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Abstract. Let F denote a p-adic local field of characteristic zero.
In this paper, we investigate the structures of irreducible admissi-
ble representations of SO4n(F ) having nonzero generalized Shalika
models and find relations between the generalized Shalika models
and the local Arthur parameters, which support our conjectures on
the local Arthur parametrization and the local Langlands functori-
ality in terms of the dual group associated to the spherical variety,
which is attached to the generalized Shalika models.

1. Introduction

This paper is a sequel of our previous work on the characterization
of symplectic representations of p-adic group GL2n in terms of the gen-
eralized Shalika models on the F -split special orthogonal group SO4n

([JQ07], [JNQ08], [JNQ10-1], and [JNQ10-2]), where F is a p-adic local
field of characteristic zero. For simplicity of notation, we use G for an
algebraic group and also for its F -rational points of G. Our objective
here is to study the structure of irreducible admissible representations
of SO4n, which have a nonzero generalized Shalika model.
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Let ν1 = 1 and inductively define

(1.1) νn =

(
1

νn−1

)
, for n ≥ 2, n ∈ N.

We often use abbreviation ν for νn if there is no confusion for the rank
n. Let SO4n be the even special orthogonal group attached to the non-
degenerate 4n-dimensional quadratic vector space over F with respect
to ν4n. That is,

SO4n = {g ∈ GL4n| tg · ν4n · g = ν4n}.
We recall from [JQ07] the definition of the generalized Shalika models

on SO4n. Let P2n = M2nV2n be the Siegel parabolic subgroup of SO4n

consisting of elements of the following form:

(1.2) (g,X) =

(
g 0
0 g∗

)(
In X

In

)
,

where g ∈ GL2n and g∗ = ν2n
tg−1ν2n, and X satisfies tX = −ν2nXν2n.

The generalized Shalika subgroup H2n of SO4n is the subgroup of
P2n consisting of elements (g, X) with g ∈ Sp2n. Here the symplectic
group is given by

Sp2n = {g ∈ GL2n| tg · J2n · g = J2n},
where J2n is given by

J2n =

(
νn

−νn

)
, n ∈ N.

Define a character ψH of H2n (We write H = H2n if there is no confu-
sion) by letting

ψH((g,X)) = ψ(tr(J2nXν2n))(1.3)

= ψ(tr(

(−In
In

)
X))(1.4)

where ψ is a nontrivial character of F .
The generalized Shalika functional or ψH-functional of an irreducible

admissible representation (σ, Vσ) of SO4n is a nonzero functional in the
following space

HomH(Vσ, ψH) ∼= HomSO4n(Vσ, IndSO4n
H (ψH)).

Here for any closed subgroup H of G, and for any admissible represen-
tation τ of p-adic H, IndG

H(τ) denotes the normalized smooth induction,
and indG

H(τ) denotes the normalized compact induction.
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The local uniqueness of the generalized Shalika models is proved by
Nien in [N10], that is, for any irreducible admissible representation
(σ, Vσ) of SO4n, the dimension of the space

HomH(Vσ, ψH)

is at most one. Let `ψH be a nonzero ψH-functional of an irreducible
admissible representation (σ, Vσ) of SO4n. For v ∈ Vσ, and g ∈ SO4n,
we define

HψH(g, v) := `ψH(σ(g)(v)),

which is a ψH-generalized Shalika function on SO4n attached to v. The
space consisting of all ψH-generalized Shalika functions with v ∈ Vσ is
called the ψH-generalized Shalika model of σ or just the ψH-model of
σ.

One of the key local results of [JQ07] is that the Shalika models
(which is recalled below) and the generalized Shalika models are in-
trinsically related through the parabolic induction.

For an irreducible, unitary, supercuspidal representation (τ, Vτ ) of
GL2n, we consider the following unitarily induced representation of
SO4n

ISO4n(s, τ) = IndSO4n
P2n

(| det | s
2 · τ)

which consisting of all smooth Vτ -valued functions φτ,s on SO4n, such
that

φτ,s(m(a)ng) = | det a| s
2
+ 2n−1

2 τ(a)φτ,s(g),

where m(a) ∈ M2n with a ∈ GL2n, n ∈ V2n.

Theorem 1.1 (Theorem 3.1, [JQ07]). The unitarily induced represen-
tation ISO4n(s, τ) admits a nonzero generalized Shalika functionals only
when s = 1. In that case, ISO4n(1, τ) admits a nonzero generalized Sha-
lika functional if and only if the supercuspidal datum τ admits a nonzero
Shalika functional. The generalized Shalika functionals of ISO4n(1, τ) is
unique up to scalar, and if nonzero, they must factor through the unique
Langlands quotient LSO4n(1, τ).

We recall from [JS90] the definition of the Shalika models for GL2n.
Take the maximal parabolic subgroup Pn,n = Mn,nNn,n of GL2n with

Mn,n = GLn ×GLn,

and

Nn,n = {n(X) =

(
In X
0 In

)
∈ GL2n}.

Define a character

ψNn,n(n(X)) = ψ(tr(X)).
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The stabilizer of ψNn,n in Mn,n is GL∆
n , the diagonal embedding of GLn

into Mn,n. The Shalika subgroup Sn is defined to be

(1.5) Sn = {s(a,X) = diag(a, a)n(X) | a ∈ GLn, n(X) ∈ Nn,n}.
It is clear that Sn = GL∆

n nNn,n, a semi-direct product with the radical
Nn,n being a normal subgroup. Denote by ψSn the extension of ψNn,n

from Nn,n to the Shalika subgroup Sn, such that ψSn is trivial on GL∆
n .

The Shalika functionals of an irreducible admissible representation
(τ, Vτ ) of GL2n are nonzero elements of the following space

HomSn(Vτ , ψSn) ∼= HomGL2n(Vτ , IndGL2n
Sn

(ψSn)).

Any nonzero Shalika functional `ψ in HomSn(Vτ , ψSn) gives rise to an

embedding of Vτ into the full induction IndGL2n
Sn

(ψSn), the image of
which is called a local Shalika model of Vτ . The local uniqueness of
Shalika models was first proved by Jacquet-Rallis in [JR96] and then
by Nien in [N09-2] by using a different argument.

The first result of this paper is the following theorem:

Theorem 1.2. Let (σ, Vσ) be an irreducible admissible representation
of SO4n. Assume that Vσ has a nonzero generalized Shalika model (or
ψH-model). Then there exists an irreducible admissible representation
τ of GL2n such that Vσ is a quotient of the following induced represen-
tation

IndSO4n
P2n

(τ | det | 12 ).
This theorem will be proved in Section 2. According to Theorem

1.2, we have

(1.6) IndSO4n
P2n

(τ | det | 12 ) → Vσ → 0.

The generalized Shalika functional on Vσ produces a generalized Sha-
lika functional on the induced representation IndSO4n

P2n
(τ | det | 12 ). By

comparing Theorem 1.2 to Theorem 1.1, we expect to produce a cer-
tain model for the irreducible admissible representation τ of GL2n if
Vσ has a nonzero generalized Shalika model. To this end, we introduce
the following new family of models.

For an integer 0 ≤ r ≤ n, in the standard maximal parabolic sub-
group

P2r,2n−2r = M2r,2n−2rN2r,2n−2r = (GL2r ×GL2n−2r)N2r,2n−2r

of GL2n, we define a subgroup Nr of GL2n by

(1.7) Nr := (Sr × Sp2n−2r)N2r,2n−2r,
4



where Sr is the Shalika subgroup of GL2r as defined in (1.5), and the
symplectic group Sp2n−2r is embedded into GL2n−2r naturally. We de-
note by n(s, h, x) the elements ofNr with s = s(a,X) ∈ Sr, h ∈ Sp2n−2r

and x ∈ N2r,2n−2r, and define a 1-dimensional representation θNr of Nr

by

(1.8) θNr(n(s, h, x)) := ψSr(s)| det a|n−r.

It is easy to see from the definition of Nr that θNr is well defined.
For any irreducible admissible representation (τ, Vτ ) of GL2n, if the

following space

(1.9) HomNr(Vτ , θNr) 6= 0,

we say that the representation Vτ has a nonzero θNr -functional or a
nonzero θNr -model.

