized Sha-
lika functional if and only if the supercuspidal datum T admits a nonzero
Shalika functional. The generalized Shalika functionals of 1594 (1,7) is
unique up to scalar, and if nonzero, they must factor through the unique
Langlands quotient L5 (1, 7).

We recall from [JS90] the definition of the Shalika models for GLa,,.
Take the maximal parabolic subgroup P, , = M,, ,N,, ,, of GLs,, with
M, = GL, x GL,,

and
I, X
Npn ={n(X) = <0 I ) € GLo, }.

Define a character

UK, (0(X) = Y (tr(X)).
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The stabilizer of ¥, ,, in M, is GLS, the diagonal embedding of GL,,
into M,, ,. The Shalika subgroup &, is defined to be

(1.5) S, ={s(a, X) = diag(a,a)n(X) | a € GL,,n(X) € N, }.

It is clear that S,, = GLf X Ny, ., @ semi-direct product with the radical
N,,» being a normal subgroup. Denote by vs, the extension of 9y, ,
from N, ,, to the Shalika subgroup S, such that ¢, is trivial on GL?.

The Shalika functionals of an irreducible admissible representation
(1,V:) of GLg, are nonzero elements of the following space

Homsg, (V-,vs,) = Homg,, (V7, Indféf" (¥s,,))-

Any nonzero Shalika functional ¢, in Homg, (V;,vs,) gives rise to an
embedding of V, into the full induction Indg’f% (¢s,), the image of
which is called a local Shalika model of V.. The local uniqueness of
Shalika models was first proved by Jacquet-Rallis in [JR96] and then
by Nien in [N09-2] by using a different argument.

The first result of this paper is the following theorem:

Theorem 1.2. Let (0,V,) be an irreducible admissible representation
of SOyy,. Assume that V, has a nonzero generalized Shalika model (or
Wy -model). Then there exists an irreducible admissible representation
7 of GLo, such that V, is a quotient of the following induced represen-
tation

Indjs (| det |2).

This theorem will be proved in Section 2. According to Theorem
1.2, we have

(1.6) Ind 0 (7| det|2) — V, — 0.

The generalized Shalika functional on V, produces a generalized Sha-
lika functional on the induced representation Ind%?f" (7| det |2). By
comparing Theorem 1.2 to Theorem 1.1, we expect to produce a cer-
tain model for the irreducible admissible representation 7 of GLy, if
V, has a nonzero generalized Shalika model. To this end, we introduce
the following new family of models.

For an integer 0 < r < n, in the standard maximal parabolic sub-

group

Poron—2r = Moy on—2:Nopon—2r = (GLar X GLop 9, )Nopon—2r
of GLy,, we define a subgroup N, of GLjy, by
(1.7) N, = (S, x Sp42n_27~)N2r,2n—2r7



where S, is the Shalika subgroup of GLo, as defined in (1.5), and the
symplectic group Sp,,, o, is embedded into GLy, 2, naturally. We de-
note by n(s, h, r) the elements of N, with s = s(a, X) € S,, h € Sp,,,_»,
and = € Ny, 9,9, and define a 1-dimensional representation 0, of N,
by

(1.8) On,.(n(s, h,x)) :=1s.(s)|deta|" .

It is easy to see from the definition of A, that ;. is well defined.
For any irreducible admissible representation (7, V;) of GLg,, if the
following space

(1.9) Homy (V;, 8y,) # 0,

we say that the representation V, has a nonzero 6 -functional or a
nonzero 6,r,-model.

It is clear that when r = 0, Ay = Sp,,. Hence fy,-model is the
symplectic model of GLs,,, which was first studied by Klyachko in 1984
over a finite field and by Heumos and Rallis in 1990 over a p-adic local
field ([HR90]). On the other hand, when r = n, N,, = S,. Hence
Onr,-model recovers the Shalika model of GLs,,, which was first used by
Jacquet and Shalika in 1990 ([JS90]). In this sense, we may view this
new family of models as an interpolation between the symplectic model
and the Shalika model for GLs,. It should be very interesting to study
further properties of this new family of models. We will consider this
in other occasion.

The second result of this paper is

Theorem 1.3. Let 7 be an irreducible admissible representation of
GLo,. If the induced representation

Indjs (7| det |2)

has a nonzero generalized Shalika model, then T has a nonzero O -
model for some integer 0 < r < n.

We note that Theorem 1.3 is to extend Theorem 1.1 (Theorem 3.1
in [JQOT]) to great generality. However, the statement in Theorem 1.3
is not as complete as that in Theorem 1.1. The main reason is that for
the moment, we only have very limited knowledge about the family of
Onr.-models with 0 < r < n. We will come back to this issue at the
end of §3 after we finish the proof of Theorem 1.3, since the geometric
structures occurring in the proof yield more information about these
models. We also remark that the proof of Theorem 1.3 looks close to
that of Theorem 1.1, but it is much more technical since it needs more

complete geometric structures of the H-orbits on the generalized flag
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variety P,\SOy, over F. See §3.1 for the details. We also discuss the
existence and the local uniqueness issues in §3.2. This discussion may
lead the issues to the disjointness of the 6, -models and the Klyachko
models ([HR90], [O06], [OS07], [OS08-1], [0S08-2], and [N09-1]).

In §4, we will explain our main results in terms of the local Arthur
parametrization of irreducible admissible representations of SQy,,, and
state our conjecture (Conjecture 4.1) on the local Langlands functorial-
ity in terms of the dual group associated to the spherical variety, which
gives the generalized Shalika models. Based on this, we prove Theo-
rem 4.2, which yields the relation between the local generalized Shalika
models on SOy, and the local Arthur parametrization, and state Con-
jecture 4.3, which characterizes the symplectic type of all irreducible
admissible representations of GLs, in terms of the Oj;-models with
r=20,1,2,--- ,n. The special cases of this conjecture were established
in [JNQOS8] and in [OS07] for different types of irreducible admissible
representations of GLg,. We remark that the discussion in the section
was motivated by Y. Sakellaridis’ wonderful lecture in the workshop
on Relative Trace Formula and Periods of Automorphic Forms at The
American Institute of Mathematics, 2009, announcing his joint work
with A.Venkatesh on periods and harmonic analysis on spherical vari-
eties. In a sense, the conjectures and the results discussed in Section 4
support their more general conjectures on Plancherel formula on spher-
ical varieties.

Finally, we would like to thank the referee for helpful comments,
especially those on the presentation of the proof of Proposition 2.2.

