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1 Introduction

This is extended version of my lecture notes at The Institute of Mathematics,
The Chinese Academy of Science, Beijing, over the past few years. My lec-
tures were mainly concerned with a few aspects of my research in the modern
theory of automorphic forms, in particular, in the Langlands program. It is
by no means that this paper covers the whole theory of automorphic forms.
For instance, we will not discuss the trace formula approach to the Langlands
functoriality, and the significant arithmetic applications of automorphic rep-
resentations. Instead, we will refer the readers to [A05] and [CHT06] and
[Ty06]. Also we will refer the readers to the recent ICM invited lectures
[CPS02], [Hr02], [Sh02], [SA06], [Ty02], and [Ty04]. It is for sure that this
paper will have certain overlap with my previous paper [Jng04], but I will
try to discuss more recent progress after [Jng04].

I would like to thank Dr. Xiangyu Zhou for kind invitations for all the
Institutional Colloquia I gave over years, and to thank Dr. Fei Xu for en-
couraging me to write up this paper for publication. I would like to thank
The Institute of Mathematics, CAS, for the distinguished visiting professor-
ship which makes my visit possible over the past few years. The research is
supported in part by NSF (USA) grant DMS-0400414.

2 Automorphic Representations

2.1 Cuspidal automorphic forms

Let k£ be a number field and A be the ring of adeles of k. For simplicity,
take G to be a reductive k-split algebraic group. In most cases, G will be a
k-split classical group, and in particular, take G = SOg,,.1, which is given as



follows. For example, one takes Jo,.1 as defined inductively by

1

J2n+1 = J2n—1 )
1

and defines SOy,.1 = {9 € GLony1 | '9Jons19 = Jani1,det g = 1}. We denote
by B a Borel subgroup of G. When G = GL,,, or SOs,,+1, B can be taken to
be the subgroup consisting of all upper-triangular matrices in G. Then there
is a Levi decomposition

B=TU

where 7' is the maximal k-split torus and U is the unipotent radical of B.
When G = GL,, or SOg,, 11, T is the diagonal subgroup and U consists of all
upper-triangular matrices in G with all diagonal entries 1. Let P = M N be
a standard parabolic subgroup of G' which contains B. When G = GL,,,, M
is isomorphic to GL,,, X -+ X GL,,, with m =m; +---+m,, and N is given
by the following unipotent elements of GL,,

For detailed discussions on algebraic groups we prefer to [Sp98].

It is known that the diagonal embedding of G(k) into G(A) has discrete
image in G(A) and the quotient Z¢(A)-G(k)\G(A) has finite volume with re-
spect to the canonical Haar measure on the quotient space, where Z denotes
the center of G. We consider the following L?-space

L*(G,w) = L(G(E\G(A)),

which consists of all C-valued square integrable functions f on G(k)\G(A),
such that

f(z9) = w(2)f(9),
where z € Zg(A) and w is a character of Zg(k)\Zc(A). Naturally, the space
L*(G,w) is a G(A)-module structure given by

(g F)(x) = f(zg)



for all g,z € G(A) and f € L?*(G,w). A function f € L*(G,w) is called
cuspidal if the following integral

/ f(ng)dn
N(k)\N(4)

is zero for almost all g € G(A) and for the unipotent radical N of all parabolic
subgroup P = MN of G. If a smooth cuspidal function f € L*(G,w)
generates an irreducible G(A)-submodule in L?*(G,w), then f is called a
cuspidal automorphic form on G(A). We prefer to [BrJ79] or [MW95] for
a formal definition of cuspidal automorphic forms. Any irreducible G(A)-
submodule of L?(G,w) generated by a cuspidal automorphic form is called
an irreducible cuspidal automorphic representation of G(A). Let (w, V) be an
irreducible cuspidal automorphic representation of G(A). Then any function
in V. is cuspidal.

Let L?(G,w) be the submodule in L?*(G,w) generated by all irreducible
cuspidal G(A)-submodules in L*(G,w). Then it is a theorem of Gelfand
and Piatetski-Shapiro that the cuspidal spectrum L?*(G,w) decomposes into
a Hilbert sum of irreducible cuspidal G(A)-modules with finite multiplic-
ity. Any irreducible G(A)-submodule in L*(G,w) which is not cuspidal is
called an irreducible non-cuspidal, square-integrable automorphic represen-
tation of G(A). The submodule of L?(G,w) generated by all irreducible non-
cuspidal, square-integrable automorphic representation of G(A) is denoted
by L?(G,w), which can be realized as residues of Eisenstein series on G(A)
following the Langlands theory of Eisenstein series ([L76] and [MW95]). The
space L2(G,w)® LA(G, w) is often called the discrete spectrum of G(A) and is
denoted by L3(G,w). Any irreducible G(A)-submodule in L3(G,w) is called
an irreducible discrete series automorphic representation of G(A).

2.2 Satake parameters

Let € be the set of all local places of k and Q. (or Qf, resp.) be the
subset of {2 consisting of all archimedean (or nonarchimedean, resp.) local
places of k. Since G is k-split, for each v € Q, K, = G(Z,) is a maximal
compact subgroup, and for v € Q,, K, is the maximal compact subgroup of
G(R) associated to a Cartan involution. Then K =[] ., K, is a maximal
compact subgroup of G(A) with the Iwasawa decomposition



In the sense of Kirillov and Bernstein, the adelic group G(A) is tame
([C106]). It follows that an irreducible unitary representation 7 of G(A) can
be written as a restricted tensor product m = ®yeq, T, Where (m,, Vz,) is an
irreducible unitary representation of G(k,), and for almost all finite places v,
Y., has K,-invariant vectors, i.e. VWIH{“ # 0, where

VE ={ueV,, 1 m(h)(u)=u,for allh € K,}.

From Satake’s theory of p-adic spherical functions ([St63]), we have the
following properties,

(1) dimmke < 1.

(2) If 7K =£ 0 (7, is spherical), there is a unramified character y, of T(Q,)
s.t. m, is the irreducible spherical constituent of Indgggzg(xv), where

B =TU is a Borel subgroup of G.