It is clear that when r = 0, N0 = Sp2n. Hence θN0-model is the
symplectic model of GL2n, which was first studied by Klyachko in 1984
over a finite field and by Heumos and Rallis in 1990 over a p-adic local
field ([HR90]). On the other hand, when r = n, Nn = Sn. Hence
θNn-model recovers the Shalika model of GL2n, which was first used by
Jacquet and Shalika in 1990 ([JS90]). In this sense, we may view this
new family of models as an interpolation between the symplectic model
and the Shalika model for GL2n. It should be very interesting to study
further properties of this new family of models. We will consider this
in other occasion.

The second result of this paper is

Theorem 1.3. Let τ be an irreducible admissible representation of
GL2n. If the induced representation

IndSO4n
P2n

(τ | det | 12 )
has a nonzero generalized Shalika model, then τ has a nonzero θNr-
model for some integer 0 ≤ r ≤ n.

We note that Theorem 1.3 is to extend Theorem 1.1 (Theorem 3.1
in [JQ07]) to great generality. However, the statement in Theorem 1.3
is not as complete as that in Theorem 1.1. The main reason is that for
the moment, we only have very limited knowledge about the family of
θNr -models with 0 ≤ r ≤ n. We will come back to this issue at the
end of §3 after we finish the proof of Theorem 1.3, since the geometric
structures occurring in the proof yield more information about these
models. We also remark that the proof of Theorem 1.3 looks close to
that of Theorem 1.1, but it is much more technical since it needs more
complete geometric structures of the H-orbits on the generalized flag
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variety P2n\SO4n over F . See §3.1 for the details. We also discuss the
existence and the local uniqueness issues in §3.2. This discussion may
lead the issues to the disjointness of the θNr -models and the Klyachko
models ([HR90], [O06], [OS07], [OS08-1], [OS08-2], and [N09-1]).

In §4, we will explain our main results in terms of the local Arthur
parametrization of irreducible admissible representations of SO4n, and
state our conjecture (Conjecture 4.1) on the local Langlands functorial-
ity in terms of the dual group associated to the spherical variety, which
gives the generalized Shalika models. Based on this, we prove Theo-
rem 4.2, which yields the relation between the local generalized Shalika
models on SO4n and the local Arthur parametrization, and state Con-
jecture 4.3, which characterizes the symplectic type of all irreducible
admissible representations of GL2n in terms of the θNr -models with
r = 0, 1, 2, · · · , n. The special cases of this conjecture were established
in [JNQ08] and in [OS07] for different types of irreducible admissible
representations of GL2n. We remark that the discussion in the section
was motivated by Y. Sakellaridis’ wonderful lecture in the workshop
on Relative Trace Formula and Periods of Automorphic Forms at The
American Institute of Mathematics, 2009, announcing his joint work
with A.Venkatesh on periods and harmonic analysis on spherical vari-
eties. In a sense, the conjectures and the results discussed in Section 4
support their more general conjectures on Plancherel formula on spher-
ical varieties.

Finally, we would like to thank the referee for helpful comments,
especially those on the presentation of the proof of Proposition 2.2.

2. Proof of Theorem 1.2

The idea to prove Theorem 1.2 goes as follows. It is well-known
(a version of the Jacquet submodule theorem) that any irreducible
admissible representation (σ, Vσ) of SO4n can be realized as a quotient
of unitarily induced representation IndSO4n

Q (π). This means that there
is a surjective SO4n-equivariant mapping

(2.1) IndSO4n
P (π) → Vσ → 0,

where P is a standard parabolic subgroup of SO4n with its Levi sub-
group isomorphic to

GLn1 × · · · ×GLnr × SO2m

and the representation π can be expressed as

π = τ1| det |s1 ⊗ · · · ⊗ τr| det |sr ⊗ ρ
6



with τi being supercuspidal representation of GLni
, i = 1, · · · , r and ρ

being supercuspidal representation of SO2m.
We first consider the case when m ≤ 1.
Note that SO4n is F -split. When m = 1, we have

SO2(F ) = {
(

t 0
0 t−1

)
| t ∈ F×},

and the supercuspidal representation ρ of the F -split SO2 is just a
character χ of F×. Note in this case that the parabolic subgroup P is
the same as the standard parabolic subgroup Pn1,··· ,nr,1 which has the
Levi subgroup

GLn1 × · · · ×GLnr ×GL1,

where 2n = n1 + · · · + nr + 1. Therefore, we may rewrite the induced
representation IndSO4n

P (π) via the induction by stages as follows:

IndSO4n
P (π) = IndSO4n

Pn1,··· ,nr,1
(τ1| det |s1 ⊗ · · · ⊗ τr| det |sr ⊗ χ)

= IndSO4n
P2n

(IndGL2n
Qn1,··· ,nr,1

(τ1| det |s1 ⊗ · · · ⊗ τr| det |sr ⊗ χ)),

where Qn1,··· ,nr,1 = GL2n∩Pn1,··· ,nr,1 is the standard maximal parabolic
subgroup of GL2n with Levi subgroup

GLn1 × · · · ×GLnr ×GL1.

If we denote the induced representation

IndGL2n
Qn1,··· ,nr,1

(τ1| det |s1 ⊗ · · · ⊗ τr| det |sr ⊗ χ)

of GL2n by τ | det | 12 , this proves Theorem 1.2 in the case of m = 1.
Note here that the representation τ constructed above may not be

irreducible. However, since Vσ is an irreducible quotient of the induced
representation IndSO4n

P2n
(τ | det | 12 ) (see (2.1)), one may always replace τ

by an irreducible quotient of τ .
It is clear that the above argument also proves Theorem 1.2 for the

case of m = 0.
It remains to prove Theorem 1.2 for the case of m > 1. In this case,

if Vσ has a nonzero generalized Shalika functional, then the induced
representation IndSO4n

P (π) has a nonzero generalized Shalika functional,
following (2.1). It is enough to show that when m > 1, the induced
representation

IndSO4n
P (π) = IndSO4n

P (τ1| det |s1 ⊗ · · · ⊗ τr| det |sr ⊗ ρ)

has no nonzero generalized Shalika functionals at all.
A special case when m = 2n is given by the following theorem.
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Theorem 2.1 (Local Version of Lemma 5.1, [G95]). Let ρ be an irre-
ducible supercuspidal representation of SO4n. Then ρ does not have a
nontrivial generalized Shalika model.

Ginzburg proved in [G95] (Lemma 5.1) that any cuspidal automor-
phic form on GSO4n has no nonzero generalized Shalika period (al-
though this terminology was not used in [G95]). From the proof of
Lemma 5.1 of [G95], it is not hard to see that the proof works also for
cuspidal automorphic forms on SO4n. Furthermore, the local analogy
of the proof shows that any irreducible supercuspidal representation
σ of SO4n has no nonzero generalized Shalika module. This can also
be proved by using the globalization argument of Prasad and Schulze-
Pillot (Theorem 4.1, [PSP08]). We omit the details without repeating
the same argument here.

This leaves us the case 1 < m < 2n of Theorem 1.2 to prove. To this
end, we formulate and prove a more general result as follows.

Write r + m = 2n with 1 < m < 2n, denote by

(2.2) Pr,2m = (GLr × SO2m)Nr,2m

the standard maximal parabolic subgroup of SO4n.

Proposition 2.2. Let Pr,2m with r + m = 2n with 1 < m < 2n be
the standard maximal parabolic subgroups of SO4n, τ be a smooth rep-
resentation of GLr, which is not necessarily of finite length, and ρ be a
supercuspidal representation of SO2m. Then the induced representation

π = IndSO4n
Pr,2m

(τ ⊗ ρ)

does not admit any generalized Shalika model of SO4n.

The proof of Proposition 2.2 is given in Subsection 2.2. To do so,
we have to define in Section 2.1 the notion of admissibility of double
cosets involved in the proof.

2.1. Admissible double cosets. In order to prove Proposition 2.2,
we have to introduce the notion of admissible double cosets.