2. PROOF OF THEOREM 1.2

The idea to prove Theorem 1.2 goes as follows. It is well-known
(a version of the Jacquet submodule theorem) that any irreducible
admissible representation (o, V,) of SOy, can be realized as a quotient
of unitarily induced representation Ind%o“" (7). This means that there
is a surjective SOy,-equivariant mapping

(2.1) Ind3X (7) — V, — 0,

where P is a standard parabolic subgroup of SOy, with its Levi sub-
group isomorphic to

GL,, x --- x GL,, x SOq,,
and the representation m can be expressed as

T=mr|det|" ® - @7|det | @ p
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with 7; being supercuspidal representation of GL,,,2 = 1,--- ,7 and p
being supercuspidal representation of SOa,,.

We first consider the case when m < 1.

Note that SOy, is F-split. When m = 1, we have

302<F):{(é tﬂ) |te FrY,

and the supercuspidal representation p of the F-split SOs is just a
character y of F'*. Note in this case that the parabolic subgroup P is
the same as the standard parabolic subgroup P, ... ,, 1 which has the
Levi subgroup

GL,, x --- x GL,,, x GLq,

where 2n = nq + --- + n, + 1. Therefore, we may rewrite the induced
representation Ind%o“” (7) via the induction by stages as follows:

Indi*n (7) = IdP* - (rfdet[" @ @ 7| det [* @ x)
= Indi(Ind§l  (rfdet|" @ @ 7| det | @ x)),

where Qp, ... n,1 = GL2p NPy, ... n,.1 s the standard maximal parabolic
subgroup of GLs, with Levi subgroup

GL,, x -+ x GL,, x GL;.
If we denote the induced representation

Indg? , (n]det " @ @ 7| det | @ x)
of GLy, by 7| det |2, this proves Theorem 1.2 in the case of m = 1.

Note here that the representation 7 constructed above may not be
irreducible. However, since V, is an irreducible quotient of the induced
representation Ind%?f” (7] det |2) (see (2.1)), one may always replace 7
by an irreducible quotient of 7.

It is clear that the above argument also proves Theorem 1.2 for the
case of m = 0.

It remains to prove Theorem 1.2 for the case of m > 1. In this case,
if V, has a nonzero generalized Shalika functional, then the induced
representation IndISDO‘*" (7) has a nonzero generalized Shalika functional,
following (2.1). It is enough to show that when m > 1, the induced
representation

Ind3>*" (1) = Ind3°* (1] det |** ® - - - @ 7| det | @ p)

has no nonzero generalized Shalika functionals at all.

A special case when m = 2n is given by the following theorem.
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Theorem 2.1 (Local Version of Lemma 5.1, [G95]). Let p be an irre-
ducible supercuspidal representation of SOy,. Then p does not have a
nontrivial generalized Shalika model.

Ginzburg proved in [G95] (Lemma 5.1) that any cuspidal automor-
phic form on GSOy, has no nonzero generalized Shalika period (al-
though this terminology was not used in [G95]). From the proof of
Lemma 5.1 of [G95], it is not hard to see that the proof works also for
cuspidal automorphic forms on SOy,. Furthermore, the local analogy
of the proof shows that any irreducible supercuspidal representation
o of SOy, has no nonzero generalized Shalika module. This can also
be proved by using the globalization argument of Prasad and Schulze-
Pillot (Theorem 4.1, [PSP08]). We omit the details without repeating
the same argument here.

This leaves us the case 1 < m < 2n of Theorem 1.2 to prove. To this
end, we formulate and prove a more general result as follows.

Write r +m = 2n with 1 < m < 2n, denote by

(22) Pr’gm = (GL,« X SOQm)Nr’zm
the standard maximal parabolic subgroup of SOyj,.

Proposition 2.2. Let P, 5, with r +m = 2n with 1 < m < 2n be
the standard mazimal parabolic subgroups of SOy, T be a smooth rep-
resentation of GL,., which is not necessarily of finite length, and p be a
supercuspidal representation of SOs,,. Then the induced representation

T = Ind%?;‘:l(T ® p)
does not admit any generalized Shalika model of SOyy,.

The proof of Proposition 2.2 is given in Subsection 2.2. To do so,
we have to define in Section 2.1 the notion of admissibility of double
cosets involved in the proof.

2.1. Admissible double cosets. In order to prove Proposition 2.2,
we have to introduce the notion of admissible double cosets.

Let +e; £ e; denote the roots of SOy, with respect to the maximal
torus, which consists of all diagonal matrices, as convention. We also
denote by U, the one parameter subgroup of SOy, corresponding to
the root a.



Proposition 2.3. Let W, be the set consisting of elements w in the
Weyl group W (SOy,) which satisfy the following conditions

wler) = er if k < ty;
(2.3) wley) = —eg, ifty <k <
' wley) = —eg, ifr <k <tl;
wley) = e, ift, <k <2n,

for some 0 < t, < r <t < 2n andt, —t, is even. Let Sy be a
complete set of representatives for [GLay/Sps,)> Then

Pr,2m\SO4n/H2n - Uwewl,gesl Pr,2mng2n'

Proof. The result follows that W is a complete set of representatives
for
Pr,2m\so4n/P2n
and
P2n = [GLQn/SPQn]A ’ H2n-
O

In order to prove Proposition 2.2, it is enough to show the following:
Homso,, (Ind2 " (1 @ p), Indy " (¢)) = {0}

Here H = Hs, and 7 ® p also denotes its extension to P, s,,, which is
trivial on the unipotent radical of P, s,,. We also use the same identi-
fication for other inducing data in parabolic induction. By reciprocity
law,

Homgo,, (Ind3!" 7 ® p, Indje*4hp) = Homyy (Ind34" (7 ® p) |, ).

T,2 P’r,2m
Note that H is unimodular. Let S denote a complete set of representa-
tives of P2, \SO4n/H. Let d¢ be the modular function of a group G.
Then up to semisimplification, we have as vector spaces:

1
Ind?ﬂ?;:z (T®@p)n = @gesindzg (T®p®dp, )

Pr,Qm

1
where HY = ¢7' P, 5,,g N 'H, and the representation (7 ® p ® 6p )7
acts on Vg, by

(T®@p@6p, )(h)=(T@pedp, )ghg™), for heH.

Definition 2.4. Let 7 be a representation of GL, and p be a repre-
sentation of SOgy,,. We say that a double coset P, opmgH, g € GLay,,
is admissible for representation m = Ind%?’;‘; (T ® p) if the following
inequality holds

Homy ((1® p® 65, )7, Undys) # {0},
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where 1y is identified with its restriction to HY.