(3) The K,-invariant vector of m, is characterized by a semi-simple conju-
gacy class t, in the Langlands dual group G (which will be defined
below), which is called the Satake parameter attached to ,.

For example, if G = GL(m), the Satake parameter for
G(Qy
Indg!) Oxe)

is
ty, = diag(q™*",¢7,- -+ ,¢°") € GL,(C),

if xo(diag(ty, ta, - ,tm)) = [t1|™ ... [t

When 7, is spherical, the dimension of VWIH{“ is one. We choose a nonzero
vector u, in V; . Take all finite subset S of local places in €, such that S
contains all archimedean local places of k£ and for any local place v, which
is not contained in .S, the local component 7, is spherical. Consider all the
factorizable vectors of the following form

(®uesty) ® (®v§25uz)-

Then the set of all factorizable vectors generates a dense subspace of the
irreducible unitary representation (m, V) with 7 = ®,7,.



2.3 Complex dual groups

For k-split reductive algebraic groups G, take T' to be a maximal k-split torus
of G. Let R(T,G) be the set of roots of G with respect to T" and RY (T, G)
be the set of coroots of G with respect to T. Let X be the R-vector space
generated by R(T,G) and XV be the R-vector space generated by RY (T, G).
Finally, let A be the set of simple root in R(T, G) with respect to a given
Borel subgroup B = TU, and AY be the dual of A in RY(T,G). Then
(X, A; XV, AY) is the root datum attached to (G, B,T). It follows from a
standard theorem in the theory of linear algebraic groups ([Sp98]) that G is
determined over k, up to isogeny, by a combinatorical datum, called the root
datum attached to G.

The complex dual group of G is the complex algebraic group GV deter-
mined, uniquely up to isogeny, by the root datum dual to the one of G. The
relations are given by the following diagram

G <= (X,A; XY, AY)

) )
LG = (XV,AV; X, A)

For example, we have the following table

G | GY
________ | S,
GL(m) | GL(m,C)
SL(m) | PGL(m,C)

SO(2n +1) | Sp(2n, C)
Sp(2n) |  SO(2n+1,C)
SO(2n) | SO(2n,C)
Go | G5(C)

The Langlands dual group “G is defined to be the semiproduct of the complex
dual group G and the absolute Galois group I'y, = Gal(k/k). When G is
k-split, then the semiproduct is a direct product. Hence we may take the
complex dual group as the Langlands dual group.

2.4 Automorphic L-functions

Automorphic L-functions in the sense of Langlands are defined as follows
([Br79]). Let m = ®,m, be an irreducible unitary automorphic representation
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of G(A) and p be a m-dimensional complex representation of the dual group
GY. For any unramified local component m, (v < 00), the representation
Tw, Vi, ) 18 completely determined by the Satake parameter ¢, of 7,, which
is a semi-simple conjugacy class in the complex dual group GY. Hence p(t,)
is a semi-simple conjugacy class in GL,,(C). Since a semi-simple conjugacy
class in GL,,(C) is completely determined by its characteristic polynomial,
it is natural to define a local L-factor to be

L(s, 7y, p) := [det(I — p(tr,)a;*)] "

It is a meromorphic function in variable s attached to the datum (m,, p). It
is easy to see that the local L-factor L(s,m,, p) determines 7, unique up to
isomorphism, when 7, is spherical. In other words, L(s, m,, p) is an invariant
attached to m,.

In order to form a global invariant attached to m = ®,m,, Langlands
defines the Langlands automorphic L-function attached to (7, p) by

L(s,m,p) HLsm, xHL(s,m,p):HL(s,m,p)XLS(s,ﬁ,p)
vES vgS vES

where S is a finite subset of €2, including €2, such that 7, is unramified if
v & S. The partial L-function L(s, m, p) is defined by

s7rp HLsm,p
vgS

For v € S, it is a difficult problem to define L(s,m,,p). One may define
them in terms of the local Langlands correspondence conjecture and the
local Langlands functorial transfer conjecture from G to the general linear
groups.

Theorem 2.1 (Langlands). For any pair (7, p) as given above, the eule-
rian product L(s,m,p) or the partial eulerian product L°(s,m, p) converges
absolutely for Re(s) large.

It follows that for Re(s) large, the partial L-functions L°(s, 7, p) or the
complete L-functions L(s, 7, p) if it can be defined, are invariants of 7. Just
as the Riemann zeta function

ns



Langlands made the following conjecture for basic analytic properties of the
automorphic L-functions.

Conjecture 2.2 (Langlands). Automorphic L-functions L(s,, p) have mero-
morphic continuation to C with finitely many poles on the real line R, and
enjoy the functional equation

L(s,m,p) =e(s,m,p)L(1 — s, 7", p).

By the Langlands theory of Eisenstein series ([L76] and [MW95]), the
general Eisenstein series attached to a cuspidal datum (P, 7) has a mero-
morphic continuation. In the case when the cuspidal datum is maximal, i.e.
the standard parabolic subgroup P is maximal, the constant terms of the
Eisenstein series along a standard parabolic subgroup are zero except that
the standard parabolic is P. In this case, the constant term of the Eisenstein
series along P is expressible in terms of certain automorphic L-functions as
defined above. It is easy to see that the automorphic L-functions occurring
in a constant term of relevant Eisenstein series have a meromorphic contin-
uation to the whole complex plane C. However, it remains to determine the
functional equation, the finiteness and the location of the poles of these auto-
morphic L-functions. The method developed by Shahidi based on the Lang-
lands’ theory on the constant terms of Eisenstein series, which is called the
Langlands-Shahidi method, has proved the Langlands conjecture for many
cases, which is known as the Shahidi list ([L71], [Sh88], and [GIS88]). On
the other hand, there is a different approach, which is often called as the
Rankin-Selberg method, also depending on the theory of Eisenstein series.
The method has proved many cases of the Langlands conjecture, which even
include cases not in the Shahidi list. D. Bump’s paper summarizes the state
of art for the Rankin-Selberg method ([Bm05]). In [Jng06a], a new case of
the Langlands conjecture was proved based on the recent progress on the
Langlands functoriality. This case is not in the Shahidi’s list and also can
not be reached by the current understanding of the Rankin-Selberg method.