Let ±ei ± ej denote the roots of SO4n with respect to the maximal
torus, which consists of all diagonal matrices, as convention. We also
denote by Uα the one parameter subgroup of SO4n corresponding to
the root α.
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Proposition 2.3. Let W1 be the set consisting of elements w in the
Weyl group W (SO4n) which satisfy the following conditions

(2.3)





w(ek) = ek, if k ≤ tw;
w(ek) = −ek, if tw < k ≤ r;
w(ek) = −ek, if r < k ≤ t′w;
w(ek) = ek, if t′w < k ≤ 2n,

for some 0 ≤ tw ≤ r ≤ t′w ≤ 2n and t′w − tw is even. Let S1 be a
complete set of representatives for [GL2n/Sp2n]4 Then

Pr,2m\SO4n/H2n = ∪w∈W1,g∈S1Pr,2mwgH2n.

Proof. The result follows that W1 is a complete set of representatives
for

Pr,2m\SO4n/P2n

and
P2n = [GL2n/Sp2n]4 · H2n.

¤
In order to prove Proposition 2.2, it is enough to show the following:

HomSO4n(IndSO4n
Pr,2m

(τ ⊗ ρ), IndSO4n
H (ψH)) = {0}.

Here H = H2n and τ ⊗ ρ also denotes its extension to Pr,2m, which is
trivial on the unipotent radical of Pr,2m. We also use the same identi-
fication for other inducing data in parabolic induction. By reciprocity
law,

HomSO4n(IndSO4n
Pr,2m

τ ⊗ ρ, IndSO4n
H ψH) ∼= HomH(IndSO4n

Pr,2m
(τ ⊗ ρ)|H, ψH).

Note that H is unimodular. Let S denote a complete set of representa-
tives of Pr,2m\SO4n/H. Let δG be the modular function of a group G.
Then up to semisimplification, we have as vector spaces:

IndSO4n
Pr,2m

(τ ⊗ ρ)|H ∼= ⊕g∈SindHHg(τ ⊗ ρ⊗ δ
1
2
Pr,2m

)g

where Hg = g−1Pr,2mg ∩ H, and the representation (τ ⊗ ρ ⊗ δ
1
2
Pr,2m

)g

acts on Vτ⊗ρ by

(τ ⊗ ρ⊗ δ
1
2
Pr,2m

)g(h) = (τ ⊗ ρ⊗ δ
1
2
Pr,2m

)(ghg−1), for h ∈ Hg.

Definition 2.4. Let τ be a representation of GLr and ρ be a repre-
sentation of SO2m. We say that a double coset Pr,2mgH, g ∈ GL2n,

is admissible for representation π = IndSO4n
Pr,2m

(τ ⊗ ρ) if the following
inequality holds

HomHg((τ ⊗ ρ⊗ δ
1
2
Pr,2m

)g, ψHδ−1
Hg) 6= {0},
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where ψH is identified with its restriction to Hg.
More generally, let G be a group and Hi its subgroups, i = 1, 2.

Assume that H2 is unimodular. Let σi be a representation of Hi. We
say that a double coset H1gH2, g ∈ G, is admissible between (σ1, H1)
and (σ2, H2) if the following inequality holds

HomHg((σ1 ⊗ δ
1
2
H1

)g, σ2 ⊗ δ−1
Hg) 6= {0},

where Hg = g−1H1g ∩ H2, and the representation (σ1 ⊗ δ
1
2
H1

)g acts on
Vσ1 by

(σ1 ⊗ δ
1
2
H1

)g(h) = (σ1 ⊗ δ
1
2
H1

)(ghg−1), for h ∈ Hg.

To show Proposition 2.2, now it reduces to show that

dim HomHg((τ ⊗ ρ⊗ δ
1
2
Pr,2m

)g, ψHδ−1
Hg) = 0.

for all representatives g ∈ S. That is to show that there is no admissible
cosets Pr,2mgH for all representatives g. From Proposition 2.3, we need
to consider the admissibility of Pr,2mwgH, with w ∈ W1, and g ∈ S1.

To simplify the calculation of admissibility of double cosets, we ex-
tend the notion of generalized Shalika groups as follows. Let A be a
nonsingular skew symmetric matrix of degree 2n. Define

HA = Sp2n(A)V2n,

where elements in HA are (h, X) ∈ P2n (notations as in Eq. (1.2)) with
h ∈ Sp2n(A), and

Sp2n(A) = {x ∈ GL2n | txAx = A}.
Let g ∈ GL2n satisfy tgAg = J2n. Then Sp2n(A) = gSp2n(J2n)g−1,

and gHg−1 = HA. Define a character ψHA
on HA by

(2.4) ψHA
(h,X) = ψ(tr(AXν2n)), (h,X) ∈ HA.

It is well defined. (Refer to [JNQ10-1].) When A = J2n, HA = H is
the generalized Shalika group as defined before, and ψHA

= ψH.

Definition 2.5. For any skew symmetric matrix A and w ∈ W1, we
say that a double coset Pr,2mwHA is admissible for representation

π = IndSO4n
Pr,2m

(τ ⊗ ρ) if the following inequality holds

HomHw,A((τ ⊗ ρ⊗ δ
1
2
Pr,2m

)w, ψHA
δ−1
Hw,A) 6= {0},

where Hw,A = w−1Pr,2mw ∩HA.

It is easy to check from the definition that the following lemma holds.

Lemma 2.6. The double coset Pr,2mwgHA with w ∈ W1, g ∈ GL2n is
admissible if and only if Pr,2mwHB is admissible where B =t g−1Ag−1.
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Let Uk denote the upper triangular maximal unipotent subgroup of
GLk and W (GLk) the Weyl group of GLk, identified with the group
of permutation matrices in GLk. The following lemma gives a nice
characterization of nonsingular skew symmetric matrices.

Lemma 2.7 ([JR92], Lemma 2). Every nonsingular skew symmetric
matrix of degree 2n can be written in the form

s = uσλut

with u ∈ U2n, λ is a diagonal matrix in GL2n, and σ ∈ W (GL2n) such
that

(2.5) σ2 = 1, σλσ−1 = −λ.

Let A be a subset of GL2n defined by

A = {σλ | λ is diagonal, σ ∈ W (GL2n), σ2 = 1, σλσ−1 = −λ}.
Then A consists of nonsingular skew symmetric matrices with one and
only one nonzero element at each row and column, which is called
monomial. Therefore, by Lemma 2.6 and 2.7, to prove Proposition 2.2,
it suffices to show that the coset Pr,2mwuHA is not admissible for any
w ∈ W1, A ∈ A, and u ∈ U2n (identified with its diagonal embedding
in SO4n).

2.2. Proof of Proposition 2.2. In Proposition 2.2, we assume that
1 < m < 2n. In order to prove Proposition 2.2, it is enough to show
that Pr,2mwuHA is not admissible for any fixed w ∈ W1, u ∈ U2n, and
A ∈ A. We will proceed by induction on n and equivalently on r.

We assume first that for all r′+m = 2q with q < n, the double coset

Pr′,2mwuHA ⊂ SO4q

is not admissible with respect to any

π′ = Ind
SO4q

Pr′,2m
(τ ′ ⊗ ρ′),

where τ ′ is any smooth representation (not necessarily of finite length)
of GLr′ and ρ′ is a supercuspidal representation of SO2m.

Write A = (ai,j) and define a permutation ι = ιA on [2n] with respect
to A such that as,ι(s) 6= 0. It is well-defined since A is monomial and
ι2 = id since A is skew symmetric. For any skew symmetric matrix T
(not necessary in A), write T = (ti,j), 1 ≤ i, j ≤ 2n. If tk,s 6= 0, then
ψHT

|Uα is not trivial, where α is the root corresponding to (k, 4n+1−s)-
entry in SO4n. Especially, for A ∈ A,

ψHA
|Uβ

is not trivial,

where β is the root corresponding to (s, 4n + 1− ιA(s))-entry in SO4n.
11



Given any u ∈ U2n and A ∈ A, to show that Pr,2mwuHA is not
admissible is equivalent to show that Pr,2mwHB is not admissible, where

B = tu
−1

Au−1.

Write

A =

(
A1 A2

A3 A4

)
and B =

(
B1 B2

B3 B4

)
,

where A1, B1 ∈ Matr and A4, B4 ∈ Matm. For all skew symmetric
matrix T = (ti,j), denote

(2.6) CT = {k ≤ r | tk,s 6= 0 for some s ≥ r + 1}.
This means that CT is the set of row indices corresponding to nonzero
rows of T2, when

T =

(
T1 T2

T3 T4

)
,

with T1 ∈ Matr and T4 ∈ Matm.