More generally, let G be a group and H; its subgroups, v = 1,2.
Assume that Hs is unimodular. Let o; be a representation of H;. We
say that a double coset HigH,, g € G, is admissible between (o1, H)
and (o9, Hy) if the following inequality holds

Homys ((0y ® 67,)7, 02 ® 0pgy) # {0},

where H9 = g~ Hyg N Hy, and the representation (o; @ 5?_11)9 acts on
Vo, by

(01® 67, )(h) = (01 ® 65, )(ghg "), for h € HY.

To show Proposition 2.2, now it reduces to show that

dim Homss ((7 ®@ p ® 52 ), Unbyyg) = 0.

Prom
for all representatives g € S. That is to show that there is no admissible
cosets P, 9, gH for all representatives g. From Proposition 2.3, we need
to consider the admissibility of P, s, wgH, with w € W;, and g € 5;.
To simplify the calculation of admissibility of double cosets, we ex-
tend the notion of generalized Shalika groups as follows. Let A be a
nonsingular skew symmetric matrix of degree 2n. Define

HA = Sp2n(A)‘/2n7

where elements in Hy4 are (h, X) € Py, (notations as in Eq. (1.2)) with
h € Sp,,(A), and

Spy,(A) = {x € GLo, | 'zAx = A}.

Let g € GLy, satisfy ‘gAg = Ja,. Then Spy,(A) = gSps,(J2n)g ™,
and gHg~' = H 4. Define a character 13, on Ha by

(2.4) Uy, (b, X) = (tr(AXvay)), (h,X) € Ha.

It is well defined. (Refer to [JNQ10-1].) When A = Jo,, Ha = H is
the generalized Shalika group as defined before, and 13, = V.

Definition 2.5. For any skew symmetric matric A and w € Wy, we
say that a double coset P.omwH, is admissible for representation

T = Ind%?sfn (T ® p) if the following inequality holds
1
Hom'Hw’A<<T ® Y ® 6]23T72m)w7 /éz)HAé;(ll,U,A) 7é {0}7
where HYA = W Prgmw N Hoa.
It is easy to check from the definition that the following lemma holds.

Lemma 2.6. The double coset P, o wgH 4 with w € Wi, g € GLg, is
admissible if and only if P, o, wHp is admissible where B =t g~ Ag™".
10



Let Uy denote the upper triangular maximal unipotent subgroup of
GL; and W(GLy) the Weyl group of GLy, identified with the group
of permutation matrices in GLg. The following lemma gives a nice
characterization of nonsingular skew symmetric matrices.

Lemma 2.7 ([JR92], Lemma 2). Every nonsingular skew symmetric
matrix of degree 2n can be written in the form

s = uout

with u € Uy, A is a diagonal matriz in GLy,, and o € W(GLy,) such
that

(2.5) o?=1, ool = -\
Let A be a subset of GLy,, defined by
A= {o) | \is diagonal, 0 € W(GLy,),0% =1,0)c™ ! = —\}.

Then A consists of nonsingular skew symmetric matrices with one and
only one nonzero element at each row and column, which is called
monomial. Therefore, by Lemma 2.6 and 2.7, to prove Proposition 2.2,
it suffices to show that the coset P, o, wuH 4 is not admissible for any
we Wi, A€ A and u € Uy, (identified with its diagonal embedding
in SO4n>.

2.2. Proof of Proposition 2.2. In Proposition 2.2, we assume that
1 < m < 2n. In order to prove Proposition 2.2, it is enough to show
that P, omwuH 4 is not admissible for any fixed w € Wy, u € Uy, and
A e A. We will proceed by induction on n and equivalently on r.

We assume first that for all 7/ +m = 2¢ with ¢ < n, the double coset

PrfgmwuHA - SO4q

is not admissible with respect to any

P = i (7 ),
where 7’ is any smooth representation (not necessarily of finite length)
of GL,» and p’ is a supercuspidal representation of SOg,,.

Write A = (a; ;) and define a permutation ¢ = ¢4 on [2n] with respect
to A such that a,,) # 0. It is well-defined since A is monomial and
1? = id since A is skew symmetric. For any skew symmetric matrix 7T
(not necessary in A), write 7' = (¢;;),1 < 4,5 < 2n. If ¢, # 0, then
Uy, |u, is not trivial, where « is the root corresponding to (k, 4n+1—s)-
entry in SOy,. Especially, for A € A,

Yr4|u, 18 not trivial,

where 3 is the root corresponding to (s,4n + 1 — 14(s))-entry in SOyy,.
11



Given any u € Uy, and A € A, to show that P,.s,wuH, is not
admissible is equivalent to show that P, o,,wH p is not admissible, where

B =ty Ay L.

o Al A2 o Bl B2
A= () e (B8,
where A, By € Mat, and A4, B, € Mat,,. For all skew symmetric

matrix 7' = (¢; ;), denote

(2.6) Cr ={k <r|tys #0 for some s > r + 1}.

Write

This means that Cr is the set of row indices corresponding to nonzero

rows of T, when
_(Th T
- 7).

with 77 € Mat, and T, € Mat,,.

Lemma 2.8. Assume that Cg is nonempty, i.e. By # 0. If P.opwHp
is admissible, then w(ey) = —ey for k € Cp.

Proof. Assume on the contrary that w(e,) = e and by s # 0 for some
s>rand k € Cg. For A € F, take

X(A) = Aes + ex) € Ue e

Since w(es + ex) = ex * e, the element w™ (X (\))w belongs to the
unipotent radical of P, ,,. Hence we have

s (X(N) = P(EbesA),
(r@p)(w  (X(\)w) = 1,

where the last equality means that the representation 7 ® p is trivial
on elements of the form w™'(X (\))w and similar expression will also
be used in later paragraphs. Therefore P, 5, wHp is not an admissible
coset. U

Since B = 'u~'Au~!, if the k-th row of A, is nonzero, then so is
the k-th row of By. By Lemma 2.8, if P.wuH 4 is admissible (which is
equivalent to P,wH g is admissible) and Cy is nonempty, then w(ey) =
—ey, for all k € Cy.

Write u € U,, as

Uy U2 Ug
U = Uy Us |,
Ug
12



where uy € Uy, uqy € U,—4,, ug € Uy, and t,, is defined in Equation
(2.3). For g € GLy,, denote the embedding of elements of GLs, into
SOun by

m(g) = diag(g, 9*) € SO4p.

Since
Uy Uz U3
m( uy 0 |)€w'Pgnw,
%
we can even take
L, 0 0
(27) u = L«,tw Us

as the representative in the coset P, o, wuH 4.

Lemma 2.9. Assume that P, o wuH 4 is admissible, with w of the form
n (2.7). If s < ty, then t, < i(s) <r.