3 The Langlands Functoriality

We will discuss the conjecture of the Langlands functoriality and its different
variants.



3.1 The global conjectures

For k-split groups, the Langlands principle of functoriality (or the conjecture
of the Langlands functoriality) can be formulated as follows.

Conjecture 3.1 (The Langlands functoriality). Let G and H be k-split re-
ductive algebraic groups and let r be any group homomorphism

r: H —GY

from the complex dual group HY to the complex dual group GY. For any
irreducible admissible automorphic representation o of H(A), there is an
irreducible admissible automorphic representation m of G(A) such that

L(s,m,p) = L(s,0,por)
for all finite-dimensional complex representations p of GV.

In such a case, 7 is called a global Langlands functorial lifting of ¢ or an
image of ¢ under the Langlands functorial lifting.

For general discussion of the Langlands functoriality, we refer to [A02a)]
and [A02b]. As explicitly explained in [A02a], the Langlands functoriality
conjecture follows from the conjectural existence of the automorphic Lang-
lands group L associated to the number field k. One of the basic properties
of the automorphic Langlands group Ly is that the equivalence classes of ir-
reducible admissible automorphic representations of G(A) are parametrized
by the GV-conjugacy classes of the L-homomorphisms from L, to GV, up
to L-distinguishedness. In other words, for each G'V-conjugacy class ¢ of the
L-homomorphisms from L; to GV, which is also called a global Langlands pa-
rameter, there exists a subset I1(¢), called the global L-packet attached to ¢,
of equivalence classes of irreducible admissible automorphic representations
7 of G(A) such that

L(s,po¢) = L(s,m,p)

for all finite-dimensional complex representations p of GV and all © € I1(¢).
For more detailed discussion, we refer to [A02al.

In terms of global L-packets, the Langlands functoriality predicts a Lang-
lands functorial map which takes global L-packets of H(A) to global L-
packets of G(A). More precisely, let ¢y be a global Langlands parameter



for H(A). Then the composition of ¢y with the group homomorphism r
from HY into GV gives a global Langlands parameter

GG :=rody

for G(A). If we denote by II(¢p) the global L-packet of automorphic repre-
sentations of H(A) attached to the global Langlands parameter ¢y and by
II(¢¢) the global L-packet of automorphic representations of G(A) attached
to the global Langlands parameter ¢g. Then the Langlands functoriality
predicts that for any o € [I(¢y) and 7 € II(¢¢g) the following identity holds

(3.1) L(s,m,p) = L(s,0,por)

for all finite-dimensional complex representations p of GV.

3.2 The Langlands functorial transfers

For a given irreducible unitary cuspidal automorphic representation 7 of
G(A), there is another family of automorphic L-functions which can be de-
fined as follows. For any integer m > 1, let 7 be an irreducible unitary cuspi-
dal automorphic representation of GL,,(A). One defines the Rankin-Selberg
convolution of L-function L(s,7 x 7) or the partial L-function L%(s, 7 x 7)
in the same way. One may form the following conjecture.

Conjecture 3.2 (The Langlands Functorial Transfer). Let G and H be k-
split reductive algebraic groups and let r be any group homomorphism

r: H —GY

from the complex dual group HY to the complex dual group GY. For any
irreducible admissible automorphic representation o of H(A), there is an
irreducible admissible automorphic representation m of G(A) such that

L(s,0 x 1) = L(s,m xT)

for all irreducible unitary cuspidal automorphic representations T of GL,,(A)
with m being all positive integers.

In such a case, 7 is called a global Langlands functorial transfer of 7 or
an image of ¢ under the global Langlands functorial transfer.
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It is a basic problem to show whether the Langlands functorial lifting
conjecture (Conjecture 3.1) is equivalent to the Langlands functorial transfer
conjecture (Conjecture 3.2).

There is a preliminary version of the global Langlands functorial transfer,
which is called the weak global Langlands functorial transfer, and can be
formulated as follows in terms of the Satake parameters.

Conjecture 3.3 (The Weak Langlands Transfer). Let G and H be k-split
reductive algebraic groups and let r be any group homomorphism

r: H — G’

from the complex dual group HY to the complex dual group GY. For any
irreducible admissible automorphic representation o of H(A), there is an
irreducible admissible automorphic representation m of G(A) such that at
almost all local place v of k, the Satake parametert,, attached to the spherical
local component m, and the image r(t,,) of the Satake parameter t,, attached
to the spherical local component o, share the same semi-simple conjugacy
class in GV.

It is clear that the global Langlands functorial transfer implies the weak
Langlands transfer. The relation between the global Langlands functorial
transfer and the weak Langlands transfer is essentially the compatibility of
the global Langlands functoriality with the local Langlands functoriality at
every local place of k. We discuss the corresponding local conjectures in the
following subsections.

3.3 The local conjectures

Fix a local place v € €2, and denote by k, the local field of k at v. We refer
to [Br79] and [Vg93] (see also [Jng06b]) for the detailed discussion on the
local Langlands parameters.

Let Wk, be the local Weil group of k,. Consider continuous homomor-
phisms ¢, from the Weil-Deligne group Wy x SLa(C) to GV, which is admis-
sible in the sense of [Br79]. The G'-conjugacy class of such a homomorphism
¢, is called a local Langlands parameter. The set of local Langlands param-
eters is denoted by ®(G/k,). Let II(G/k,) be the set of equivalence classes
of irreducible admissible complex representations of G(k,).

The local Langlands conjecture for G over k, asserts that for each lo-
cal Langlands parameter ¢, € ®(G/k,), there should be a finite subset
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I1(¢,), which is called the local L-packet attached to ¢, such that the set
{Il(¢py) | &, € ®(G/ky)} is a partition of II(G/k,), among other required
properties ([Br79]). The map ¢, — II(¢,) is called the local Langlands
correspondence or the local Langlands reciprocity law for G over k,.