Lemma 2.8. Assume that CB is nonempty, i.e. B2 6= 0. If Pr,2mwHB

is admissible, then w(ek) = −ek for k ∈ CB.

Proof. Assume on the contrary that w(ek) = ek and bk,s 6= 0 for some
s > r and k ∈ CB. For λ ∈ F , take

X(λ) = λ(es + ek) ∈ Ues+ek
.

Since w(es + ek) = ek ± es, the element w−1(X(λ))w belongs to the
unipotent radical of Pr,2m. Hence we have

ψHB
(X(λ)) = ψ(±bk,sλ),

(τ ⊗ ρ)(w−1(X(λ))w) = 1,

where the last equality means that the representation τ ⊗ ρ is trivial
on elements of the form w−1(X(λ))w and similar expression will also
be used in later paragraphs. Therefore Pr,2mwHB is not an admissible
coset. ¤

Since B = tu−1Au−1, if the k-th row of A2 is nonzero, then so is
the k-th row of B2. By Lemma 2.8, if PrwuHA is admissible (which is
equivalent to PrwHB is admissible) and CA is nonempty, then w(ek) =
−ek for all k ∈ CA.

Write u ∈ U2n as

u =




u1 u2 u3

u4 u5

u6


 ,
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where u1 ∈ Utw , u4 ∈ Ur−tw , u6 ∈ Um, and tw is defined in Equation
(2.3). For g ∈ GL2n, denote the embedding of elements of GL2n into
SO4n by

m(g) = diag(g, g∗) ∈ SO4n.

Since

m(




u1 u2 u3

u4 0
u6


) ∈ w−1Pr,2mw,

we can even take

(2.7) u =




Itw 0 0
Ir−tw u5

Im




as the representative in the coset Pr,2mwuHA.

Lemma 2.9. Assume that Pr,2mwuHA is admissible, with u of the form
in (2.7). If s ≤ tw, then tw < ι(s) ≤ r.

Proof. By Lemma 2.8, ι(s) ≤ r. Assume on the contrary that ι(s) ≤ tw.
Take X(λ) = λ(es + eι(s)) with λ ∈ F ∗. Then wuX(λ)u−1w−1 = X(λ)
belongs to the unipotent radical of Pr and

ψHA
(X(λ)) = ψ(±as,ι(s)λ),

which is not trivial for a suitable chosen λ. It contradicts to the admis-
sibility of Pr,2mwuHA and hence tw < ι(s) ≤ r. ¤

Lemma 2.10. If tw 6= 0, CB 6= ∅ and w(ek) = −ek, for all k ∈ CB,
where B = tu−1Au−1 with u as in (2.7), then Pr,2mwHB is not admis-
sible.

Proof. Assume that Pr,2mwHB is an admissible coset. Let A′
1 ∈ Mat2tw

be the left-upper block of A. By Lemma 2.9, we can write A′
1 in the

following form

A′
1 =

(
0tw C
−Ct D

)
.

Moreover, with the help of some diagonal matrix and permutation ma-
trix on {ei | tw ≤ i ≤ r}, which are in w−1Pr,2mw and commute with
the set of unipotent matrices of the form (2.7), we may assume that

A′
1 =

(
νtw

−νtw

)
.

13



Since ι(1) = 2tw, by Lemma 2.9 and Eq. (2.3), r ≥ 2tw. Let

u =




Itw 0 0 0
Itw 0 z1

Ir−2tw z2

Im


 .

Then

B = tu−1Au−1 =




0 νtw 0 −νtwz1

−νtw 0 0 0
0 0 ∗ ∗

(νtwz1)
t 0 ∗ ∗


 .

By Lemma 2.8, −νtwz1 = 0 and B is of the form

(2.8) B = diag(B′
1, B

′
4), where B′

1 =

(
0 νtw

−νtw 0

)

and B′
4 ∈ Mat2n−2tw is skew symmetric of even rank. Since B is the

form of Eq. (2.8) and CB 6= ∅, we must have

r′ := r − 2tw > 0.

For tw 6= 0 (i.e. B′
1 is nontrivial), the admissibility (as defined in

Definition 2.4) of Pr,2mwHB with respect to π gives

HomHw,B((τ ⊗ ρ⊗ δ
1
2
Pr,2m

)w, ψHB
δ−1
Hw,B) 6= {0},

where Hw,B = w−1Pr,2mw ∩HB, which is equivalent to

HomHw,B((τ ⊗ ρ⊗ δ
1
2
Pr,2m

δHw,B
)w, ψHB

) 6= {0},
where Hw,B = Pr,2m ∩ wHBw−1. This implies that there exist a non-
trivial functional

T : Vτ⊗ρ 7→ C,

such that

(2.9) T (τ ⊗ ρ⊗ δ
1
2
Pr,2m

δHw,B
(x) · v) = ψHB

(w−1xw)T (v),

for x ∈ Hw,B, v ∈ Vτ⊗ρ.
Let w′ = w|SO4n−4tw

, where w′ and SO4n−4tw are identified with their
embedding in the middle part of SO4n. More precisely, we have

w =




Itw
νtw

w′

νtw

Itw




,
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and Pr′,2m can be identified with



I2tw

Pr′,2m

I2tw


 ⊂ Pr,2m.

Consider Eq. (2.9) for y ∈ Hw′,B′4 = w′−1Pr′,2mw′ ∩HB′4 . Then

HomHw′,B′4 ((τ ⊗ ρ⊗ δ
1
2
Pr,2m

δHw,B
)w′ , ψHB′4

) 6= {0},
where Hw′,B′4 = Pr′,2m ∩ w′HB′4w

′−1. Hence when we restrict ourselves
to the middle SO4(n−tw), we obtain

HomHw′,B′4 ((τ
′ ⊗ ρ′ ⊗ δ

1
2
Pr′,2m

δHw′,B′4
)w′ , ψHB′4

) 6= {0},
where τ ′ is the restriction to GLr′ of the representation

τ ⊗ δ
1
2
Pr,2m

δHw,B
δ
− 1

2
Pr′,2m

δ−1
Hw′,B′4

,

which is a smooth representation of GLr′ , but may not be of finite
length, and

ρ′ = ρ⊗ (δ
1
2
Pr,2m

δHw,B
δ
− 1

2
Pr′,2m

δ−1
Hw′,B′4

)|SO2m

is still a supercuspidal representation of SO2m. In fact, it is clear that
ρ′ = ρ.

This means that the double coset Pr′,2mw′HB′4 is admissible with
respect to

π′ = Ind
SO4(n−tw)
pr′,2m

(τ ′ ⊗ ρ′).

By Lemma 2.7, there exists u′ ∈ U4n−4tw and A′ ∈ A(GL2n−2tw) such
that B4 = tu′−1A′u′−1. By Lemma 2.6, the admissibility with respect
to π′ of Pr′,2mw′HB′4 is the same as the admissibility of Pr′,2mw′u′HA′ ,
which contradicts to the induction assumption at the beginning of Sub-
section 2.2, with 4n− 4tw < 4n. Therefore, we finish the proof. ¤

We remark that in the proof of Lemma 2.10, we deduce that r′ =
r−2tw must be positive. Hence in the case when r = 1 and m = 2n−1,
the double cosets of the type in Lemma 2.10 will not occur. Also, in
the inductive argument, m remains unchanged.

Lemma 2.11. Assume that tw = 0, then Pr,2mwuHA is not admissible
for all A ∈ A and u ∈ U2n.

Proof. Let Ū2n denote the opposite unipotent radical of U2n. When
tw = 0, the admissibility of the double coset Pr,2mwuHA is equivalent
to the admissibility of Pr,2mwūHA′ for some A′ ∈ A and ū ∈ Ū2n. Since
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Ū2n ⊂ w−1Pr,2mw, Pr,2mwūHA′ = Pr,2mwHA′ . Now it leaves us to show
the non-admissibility of Pr,2mwHA′ , which will be established in the
following Lemmas 2.12 and 2.13. ¤
Lemma 2.12. If CA 6= ∅ and w(ek) = −ek, for all k ∈ CA. Then
Pr,2mwHA is not admissible.