Proof. By Lemma 2.8, ¢(s) < r. Assume on the contrary that ¢(s) < t,,.
Take X(X\) = A(es + €,(5)) with A € F*. Then wuX (A)utw™! = X(N)
belongs to the unipotent radical of P, and

wm (X()‘>> = w(ias,b(s)/\)v

which is not trivial for a suitable chosen \. It contradicts to the admis-
sibility of P, owuH 4 and hence t,, < t(s) <. O

Lemma 2.10. If t, # 0,Cp # 0 and w(ex) = —ex, for allk € Cp,
where B = 'y Au™! with u as in (2.7), then P,o,wHp is not admis-
sible.

Proof. Assume that P, 5, wHp is an admissible coset. Let A} € Maty,,,
be the left-upper block of A. By Lemma 2.9, we can write A} in the

Moreover, with the help of some diagonal matrix and permutation ma-
trix on {e; | t, < i < r}, which are in w™'P,,,w and commute with
the set of unipotent matrices of the form (2.7), we may assume that

!/ Vw
AI:(_% )
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Since «(1) = 2t,,, by Lemma 2.9 and Eq. (2.3), r > 2¢,,. Let
L, O 0 0

w

u = Itw O 21
L2, 2o
L,
Then
0 Vi 0 — UV, R1
ot =14, -1 _ —Vt, 0 O 0
B="u"Aum = 0 0 = *
(v,21)t 0 = *
By Lemma 2.8, —14,2; = 0 and B is of the form
(2.8) B = diag(Bj, B}), where B = ( 3 V(t)w)
v,

and Bj € Mata,_o:, is skew symmetric of even rank. Since B is the
form of Eq. (2.8) and Cp # 0, we must have

r'i=r —2t, > 0.

For t,, # 0 (i.e. Bj is nontrivial), the admissibility (as defined in
Definition 2.4) of P, 5, wHp with respect to 7 gives

,2m>w7 wHB(;?_{zlu,B) 7é {0}7

where H“"? = w™ P, 5,,,w N 'Hp, which is equivalent to

HOme,B((T X 1% ® 527r’2m57'[w73)w7 wHB) 7& {0}7

where Hy g = Prom N wHpw™!. This implies that there exist a non-
trivial functional

1
Homypw,s ((T® p® 53

T

T N ‘/:I'®P — C,
such that
(29)  T(r@p®6h, dun(@)v) = by (w 2w)T(),

for v € Hy,,v € Vig,.
Let w' = w|so,,_y,, » Where w’ and SO,y are identified with their
embedding in the middle part of SOy,. More precisely, we have

14



and P, 9, can be identified with

Lo,
Pr’,?m - Pr,2m-
Lo,

Consider Eq. (2.9) for y € H"P1 = w’_lPT/Qmw’ NHp,. Then

HOme/’Bi ((7— ® p ® 5214’27”57_[11),3)1”/7 wHBZI> # {0}7

where Hy g1 = P op N w'H ng/ ~! Hence when we restrict ourselves
to the middle SOy(,—¢,), we obtain

1 /
HOme’,Bi ((7—/ &® ,0/ ® 52T/72m57"w’,}3§1>w 71#7'{34’1) 7& {0}7

where 7 is the restriction to GL, of the representation

1 _1 _

T ® 61237",2m 5H“’736Pj,2m Hi}’,Bi’

which is a smooth representation of GL,/, but may not be of finite
length, and

1 1

o = & (6F,, rusdrt, 7, lsonm

PT’,Qm H’w’,Bﬁl

is still a supercuspidal representation of SO,,,. In fact, it is clear that
P =p.

This means that the double coset Pr/’Q,q,Lw’HB;l is admissible with
respect to

SO4(n_
= Indpr,;(; (@ p).

By Lemma 2.7, there exists v’ € Uy,_4, and A" € A(GLgj—_2,) such
that B, = ‘“w/ 'A'w/~'. By Lemma 2.6, the admissibility with respect
to ' of P omw'Hp is the same as the admissibility of P o w'u"H 4/,
which contradicts to the induction assumption at the beginning of Sub-
section 2.2, with 4n — 4t,, < 4n. Therefore, we finish the proof. 0

We remark that in the proof of Lemma 2.10, we deduce that r' =
r—2t,, must be positive. Hence in the case when r =1 and m = 2n—1,
the double cosets of the type in Lemma 2.10 will not occur. Also, in
the inductive argument, m remains unchanged.

Lemma 2.11. Assume that t,, = 0, then P, s wuH 4 is not admissible
forall A e A and u € Usy,.

Proof. Let Uy, denote the opposite unipotent radical of Usy,. When
tw = 0, the admissibility of the double coset P, o, wuH 4 is equivalent

to the admissibility of P, g, wiiH 4 for some A’ € A and @ € Usy,. Since
15



Uy, C wilPr,gmw, P opwtHa = PropmwH 4. Now it leaves us to show
the non-admissibility of P, s, wH 4, which will be established in the
following Lemmas 2.12 and 2.13. U

Lemma 2.12. If Cy # 0 and w(ex) = —ey, for allk € Ca. Then
P omwH 4 is not admissible.

Proof. Let

Da={t>r+1]ut)>r+1}
and ¢ be the cardinality of D4 (¢ may equal to zero). Then the car-
dinality of C'y = m — q. For k € Cy, t € Dy, for all « € F*, choose
B(a) € F* such that

gk,t(Oé) = Iy, + OéEL(k),t + /B(a)EL(t),k € Spy,

where E; ; = (e;) denotes the elementary matrix with its (k,{)-entry
€kl = 51971'(557]‘. Define

Xk,t()\) = )\(Eb(k‘),2n+17t - Et,2n+1fL(k))7 for A € Fa
and

Yk,k/(ﬁ) = n(EL(k),Qn—I—l—k’ - Ek/,2n+1—L(k))7
where n € F,k # k' € C4. Then we have

(gkﬂf(a)a Xk,t)(12n7 Yk,k’()\)) S HA N w_IPr72mw

and
Urea (gt (@), Xt (X)) (o, Yiear (X)) = 1.

If w" = wlso,,, is an even permutation, then according to admissibil-
ity, p|ny» = 1, where N’ is isomorphic to the unipotent radical N,,—,2,
of Pp_q2q C SOgp,. If w' = wls0,,, is an odd permutation, then p = pf
(Refer to Lemma 4.2, [N10]), where the representation space of p’ is
the same as p such that

P'(9) = pw'guw'™"), for g € SOy
Note that if p is supercuspidal then so is its contragradient p. Hence the
admissibility implies p/|y» = 1, where N is isomorphic to the unipotent
radical Ny,_g 24 0f Pp—g24 C SOap,. Therefore, both of the cases contra-
dict to the supercuspidality of p, and P, 9, wH 4 is not admissible. [

We remark that in the proof of Lemma 2.12, we use the supercuspi-
dality of p of SOs,, and hence we use the assumption that m > 1.

