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Abstract

This is a sequel of our work [JS06]. We extend Moeglin’s results
(M97a] and [M97b]) from the even orthogonal groups to old orthog-
onal groups and complete our proof of the CAP conjecture for irre-
ducible cuspidal automoprhic representations of SOgy,4+1(A) with spe-
cial Bessel models. We also give characterization of the vanishing of
the central value of the standard L-function of SOg,41(A) in terms
of theta correspondence. As result, we obtain the weak Langlands
functorial transfer from SOg,41(A) to GLg2,(A) for irreducible cus-
pidal automoprhic representations of SOg,11(A) with special Bessel
models.

Mathematics Subject Classification (1991): 22E, 11F
Keywords: cuspidal automorphic forms, Langlands functoriality

1 Introduction

Let GG be a reductive algebraic group defined over a number field k. Assume
that G is k-quasi-split. It is known that irreducible cuspidal automorphic
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representations 7w of G(A), where A is the ring of adeles of k£, may not be
generic, i.e. may not have a nonzero Whittaker-Fourier coefficient. It is
interesting to know how close, in terms of near equivalence, are the non-
generic cuspidal automorphic representations to irreducible generic cuspidal
automorphic representations. Two irreducible automorphic representations
m and m, are nearly equivalent if, at almost all places v of k, the local
components 7, and 7wy, are equivalent, as representations of G(k,). In
[JS06], we state the CAP conjecture, which says that, for an irreducible
cuspidal automorphic representation 7 of G(A), there exists generic cuspidal
data (P,0), where P = MN is a parabolic k-subgroup of G and o is an
irreducible generic cuspidal automorphic representation of the Levi subgroup
M(A), such that 7 is nearly equivalent to an irreducible constituent of the
induced representation Indggig(a) (Conjecture 1.1, [JS06]). See [JS06] for
more remarks on this conjecture and its relation to the Arthur conjecture.

In [JS06], we study the CAP conjecture for G = SOy, 1, the k-split odd
special orthogonal group. More precisely, we study there the CAP conjec-
ture, for irreducible cuspidal automorphic representations of SOg,,1(A) with
a nonzero special Bessel model. From its definition (Section 2 of [JS06])
a special Bessel model is attached to the sub-regular nilpotent orbit of the
corresponding Lie algebra, while a Whittaker model is attached to the reg-
ular nilpotent orbit. Hence, the family of irreducible cuspidal automorphic
representations of SOg,41(A), which have special Bessel models is expected
to be very close to irreducible generic cuspidal automorphic representations.
Indeed, in Proposition 2.2, and Theorems 4.1 and 4.6 of [JS06], we show
almost completely that the CAP conjecture holds for irreducible cuspidal
automorphic representations of SOg,11(A), which have special Bessel mod-
els. What remained to be done was to check the genericity of the cuspidal
data involved in the CAP conjecture for this case. In order to determine the
genericity of the cuspidal data, we need to know certain basic results about
the theta correspondence for the reductive dual pair (Spy,,(A), SOz,11(A)).
Such results for the theta correspondence for the pair (Sp,,,(A), SO, (A))
were established by Moeglin in [M97a] and [M97b]. One of the main in-
gredients of the proofs of Moeglin’s theorems is the regularized Siegel-Weil
formula ([KR94]) and its variants. Thanks to the work of Ichino ([I01]) on
the regularized Siegel-Weil formula for Sp,,,(A), we are able to apply the
arguments in Moeglin’s proofs to our current case.

In order to make the paper self-contained, as much as possible, we sum-



marize in Sections 2.1 and 2.2 the details of basic facts about both the local
and global Rao cocycles and metaplectic groups. In Section 2.3, we prove
a variant of the regularized Siegel-Weil formula for Sp,,(A) (Corollary 2.2)
based on the work of Ichino ([I01]) and the local theory of the Siegel-Weil
formula ([R84], [KR90a], and [Z]), and then extend the theorem of Moeglin
on the regularized Siegel-Weil formula for SO,,, to any number field, by using
the regularization in terms of local p-adic Hecke elements (Theorem 2.4).

In Sections 3, we establish certain basic properties of the theta corre-
spondence for the reductive dual pair (Sp,,,, SOg,.1), which are analogues
of Moeglin’s theorems for the reductive dual pair (Spy,,, SO2,). Since our
proofs are very similar to Moeglin’s in [M97a] and [M97b], we either indicate
briefly, for completeness sake, Moeglin’s proof for our case, or just refer di-
rectly to [M97a] and [M97b], for the parts which carry over, word for word.
To state these theorems, we need more notations.

Let Z be a symplectic vector space of dimension 2n defined over k, and
let V' be a quadratic vector space of odd dimension m defined over k. For a
positive integer b, denote by Z, the direct sum of the space Z and b copies of
two dimensional k-symplectic vector spaces. Similarly, denote by V;, the direct
sum of the space V' and b copies of k-hyperbolic planes. Denote by Sp(Z)a
(or éY)(Zb) a) the corresponding adelic metaplectic group attached to Z (or
Zy, respectively), and similarly, by O(V')4 (or O(V;)a) the adelic orthogonal
group attached to V' (or V, respectively). Let ¢ be a non-trivial character of
k\A. We denote by ), , the )-theta correspondence from éY)(Z Ja 1o O(V)a,
and by Hiy the 1-theta correspondence in the other direction.

Theorem 1.1. Let T be an irreducible, genuine, cuspidal, automorphic rep-
resentation of Sp(Z)a. Assume that 0y, ,(7) is cuspidal.

1. The following identity holds
07 (0 (7)) = 7.
2. Let b be a posi}f\z})e integer. Then Qif’v(ﬁq‘;,l’z(ﬁ)) is orthogonal to all
cusp forms on Sp(Zp)a.

3. Let b be a positive integer, and let Z' be a symplectic subspace of Z,
such that Z = Z|. Put, for short, Z' = Z_,. Then

00 (04 4(7)) = 0.



Theorem 1.2. Let o be an irreducible, cuspidal, automorphic representation
of O(V)s. Assume that 95,1 v(0) is cuspidal.

1. The following identity holds
91‘/:2(95*1,\/(0)) =0.

2. Let b be a positive integer. Then 9}2’2(95,1"/(0)) is orthogonal to all
cusp forms on O(Vj),.

3. Let b be a positive integer, and let V_, be a quadratic subspace of V,
such that V = (V_p)p. Then

Oy 3 (07-14/(0)) = 0.