Proof. Let
DA = {t ≥ r + 1 | ι(t) ≥ r + 1},

and q be the cardinality of DA (q may equal to zero). Then the car-
dinality of CA = m − q. For k ∈ CA, t ∈ DA, for all α ∈ F ∗, choose
β(α) ∈ F ∗ such that

gk,t(α) = I2n + αEι(k),t + β(α)Eι(t),k ∈ SpA,

where Ei,j = (ek,l) denotes the elementary matrix with its (k, l)-entry
ek,l = δk,iδl,j. Define

Xk,t(λ) := λ(Eι(k),2n+1−t − Et,2n+1−ι(k)), for λ ∈ F,

and
Yk,k′(η) := η(Eι(k),2n+1−k′ − Ek′,2n+1−ι(k)),

where η ∈ F, k 6= k′ ∈ CA. Then we have

(gk,t(α), Xk,t)(I2n, Yk,k′(λ)) ∈ HA ∩ w−1Pr,2mw

and
ψHA

((gk,t(α), Xk,t(λ))(I2n, Yk,k′(λ))) = 1.

If w′ = w|SO2m is an even permutation, then according to admissibil-
ity, ρ|N ′ = 1, where N ′ is isomorphic to the unipotent radical Nm−q,2q

of Pm−q,2q ⊂ SO2m. If w′ = w|SO2m is an odd permutation, then ρ̃ ∼= ρ′

(Refer to Lemma 4.2, [N10]), where the representation space of ρ′ is
the same as ρ such that

ρ′(g) = ρ(w′gw′−1), for g ∈ SO2m.

Note that if ρ is supercuspidal then so is its contragradient ρ̃. Hence the
admissibility implies ρ′|N ′ = 1, where N ′ is isomorphic to the unipotent
radical Nm−q,2q of Pm−q,2q ⊂ SO2m. Therefore, both of the cases contra-
dict to the supercuspidality of ρ, and Pr,2mwHA is not admissible. ¤

We remark that in the proof of Lemma 2.12, we use the supercuspi-
dality of ρ of SO2m and hence we use the assumption that m > 1.

Lemma 2.13. Let B =

(
B1

B4

)
, for some skew symmetric matrices

B1 ∈ Matr and B4 ∈ Matm, where m and r are both even and nonzero.
Then Pr,2mwHB is not admissible.
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Proof. Assume that Pr,2mwHB is admissible. Note that the SO2m part
is invariant under the conjugate action of w ∈ W1 and only regards
to the skew symmetric form B4. According to whether w|SO2m is even
or odd, the admissibility of the coset implies that either ρ or ρ̃ has a
generalized Shalika model of SO2m. If ρ is supercuspidal, then so is its
contragradient ρ̃. (Refer to [N10].) Either of the cases contradicts to
Theorem 2.1. ¤

We remark again that in the proof of Lemma 2.13, we use the super-
cuspidality of ρ of SO2m and hence we use the assumption that m > 1.
Note that in Lemma 2.13, r must be even.

Finally, we are able to complete the proof of Proposition 2.2 based
on Lemmas 2.8 through 2.13 and hence that of Theorem 1.2.

In fact, all double cosets are not admissible except those considered
in Lemma 2.10. For the double cosets considered in Lemma 2.10, we
reduce the problem to the group SO4(n−tw) and the parabolic subgroup
with Levi part isomorphic to GLr′ × SO2m and the supercuspidal ρ.

By repeating the same argument, if m = 2l is even, then r must be
even and hence we reduce the problem to SO4l with supercuspidal ρ.
In this case, Proposition 2.2 reduces to Theorem 2.1.

Now if m is odd and greater than 1, then r must be odd. We even-
tually reduce the problem to the case with the group SO4n and the
parabolic subgroup with Levi part isomorphic to GL1 × SO2(2n−1) (i.e.
r = 1 and m = 2n − 1 > 1) and the supercuspidal ρ of SO2(2n−1).
As we remarked after finishing the proof of Lemma 2.10, when r = 1,
the double cosets of the type in Lemma 2.10 will not occur. Also they
are not of the types occurring in Lemma 2.13, where r must be even.
Hence in this case (i.e. r = 1 and 1 < m = 2n− 1), the double cosets
are of the types considered in Lemmas 2.11 and 2.12, and hence all
of them are not admissible. This completes the inductive argument,
which proves Proposition 2.2.

3. Proof of Theorem 1.3

In this section, we fix any n ∈ N, and write P = P2n the Siegel
parabolic subgroup of SO4n. We first prove Theorem 1.3 and then dis-
cuss the conditions for the existence and uniqueness of the generalized
Shalika functionals on such an induced representation of SO4n.

3.1. Proof of Theorem 1.3. We want to show that if the induced
representation

π := IndSO4n
P (τ | det | 12 )
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for some irreducible admissible representation τ of GL2n, has a nonzero
generalized Shalika model, then τ admits a nonzero θNr -model of GL2n

for some 0 ≤ r ≤ n.
To compare with Theorem 1.1, we consider first the general case

when

Σ := IndSO4n
P (τ | det | s

2 ).

Following the standard argument, we have to consider the H-orbit de-
composition of the generalized flag variety P\SO4n and consider the
admissibility of the H-orbits, from which we deduce the property of τ
as stated in Theorem 1.3.

Define certain representatives of Weyl group elements of SO4n:

wi :=




I2i

I2n−2i 0
0 I2n−2i

I2i


 , 0 ≤ i ≤ n.

Then the set {wi | 0 ≤ i ≤ n} is a complete set of representatives for
the generalized Bruhat decomposition

P\SO4n/P

of SO4n with respect to the parabolic subgroup P . Hence a complete
set of the representatives of double coset decomposition

P\SO4n/H
consists of elements of type wih with 0 ≤ i ≤ n and certain h ∈ GL2n.

Now we consider all double cosets in the form of PwihH, where
h ∈ GL2n, 0 ≤ i ≤ n. By the same argument as in the previous section,
it suffices to consider all double cosets in the form of

PwiūHA,

with ū ∈ Ū2n, A ∈ A, where we use ū ∈ Ū2n (the radical of the opposite
of P ) to simplify the computation.

To figure out the admissibility of the cosets PwiūHA with A ∈ A,
we have the following cases: i = 0 and 1 ≤ i ≤ n.

When i = 0, we have the coset Pw0ūHA = PHA, for all ū ∈ Ū2n, A ∈
A. For any (I2n, X) ∈ V2n, then (I2n, X) ∈ P ∩ HA. On one hand we
have

(τ · | det | s
2 )((I2n, X)) = 1

and on the other hand the character ψHA
((I2n, X)) = ψ(trAXν2n) is

non-trivial. Hence Pw0ūHA is not an admissible coset.
18



When i = k with 1 ≤ k ≤ n, we consider the double coset PwiūHA.
Define

p =




G B X Y
C D Z W

D′ B′

C ′ G′


 ∈ P,

where G,G′ ∈ Mat2k and D, D′ ∈ Mat2n−2k. Then

wkpw
−1
k =




G′ C ′

W D Z C
B′ D′

Y B X G


 .

Since w−1
k Pwk = (ūwk)

−1Pwkū for all ū ∈ Ū2n, it suffices to consider
the admissibility of PwkHA for A ∈ A.

Write

A :=

(
A1 A2

A3 A4

)
,

with A1 ∈ Mat2k and A4 ∈ Mat2n−2k. Define t := (I2n, T ) ∈ V2n(Refer
to Eq. (1.2) for the notation.) with

T =

(
0 0
Z 0

)
, Z ∈ Mat2n−2k.

Then t ∈ w−1
k Pwk ∩H. Now on the left hand side, we have

(τ · | det | s
2 )(t) = 1,

and on the right hand side we have

ψHA
(t) = ψ(trA4Zν2n−2k),

which is the key condition for us to determine the admissibility of the
cosets PwkHA for A ∈ A and k = 1, 2, · · · , n.

For 2k < n, since A is invertible, A4 6= 0. Hence the cosets PwkHA

are not admissible, and when 2k ≥ n and A4 6= 0, the cosets PwkHA

are also not admissible. It remains to consider the cosets PwkHA with
the conditions that 2k ≥ n and A4 = 0.