By

By
B, € Mat, and B4 € Mat,,, where m and r are both even and nonzero.
Then P, onwHp is not admissible.
16
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Proof. Assume that P, s, wHpg is admissible. Note that the SO, part
is invariant under the conjugate action of w € W; and only regards
to the skew symmetric form By. According to whether wlgo,,, is even
or odd, the admissibility of the coset implies that either p or p has a
generalized Shalika model of SO,,,. If p is supercuspidal, then so is its
contragradient p. (Refer to [N10].) Either of the cases contradicts to
Theorem 2.1. 0

We remark again that in the proof of Lemma 2.13, we use the super-
cuspidality of p of SOs,, and hence we use the assumption that m > 1.
Note that in Lemma 2.13, » must be even.

Finally, we are able to complete the proof of Proposition 2.2 based
on Lemmas 2.8 through 2.13 and hence that of Theorem 1.2.

In fact, all double cosets are not admissible except those considered
in Lemma 2.10. For the double cosets considered in Lemma 2.10, we
reduce the problem to the group SOy4(,—,) and the parabolic subgroup
with Levi part isomorphic to GL,» x SOy, and the supercuspidal p.

By repeating the same argument, if m = 2[ is even, then r must be
even and hence we reduce the problem to SOy with supercuspidal p.
In this case, Proposition 2.2 reduces to Theorem 2.1.

Now if m is odd and greater than 1, then » must be odd. We even-
tually reduce the problem to the case with the group SOy, and the
parabolic subgroup with Levi part isomorphic to GL; x SOg(9,—1 (i.e.
r =1and m = 2n — 1 > 1) and the supercuspidal p of SOy2,-_1).
As we remarked after finishing the proof of Lemma 2.10, when r = 1,
the double cosets of the type in Lemma 2.10 will not occur. Also they
are not of the types occurring in Lemma 2.13, where r» must be even.
Hence in this case (i.e. 7 =1 and 1 < m = 2n — 1), the double cosets
are of the types considered in Lemmas 2.11 and 2.12, and hence all
of them are not admissible. This completes the inductive argument,
which proves Proposition 2.2.

3. PROOF OF THEOREM 1.3

In this section, we fix any n € N, and write P = P,, the Siegel
parabolic subgroup of SQy,,. We first prove Theorem 1.3 and then dis-
cuss the conditions for the existence and uniqueness of the generalized
Shalika functionals on such an induced representation of SOy,,.

3.1. Proof of Theorem 1.3. We want to show that if the induced
representation

7= Ind}O* (7] det |%)
17



for some irreducible admissible representation 7 of GLy,, has a nonzero
generalized Shalika model, then 7 admits a nonzero 6,.-model of GLy,
for some 0 < r < n.

To compare with Theorem 1.1, we consider first the general case
when

¥ = Ind}X (7| det |2).

Following the standard argument, we have to consider the H-orbit de-
composition of the generalized flag variety P\SOy, and consider the
admissibility of the H-orbits, from which we deduce the property of 7
as stated in Theorem 1.3.

Define certain representatives of Weyl group elements of SOy,:

Lo
0

Lo —2i .
;= <7< n.
wW; 0 Ty, o , 0<i1<n

Iy,

Then the set {w; | 0 <i < n} is a complete set of representatives for
the generalized Bruhat decomposition

P\SOy,/P

of SOy, with respect to the parabolic subgroup P. Hence a complete
set of the representatives of double coset decomposition

P\SOu,/H

consists of elements of type w;h with 0 < i < n and certain h € GLo,.

Now we consider all double cosets in the form of Pw;hH, where
h € GLg,,0 <1 < n. By the same argument as in the previous section,
it suffices to consider all double cosets in the form of

PU)Z‘"U/HA,

with 4 € Uy, A € A, where we use % € Us, (the radical of the opposite
of P) to simplify the computation.

To figure out the admissibility of the cosets Pw,uH4 with A € A,
we have the following cases: i =0 and 1 < i < n.

When i = 0, we have the coset PwotuH 4 = PH,, for all u € Uy, A €
A. For any (I,, X) € Va,, then (Iy,, X) € PN Ha. On one hand we
have

(7 |det |2)((In, X)) = 1

and on the other hand the character ¥, ((la,, X)) = Y(trAXvs,) is

non-trivial. Hence Pwou’H 4 is not an admissible coset.
18



When 7 = k with 1 < k < n, we consider the double coset Pw;uH 4.
Define

G B X Y
cC D Z W
p = D/ B/ € P7
' G
where G, G’ € Maty, and D, D' € Mats,,_a,. Then
G’ C’
1 W D Z C
WEpw, = B D
Y B X G

Since w,;lek = (wwy) P Pwyt for all 4 € Us,, it suffices to consider
the admissibility of Pw,H 4 for A € A.

Write
(A A
A= (A?, A4> ’
with A; € Matg, and Ay € Matg, _ox. Define t := (Ig,,T) € V5, (Refer
to Eq. (1.2) for the notation.) with

0 0
T = (Z 0) , Z € Mato,_ay.

Then t € wk_lpwk N H. Now on the left hand side, we have
(7 [det|2)(t) =1,
and on the right hand side we have

Yy, (t) = Y(trAyZio, o),

which is the key condition for us to determine the admissibility of the
cosets PwyHa for Ac Aand k=1,2,--- ,n.

For 2k < n, since A is invertible, A4 # 0. Hence the cosets Pw,H 4
are not admissible, and when 2k > n and A4 # 0, the cosets PwipH 4
are also not admissible. It remains to consider the cosets Pw;,H 4 with
the conditions that 2k > n and A4 = 0.

In this case, we may re-write the 2n x 2n-matrix A as follows:

a; Gz as
A= |as a5 ag
a; ag 0

19



with a; € Matg,_or and a5 € Matyy_s,. Since A is monomial, there
exists a suitable permutation matrix

B— (Bl . ) | B, € Maty, By € Matg, o
2

and a diagonal matrix d = diag(dy, - ,d,,d,, - ,d;) such that
(dB)A(dB)! = J.
Notice
(wpdB) "t PwpdB = (w) ' Pwy.

Hence Pwi,Ha = Pwi/H.