The following theorem is deduced from Theorems 1.1 and 1.2, in exactly
the same way as in [M97al, Section 3.

Theorem 1.3. Let 7 (resp. o) be as in Theorem 1.1 (resp. Theorem 1.2).

1. The representation 0y, ,(7) (resp. 071 /(o)) is irreducible, and for all
positive integers b, 91‘;’11 (7)) (resp. 95’11 v(0)) is orthogonal to all cusp
forms on O(Vy)a (resp. é?)(Zb)A).

2. Let 7' (resp. a') be an irreducible cuspidal automorphic representation
of Sp(Zp)a (resp. O(Vy)a), where b is a non-negative integer; we assume

that 7 is genuine. Then Gx,l,zb(%’) = Hx,lz(fr) (resp. 95,1%(0—’) =
Qi,lvv(a)), if and only if b =0 and @ = 7' (resp. 0 = o).

3. Let &, @ (resp. o,0") be two isomorphic, irreducible cuspidal automor-

phic representations of Sp(Z)a (resp. of O(V')a). We assume that T,
7" are genuine. Then

01 7(7) #0651 ,(7) #0,

and
071 (o) #0 = 6071, (") #0.



In Section 4, we discuss several applications of Theorems 1.1, 1.2, and
1.3. First we establish a criterion for the non-vanishing of the central value
of the standard L-function, L(o, %) attached to an irreducible generic cuspidal
automorphic representation o of SOg,11(A) in terms of the ¢-theta lift of o

to the Witt tower Sp,,,(A) (Theorems 4.1 and 4.2). We prove,

Theorem 1.4. Let o be an irreducible cuspidal automorphic representation
0f SOg,41(A). Assume that o is generic, i.e has a nonzero Whittaker Fourier
coefficient. Then the t-theta lift of o to Spy, (A), %m(aﬁ, is non-trivial if
and only if L(o, %) # 0, where L(o, s) is the standard L-function attached to
.

See Section 4 for comments on the relation of this theorem to Furusawa’s
work [F95] and to the work of Howe and Piatetski-Shapiro [HPS83].

In the rest of Section 4 we complete our proof of the CAP conjecture for
irreducible cuspidal automorphic representations of SOs, 1 (A) with special
Bessel models. In fact, we obtain additional information about the generic
cuspidal data in terms of the central value of standard L-functions. We state
this now. Here, for A € k*, which is not a square, a denotes the global
Hilbert symbol (-, A), and x, denotes the character of SOg,1(A), which is
the composition of the spinor norm with «. For other unexplained notation,
see [JS06].

Theorem 1.5. Let o be an irreducible cuspidal automorphic representation
0f SOg,11(A). Assume that o has a nonzero Bessel model of special type, i.e.
of type (D, 1, ¥nn—1.2). Then either o is nearly equivalent to an irreducible
generic cuspidal automorphic representation, or o is CAP with respect to
generic cuspidal data. More precisely, the following hold.

1. If the special Bessel model is k-split, i.e. X € k™ is a square, then o is
generic.

2. Assume that the special Bessel model is not k-split. Then the first
occurrence, mg (o), in the -theta lifting tower satisfies

n—1<myy(o) <n.

2a. Assume that mo (o) = n. Then either o is nearly equivalent
to an irreducible generic cuspidal automorphic representation o,



such that L(c'®x, %) # 0, or o is CAP with respect to the generic
cuspidal data of the form

1
(P an - |2 ® 0y1),

where Py s the standard parabolic subgroup, whose Levi part is
isomorphic to GLy X SOag,,_1, and o,_1 is irreducible generic cusp-
idal automorphic representation of SOs,_1(A), such that L(c,_1®
X %) =0.

2b. Assume that mo (o) =n —1. Then o is a CAP representation.
It is CAP either with respect to the generic cuspidal data

1
(Pla | ' |2 & Un—l)?

such that L(0,-1 ® X, 3) # 0; or with respect to the generic cus-
pidal data
1 1
(Pias|- 12 ®@an |2 ®@0n_2),

where Py ;1 s the standard parabolic subgroup, whose Levi part is
isomorphic to GLy x GLy x SOq,_3, and L(0,_2 ® xx, %) = 0.

It is not hard now to figure out from Theorem 1.5 the possible global
Arthur parameters for irreducible automorphic cuspidal representations of
SOg,11(A), which have a Bessel model of special type. We will show, in a
future work, that the relevant global Arthur packets can be constructed by
theta correspondences.
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2 Notation and Preliminaries

2.1 The metaplectic group over a local field

Let F' be a local field of characteristic 0 and let W be a vector space of
dimension 2f over F, equipped with a non-degenerate anti-symmetric form
<,>. Let Sp(W) denote the corresponding symplectic group acting from
the right on W. For F' # C, Sp(W) has a unique (up to isomorphism) non-
trivial two fold cover évp(W) (the metaplectic group). In this paper, we use
the realization of Sp(W) in terms of a Rao normalized cocycle ¢y ([Ra93]),

which may be simply called a Rao cocycle. Thus, the metaplectic group
Sp(W) is realized as

{(g,€) | g € Sp(W), e = £1},

with the group law

(91, 61) (927 62) = (9192, €1€2CW(917 92))-

Let us recall briefly some facts about the Rao cocycle ¢yy. See [Ra93] for
the details. The definition of a Rao (normalized) cocycle depends on a choice
of a symplectic basis

B:{Ely"' yEfy E—fy " 96—1}

of W, i.e. Wt = Span;{ey,---,¢er} and W~ = Span{e_1, -+ ,e_} are to-
tally isotropic subspaces of W, and < ¢,e_; >= d;;, for 1 < 4,57 < f. In
particular, W+ and W~ are transversal Lagrangians of W. (So, we should
denote the cocycle by cg, but this will make future notation quite cumber-
some. Later on, we will even drop W from ¢y . )
Let P C Sp(W) be the Siegel parabolic subgroup, which preserves W~. Let
us now list some properties of the Rao cocycle ([Ra93]).

a. There is a function z : Sp(W) — F*/(F*)?, satisfying (al) - (a5) as
follows.

(al) z(p) = dety—(p) mod (F*)%,p e P.