In this case, we may re-write the 2n× 2n-matrix A as follows:

A =




a1 a2 a3

a4 a5 a6

a7 a8 0



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with a1 ∈ Mat2n−2k and a5 ∈ Mat4k−2n. Since A is monomial, there
exists a suitable permutation matrix

B =

(
B1

B2

)
, B1 ∈ Mat2k, B2 ∈ Mat2n−2k

and a diagonal matrix d = diag(d1, · · · , dn, dn, · · · , d1) such that

(dB)A(dB)t = J.

Notice

(wkdB)−1PwkdB = (wk)
−1Pwk.

Hence PwkHA = PwkH.
In order to consider the admissibility of the cosets PwkH with the

condition that 2k ≥ n, we consider the stabilizer of the coset in P ,
which is P ∩wkHw−1

k . The elements of the stabilizer can be written as

(
g X

g∗

)
∈ P ∩ wkHw−1

k ,

with

(3.1) g =




G1

G3 D
R1 R2 D


 , X =




W
Y
Z Y ∗ W ∗


 ,

where the matrices satisfy the conditions

• G1 ∈ Sp4k−2n, and G3, R1, and R2 are arbitrary,
• D ∈ GL2n−2k and D∗ = ν tD−1ν,
• W ∈ Mat4k−2n,2n−2k and W ∗ = ν2n−2kW

tν4k−2n,
• Y, Z ∈ Mat2n−2k such that Zt = ν2n−2kZν2n−2k and Y ∗ =

ν2n−2kY
tν2n−2k,

such that

(3.2) h =




D∗

W G1

Y G3 D


 ∈ Sp2n.

Clearly, the subgroup of GL2n consisting of all elements g of the form
in Eq. (3.1) is isomorphic to the group N2n−2k (with 2k ≥ n) as defined
in (1.7), which defines the θN2n−2k

-model for GL2n as in (1.9).
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More explicitly, we write

(
g X

g∗

)
=




G1 W
G3 D Y
R1 R2 D Z Y ∗ W ∗

D∗

R∗
2 D∗

R∗
1 G∗

3 G∗
1




.

Then after conjugating by wk we have

w−1
k

(
g X

g∗

)
wk =




D∗ R∗
2

G∗
3 G∗

1 R∗
1

Y ∗ W ∗ D Z R1 R2

D∗

W G1

Y G3 D




,

which is an element in Hwk := w−1
k Pwk ∩H. Denote by h∗ = ν(th−1)ν,

where h is as in (3.2). Then diag(h, h∗) ∈ H.
Now the admissibility implies that

(3.3) | det g| s
2 δ

1
2
P (g)τ(g) = ψ(trR2)δ

−1
Hwk (h).

Denote by f = diag(D∗, G∗
1, D) and f ∗ = diag(D∗, G1, D) such that

diag(f, f ∗) is an element in the Levi part of Hwk . Denote by

R =




I2n−2k R∗
2

G∗
3 I4k−2n R∗

1

Y ∗ W ∗ I2n−2k Z R1 R2

I2n−2k

W I4k−2n

Y G3 I2n−2k




an element in the unipotent radical of Hwk . Then we have

fRf−1 =




I ∗
∗ I ∗
∗ ∗ I DZDνtν DR1νG−t

1 ν DR2νD−tν
I

G1WνDtν I
DY νDtν DG3G

−1
1 I




.

By Eq. (3.2), we obtain the following conditions:

νY + W tJW − Y tν = 0, and G3 = −νW tJ.
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It follows that the dimension of Y is (2n−2k)(2n−2k+1)
2

, the dimension of

Z is (2n−2k)(2n−2k−1)
2

, and the dimensions of R1 and W are (4k− 2n)×
(2n− 2k). Now it is an easy calculation to show that

δ−1
Hwk (h) = | det D|2(2n−2k)+2(4k−2n) = | det g|2k

and

| det g| s
2 δ

1
2
P (g) = | det g| s

2 | det g| 2n−1
2 = | det g|n+ s−1

2 .

Eq. (3.3) becomes

| det g|n+ s−1
2 τ(g) = ψ(trR2)| det g|2k.

Hence in order for the double coset PwkH with the condition that
2k ≥ n to be admissible, the irreducible representation τ must has a
nonzero θN2n−2k

-model when s = 1. This proves Theorem 1.3.

3.2. On the existence and the uniqueness. From the proof of The-
orem 1.3 given above, we have the following existence result.

Corollary 3.1. Let τ be an irreducible, unitary, admissible represen-
tation of GL2n. Assume that τ has a nonzero θN2n−2k

-functional for
some k with [n

2
] ≤ k ≤ n. Then the induced representation

IndSO4n
P2n

(τ ⊗ | det | s
2 )

has nonzero generalized Shalika functionals only when s = 1.

By comparing with Theorem 1.1, we may ask if such generalized
Shalika functionals exist on the induced representation

IndSO4n
P2n

(τ ⊗ | det | 12 )
and if they are also unique.

For the existence, we may assume that the representation τ has a
nonzero θN2n−2k

-functional with the smallest possible k satisfying [n
2
] ≤

k ≤ n. Then the corresponding admissible double coset produces a
nonzero quasi-invariant functional with s = 1. It is technical to show
that such a quasi-invariant functional is in fact supported on a closed
P×H-stable subset of SO4n, which implies that it extends to a nonzero
generalized Shalika functional on the induced representation with s =
1. Hence we will not pursue that matter in this paper. We leave further
discussion towards the end of Section 4 related to Theorem 4.2.

Recall that the local uniqueness of the generalized Shalika function-
als for irreducible admissible representations of SO4n was proved in
[N10]. However, the representation IndSO4n

P2n
(τ ⊗ | det | 12 ) may be re-

ducible. From the proof of Theorem 1.3, it is easy to see that such
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a local uniqueness problem reduces to the following problem on inter-
section of different models in the family of θNr -models for irreducible
admissible representations of GL2n. It is not clear to us in general if
the models in this family are disjoint in the sense that there exists no
irreducible admissible representation τ having more than one models
in this family, except that when τ is supercuspidal. In this case, τ can
not have θNr -models for 0 < r < n because of the supercuspidality of
τ . Since an irreducible supercuspidal representation GL2n is generic,
i.e. has a nonzero Whittaker model. By [HR90], the symplectic model,
which is the θN0-model here, is disjoint with the Whittaker model for
GL2n. Hence an irreducible supercuspidal representation τ of GL2n has
the only possibility to have the θNn-model, which is the Shalika model.
This leads to the uniqueness assertion in Theorem 1.1, since uniqueness
of Shalika model is known.

In order to extend this uniqueness to the case with more general
representation τ , we prove a more general disjointedness result (Theo-
rem 3.2) below. To state the result, we denote the standard maximal
parabolic subgroup of GLm by

Pr,m−r = Mr,m−rNr,m−r

for any integer 0 ≤ r ≤ m with m ∈ N. Also, the Whittaker character
ψUm of Um is given by

ψUm(u) = ψ(
m−1∑
i=1

ui,i+1), for u = (ui,j) ∈ Um.

For 2k ≤ m, and given any representation (not necessarily irre-
ducible) τm−2k of GLm−2k, define

π(τm−2k) = IndGLm
Am,2k

(τm−2k ⊗ 1Sp2k
⊗ 1Nm−2k,2k

),

where
Am,2k = (GLm−2k ⊗ Sp2k)Nm−2k,2k

whose elements are expressed in matrix form as(
GLm−2k ∗

0 Sp2k

)
.

Theorem 3.2. For 0 < 2k ≤ m and any representation τm−2k of
GLm−2k, the Whittaker model of GLm and the model π(τm−2k) of GLm

are disjoint in the sense that there is no GLm-intertwining mapping
between the Whittaker model and the model π(τm−2k) of GLm.

Proof. When m = 2k, this theorem reduces to the disjointedness of
Whittaker model and Symplectic model, which is known by the result
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of Klyachko for finite field case and by Heumos and Rallis for p-adic
field case ([HR90]).

Now we consider the disjointedness between Whittaker model and
π(τm−2k) for 0 < 2k < m. Let

P = Pm−2k,2k = Mm−2k,2kNm−2k,2k.

Let S ′ be a complete set of representatives for W (P)\W (GLm), where
W (G) denotes the Weyl group of a group G. By Bruhat decomposition,

P\GLm/Um = ∪w∈S′PwUm,

where Um denotes the upper triangular unipotent subgroup of GLm.
Let

Λ = {diag(Im−2k, B) | B ∈ B′},
where B′ is a complete set of representatives for Sp2k\GL2k. Then

Am,2k\GLm/Um = ∪w∈S′,λ∈ΛAm,2kwλUm.