In order to consider the admissibility of the cosets Pw,H with the
condition that 2k > n, we consider the stabilizer of the coset in P,
which is P ﬂwkHw,gl. The elements of the stabilizer can be written as

(g ;i) cPn wkHw,;l,

with
Gy %74

(3.1) g=\|Gs D , X=1|Y ,
R, Ry, D Z Y* Wwr

where the matrices satisfy the conditions

o (G1 € Spyy_o,, and Gs, Ry, and Ry are arbitrary,

e D€ GlLy, o and D* =v D 1y,

o W & Matug—_on2n—2k and W* = v, o, Whigy_on,

o Y Z € Maty,_o such that Z! = Von—9k 24 Von—9r and Y* =
Von—okY 'Wan_ok,

such that
D*

(3.2) h=|W G € Spy,,-
Y Gs D

Clearly, the subgroup of GL,, consisting of all elements g of the form
in Eq. (3.1) is isomorphic to the group Na, ok (with 2k > n) as defined
in (1.7), which defines the 6y, _,,-model for GLy, as in (1.9).
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More explicitly, we write

G, 44
Gs D Y
g X\ |R R, D Z Y* W*
g* - l)*
R; Dr
Ry Gy Gj
Then after conjugating by wy we have
D* R}
G; G Ry
-1(9 X _ Y« W D Z R1 RQ
W Gy
Y Gs D

which is an element in H"“* := w; ' Pwy N'H. Denote by h* = v(*h 1)y,
where h is as in (3.2). Then diag(h, h*) € H.
Now the admissibility implies that

(3.3) | det g|353(g)7(g) = $(trRa)35sb, ().

Denote by f = diag(D*, G5, D) and f* = diag(D*, Gy, D) such that
diag(f, f*) is an element in the Levi part of H"*. Denote by

Lon—ok R
Gy Lig—on Ry
Y™ W= Ign_ok Z Ry Ry
R = I
2n—2k
W Lig—on

Y G3 I2n72k

an element in the unipotent radical of H"*. Then we have

I *
x 1 *
FRFV = x = 1 DZDvlv DRvG{'v DRywD v
o I
G{WvD'v I
DYvD'v  DG3Gi! I

By Eq. (3.2), we obtain the following conditions:

vY + WHIW =Y =0, and G3 = —vW*'J.
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It follows that the dimension of Y is (2”_%)(;"_%“), the dimension of

Z is (2”_%)(3”_%_1), and the dimensions of Ry and W are (4k — 2n) x
(2n — 2k). Now it is an easy calculation to show that

;ﬂlﬂk (h) _ |det D|2(2n—2k)+2(4k—2n) _ |detg|2k

and )
| det g|203(g) = | det g|?|det g| = = | det g|"* 7.
Eq. (3.3) becomes

| det g|"**7 7(g) = P (trRy)| det g[**.

Hence in order for the double coset PwiH with the condition that
2k > n to be admissible, the irreducible representation 7 must has a
nonzero Oy, _, -model when s = 1. This proves Theorem 1.3.

3.2. On the existence and the uniqueness. From the proof of The-
orem 1.3 given above, we have the following existence result.

Corollary 3.1. Let 7 be an irreducible, unitary, admaissible represen-
tation of GLg,. Assume that 7 has a nonzero Oy, ,, -functional for
some k with [§] <k < n. Then the induced representation

Ind%(;f”(T ® | det |2)
has nonzero generalized Shalika functionals only when s = 1.

By comparing with Theorem 1.1, we may ask if such generalized
Shalika functionals exist on the induced representation

Ind3 (7 @ | det |2)

and if they are also unique.

For the existence, we may assume that the representation 7 has a
nonzero 6y, _,,-functional with the smallest possible & satisfying [5] <
k < n. Then the corresponding admissible double coset produces a
nonzero quasi-invariant functional with s = 1. It is technical to show
that such a quasi-invariant functional is in fact supported on a closed
P x H-stable subset of SOy,,, which implies that it extends to a nonzero
generalized Shalika functional on the induced representation with s =
1. Hence we will not pursue that matter in this paper. We leave further
discussion towards the end of Section 4 related to Theorem 4.2.

Recall that the local uniqueness of the generalized Shalika function-
als for irreducible admissible representations of SOy, was proved in
IN10]. However, the representation Indspgf" (7 @ | det |2) may be re-

ducible. From the proof of Theorem 1.3, it is easy to see that such
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a local uniqueness problem reduces to the following problem on inter-
section of different models in the family of 0, -models for irreducible
admissible representations of GLg,. It is not clear to us in general if
the models in this family are disjoint in the sense that there exists no
irreducible admissible representation 7 having more than one models
in this family, except that when 7 is supercuspidal. In this case, 7 can
not have 6y, -models for 0 < r < n because of the supercuspidality of
7. Since an irreducible supercuspidal representation GLs, is generic,
i.e. has a nonzero Whittaker model. By [HR90], the symplectic model,
which is the 0);,-model here, is disjoint with the Whittaker model for
GLs,,. Hence an irreducible supercuspidal representation 7 of GLy, has
the only possibility to have the 0, -model, which is the Shalika model.
This leads to the uniqueness assertion in Theorem 1.1, since uniqueness
of Shalika model is known.

In order to extend this uniqueness to the case with more general
representation 7, we prove a more general disjointedness result (Theo-
rem 3.2) below. To state the result, we denote the standard maximal
parabolic subgroup of GL,, by

Pr,mfr = Mr,merr,mfr

for any integer 0 < r < m with m € N. Also, the Whittaker character
Yy, of Uy, is given by

m—1
wUm (U) - ¢(Z ui,i—O—l)? for u = (Ui,j> € Um
=1

For 2k < m, and given any representation (not necessarily irre-
ducible) 7,9 of GL,,_o, define

Lm

T(Tm—ok) = Indim%

(Tm72k ® ]‘Spgk ® 1N7n72k,2k)7

where
Aok = (GLy—2k ® Spoy)No—ok 2k

whose elements are expressed in matrix form as

(Gngk * )
0 SPox )

Theorem 3.2. For 0 < 2k < m and any representation T,,_or of
GL,, 2k, the Whittaker model of GL,, and the model w(Tp,_ox) of GLy,
are disjoint in the sense that there is no GL,,-intertwining mapping
between the Whittaker model and the model w(7y—or) of GLyy,.

Proof. When m = 2k, this theorem reduces to the disjointedness of

Whittaker model and Symplectic model, which is known by the result
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of Klyachko for finite field case and by Heumos and Rallis for p-adic
field case ([HR90]).