(a2) x(p1hp2) = z(p1)x(h)z(pz2), for p1,p; € P and h € Sp(W).



(a3) For (é g) € Sp(W), according to the polarization W = Wt o W,

with det C' % 0,

A B\ _ “2
SL’(C D):detC mod (F™).

(ad) Let (-, -) denote the Hilbert symbol of F'. Then, for p1,ps € P, hy, hy €
Sp(W),

cw(pihy, hops) _ (2(p1), 2(h1))(2(p2), 2(hs))
cw (P, ho) (x(p1), v(p2))(@(p1p2), z(h1h2))

and )
cw (hapy s prhe)

CW(h'17 h’2)

(ab) For each subset S C {1,---, f}, consisting of j elements, let 75 be the
element of Sp(W), defined by €75 = —e_; and €_;7g = ¢;, for i € S,
and, otherwise, g fixes the remaining elements of the basis B. Then
the double coset PrgP depends only on j = |S|. Let 7; be a choice of
7g, for |S| = j. Then {Tj}fzo is a set of representatives for P\Sp(W)/P.
We have

= (z(p1), —x(h1)x(ha)).

x(r;) = L.

Note that the Rao function g — z(g) is unique by Lemma 5.1, [Ra93].

b. Let Wi, W5 be two symplectic spaces of dimensions 2n4,2n, respec-
tively. Denote the corresponding symplectic forms by <, >y, and <, >y,.
Let W = W; @ W, be the direct sum of these two spaces, with the symplectic
form <, >=<,>p, & <,>w,. Let, for I = 1,2, 4 : W, — W be the em-
bedding of W, in the [-th coordinate, and let j; : Sp(W;) — Sp(W) be the
corresponding embedding of symplectic groups. Let j : Sp(W7) x Sp(Ws) —
Sp(W) be the corresponding direct sum embedding, i.e.

3(g1, 92) = ji(g1)ja(92) = ja(g92)j1(g1), for g € Sp(W)).
Choose symplectic bases

» Eny s S—nypo



for W;, | = 1,2. Let B = B; U By, and order B as follows. Take, first,
the image, by 47, of the first n; elements of By, then the image, by i,, of
all elements of By, then the image, by 7;, of the last n; elements of Bj.
This is a symplectic basis of W. Let ¢; be the Rao normalized cocycle on
Sp(W,), corresponding to B; (I = 1,2) and let ¢y be the Rao normalized
cocycle on Sp(W), corresponding to B. Denote by z; the corresponding -
functions on Sp(W;) (I = 1,2). Then Corollary 5.6 of [Ra93| states that, for
91,91 € Sp(W1) and g3, g5 € Sp(W2),

CW(j(gla 92)7].(917 gé))

P e e (21(91), 22(g2)) (21(91)s w2(95)) (1 (9191), T2(9295))-

(2.1)

In particular, for g, h € Sp(W;), with [ = 1,2

ew (71(9), i(h)) = alg, h). (2.2)

Thus, the restriction of the Rao normalized cocycle ¢y to Sp(W)) is the Rao
normalized cocycle ¢;. Hence, we can lift, for [ = 1,2, j; to an embedding
Ji+ Sp(Wi) — Sp(W) by ji(g, €) = (ji(g), €). We have

71(91)42(2) = Jj2(G2)71(5),

and this defines a homomorphism 7 : Sp(W1) x Sp(Wa) — Sp(W), defined
by j(§17§2) = ]1(@1)]2(@2) Its kernel is {([W17 6)7 (]W27 €>|€ = :tl}

c. Assume that our local field F' is non-archimedean of odd residual
characteristic. Denote by O its ring of integers and by W (Q) the lattice over
O spanned by the symplectic basis B. Let K C Sp(WW) be the stabilizer
of W(0O). This is a maximal compact subgroup (standard with respect to
B). It is known that there is an embedding ¢ : K — Sp(W) of the form
g(r) = (r,e(r)). See [MVWST], Page 43, for a proof. Note that this means
that, for r,r € K, ( )

E\T1T2
) = ey
This embedding is unique, if the residual field has at least four elements. It
is not hard to see that, for r € P(O),

e(r)=(r,1). (2.3)

d. We will be interested in dual pairs Sp(Z) x O(V), inside Sp(W'), where
O(V) is the orthogonal group corresponding to a non-degenerate symmetric
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bilinear form ) on a vector space V of odd dimension m = 2] + 1, over
F, and Sp(Z) is the symplectic group, corresponding to a 2n-dimensional
vector space over F', equipped with a symplectic form <, >,. We view O(V)
as acting from the left on V' and Sp(Z) as acting from the right on Z. Thus,
W = Z®YV is of dimension 2mn over F' and is equipped with the symplectic
form <, >=<, >, ®Q. Let

a:Sp(Z) x O(V) — Sp(W)

be the natural homomorphism; it is given by (2 ® v)a(g,h) = 29 @ h™tv.
Let dg and hg be the discriminant and the Hasse invariant, respectively, of
Q. Choose an orthogonal basis {eq,- -+, e, } of V, and put a; = Q(e;, ¢;), for
1 <i < m. Choose a symplectic basis By = {21, "+, Zn, 2_n, "+ ,2_1}, for
Z. Denote by B}, the first n elements of Bz and by B, the last n elements.
We will also denote by X and Y, the transversal Lagrangian subspaces of Z,
spanned by B} and B, respectively. Let ¢ denote the corresponding Rao
normalized cocycle on Sp(Z). Let

B=B,®eU---UB,®e,Ua,'B, ®e,U---Ua]'B, ®e;

This is a symplectic basis for W. Let ¢y denote the corresponding normalized
Rao cocycle on Sp(W). Then, from [K96], Pages 20 and 35, one can get the
following equivalence of ¢ and the restriction of ¢y on i (Sp(Z)) x a1 (Sp(Z)),
where a1 (g) = a(g, Iy). (From loc. cit. one sees clearly that the double cover
of Sp(W) does not split over Sp(Z) exactly due to the fact that m is odd; a4
is equivalent to ¢™.) We have, for g1, g2 € Sp(Z),

- 6’(9192) ¢
Cw<041<g1),041(g2)) - 6(91)6(92) (g17g2>7 (24>
where
e(g) = hz)(g) (z(g), (—1)%m(m‘1)dé(g)+1)(dQ, (_1)%u(g)(U(g)—1)). (2.5)