First, we recall the local Langlands conjecture for GL,, over k,, which is
proved by Harris-Taylor [HT01] and by Henniart [Hn00] for v < oo, and by
Langlands for v archimedean.

Theorem 3.4 ([HTO01], [Hn00], [Hn93]). Over a p-adic local field k., there
1s a unique collection of bijections

rec, : II(GL,/k,) — ®(GL,/k,)
for every n > 1 such that

1. forT, € II(GLy /ky), recy(7,) = m,0 Art, ", where Art, is the local Artin
reciprocity map from k) to W,?f,‘

2. for m, € I(GL,, /k,) and 1o, € II(G Ly, /ky),
L(s, 710 X Toy) = L(s,1eC,(T1,4) @ recy(T2,))

and
E(S, Tl,v X 7—2,07 ¢v) = 6(57 recv(Tl,v) ® recv<7—2,v)7 7vbv)

where 1, 1s a given nontrivial character of k,.

3. for 1, € II(GL, /k,) and x, € II(GL,/k,),
rec, (1o @ (xo 0 det)) = rec, (1) @ recy(xo);

4. for T, € II(GL,/k,) with central character wy, = X,

det orec,(7,) = rec,(xv);

5. fort, € II(GL,/k,), rec,(1,) = rec,(7,)", where VV denotes the contra-
gredient.

We note that the uniqueness of the such maps is proved in [Hn93]. We
refer to [HT01] for historical remarks on the proof of the local Langlands
conjecture for GL,, (k).

12



One can define as in [JPSS83] the local ~-factors by

L(1—s,m/, x15,)

L(s, 71,5 X Tow)

(32) 7(577-1,1) X 72,1),%) = 6(577-1,1) X 7-2,v>wv) .

Note that for GL,, (F'), the local L-packets always contains one member. This
fact follows from [Hn93] and the Bernstein-Zelevinsky classification theory
([BZ77] and [Z80]). We refer to [Jng06b] for detailed discussion on the local
gamma factors in general.

The local Langlands functoriality conjecture can be formulated as follows.
Let G and H be k,-split reductive algebraic groups defined. For a group
homomorphism r, from HY to GV, there should be a functorial lifting from
II(H/k,) to II(G/k,), which takes local L-packets of H(k,) to local L-packets
of G(k,), and satisfies the following conditions.

1. For any local Langlands parameter ¢, € ®(H/k,),

¢G,v =Ty 0 ¢H,v

is a local Langlands parameter in ®(G/k,), such that the functorial
lifting p takes the local L-packet II(¢g ) to the local L-packet II(¢¢ ).

2. For any finite-dimensional complex representation p of GV and for o, €
H(¢m,) and m, € II(¢g,), one has

L(s,my,p) = L(s,0,,pory,),

and
E(S, Tlws Py wv) = E(S, Oy, PO Ty, ¢v)

It follows that (s, m,, p, V) = Y(s, 04, p 0 1y, 1,). In this case, 7, is called
a local Langlands functorial lifting of o, or an image of o, under the local
Langlands functorial lifting.

3.4 The local Langlands functorial transfer

From the formulation of the local Langlands conjecture for GL, (k,) (Theo-
rem 3.4), one may formulate the local Langlands functorial transfer conjec-
ture as follows.
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Let r, be a group homomorphism from H" to GV. For an irreducible ad-
missible representation o, of H(k,), there is an irreducible admissible repre-
sentation 7, of G(k,) such that the following identities hold for all irreducible
supercuspidal representations 7, of GL,,(k,) with m being all positive inte-
gers. For local twisted L-factors, it requires that

(3.3) L(s,m, X 7,) = L(s,0, X Ty);

for local twisted e-factors, it requires that

(34) E(Svﬂ-v X Tvﬂbv) = E(S, Oy X Ty, wv);
and for local twisted gamma factors, it requires that
(35) 7(3771-1} X Tvv¢v) :7<370'v X Tva¢v)-

In this case, m, is called the local Langlands functorial transfer of o,,
or an image of o, under the local Langlands functorial transfer. It is known
that the local langlands functorial transfer holds for archimedean local places
([L89]), and for all unramified representations over all local fields ([St63]).

It is again very important to know whether the conjecture on the lo-
cal Langlands functorial transfer is equivalent to the conjecture on the local
Langlands functorial lifting. It is easy to see that for unramified represen-
tations, the local Langlands functorial lifting conjecture is equivalent to the
local Langlands functorial transfer conjecture.

3.5 The local and global compatibility

We remark that the global Langlands conjecture requires automatically the
compatibility with the corresponding local Langlands conjectures. Since for
unramified representations, the local Langlands functorial lifting conjecture
is equivalent to the local Langlands functorial transfer conjecture. It follows
that if one only requires the local compatibility at unramified places, then
the global Langlands functorial lifting is the same as the global Langlands
functorial transfer.

The recent progress shows that one may first establish the weak Langlands
functorial transfer, and then verify the compatibility with the local Langlands
functorial transfer at all ramified places, in order to establish the global
Langlands functorial transfer. It seems still beyond reach to establish the
global Langlands functorial liftings for any interesting case.

14



4 The Langlands Functoriality: generic cases

We summarize below briefly the known cases of the global Langlands func-
torial transfer conjecture or its weak version.

4.1 From classical groups to the general linear group

The (global) weak Langlands functorial transfers from classical groups G to
the general linear group have been established for irreducible generic cuspidal
automorphic representations of G(A), via a combination of the Converse The-
orem of Cogdell and Piatetski-Shapiro and the refinement of the Langlands-
Shahidi method for analytic properties of automorphic L-functions of certain
type. We refer to [CPS02] and [Sh02] for wonderful survey of this approach,
and to [Cg04] for wonderful, detailed account of the proof and the related
problems.