For any w ∈ S ′ and diag(Im−2k, B) ∈ Λ, we claim that

Am,2kdiag(Im−2k, B)wUm

is not an admissible coset. Let

D′ =
(

Q′ R′

T ′

)
∈ Am,2k,

where Q′ ∈ GLm−2k and T ′ ∈ Sp2k. Write

D =

(
Q R

T

)
= diag(Im−2k, B)−1D′diag(Im−2k, B).

If the conjugate action of w−1 on D (which maps D to w−1Dw) sepa-
rates T into more than two blocks, then some element n in the unipo-
tent radical of P will make ψUm(n) 6= 1, and the coset is not admissible.

We use the following example to explain the idea and the method.
Let

Q =

(
Q1 Q2

Q3 Q4

)
, T =

(
T1 T2

T3 T4

)
and R =

(
R1 R2

R3 R4

)
.

Assume that w = (1, 4), i.e. the permutation which interchanges the
first and the fourth blocks, then

w−1Dw =




T4 0 T3 0
R4 Q4 R3 Q3

T2 0 T1 0
R2 Q2 R1 Q1


 .

For some element D with nontrivial R3 part in w−1Dw, we have

ψUm(w−1Dw) 6= 1
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and the coset is not admissible.
Next we assume that the conjugate action of w−1 keeps the symplec-

tic part T -block a whole piece (may perform a permutation on the T -
block’s interior). Let w′ = w|Sp2k

be the restriction of w to Sp2k-part
(as its embedding in GLm) and consider the restriction of this coset
to its corresponding GL2k part (i.e. the coset Sp2kBw′U2k in GL2k).
Then we can see this coset can not be admissible by the disjointedness
of Whittaker model and Symplectic model.

This completes the proof. ¤
Now we apply Theorem 3.2 to the case of the mixed model θNr -model

in GL2n. Let m = 2n, and for 0 ≤ 2r < 2n, take

τ = τ2r = IndGL2r
Sr

(ψSr).

It is clear from induction by stages that

IndGL2n
Nr

(θNr) = IndGL2n

(GL2r⊗Sp2n−2r)N2r,2n−2r
(τ2r ⊗ 1Sp2n−2r

⊗ 1N2r,2n−2r).

As a consequence of Theorem 3.2, we have the following Proposition.

Proposition 3.3. For 0 ≤ r < n, the θNr-model and Whittaker model
are disjoint as representations of GL2n.

Finally the uniqueness for the induced representation in this case
follows.

Corollary 3.4. Let τ be an irreducible, unitary, generic representation
of GL2n. Then the induced representation

IndSO4n
P2n

(τ ⊗ | det | s
2 )

has at most one nonzero generalized Shalika functional up to scalar. If
it exists, then s = 1 and τ has a nonzero Shalika functional.

When τ is a non-generic representation of GL2n, such a uniqueness
will be a more technical issue. We omit the discussion here.

We remark that it is also very interesting to study further properties
of this new family of models, θNr -models, and find applications to rep-
resentation theory and automorphic forms, following the lines of ideas
in [OS07], [OS08-1], and [OS08-2].

4. Conjectures Related to the Generalized Shalika
Models

We are going to discuss relations of our previous work on the gen-
eralized Shalika models to the local Langlands functoriality and state
conjectures on these issues.

25



The study of the generalized Shalika models for irreducible admissi-
ble representations of SO4n over a p-adic local field F can be viewed as
a special case of establishing the general theory of representations and
harmonic analysis related to spherical varieties. In this case, the gener-
alized Shalika subgroup H2n is a spherical subgroup of SO4n. From the
general theory of spherical varieties ([K96]), from the context of the
geometric Langlands program ([GN10] and [GN09]), and from the har-
monic analysis on spherical functions ([S08]), for each spherical variety
X attached to a reductive algebraic group G over F , there exists a dual
group G∨

X which is a subgroup of the Langlands dual group LG of G,
such that the irreducible admissible representations of G attached to
the spherical variety X are conjecturally parametrized in terms of the
dual group G∨

X through the local Langlands functoriality conjecture.
In the summer of 2009, in the workshop on Relative Trace Formula

and Periods of Automorphic Forms at The American Institute of Math-
ematics, Y. Sakellaridis gave a wonderful lecture announcing his joint
work with A. Venkatesh on periods and harmonic analysis on spherical
varieties, which motivated us to consider the relative functorial parame-
trization of distinguished representations of p-adic groups. In a sense,
the conjectures and the results discussed here support their more gen-
eral conjectures on Plancherel formula on spherical varieties. We are
taking a close look at the results obtained in terms of the generalized
Shalika models from this perspective.

Recall that the complex dual group of F -split SO4n is SO4n(C). Let
WF be the local Weil group of F . Recall from [A05] that a local Arthur
parameter is a homomorphism

ψ : WF × SL2(C)× SL2(C) → SO4n(C)

such that the restriction of ψ to SL2(C) × SL2(C) is algebraic and
the restriction of ψ to WF × SL2(C) is a tempered local Langlands
parameter. Assume that the local Arthur conjecture holds, that is,
there exists a finite set of irreducible admissible representations of SO4n

attached to the local Arthur parameter ψ, which is called the local
Arthur packet of ψ and is denoted by Π(ψ). For each local Arthur
parameter ψ, one defines a local Langlands parameter

φψ : WF × SL2(C) → SO4n(C)

by

φψ(w, h) := ψ(w, h,

(|w| 12 0

0 |w|− 1
2

)
).
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For this local Langlands parameter φψ, following the local Langlands
conjecture, there exists a finite set of irreducible admissible represen-
tations of SO4n, which is denoted by Π(φψ) and is called the local
L-packet associated to φψ. Conjecturally, the local L-packet Π(φψ)
should be contained in the local Arthur packet Π(ψ). See the recent
work of Moeglin ([M09]) for more discussion on this issue.

In general, the local Arthur parameter ψ is a direct sum of stable
local Arthur parameters

(4.1) ψ = ψ1 ¢ ψ2 ¢ · · ·¢ ψr

where the stable local Arthur parameters ψi (i = 1, 2, · · · , r) are given
by

ψi := (ρi, ai, bi)

where ai and bi are positive integers, which are the dimensions of the
irreducible representations of the two copies of SL2(C), respectively,
and ρi is irreducible continuous homomorphism from the local Weil
group WF to GLdρi

(C).
We first consider the result from Theorem 1.1 obtained in [JQ07].

The Langlands quotient LSO4n(1, τ) with τ an irreducible supercuspidal
representation of GL2n has a stable local Arthur parameter

ψ = (ρτ , 1, 2)

where ρτ is the local Langlands parameter attached to τ by the local
Langlands conjecture for GL2n ([HT01] and [H00]). Of course the local
Langlands parameter for the quotient LSO4n(1, τ) is

φψ = ρτ | · | 12 ⊕ ρ∨τ | · |−
1
2 .

In this case, the spherical space X := H2n\SO4n has the dual group

G∨
X = Sp2n(C).

Theorem 1.1 shows that if the Langlands quotient LSO4n(1, τ) has a
nonzero generalized Shalika model, i.e. is (H2n, ψH2n)-distinguished if
and only if τ has a nonzero Shalika model. By Theorem 1.1, [JNQ10-1],
the irreducible supercuspidal representation τ has a nonzero Shalika
model if and only if τ is the image under the local Langlands functor-
ial transfer from an irreducible generic supercuspidal representation of
SO2n+1. This means that the local Langlands parameter

ψ1,2 := (ρτ , 1)

factors through the complex dual group Sp2n(C) of SO2n+1. Since
Sp2n(C) is also the dual group G∨

X associated to the spherical vari-
ety X = H2n\SO4n, the result in Theorem 1.1 proved in [JQ07] can be
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expressed by the following diagram:

(4.2)

WF × SL2(C)× SL2(C) −→ SO4n(C)

↘ ↗

G∨
X × SL2(C)

where ψ1,2(WF × SL2(C)) is included in G∨
X and the restriction to

the second copy of SL2(C) of the stable local Arthur parameter ψ =
(ρτ , 1, 2) which is denoted by ψ3, is the identity homomorphism from
SL2(C) onto SL2(C). This interpretation leads to the following conjec-
ture.