Now we consider the disjointedness between Whittaker model and
T(Tm—ok) for 0 < 2k < m. Let

P =P —ok2r = M2k 26 Nim—2k 2k

Let S" be a complete set of representatives for W (P)\W (GL,,), where
W (G) denotes the Weyl group of a group G. By Bruhat decomposition,

P\GL,,/U,, = Uyes PwU,,,
where U,, denotes the upper triangular unipotent subgroup of GL,,.
v A = {diag(1,,_ox, B) | B € B'},
where B’ is a complete set of representatives for Sp,;,\GLag. Then
A 26 \GLy /Upy = Upesr xea Am 2k wAU,y,.
For any w € S’ and diag(1,,_ox, B) € A, we claim that
Am,zkdiag(lm—2k7 B)U)Um

is not an admissible coset. Let
D' = (QI ?:) € Amak,
where Q' € GL,,_or and T" € Sp,,.. Write
D= (Q ?) = diag(Ln_ox, B) ' D'diag(I,n_ox, B).

If the conjugate action of w=! on D (which maps D to w™!Dw) sepa-
rates T" into more than two blocks, then some element n in the unipo-
tent radical of P will make ¢y, (n) # 1, and the coset is not admissible.

We use the following example to explain the idea and the method.

Let
Q1 Q- T T Ry Ry
= T = dR= .
< (Q3 o) T=\n o)™ Ry Ry
Assume that w = (1,4), i.e. the permutation which interchanges the
first and the fourth blocks, then

T, 0 Ty, 0
-1 | Ry Qs Rz Q3
wrDw=170"0 7 0

R2 QZ Rl Ql

For some element D with nontrivial Rs part in w™!Dw, we have

Y, (W Dw) # 1
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and the coset is not admissible.

Next we assume that the conjugate action of w~! keeps the symplec-
tic part T-block a whole piece (may perform a permutation on the 7-
block’s interior). Let w' = w]|gp,, be the restriction of w to Spy,-part
(as its embedding in GL,,) and consider the restriction of this coset
to its corresponding Gl part (i.e. the coset Spy,Bw Uy in GLgg).
Then we can see this coset can not be admissible by the disjointedness
of Whittaker model and Symplectic model.

This completes the proof. O

Now we apply Theorem 3.2 to the case of the mixed model 85, -model
in GLsy,. Let m = 2n, and for 0 < 2r < 2n, take

T =Ty = Indg'rLQT (¢s,).
It is clear from induction by stages that

GLap, _ GLa2n,
IndNTZ (QNT‘> - Ind(GEQT®Sp2n72T)N27‘72n72,r (T27' ® 1SP2n,27 ® 1N2'r,2n72r)'

As a consequence of Theorem 3.2, we have the following Proposition.

Proposition 3.3. For 0 <r < n, the Ox.-model and Whittaker model
are disjoint as representations of Glo,.

Finally the uniqueness for the induced representation in this case
follows.

Corollary 3.4. Let T be an irreducible, unitary, generic representation
of GLa,,. Then the induced representation

Ind?ggf”(T ® | det

£
has at most one nonzero generalized Shalika functional up to scalar. If
it exists, then s =1 and 7 has a nonzero Shalika functional.

When 7 is a non-generic representation of GLs,, such a uniqueness
will be a more technical issue. We omit the discussion here.

We remark that it is also very interesting to study further properties
of this new family of models, 0, -models, and find applications to rep-
resentation theory and automorphic forms, following the lines of ideas
in [OS07], [OS08-1], and [OS08-2].

4. CONJECTURES RELATED TO THE GENERALIZED SHALIKA
MODELS

We are going to discuss relations of our previous work on the gen-
eralized Shalika models to the local Langlands functoriality and state

conjectures on these issues.
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The study of the generalized Shalika models for irreducible admissi-
ble representations of SOy, over a p-adic local field F' can be viewed as
a special case of establishing the general theory of representations and
harmonic analysis related to spherical varieties. In this case, the gener-
alized Shalika subgroup Ha, is a spherical subgroup of SOy,. From the
general theory of spherical varieties ([K96]), from the context of the
geometric Langlands program ([GN10] and [GN09]), and from the har-
monic analysis on spherical functions ([S08]), for each spherical variety
X attached to a reductive algebraic group G over F', there exists a dual
group G'% which is a subgroup of the Langlands dual group “G of G,
such that the irreducible admissible representations of G attached to
the spherical variety X are conjecturally parametrized in terms of the
dual group G¥% through the local Langlands functoriality conjecture.

In the summer of 2009, in the workshop on Relative Trace Formula
and Periods of Automorphic Forms at The American Institute of Math-
ematics, Y. Sakellaridis gave a wonderful lecture announcing his joint
work with A. Venkatesh on periods and harmonic analysis on spherical
varieties, which motivated us to consider the relative functorial parame-
trization of distinguished representations of p-adic groups. In a sense,
the conjectures and the results discussed here support their more gen-
eral conjectures on Plancherel formula on spherical varieties. We are
taking a close look at the results obtained in terms of the generalized
Shalika models from this perspective.

Recall that the complex dual group of F-split SOy, is SOy4,(C). Let
Wr be the local Weil group of F'. Recall from [A05] that a local Arthur

parameter is a homomorphism
77/} : WF X SLQ((C) X SLQ((C) — SO4n(C)

such that the restriction of ¢ to SLy(C) x SLy(C) is algebraic and
the restriction of ¥ to Wg x SLy(C) is a tempered local Langlands
parameter. Assume that the local Arthur conjecture holds, that is,
there exists a finite set of irreducible admissible representations of SOy,
attached to the local Arthur parameter ¢, which is called the local
Arthur packet of ¢ and is denoted by II(¢)). For each local Arthur
parameter v, one defines a local Langlands parameter

(bdﬂ : WF X SLQ((C) — SO4n((C)

by

oot = vt (M 0
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For this local Langlands parameter ¢y, following the local Langlands
conjecture, there exists a finite set of irreducible admissible represen-
tations of SOy,, which is denoted by II(¢,) and is called the local
L-packet associated to ¢,. Conjecturally, the local L-packet II(¢y)
should be contained in the local Arthur packet II(1)). See the recent
work of Moeglin ([M09]) for more discussion on this issue.

In general, the local Arthur parameter ¢ is a direct sum of stable
local Arthur parameters

(4.1) V=1 By BB,
where the stable local Arthur parameters ¢; (i = 1,2,--- | r) are given
by

Vi = (pi, ai, b;)

where a; and b; are positive integers, which are the dimensions of the
irreducible representations of the two copies of SLy(C), respectively,
and p; is irreducible continuous homomorphism from the local Weil
group Wr to GLy4, (C).