Here u(g) is determined by writing ¢ in the form p;7sps, with |S| = u(g), as
in (ab). Note, also, that

z(au(g)) = dg”x(g)"  mod (F*)* (2.6)

The restriction of ¢y to az(O(V)) x az(O(V)), where as(h) = a(lz, h) is
very simple (and the following relation is valid also if m were even). For
hy, hy € O(V),

Cw(ag(hl),ag(hg)) = (det hl,det hg)n (27)
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Let O(V) be the group of all pairs {(h,€) | h € O(V),e = +1}, with the
group law
(hl, 61)(h2, 62) = (hth, 6162(d€t hl, det hQ))

Then & : §f)(Z) X G(V) — %(W), given by

a((g.e1), (he2)) = (alg, h), erepe(g)(din”x(g), det h)") (2.8)

is a homomorphism, which lifts «. This follows from (2.4), (2.5), (2.7), and
the fact that

cw (ai(g), as(h)) = ew(aa(h), an(g)) = (dp”x(g), det h)", (2.9)

which follows from (2.1) and (2.6).

We will denote &1(g, €) = a((g,€), (Iy, 1)), and as(h, €) = a((Iz,1), (h,€)).
These homomorphisms from éY)(Z ) and O(V) into é\f)(W) lift oy and ag, re-
spectively. For other dual pairs in the symplectic group, see [K94].

e. We keep the notation of (d). Let ¢ be a non-trivial character of F'. Let
wy be the Weil representation of QB(W), corresponding to ¢. We realize it
in the Schrédinger model S(X ® V). We will identify X ® V' = V", through
21 QUi+ 42, ®uy — (V1,- -+ ,v,). Then we have the following formulae
(see [K96], Page 37).

ol ) Dol v) = er(deta v deta, (-1) Vi)
| detal ¢((vy, -+, vn)a); (2.10)
i) LE)O(vr, - u,) = ew(%tr((}r(vl, Ce U )TWR ) (U1, Up);

wy(da(h, ) d(vr, -, va) = €y(deth™ ¥3) " g(h™ vy, -+ h7ly).

Here, the elements of Sp(Z) are written as matrices with respect to the basis
By. The element w, in (2.10) is the n x n matrix which has 1 in the second
main diagonal, and zeroes elsewhere. Gr denotes the Gram matrix. Finally,
v(t, ") is the Weil factor, with respect to the character ¥* (z # 0). As is
traditional, we normalize wy, o & so that the action of O(V) becomes linear.
Thus, we define the following representation, which we still denote wy, of

Sp(2) x O(V),

wy(an ( <I"

wy (@, h) = y(det A=, 12wy (@(3, (b, 1)), (2.11)
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for § € Sp(Z) and h € O(V). Note that the first two formulae in (2.10)
remain the same, and the last formula in (2.10) becomes

wy((I2,1), h)p(v1, -+ vp) = ¢(h vy, -+ B wy,). (2.12)

Sometimes, when we want to emphasize the dual pair, we will re-denote w,
in (211) by Wy, z,Q OF Wy, ZzeV -

2.2 The metaplectic group over an Adele ring.

Let k& be a number field. Let W be a vector space, of dimension 2f over k,
equipped with a symplectic form < -,- >. Let

B:{Ela"' yEfE—fy 96—1}

be a symplectic basis of W, over k, as before. For each place v of k, let
W, = k,®,W. We will re-denote k, ®¢; = k,¢;, for [j| =1,---, f. Denote by
< -, - >, the corresponding symplectic form on W,. B serves as a symplectic
basis of W, as well. Denote by cy, the Rao normalized cocycle on Sp(W,)
corresponding to B. For each finite odd place v, we have an embedding
e, K, — Sp(WW,) as in Section 2.1.c.

a. Let A be the ring of adeles of k£ and let gl\)(W)A be the restricted
product [T, Sp(W,) with respect to {e,(K,) | v is finite and odd}. Let

' ={[[.) € SpW)a | []en =1}

v

Then . .
Sp(W)a := C"\Sp(W)a (2.13)

is a two fold central cover of Sp(W),. The projection

pr: %(W)A — Sp(W)a

pr(C’' [ [ &) [T ev®)) = [T 9w T ] %o

ves vgSsS vesS  vgS

satisfies

where S is a finite, large enough set of places. The kernel of the projection
is

Gy ={C'[[(7. &) € Sp(W)a} = {£1} = ps.
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Note that the natural projection gl\)(W)A — é\f)(W)A is injective on each
Sp(W,) and gives a commutative diagram

| |

where the vertical arrows are the natural projections.

b. Let v € Sp(W). Let S be a finite set of places, including those at
infinity and the even ones, such that v € K, for all v ¢ S. Then there is a
finite set of places S’ D S, such that

ev(7) = (7, 1), (2.14)

for all v ¢ S'. This follows from the decomposition v = p;7;ps as in Section
2.1.(ab), where now pq, po are in P, the Siegel k-parabolic subgroup of Sp(W)
which stabilizes the subspace W, = Span,{e_q,--- ,e_s}. Thus, we can take
S’, such that py,ps € P(k,)NK,, so that z(p;) € O}, forall v ¢ 5’ (i = 1,2).
By Properties (a2), (a4), and (ab) in Section 2.1, and by (2.3), we get that
there is a; = £1, such that, for v ¢ ',

e,(7) = evpr)en(my)en(p2) = (p1, D(75,05) (2, 1) = (7, 45)-

To show that a; = 1, we write 7; as a product of elements of the form 7. By
[Ra93], Corollary 5.5, we may assume that 7; = 7», and then, it is a simple
calculation in an SLs to show that a; = 1.

c. As a corollary, we get that the map

ca=xed | [CE (2.15)

v

from (the k-rational points) Sp(W) goes to é\f)(W) A. It is an injective group
homomorphism, since for all 71,72 € Sp(W), we have

[Tew () =1,

as follows from Rao’s explicit formula in [Ra93|, Theorem 5.3. We will view

Sp(W) as a subgroup of QB(W)A, via (2.15). We will re-denote the right
hand side of (2.15) by (v, 1).
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d. Let P, be the Siegel parabolic subgroup of Sp(W,) stabilizing the
subspace W, as in §2.2.b, and let P, be the restricted product of all P,,
with respect to {P, N K,|v < co}. Denote by Py, the inverse image of Py
inside Sp(W),. By (2.13), it is easy to see that Py = {(p, ) € Py x {+1}},
with the group law