Conjecture 4.1. Let ψ be a local Arthur parameter of SO4n. Let
Π(φψ) be the local L-packet associated to the local Langlands parameter
φψ, which is included in the local Arthur packet Π(ψ) associated to the
local Arthur parameter ψ. Then there exists a member in Π(φψ) having
a nonzero generalized Shalika model if and only if the local Arthur para-
meter ψ factors through G∨

X×SL2(C), which is a subgroup of SO4n(C),
i.e.

ψ(WF × SL2(C)× SL2(C)) ⊂ G∨
X × SL2(C).

Furthermore, the projection to the SL2(C) of ψ(1× 1× SL2(C)) yields
the identity homomorphism from the second copy of SL2(C) in WF ×
SL2(C)× SL2(C) onto SL2(C).

Next, we interpret the new results obtained in this paper along the
line of Conjecture 4.1. We start with Theorem 1.2. If an irreducible
admissible representation σ of SO4n has a nonzero generalized Shalika
model, then it can be realized as a quotient of an induced representation
of SO4n of type

(4.3) IndSO4n
P2n

(τ | det | 12 )
where τ is an irreducible admissible representation of GL2n. Let φτ

be the local Langlands parameter associated to τ by the local Lang-
lands conjecture for GL2n (the Local Langlands Reciprocity Theorem
of Harris-Taylor ([HT01]) and of Henniart ([H00])). Then the expected
local Langlands parameter φσ for σ should be

φσ = φτ | · | 12 ⊕ φ∨τ | · |−
1
2 .

Assume that the irreducible admissible representation τ of GL2n is
an Arthur representation, i.e. τ has a local Arthur parameter ψτ . Then
we write ψτ as a direct sum of stable ones

ψτ = ⊕r
j=1ψj = ⊕r

j=1(ρj, aj, lj).
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Then the local Arthur parameter of σ should be

ψσ = ⊕r
j=1(ρj, aj, 2lj).

In other words, Theorem 1.2 shows, under the local Arthur parame-
trization conjecture, that if ψ is the local Arthur parameter of σ such
that σ ∈ Π(φψ) (the local L-packet included in the local Arthur packet
Π(ψ)) and if σ has a nonzero generalized Shalika model, then in the
expression as a formal sum of stable local Arthur parameters

ψ = ⊕r
j=1(ρj, aj, bj),

all the integers bj must be even, i.e. bj = 2lj for j = 1, 2, · · · , r. In
this case, σ can be realized as a quotient of the induced representation
(4.3) such that the irreducible admissible representation τ belongs to
the local L-packet Π(φψτ ), where the local Arthur parameter ψτ of τ
can be expressed as

ψτ = ⊕r
j=1ψj = ⊕r

j=1(ρj, aj, lj).

This proves the following relation between the generalized Shalika
models and the local Arthur parameters, assuming that the local Arthur
parametrization conjecture ([A05] and [M09]) holds.

Theorem 4.2. Let ψ = ⊕r
j=1(ρj, aj, bj) be a local Arthur parameter

of SO4n. Let Π(φψ) be the local L-packet associated to the local Lang-
lands parameter φψ, which is included in the local Arthur packet Π(ψ)
associated to the local Arthur parameter ψ. If there exists a member
in Π(φψ) having a nonzero generalized Shalika model, then in the local
Arthur parameter ψ, the integers bj’s are all even.

Based on this, we can explain the result of Theorem 1.3 along the
line of Conjecture 4.1, which leads the converse of Theorem 4.2. To
this end, we state a conjecture for GL2n.

Conjecture 4.3. Let φτ be the local Langlands parameter associated to
the irreducible admissible unitary representation τ of GL2n. Then τ has
a nonzero θNr-model with 0 ≤ r ≤ n if and only if φτ is of symplectic
type, i.e.

φτ (WF × SL2(C)) ⊂ Sp2n(C).

This conjecture is true when τ is supercuspidal, according to Theo-
rem 1.1, [JNQ10-1]. Proposition 3.3 shows that when τ is generic, then
if τ has a nonzero θNr -model, then r = n and τ has a nonzero Shalika
model. It is expected that τ is of symplectic type. When r = 0, the
symplectic models for the Speh representations of GL2n was considered
in [OS07].
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Combining Theorem 1.2 with Conjecture 4.3, the result of Theorem
1.3 predicts that if an irreducible admissible representation σ of SO4n

has a local Arthur parameter ψσ and has a nonzero generalized Shalika
model, then ψσ factors through the subgroup G∨

X×SL2(C) of SO4n(C).
This explanation of our new results in this paper supports Conjecture
4.1.

At this point, we do not have any more evidence to support our
conjectures. However, it is not hard to see that assuming the local
Arthur conjecture, the generalized Shalika models plays a role towards
the endoscopy structure of the local Arthur packets via the endoscopy
transfers. Such an investigation will lead to the converse of Theorem
4.2.

Another application of the generalized Shalika models to the en-
doscopy structures of irreducible generic supercuspidal representations
of SO2n+1 was discussed in detail in [JNQ10-2]. We omit any further
discussion here.

The whole theory discussed for orthogonal groups ([JQ07], [JNQ08],
[JNQ10-1], and [JNQ10-2]) may be extended to other classical groups.
We will go back to these topics in our future work.

References

[A05] Arthur, J., An introduction to the trace formula. Harmonic analysis,
the trace formula, and Shimura varieties, 1–263, Clay Math. Proc., 4,
Amer. Math. Soc., Providence, RI, 2005.

[BZ76] Bernstein, I. N.; Zelevinsky, A. V. Representations of GL(n, F ), where
F is a non-archimedean local field. Russ. Math. Surveys 31 (1976), No.
3, 1-68.

[BZ77] Bernstein, I. N.; Zelevinsky, A. V. Induced representations of reductive
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à l’intérieur d’un paquet d’Arthur. Journal of Lie Theory, 19 (2009)(4),
797–840.

[MW87] Moeglin, C.; Waldspurger, J.-L. Modéles de Whittaker dégénérés pour
des groupes p-adiques. (French) Math. Z. 196 (1987), no. 3, 427–452.

[N09-1] Nien, Chufeng Klyachko models for general linear groups of rank 5 over
a p-adic field. Canad. J. Math. 61 (2009), no. 1, 222–240.

[N09-2] Nien, Chufeng Uniqueness of Shalika models. Canadian Journal of
Mathematics, V61, No 6, 2009, 1325-1340.

[N10] Nien, Chufeng Local uniqueness of generalized Shalika models for
SO(4n). Journal of Algebra 323, 2010, 437–457.

[O06] Offen, Omer On symplectic periods of the discrete spectrum of GL(2n).
Israel Journal of Mathematics, 154, 253-298, 2006.

[OS07] Offen, Omer; Sayag, Eitan On unitary representations of GL2n distin-
guished by the symplectic group. J. of Number Theory, 125(2):344-355,
2007.

[OS08-1] Offen, Omer; Sayag, Eitan Global mixed periods and local Klyachko
models for the general linear group. Int. Math. Res. Not. IMRN 2008,
no. 1, Art. ID rnm 136, 25 pp.

[OS08-2] Offen, Omer; Sayag, Eitan Uniqueness and disjointness of Klyachko
models. J. of Funct. Anal., 254(11):2846-2865, 2008.

31



[PSP08] Prasad, Dipendra; Schulze-Pillot, Rainer Generalised form of a conjec-
ture of Jacquet and a local consequence. J. Reine Angew. Math. 616
(2008), 219–236.

[S08] Sakellaridis, Yiannis On the unramified spectrum of spherical varieties
over p-adic fields. Compos. Math. 144 (2008), no. 4, 978–1016.

School of Mathematics, University of Minnesota, Minneapolis, MN
55455, USA

E-mail address: dhjiang@math.umn.edu

Department of Mathematics, National Cheng Kung University and
National Center for Theoretical Sciences(South), Tainan 701, Taiwan

E-mail address: nienpig@mail.ncku.edu.tw

Department of Mathematics, East China Normal University, Shang-
hai 200241

E-mail address: yjqin@math.ecnu.edu.cn

32