We first consider the result from Theorem 1.1 obtained in [JQO7].
The Langlands quotient £5%n (1, 7) with 7 an irreducible supercuspidal
representation of GL,, has a stable local Arthur parameter

?ﬂ = (pfu 17 2)
where p, is the local Langlands parameter attached to 7 by the local
Langlands conjecture for GLg, ([HT01] and [H00]). Of course the local
Langlands parameter for the quotient £5%(1,7) is
1 _1
by = pr| - |2 @ p7] 72
In this case, the spherical space X := Hs,\SOy, has the dual group

Theorem 1.1 shows that if the Langlands quotient £5%7(1,7) has a
nonzero generalized Shalika model, i.e. is (Hap, ¥, )-distinguished if
and only if 7 has a nonzero Shalika model. By Theorem 1.1, [JNQ10-1],
the irreducible supercuspidal representation 7 has a nonzero Shalika
model if and only if 7 is the image under the local Langlands functor-
ial transfer from an irreducible generic supercuspidal representation of
SOs,11. This means that the local Langlands parameter

%,2 = (pT7 1)

factors through the complex dual group Sp,,(C) of SOg,.1. Since
Sps,(C) is also the dual group G% associated to the spherical vari-

ety X = H2,\SOy,, the result in Theorem 1.1 proved in [JQO7] can be
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expressed by the following diagram:
WF X SLQ(C) X SLQ(C) — SO4n<C)

(4.2) N\ /

GY x SLy(C)

where 11 2(Wr x SLy(C)) is included in G and the restriction to
the second copy of SLy(C) of the stable local Arthur parameter ¢ =
(pr,1,2) which is denoted by 13, is the identity homomorphism from
SLs(C) onto SLy(C). This interpretation leads to the following conjec-
ture.

Conjecture 4.1. Let ¢ be a local Arthur parameter of SOy,. Let
II(¢y) be the local L-packet associated to the local Langlands parameter
Gy, which is included in the local Arthur packet I1(v)) associated to the
local Arthur parameter . Then there exists a member in I1(¢py) having
a nonzero generalized Shalika model if and only if the local Arthur para-
meter 1 factors through G x SLa(C), which is a subgroup of SOy4,(C),
i.e.

(Wp x SLy(C) x SLy(C)) C Gy x SLy(C).
Furthermore, the projection to the SLa(C) of (1 x 1 x SLy(C)) yields
the identity homomorphism from the second copy of SLa(C) in Wg X
SLQ(C) X SLQ((C) onto SLQ(C)

Next, we interpret the new results obtained in this paper along the
line of Conjecture 4.1. We start with Theorem 1.2. If an irreducible
admissible representation o of SOy, has a nonzero generalized Shalika
model, then it can be realized as a quotient of an induced representation
of SOy, of type

(4.3) Ind%g):" (7] det |%)

where 7 is an irreducible admissible representation of GLs,. Let ¢,
be the local Langlands parameter associated to 7 by the local Lang-
lands conjecture for GLs, (the Local Langlands Reciprocity Theorem

of Harris-Taylor ([HT01]) and of Henniart ([H00])). Then the expected
local Langlands parameter ¢, for o should be

1 _1
¢U:¢T|’2®¢¥‘| 2.
Assume that the irreducible admissible representation 7 of GLo, is

an Arthur representation, i.e. 7 has a local Arthur parameter v¢),. Then
we write 1, as a direct sum of stable ones

Vr = @105 = D1 (pj, a4, 1)
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Then the local Arthur parameter of o should be

1/}0 - @§:1(pja Qj, ZZJ)
In other words, Theorem 1.2 shows, under the local Arthur parame-
trization conjecture, that if ¢ is the local Arthur parameter of o such
that o € II(¢,) (the local L-packet included in the local Arthur packet

II(x))) and if o has a nonzero generalized Shalika model, then in the
expression as a formal sum of stable local Arthur parameters

Y =@ (pj; a5, b;),
all the integers b; must be even, i.e. b; = 2[; for j = 1,2,--- ,r. In
this case, o can be realized as a quotient of the induced representation
(4.3) such that the irreducible admissible representation 7 belongs to
the local L-packet II(¢y, ), where the local Arthur parameter 1, of 7
can be expressed as

r = @;:1¢j = @2:1(03‘, as, l])
This proves the following relation between the generalized Shalika

models and the local Arthur parameters, assuming that the local Arthur
parametrization conjecture ([A05] and [M09]) holds.

Theorem 4.2. Let ¢ = @©}_,(pj,a;,b;) be a local Arthur parameter
of SOu4y. Let II(¢py) be the local L-packet associated to the local Lang-
lands parameter ¢y, which is included in the local Arthur packet I1(¢))
associated to the local Arthur parameter 1. If there exists a member
in II(¢y) having a nonzero generalized Shalika model, then in the local
Arthur parameter 1, the integers b;’s are all even.

Based on this, we can explain the result of Theorem 1.3 along the
line of Conjecture 4.1, which leads the converse of Theorem 4.2. To
this end, we state a conjecture for GLy,.

Conjecture 4.3. Let ¢, be the local Langlands parameter associated to
the irreducible admissible unitary representation 7 of GLo,. Then T has
a nonzero Oy, -model with 0 < r < n if and only if ¢, is of symplectic
type, 1.e.

¢-(Wr x SLa(C)) C Sp,,(C).

This conjecture is true when 7 is supercuspidal, according to Theo-
rem 1.1, [JNQ10-1]. Proposition 3.3 shows that when 7 is generic, then
if 7 has a nonzero 0, -model, then » = n and 7 has a nonzero Shalika
model. It is expected that 7 is of symplectic type. When r = 0, the
symplectic models for the Speh representations of GL,,, was considered
in [OS07].
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Combining Theorem 1.2 with Conjecture 4.3, the result of Theorem
1.3 predicts that if an irreducible admissible representation o of SOy,
has a local Arthur parameter 1, and has a nonzero generalized Shalika
model, then v, factors through the subgroup G% x SLa(C) of SOy, (C).
This explanation of our new results in this paper supports Conjecture
4.1.

At this point, we do not have any more evidence to support our
conjectures. However, it is not hard to see that assuming the local
Arthur conjecture, the generalized Shalika models plays a role towards
the endoscopy structure of the local Arthur packets via the endoscopy
transfers. Such an investigation will lead to the converse of Theorem
4.2.

Another application of the generalized Shalika models to the en-
doscopy structures of irreducible generic supercuspidal representations
of SOg,4+1 was discussed in detail in [JNQ10-2]. We omit any further
discussion here.

The whole theory discussed for orthogonal groups ([JQO7], [JNQOS],
[JNQ10-1], and [JNQ10-2]) may be extended to other classical groups.
We will go back to these topics in our future work.
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