We make the following list for the cases proved by the same method, but
after [CPS02] and [Sh02].

e Let GG, be one of the k-split classical groups: SOsp,11, SPs,, and SOq,.
The complex dual group GY of G,, is Sp,,(C), SOg,+1(C), or SO,,(C),
respectively. The natural embedding ¢,, of G to a general linear group
is given by

tn(GY) C GLy,(C)
if G, is SOg,41 or SOsy,, and by

Ln(GX) C GL2n+1 (C)

if G, is Spy,,. This is proved in [CKPSS04] (see [CKPSS01] for the case
that Gn = S02n+1).

e Let G, be either k-quasisplit unitary group U(n,n) or U(n + 1,n). To
define the group G,, we need a quadratic extension F'/k. Then the
Langlands dual group *G,, when G,, = U(n,n) is a semi-direct product
GL2,(C) x Gal(F/k) of the complex group GLy,(C) and the Galois
group Gal(F/k). The target group for G, = U(n,n) is Resp/r(GLa,),
the Langlands dual group of which is

(GLan(C) X GLay(C)) x Gal(F/k).

15



The Langlands functorial transfer for both cases were proved by H. Kim
and M. Krishnamurthy in [KK04] and [KKO05]. We refer to [KK04] and
[KKO05] for details.

e In [ASO6a], M. Asgari and F. Shahidi established the weak Langlands
functorial transfer from general spin groups GSpin,, to the general lin-
ear group for irreducible generic cuspidal automorphic representations.
This completes the weak Langlands functorial transfers for the list of
reductive k-split algebraic groups whose Langlands dual groups have
classical derived groups. A particular case of this work provides the
Langlands functorial transfer from GSp, to GL4, which has been long
expected. We refer to [ASO6b] for more explicit results related to this
Langlands transfer.

4.2 Refined properties of the Langlands functorial trans-
fer

One of the refinements for the Langlands functorial transfer conjecture is to
determine and to characterize the image of the Langlands functorial transfers.
The key ingredient to so for the current known cases is from the Rankin-
Selberg method for the automorphic L-functions involved in the Langlands
functoriality. This is the work of Ginzburg, Rallis, and Soudry, generalizing
the earlier work of Gelbart and Piatetski-Shapiro ([GPSR97], and [GIPSR&7].
The following are the theorem for SOg,, 1.

Theorem 4.1 ([GRSO01)). Let 7 be an irreducible generic cuspidal automor-
phic representation of SOs,+1(A), and let T be an irreducible unitary cuspidal
automorphic representation of GL,,(A). Assume that the partial L-function
L3(s,m X 7) has a pole at s = 1. Then m is even, T is self-dual, and the
partial exterior square L-function of 7, L°(s, 7, A?) has a pole at s = 1.

From this theorem, we obtain the extra information for 7 from the exis-
tence of the pole at s = 1 of the tensor product L-function L(s,m x 7). The
following theorem indicates the significance of this extra information.

Theorem 4.2. Assume that the partial exterior square L-function of T,
L3(s,7,A%) has a pole at s = 1. Then the following hold.

1. 7 is self-dual, and m must be even, say, m = 2r.
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2. There is a unique irreducible generic cuspidal automorphic representa-
tion o of SOg9.11(A), such that T is the Langlands functorial transfer
from o.

3. Write T = ®,7,. Each local component 7, is a local Langlands functo-
rial transfer from SOgp11(ky).

Part one was proved in [JS90] and [K00]. The existence of o in part
two was proved in [GRS01] by the automorphic descent method, and the
uniqueness of ¢ in part two was proved in [JngS03] by the local converse
theorem (see [Jng06b] for detailed discussion on the general version of the
local converse theorem.). Part three was proved in [JngS04] by the local
descent method and the local converse theorem. We refer to [Jng04] for
more detailed discussion of the local theory.

It is expected that this theorem holds for other classical groups with
suitable modification.

Based on these results, certain properties of the image of the Langlands
functorial transfer can be determined as follows. We state below the theorem
for SOg,41 and refer to [CKPSS04] and [Sd05] for the statements for other
classical groups.

Theorem 4.3 (|[GRS01], [CKPSS01], [CKPSS04], [JngS03], [JngS04], and
[Sd05)). There is a unique one-to-one correspondence between the set B, and
the set A,, which is the Langlands functorial transfer from SOs,y1(A) to
GLa,(A), where B, is the set of the equivalence classes of irreducible generic
cuspidal automorphic representations o of SOg,y1(A), and A, is the set of
equivalence classes of irreducible self-dual unitary automorphic representa-
tions T of GLo, (A) with the following properties:

e There is a partition n =Y ._, n; and for each i, there is an irreducible
unitary self-dual cuspidal automorphic representation 7; of GLay,, (A)
such that

T=mHB---BHr;

o ifi #j, then 7, 2 7;;
o for all i, L®(s,7;, A%) has a pole at s = 1.

Remark 4.1. For SOs, or for Sp,,,, the results are not as precise as in The-
orem 4.3 for SOsp11, since the results in [JngS03] and [JngS04] for SOgy,4q

17



have not been completely established for either SOg, or for Sps,. Also for
GSpin,,,, the automorphic descent has not been carried over. The analogue
of Theorem 4.2 is not valid yet.

It is very interesting to mention that Theorem 4.3 has applications to
the Inverse Galois Problem recently by C. Khare, M. Larsen, and G. Savin
([KLS06]).

4.3 Endoscopy cases

The theory of endoscopy transfers of automorphic representations is fun-
damental to understand the Arthur conjecture on the basic structure of the
discrete spectrum of square integrable automorphic forms. We refer to [KKS99]
and [A05] for general theory, and give below some interesting examples, where
that the endoscopy transfers are characterized in terms of poles of certain
automorphic L-functions. According to Langlands ([L.04]), the theory may go
well by assuming that the irreducible cuspidal automorphic representations
under consideration are of Ramanujan type, i.e., it is tempered at every local
place. By a conjecture of Shahidi ([Sh88]), one may further assume that the
irreducible cuspidal automorphic representations are globally generic, i.e. it
has a nonzero Whittaker Fourier coefficient.

The first example we want to discuss is the following twisted endoscopy
case of GLg,.