(p1; €1)(p2, €2) = (p1p2; €162 H(detpw, det pa).), (2.16)

v

where the determinants of p;, are taken as linear operators on the vector
space W, . The isomorphism is given by

' TIwee) [[evr) — (I pe [T &) (2.17)

ves vgS

Here S is a large enough finite set, and p, € P, N K,, for v ¢ S, so that
by (2.3), e,(p,) = (pu, 1) for v ¢ S. In this case, we will also re-denote, for
short, the elements of Py via (2.16) and (2.17) by (p,€), where p € P, and
e ==1.

e. Assume that W is the (orthogonal) direct sum of two symplectic
subspaces W7 and W5. Then, as in Section 2.1.b, we have the direct sum
embedding j : Sp(W;) x Sp(W2) — Sp(W), and its restriction to each
component is given by j; : Sp(W;) — Sp(W), I = 1,2. Similarly, we have
the corresponding local embeddings j,, j;,, and global embeddings ja, j.4.
Let us fix symplectic k-bases By, B, and B = B; U By of Wy, W5 and W,
respectively, as in Section 2.1.b. Then for each place v, we obtained the

embeddings j;, : Sp(Wy,) — é?)(W,,), [ = 1,2, and the homomorphism j, :
Sp(W1,) x Sp(Wa,, ) — Sp(W,,), which lift j,,,, [ = 1,2, and j,, respectively.
Let us denote, for finite and odd places v, by K;, (I = 1,2) the standard

maximal compact subgroup of Sp(W;,). Consider the embeddings, as in
Section 2.1.c, ¢, : K;,, — Sp(W,,). Then, by (2.2) (if the residue field
contains at least four elements),

jl,l/(gl,u(r)) = &, (Jiu (1)),

for I = 1,2, and r € K;,. Thus, the collection {jl,y}y defines an embed-
ding jl,A : Sp(Wy)a — Sp(W)a, which lifts j; 4, and a homomorphism
Ja 1 SP(W1)a x Sp(Wy)a — Sp(W)a, which lifts j,. We have

Ia(d1, G2) = J1.4(51) 2. (32)-
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Note that (with our conventions) for v, € Sp(W;) (I = 1,2),

ja((n, 1), (12, 1)) = (§(711.72), 1)

f. Let a : Sp(Z) x O(V) — Sp(W) be a dual pair, as in Section
2.1.d, and we will use the same notations, only that here we assume that
the vector space Z (resp. V) and the corresponding non-degenerate anti-
symmetric (resp. symmetric) form is defined over the number field k. Recall
that dim;y V' = m = 2/ + 1 is odd. Let ¢ be a non-trivial character of
E\A. For each local place v of k, consider the local Weil representation
wy,, of Sp(Z,) x O(V,), realized in the Schriodinger model S(X, ® V,) =
S(V)). Then the restricted tensor product wy = ®'wy, defines the global
Weil representation of évp(Z Ja X O(V)a on the Schrodinger model S(V)).
It pulls back to éB(Z)A x O(V)a. (Of course, it is obtained from the Weil
representation of évp(Z ® V)a.) Let 6 be the theta distribution on S(V),

0(6) =Y o)

zeVn
and denote, for (g,h) € gvp(Z)A X O(V)a, and ¢ € S(V}),

Hi(ga h) = 9(&)¢(§], h)¢)>

and sometimes, more precisely,

%Z@V(ga h) = 0(wy,zev (G, h)o).

Due to the Sp(Z ® V)-invariance of 6, we know that 93} is Sp(Z) x O(V)-

left invariant. The function ej(g, h) is of moderate growth in each variable
([HPS83]). Thus, for an irreducible automorphic representation o of O(V),,
if either the quadratic form () on V is anisotropic, or o is cuspidal, then the
integrals

0 (00) () = /O o) 0%(3, h) o (h)dh (2.18)

converge absolutely, for each ¢,, in the space of o, and ¢ € S(V"). These
automorphic functions Hz(gpa) generate a subspace of automorphic forms on

Sp(Z)a, which is denoted by éivv(a). It is stable under right translations

by éY)(Z )a. We use the same notation, for the automorphic representation
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of §13(Z )a, thus obtained. This is the automorphic representation of §13(Z )a
obtained by the -theta correspondence from o, which may of course be zero.
Similarly, we consider the 1-theta correspondence in the reverse direction,
starting with an irreducible genuine cuspidal automorphic representation 7
of Sp(Z)a. The subspace of automorphic functions on O(V), thus obtained
is denoted by ) ,(7). It is an automorphic representation of O(V), in the
space generated by the integrals

03 (ps)(h) = 053, h)ox(3)dg, (2.19)

L2SP(Z)\§§(Z)A

as ¢ and @z vary in S(V}") and the space of 7, respectively.

2.3 The Siegel-Weil formula.

We keep the notations of Section 2.2. We establish some simple variants of
the regularized Siegel-Weil formulas based on the works of Kudla and Rallis
([KR94]), Ichino ([I01]), and Moeglin ([M97a] and [M97b]).

Let (V, @) be the nondegenerate quadratic vector space over k with Witt
index 7. If r = 0, the ¢-theta lifting of the trivial representation of O(V'), to

Sp(Z)a does not need regularization. In the following we may assume that
r > 0. We first recall Ichino’s formulation ([I01]) of the Siegel-Weil formula.
Assume that dimy, V' = m is odd, and that

1
m=dimg V < S dimg Z +1=n+1. (2.20)

Since V' has Witt index r > 0, we may write V = V, @ H,, where Vj is
k-anisotropic and H, is the direct sum of r hyperbolic planes. Let (V' Q")
be the nondegenerate quadratic space over k in the same Witt class of (V, Q),
and of dimension m’ = 2n + 2 — m. In this case we may write

V= ‘/0 S Hn—l—l—r—dimk Vo
iFrom (2.20), we have
n+1—r—dim;Vog>m—r—dim, Vo =7r>0.

Ichino’s theorem now applies with our m’ replacing m in ([I01], Page 203).
Indeed, let ' = n + 1 — r — dimy, V; denote the Witt index of V. Then we
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clearly have n +1 <m/ < 2n + 2, and m’ — ' < n + 1, which are two of the
conditions in Ichino’s theorem (The regularized Siegel-Weil formula).