Theorem 4.4. Let w be an irreducible, self-dual, unitary, cuspidal automor-
phic representation of GLa,(A). The exterior square L-function L(s,m, A?)
has a pole at s = 1 if and only if 7w is the Langlands functorial transfer from
an irreducible generic cuspidal automorphic representation o of SOgp,11(A).

The proof of this theorem is given by the automorphic descent construc-
tion ([GRSO01]) and by the refined local theory ([JngS03] and [JngS04]). In
[Sd05], other twisted endoscopy cases have been discussed in details.

In the following, we discuss in some details a case of standard elliptic
endoscopy transfer for SOy, 1. See [Jng06a] for complete proofs.

We recall from [A04] and [A05] the basic structure of all standard elliptic
endoscopy groups of SOg, 1. Let n = ny + ny with ny,ny > 0. Take a
semisimple element

I, 0
Sning = I2TL2 € Sp2n((c)
0 _[m
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Then the centralizer of s, ,, in Sp,,(C) is given by

H[\:Ll,’ng} = CentSPQn((c) (8n17n2> = Sp2n1 (C> X Sp2n2 ((C)

The standard elliptic endoscopy group associated to the partition n = ny+ns
is

H[nl,nz} = SO2n1+1 X SO2n2+17

and the groups Hj,, », exhaust all standard elliptic endoscopy groups of
SOg,11, in the sense of [KS99].
More generally, for any nontrivial partition n = n; + ns + - - - + n, with
nonzero n;’s,
SOgnH_l X SOQn2+1 X e X SOQnT_H

is an elliptic endoscopy group of SOy, .1 and all elliptic endoscopy groups of
SOg,+1 have this form. Set

(41) H[nlnr] = SOQn1+1 X SOgn2+1 X X SOQnH_l

where n; > 0 and n = 22:1 n;. It follows that the number r has a range

from 1 to m. It is clear that the complex dual group of Hpy,...,,,] is

(4.2) H, (C) = Spy,,, (C) x Spy,, (C) x -+ x Spy, (C).

[nl'”nr]

In order to characterize the endoscopy transfer for this case, we need to
introduce the second fundamental L-function for SOy, 1.

We denote by ps the second fundamental complex representation of Sp,,, (C),
which has dimension equal to 2n? —n — 1 and may be constructed explicitly
through the exterior square representation of GLs,(C). One may also call p,
the exterior square representation of Sp,,(C).

Let ¢ be the natural embedding of Sp,,(C) into GL,(C). Let A? be
the exterior square representation of GLg,(C) on the vector space A?(C*"),
which has dimension 2n? — n. The composition A% o ¢ of A% with ¢ is a
complex representation of Sp,, (C) and decomposes into a direct sum of two
irreducible representations of Sp,, (C):

(4.3) Nor=py®1lg,

where p, is the second fundamental complex representation of Sp,, (C), which
is irreducible and has dimension 2n? —n—1, and 1gp,, is the trivial represen-
tation of Sp,,, (C). First we show that the the second fundamental L-function
L(s,m, py) has the following analytic properties.
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Theorem 4.5 ([Jng06a]). Let m be an irreducible generic cuspidal automor-
phic representation of SOqy,11(A) and py be the second fundamental complex
representation of the complex dual group Sps,(C) of SOg,11. Then the second
fundamental automorphic L-function L(s, 7, ps) enjoys following properties.

(1) There exists an irreducible admissible automorphic representation T of
GLa,(A) such that
L(s, 7, A?)

Hom ) =700

holds for the real part of s large.

(2) The eulerian product defining the L-function L(s, T, ps) converges abso-
lutely for the real part of s greater than or equal to one, has meromor-
phic continuation to the whole complex plane, and satisfies the func-
tional equation

L(3>7T702) = 6(877_7 P2)L(1 - 5771'”02)

with €(s,m,p2) = €(s,7,A?), the e-factor for the exterior square L-
function L(s, T, A?).

(3) The L-function L(s,m, ps) has possible poles at s = 0,1, besides other
possible poles in the open interval (0,1).

This theorem shows that the Langlands conjecture (Conjecture 2.2) holds
for L(s,m, p2). We remark that this theorem for L(s, 7, p2) can not be proven
via either the Langlands-Shahidi method or by any currently known integral
representation of the Rankin-Selberg type. In general, one experts to prove
the above theorem for a new family of automorphic L-functions through the
Langlands functoriality.

The theorem for standard elliptic endoscopy transfer in this case can be
stated as follows.

Theorem 4.6 ([Jng06a]). Let m be an irreducible generic cuspidal automor-
phic representation of SOqy,y1(A) and py be the second fundamental complex
representation of Sp,,(C).

(1) The partial second fundamental L-function L°(s,m, ps) has a pole of
order r — 1 at s = 1 if and only if there exists a partition n = 25:1 n;
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with n; > 0 such that m is an endoscopy lifting from an irreducible
generic cuspidal automorphic representation

T Qm,

Of H[mmnr] (A) .

(2) The partition [ny - - - n,| is uniquely determined by the irreducible generic
cuspidal automorphic representation w. More precisely, the set of pos-
itive integers

{n17n27 C. 7nr}

consists of all positive integers m such that there exists an irreducible
cuspidal automorphic representation T of GL,,(A) such that the tensor
product L-function L(s, 7 X T) has a pole at s = 1.

(3) The set {m,--- ,m.} of irreducible generic cuspidal automorphic rep-
resentations of SOqy,+1(A) is completely determined by the irreducible
generic cuspidal automorphic representation w, up to equivalence. Namely,
it is the set of irreducible generic cuspidal automorphic representations
7 (up to equivalence) of SOq41(A) such that the tensor product L-
function L(s,mx71(n")) has a pole at s = 1, where T(n’) is the Langlands
functorial transfer of m' to GLig(A) and is irreducible and cuspidal.

The proof of Theorem 3.2 uses explicit results about the Langlands func-
torial transfer from irreducible generic cuspidal automorphic representations
of SO9p,41(A) to GLa,(A), which have been established through [CKPSS04],
[GRSO01], [JngS03] and [JngS04]. The following are essentially the summary
of those results. For other classical groups, it is the work in progress of D.
Soudry and the author.

(1) An irreducible automorphic representation 7 of GLs,(A) is the Lang-
lands functorial transfer of an irreducible generic cuspidal automorphic
representation 7 of SOs,1(A) if and only if 7 is equivalent to the fol-
lowing isobaric representation

(44) TEnBH---BHr

where 7; for j = 1,2,---,r, is an irreducible cuspidal automorphic
representation of G Ly, (A) with the properties that
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(a) n=>""_,n;is a partition of n with n; > 0;

(b) 7 Z 7 if i # j;

(c) the partial exterior square L-function L®(s,7;, A?) has a pole at
s = 1.

(2) If 7 = 7(m) is the Langlands functorial transfer of 7, then 7 is uniquely
determined by 7 and for every irreducible cuspidal automorphic repre-
sentation 7/ of GL;(A) (any [ > 1), one has

L(s,m x ") = L(s,7(7) x 7).

(3) The functorial transfer from 7 to 7(w) is compatible with the local
Langlands functorial principle.

(4) The set {7, -, 7.} consists of all irreducible cuspidal automorphic
representations 7/ of GL;(A) with [ = 1,2,---, such that the tensor
product L-function L(s,m x 7') has a pole (of order one) at s = 1.

(5) For each 7; of GLa,,;(A) with j = 1,2,--- 7, there exists a unique up
to equivalence irreducible generic cuspidal automorphic representation
m; of SOgy,; 11(A) such that the Langlands functorial transfer of 7; from
SOan_H(A) to GLan (A) is Tj-

Remark 4.2. In a special case when r = n, Theorem 3.2 was part of the
conjecture stated in [GJIng00]. One notices that in the conjecture stated in
[GJng00], it is expected that there should be a period condition characteriz-
ing the endoscopy structure of the irreducible generic cuspidal automorphic
representation ™ of SOgy,11(A). It will be a very interesting problem to find
a period condition in general.

One may establish similar theorems for other classical groups, by replacing
the second fundamental automorphic L-functions by the symmetric square L-
functions. We remark that the uniqueness results as asserted in Part (2) and
Part (3) in Theorem 3.2 is not currently valid. See [JngS03] and [JngS04] for
the detailed discussion for SOsq, 1 case. It is very likely that such uniqueness
properties should be reasonably modified.

We believe that when 7 is an irreducible generic cuspidal automorphic
representation of SOy, 1(A), the algebraic subgroup ©H, of the complex dual
group Sp,,,(C) should be

Sp2n1 (C) X X Sp2nr (C)
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for some partition n = Y _;_; n;. From the proof, it is easy to see that the
number r of the factors Sp,, (C) is completely determined by the second
fundamental representation p,. However, the sizes of the factors, namely,
2n;’s are determined by the existence of the pole at s = 1 of tensor product
L-functions for SOs,.1 X GLy,, for all possible positive integers m. This
seems not quite fit into the Langlands conjecture. On the other hand, we
develop local versions of the Langlands conjecture in [Jng06b]. Some local
evidence in [Jng06b] suggests the following conjecture.

Conjecture 4.7. For a given irreducible generic cuspidal automorphic rep-
resentation m of SOg,11(A), the structure of the algebraic subgroup

LHU = Sp2n1 (C) X X Sp2nr(c)
is completely determined by the even fundamental representations

P2, P4, 7p2[%}
of the complex dual group Sp,,,(C).

Remark 4.3. There are some more recent progress on the construction of
endoscopy transfers for classical groups via the refined automorphic descent
method, which are the work in progress of D. Ginzburg, D. Jiang, and D.
Soudry. We will report these progress in other occasion in future.

5 Other Instances

There are many interesting and important instances of the Langlands func-
torial transfers having been established case by case. We will give a brief
review below.

5.1 Symmetric powers

The symmetric power liftings for GL, is a fundamental problem in the modern
theory of automorphic forms.

Let Sym" be the (n + 1)-dimensional complex representation of GLy(C).
The Langlands functorial transfer conjecture predicts that for any irreducible
cuspidal automorphic representation 7 of GLy(A), there should be an irre-
ducible automorphic representation II of GL,,1(A) such that

L(s,m,Sym") = L(s,II).
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Then II = Sym"(w) is called the n-th symmetric power lifting of w. As
discussed in [Sh94] and [Mt04], the important applications of the existence
of the n-th symmetric power lifting of 7 for all n include the Ramanujan
Conjecture for 7 and the Sato-Tate conjecture. See [CHT06] and [Ty06]
for the recent progress on the Sato-Tate conjecture based more geometric
arguments in arithmetic theory of Shimura varieties.

The existence of the n-th symmetric power liftings of 7 has been estab-
lished for n = 2 by S. Gelbart and H. Jacquet ([GlJ78]), for n = 3 by H.
Kim and F. Shahidi ([KSh02] and for n = 4 by H. Kim ([K03]). For n > 5,
it is still an open problem, which seems unreachable within the current un-
derstanding of the theory of automorphic forms, in general, although some
special cases have been studied in [CHT06] and [Ty06].

5.2 Tensor products

The tensor product of two automorphic representations is a basic problem
in establishing the Tanakian properties for irreducible automorphic repre-
sentations of GL,(A) for all n. The basic version of the problem can be
formulated as follows. Let m; and my be irreducible cuspidal automorphic
representations of GL,, (A) and GL,,(A), respectively. Then there should
exists an irreducible automorphic representation II of GLy,, xn,(A) such that

L(s,I1) = L(s,m X m2).

Then II = 77y is called the tensor product lifting of 7 and 7.

The case when n; = ny = 2 was established by D. Ramakrishnan ([Rm00]),
and the case when n; = 2 and ny = 3 was established by H. Kim and F.
Shahidi ([KSh02]). Besides these cases, it is a widely open problem. A
twisted version of the case when n; = ny = 2 was proved by [Kr03], which
is stated as follows: let E/k be a quadratic extension of algebraic number
fields, and let m be an irreducible cuspidal automorphic representation of
Resp/i(GL2)(A). Then there is an irreducible automorphic representation II
of GL4(A) such that

L(s,m, Asai) = L(s, 1),

where Resp/i(GL2) is the Weil restriction of GL, from E to the base field k,
and L(s,m, Asai) is the Asai L-function attached to 7.