We recall some details of the regularized Siegel-Weil formula from [I01].
In the case under consideration, the theta integral

/ 0%(g, h)dh (2.21)
O(VN\O(V)a

diverges in general. In [KR94], the regularization is carried out using a
certain differential operator from the universal enveloping algebra at real
archimedean local places. In [I01], the regularization is obtained by using a
certain element of a local p-adic Hecke algebra. The advantage of the ap-
proach in [I01], whose possibility was mentioned in [KR94], is that it applies
to any number field.

Let us describe Ichino’s regularization. Fix a finite place 1 of k, where
the number of elements of the residue field is congruent to 1 modulo 4. As-
sume also that v, is unramified, and the quadratic form is unimodular at
vo. Assume that ¢ € S(V)) is fixed by wy, (e, (K7 x K} )). Here, K/ is a
(standard) maximal compact subgroup of Sp(Z,,), and K, is a hyper-special
maximal compact subgroup of O(V,,). Then there is an element «,,,, which
depends only on the place vy, in the spherical Hecke algebra (genuine func-

Qh w. gyl
tions) of Sp(Z,,) with respect to K7, such that de’uo( 0 )<¢>(
decreasing in h, and hence the integral

g, h) is rapidly

wdluo (auo 71)¢

/ 0, (g, h)dh (2.22)
OV NO(V)s

converges absolutely. There is a non-zero constant c¢,,, such that if the inte-
gral (2.21) converges absolutely, then

/ 93(@7 h)dh — C;Ol/ HZ@’WO (Oéuo,l)d)(g’ h)dh
O(VINO(V)a O(VINO(V)a

In other words, the regularization (2.23) is a natural extension of (2.21), in
its domain of convergence. Moreover, there is an element o;, = (o, ) in the
spherical Hecke algebra of O(V,,), with respect to K], , such that
Wy, (g, 1) = Wy, (1, ), (2.23)

as endomorphisms of S(V*)“¥ (210 (K%) %K) Here 6 is the homomorphism

from the Hecke algebra of éY)(Z,,O) to the Hecke algebra of O(V,,), given in
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Prop.1.1 in [I01]. For ¢ € S(VJ") and g € éB(Z)A, the regularized theta
integral is denoted by

e — w 12 (al’ 71)¢ ~
]reg,V7¢(ga ¢) = Cuol / 9¢w 00 (g, h)dh (224)
O(VN\O(V)a

It is independent of the choice of 1y, as above, or the choice of . Finally,
for ¢/ € S((V{)"), s € C, and g € Sp(Z)a, the Siegel section attached to ¢’
is denoted by

!, ~ s_n+17m / ~
FE(9) = 1a(@)’ ™= wy £(9, I)¢'(0). (2.25)
Here a(g) is defined as follows: if g € Sp(Z), is the projection of § and
g = pk is its Iwasawa decomposition with p € Py and k € K7 (with self
evident notation), then a(g) = a(g) = [], dety, p,. By comparing to [I01],
Page 202, we note that

By (2.10) and using Section 2.2.d, we have
(o x . S RV
(" 5) 90 = e el dera R G, 220

where

1

Yoo @) = [T, o @) = [T ) (@, (<13 " Ddg),,. (2:27)

Note that
XV,sz = le7¢' (2'28)

Indeed, (—1)2™ ™ Dd, = (=1)2™m=Dd,. We will view Xy, s a character
of Py. From (2.27), we see that

/ Sp(Z s
f € md " (x| det ).

Consider the Eisenstein series, which is the analytic continuation of the fol-

lowing absolutely convergent series when Re(s) > "TH,

E@g )= > f((13)

YE€P\Sp(2)
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It has at most a simple pole at s = . Finally, Ichino defines a map

n+l—m
- 2
rvrv s S(V)" — S(V{), which is Sp(Z)a-intertwining (this is "7 j7x” in

[101]). Now, we can state

Theorem 2.1 (Ichino [I01]). In the notation above, assume that m < n+ 1
(and m is odd). Then there is a non-zero constant cy, such that, for all

¢ € S(V))") and § € Sp(Z)a,
Res,_niim B(G, [) = colreq v (3, mvrv (9)). (2.29)

We derive the following corollary, which will be used in the following
sections.

Corollary 2.2. Assume that m <n+1 (m odd). Then, for all ¢ € S(V}),
there is ¢' € S((V{)"), such that for all g € Sp(Z)a,

]reg,V,w (gv (b) = Ress:wE(gv fsd)l) (230)

Proof. By checking the definition of vy (which is ”7‘(‘8,71’]{” in [101], page

203), it is easy to see that at almost all finite places v, the local map 7y v,
takes the characteristic function of the standard lattice in (V)" to the char-
acteristic function of the standard lattice of V'. Let v be an arbitrary place
of k, and ¢ = ®,/¢,, be a factorizable function in S(V,), whose local com-
ponents ¢, are fixed at all places, except at the given local place v, where
we let it vary. Consider the linear functional

(b)) = Ireg (1, 0).

Here, 1 denotes the identity element of Sp(Z)s. We recall from (2.24) in case
vy = v that

L (wlﬁu,Zu,Qu (gNI/a hu)¢u) = [reg,V,w (g~l/> ¢)
In particular, [, is O(V,)-invariant, i.e. it factors through the space of co-
invariants S(V,")o(v,). This last space is isomorphic to R, (V},), which is the
space of functions on %(ZV) generated by f%(g) = wy,(g,1)¢.,(0), as ¢,
varies in S(V'). Note that

m—n—1

R.(V) € nd¥ @) (x| |det [ “F7).