We refer to [Rm94] for more detailed discussion of this problem and re-
lated applications.
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5.3 Exceptional group of type G-

By using the exceptional theta correspondences, the theory of automorphic
representations of GGy has been much better understood recently. We only
give a very brief review on this topic.

Based on the construction of the minimal representations of reductive
groups over a local field ([Kz90], [KzS90], and [GnS05]), automorphic theta
functions has been determined in [Sv93] and [GRS97a]. The basic set-up
for exceptional theta liftings related to Gy was established in [GRS97b].
For instance, we refer to the following papers for discussions of the theory
related to exceptional theta liftings: [RS89], [GRS97¢], [Gn00a], [Gn0Ob],
[GJng01], [GJngRO1], [GJngR0O2], [GnGrS02], [GnGJ02], [G03], [GnS03],
[Gn05], [GnGO0bal, [GnGO5b], [GO5], [GnG06], and [BFGO6].

5.4 Generic case for GSp;

This is an example concerning the Langlands functorial transfer from G,
the k-split exceptional group of type Ga, to PGSpg, corresponding to the the
natural embedding of Gy = G(C) into GSpin,(C) = PGSp. The result can
be formulated as follows

Theorem 5.1 (Ginzburg-Jiang [GJng01]). Let m be an irreducible generic
cuspidal automorphic representation of PGSpg(A). Then the following are
equivalent.

(1) m is the Langlands functorial transfer from an irreducible generic cus-
pidal automorphic representation o of Ga(A).

(2) The degree 8 automorphic L-function L(s,m, Sping) has a pole at s = 1.
(8) The generalized Shalika model for m does not vanish.

The proof of this theorem is based on [BG92a] for the integral represen-
tation for L(s,m, Sping), on [Vo97] for the local theory at ramified places,
and on the explicit construction of the functorial transfer via the exceptional
theta functions on GE;.

One expects that for an irreducible, unitary, generic, cuspidal automor-
phic representation m of PGSpg(A) with L(s, 7, Sping) having a pole at s = 1,
one of the candidates for L H, should be G5(C).
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There are some other known examples of this type, for instance, we have
a same theorem for SLj to Gy with irreducible generic cuspidal automorphic
representations 7 of Go(A) and the standard L-function L(s, 7) having a pole
at s = 1. This is Theorem 3.7 in [GJng01].

6 Beyond the Genericity

The existence of non-generic irreducible cuspidal automorphic representa-
tion for reductive groups which are not of A,-type was first discovered by
R. Howe and I. Piatetski-Shapiro [HPS79]. They provide the first examples
of irreducible cuspidal automorphic representations whose local components
are nontempered at almost all local places, i.e. the counter-examples of the
generalized Ramanujan conjecture. It turns out that this is a general phe-
nomenon. These cuspidal automorphic representations are called in [PS83]
CAP automorphic representations, i.e. cuspidal automorphic representations
associated to a certain parabolic subgroup. The reason for this is that these
cuspidal automorphic representations locally look like the local components
of a residual automorphic representation at almost all local places. The basic
structure of the discrete spectrum becomes much more complicate when the
group is not of A,-type, because of the existence of the CAP automorphic
representations. One has the following conjecture.

Conjecture 6.1 (The CAP Conjecture [JngS07a)). Assume that G is k-
quasisplit reductive group. Let m be an irreducible cuspidal automorphic rep-
resentation of G(A). There exists a standard parabolic subgroup P = M N of
G and an irreducible generic cuspidal automorphic representation o of M(A)
such that m is nearly equivalent to an irreducible constituent of the unitarily
nduced representation

G(A
IndPEAg(U).

This conjecture has been long expected, but was for the first time precisely
stated in general in [JngS07a]. A version of this conjecture for G = Sp(4)
was stated in the work of I. Piatetski-Shapiro and D. Soudry ([Sd90] and
[PSS87]). The point here is that the CAP conjecture above requires the
cuspidal datum to be generic.

By the strong multiplicity one theorem for automorphic representations
of GL(n) of H. Jacquet and J. Shalika ([JS81]), there are no CAP automor-
phic representations for GL(n). After the pioneer work of Piatetski-Shapiro
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on the Saito-Kurokawa lift ([PS83]), CAP automorphic representations have
attracted a lot of attentions in the investigation of the basic structures of the
discrete spectrum of automorphic forms, relating to the Arthur conjectures.
Many more examples have been constructed by means of the theory of theta
functions and more recently by other new methods.

We list below some references for the known CAP automorphic represen-
tations for each group.

e For G = GSp(4), [HPS79], [PS83], [PSS87], [SA90], [Sch05], [Pt06],
[Sch07].

For G = Gy, the k-split exceptional group of type Gy, [RS89], [GRS9ITD],
[GJng01], [GnGJO02], [GnS03], [Gn05], [GnGO05a], [GnGO5b], [GO5],
[GnGO06).

For G = SOa,, k-split special even orthogonal group, [GJngR02].

e For G = SOg,1, k-split special old orthogonal group, [JngS07a], [JngS07b].
e For G = Sp,,,, k-split symplectic group, [Ik01], [Sch03], [GRS05].

e For G = U,,, k-quasisplit unitary group, [GIRS97], [Ik].

We make the following remarks.

Remark 6.1. It is important to point out that all the know CAP automorphic
representations confirms the CAP conjecture.

Since the CAP conjecture requires that the cuspidal datum in the conjec-
ture is generic, it reduces the Langlands functorial transfer for general cus-
pidal automorphic representations to the case of irreducible generic cuspidal
automorphic representations. For irreducible generic cuspidal automorphic
representations, the Langlands functorial transfer for various groups have
been or will be established by the Converse Theorem and L-function method,
as discussed in §4.

Finally, we point out that the cuspidal datum in the CAP conjecture can
be made very precise as just predicted by the Arthur Conjectures, but we will
omit the details here.
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