The isomorphism
d:/ : S(Vn)O(VV) - Rn(vu)

v
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is induced from d,(¢,) = f%. See [R84] for v finite, [KR90a] for v real,
and [Z] for v complex. Thus, if f% = 0, then [,(wy,(g,1)$,) = 0 for all

g€ §f)(Z,,). Consider the map
d,, oSTviv, - S(Vym) — Rn(v,,)

This map is éB(ZV)-intertwining and O(V,,)-invariant ([I01], Lemma 5.5). By
Lemma 5.1 in [I01] for v finite, Corollary 2.7 in [KR90a] for v real, and [Z] for
v complex, and by our assumption that m < n+ 1, R,,(V,) is an irreducible
éB(Z,,)-module. Hence the map d, o ry; v, is surjective. It follows that for
a given ¢, € S(V,"), there is ¢, € S((V/)") such that f¢ = fw @) and
hence

lv(w¢u (g~uu 1)¢u> = lu(wdfu (g~uu 1>TVJ,VV ((b:/))u

for all g, € Sp(Z,). Therefore, for a given factorizable ¢ = ®,¢, € S(V}),
there is a factorizable ¢ = ®,¢,, € S((V{)"), such that

IT@{LV,Iﬁ(ga ¢) = [TEQ,Vﬂ/J (ga TV’,V(¢,))>

for all g € Sp(Z),. Now, the identity (2.31) follows from (2.30). O

Next, we are going to establish a regularized Siegel-Weil formula char-
acterizing residues of Siegel Eisenstein series on the k-split even orthogonal
group O(l,1). This was done by Moeglin for totally real number fields by us-
ing the regularization at real archimedean local place ([M97a], Section 3.2).
We use the regularization in terms of elements in a p-adic Hecke algebra as in
[101], which extends the results of Moeglin to all number fields. This result
will be used in the next section. We give the details very briefly. Once we
introduce the regularization, the rest follows exactly as in §3.2 in [M97a].

Let (U,b) be a non-degenerate quadratic space over k, which is k-split
and even dimensional. Put dim; U = 2[. In this case, the double cover
Sp(U ® Z) splits over Sp(Z)s x O(U)a. Denote, again, by wy, or wy, zeu, the
Weil representation of Sp(Z)s x O(U)a obtained by composing the - Weil
representation of évp(U ® Z), with an embedding

Sp(Z)a x O(U)s — Sp(U @ Z)a.

Consider the corresponding theta series Gi(g, h), where ¢ is in a correspond-
ing Schrédinger model S(UR). The theta integral involved in the regular-
ized Siegel-Weil formula characterizing residues of Siegel Eisenstein series on
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O(U), is given by

/ 0%(g, h)dg,
Sp(Z)\Sp(2)s

which is divergent in general if n < [, so that regularization is necessary.

First, we fix a local finite place vy, such that 1, is unramified and the local
quadratic form b,, is k,,-unimodular. Assume that ¢ is fixed by wy,, (KZ
K['), where K7 (resp. K.) is a (standard) maximal compact subgroup
of Sp(Z,,) (resp. O(U,,)). (Thus, the choice of vy depends on ¢.) The
local Howe duality asserts that wy, (How,,)) and wy, (Hsp(z,,)) coincide as
algebras of operators on S(U}! )0 (KEXKS) | where Hsp(z,,) (resp. How,,))
is the spherical Hecke algebra of Sp(Z,,) (resp. O(U,,)) with respect to K7
(resp. K[) ([H79] and [MVWS&T7]). Following the explicit calculation of the
local theta correspondence (Howe duality) for unramified representations by
Rallis in [R82], one has

Proposition 2.3. Assume that n < 1. Let 0 = 0,,,, be the Hecke algebra
homomorphism

S S ~Y 0 ~J n
Clg™ - ™" = How,)) = Hpz,) = Clg™, -, g7 Mo,

which is given by

0(¢%) = q", fl<isn,
g difn<i <L

Then for all o € How,,),
wwuoyzu(ybuo (1’ Of) = wqu,Zumbuo (9(0{), ]‘)
(K <K)

as endomorphisms of S(U}.)*¥vo

We have
C[qisl, . ’q:I:Sl]W()(U) o C[Xl’ Ce 7X[]Sl’

where X; = ¢* +q %, i =1,---,1; S; is the symmetric group on [ letters.
Similarly, for Y; = ¢t +¢7%,i=1,--- ,n,

C[qitla o >qitn]WSp(Z) = C[YL T ’Yn]S".
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Let oq,---, 0, denote the elementary symmetric polynomials in Xy, ---, Xj.
We have, as in [KR94], Cor. 5.1.2, and [I01], Lemma 1.3, that, for n < [,
there is a unique element «;,, ,, € HO(UVO)a of the form

n
Xlnvy = On+tl — E a;0,
=1

such that
010 (Qm) = 0.
Define, for n <1,
Qpy = A pn—1,19-

This defines an element of Ho,,). We have 01.n—1,0 () = 0, which means
that

(Y, Yo, g g g g g 4 ¢,2) = 0.

Note that «,, is of degree n and is S; - invariant. Consider the element
0(w,) = 01n1,(0u,). Then

9(051/0)(}/1, T >Yn) = O41/0(}/1a e aYm q—l+n+1 + ql—n—l’ e aq_l + q, 2)

This is a polynomial of degree n in C[Y;,---,Y,]% = Hsp(z,,)- Since it is
symmetric and satisfies 6(a, ) (Y1, -+, Yo 1,7 + ¢"™™) = 0, we conclude,
as in [KR94|, Lemma 5.5.4, and as in [I01], (1.1), that

n

9(0&,,0)(}/1, e aYn) = H(Y; - (q_l+n + ql—n)).

i=1
Let 6(ow,) act on the trivial representation of Sp(Z,,) by the scalar c,,, .
Then

Cay, = e(auo)(q_n + C]n, C]_n+1 + qn_la e >q_1 + Q)
We conclude that, for 2n <1, c,,, # 0.

Let us return to the global set-up. Recall that we choose the finite place
a,,, dependent on the function ¢ € S(U}). Assume that n < [, so that
Qyy = Qn—1,, is defined. Then, as in [KR94], Prop. 5.3.1., and [I01], Prop.
1.5, we have that 9::%0 (1,%0)(;5(9’ h) is rapidly decreasing in g € Sp(Z)\Sp(Z4),
for all h € O(U,). For this, it is enough to take g is a Siegel domain and
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h € [1,., OU,) (since O(U)[],.,, O(U,) is dense in O(Uy).) Then, it is
enough to show that wy, (1, w,)du, (Y1, yn) = 0, for linearly dependent
Y1, Yn € Uy,,. We assume, for simplicity, that ¢ is decomposable. As in
[101], p. 210, we can find a € GL,(0,,), and zy,- -+, 2,1 € U,,, such that
(Y1, Yn) = (21, -+, Tn-1,0)a, and then, since ¢, is fixed by K7 x 1, and
the action of a,, (via wy,, ) commutes with the action of (the Siegel parabolic
subgroup of) Sp(Z,,), we get that

Wy (1y Qg ) Bu (Y1, -+ Yn) = wy, (1, Qg )y (@1, -+ 051, 0).
The last expression is zero, since 6, ,-1,,(w,) = 0. Indeed, let
{Zla e Zny Zps >Z—1}>
be a symplectic basis of Z, as in §2.1.d. Put
Z"'=Span; {21,y 2Zn_1,Znils 5 21}

Denote by w;, the Weil representation for the dual pair Sp(Z’) x O(U), and

let us realize wy, in the Schrodinger model S (Uz™1). Denote the restriction
of ¢y, to U~ by ¢/, . Then

Wapyg (1’ O‘VO)QSVO(:ED y Tn—1, O) = wi//;,,o(la O‘VO)QSZ/O(:ED e axn—l)
= w’:ﬁl/() (9l7n_17l/0 (aVO)7 1)¢:}0 (:'U17 e 7"1771—1)
= 0

This proves that

Y (lvauo)¢
eww (gv h’) = Z W¢(g, h>w¢uo (17 oz,,0¢(x)),

zeU" rank(xz)=n

where, for x = (2, -, z,), rank(z) is the dimension of the subspace of U,
spanned by xi,---,z,. Now, the rapid decrease in g follows as in [KR94],
Prop. 5.3.1. Moreover, if

/ 0%(g. h)dg
Sp(2)\Sp(Z1)

converges absolutely, then

Wy, (1) P
/ 0 gy = o, [ 0% (g, h)dg.
Sp(Z)\Sp(Z)a Sp(Z)\Sp(Z)a
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As before, we define, for 2n <1 (so that c,,, # 0)

— w v (170‘1’ )¢
[reg,w(ha ¢) = Caulo / eww 0 ’ (ga h)dg
Sp(Z)\Sp(Z)a

This definition is independent of the choice of the place 1.

Next, consider a Siegel parabolic subgroup P C O(U), whose Levi part is
isomorphic to GL;. Take a standard section & in the space of the normalized
induced module IndgiU)Aﬂ det |*) and form an Eisenstein series E(h,&;) as
usual. By Theorem 1.0.1 of [KR90b], the Eisenstein series E(h, &) converges
absolutely when the real part of s is greater than 1—71; it has a meromorphic
continuation to the complex plane C and, after normalization, it has at most

simple poles occurring only at s = 52 — j #£ 0 with j € {0,1,---,1 —1}.

2

Assume now that n < l_Tl Then s = l_Tl is a simple pole of the normal-
ized Eisenstein series, and it is also a pole of E(h,&s). Now, we can repeat
the proof of Moeglin, in §3.2, in [M97a], to get the following version of the

regularized Siegel-Weil formula, which is valid for arbitrary number fields.

Theorem 2.4. Assume that n < 1—71 Then, for every Schwartz function ¢

as above, there is a section & as above, such that

/ 6’:;”’”0 Uﬂmw(g, h)dg = Res _i1_ E(h,&s). (2.31)
Sp(Z2)\Sp(2)a 2

3 The theta correspondence

We are going to prove Theorems 1.1, 1.2, and 1.3 as stated in the intro-
duction. The main task is to give an explicit description of various spaces
of automorphic functions via the theta correspondences. In Section 3.1, we
start with an irreducible genuine cuspidal automorphic representation 7 of
Sp(Z)a, and in Section 3.3, we start with an irreducible cuspidal automor-
phic representation o of O(V),. Theorem 1.1 will be proven in Section 3.2
and the proofs of Theorems 1.2 and 1.3 will be discussed in Section 3.3.

3.1 Certain subspace of automorphic forms on SB(Z )A-

Let 7 be an irreducible genuine cuspidal automorphic representation of §f)(Z )a-
The 1~ -theta lift of @ to O(V), is denoted by 6’1‘;,172(7?) as before. Assume
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that 91‘;,17 ,(7) is a cuspidal representation of O(V)4. For any integer a > 0,
define a symplectic vector space Z, by

Zy =71, (3.1)

where [, denotes the 2a-dimensional symplectic space over k. We will consider
the ¢-theta lift Gifv (91‘;,1 (7)), which is a subspace of automorphic functions

on the metaplectic group éB(Za)A.

To fix a Rao normalized cocycle for gf)(Za) A (at each place), we fix a
symplectic k-basis

r / ' /
Ba_{zl’...7za7z "',Z 1}

—a) —

of l,, and a symplectic k-basis

BZ = {Zlv"' yRny R—ny " 7Z—1}
of Z. Then we take the symplectic k-basis

/ / / /
Ba:{zla"' ZayRly "t 5 Rny Remy Tt 5 R—1, R T, R 1}

) “ar —ar _

for Z,. Put

lai = SpanF{Z;:I’ T ’Z;:a}'
Denote by P, the standard Siegel parabolic subgroup of Sp(Z, @ Z), with
respect to the basis i1 (B, )Uis(By), ordered as in Section 2.1.b, where i1 (resp.
i9) is the embedding of Z, (resp. Z) in the first (resp. second) coordinate
of Z, ® Z. Consider, also, the homomorphism as in Section 2.2.e (which we
now shorten to j, instead of j,),

7t Sp(Za)a x Sp(Z)s — Sp(Za X Z)a.

Let ¢ be the k-linear automorphism of Z , such that z;c = z; and z_;c = —z_;
for all 1 < i < n. Clearly, ¢ € GSp(Z), and has similitude factor —1. Let ¢
act by conjugation on Sp(Z,), i.e.

g gt =cgc .
Then one can lift this conjugation to an automorphism of QY)(ZV) by

(9.) =37 = (9.9 = (9" ela(g), (~1)" D) (=1, 1)z WD),
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in the notation of (2.5). See [Sz] for details. This gives an automorphism
of Sp(Z)a, g — ¢, which lifts the conjugation ¢ on Sp(Z),. Finally, we
denote by K7 the standard (with respect to Bz) maximal compact subgroup

of Sp(Z)a, and we let K, denote its inverse image in Sp(Z),. We use similar
notation, for other symplectic spaces.

Proposition 3.1. Let @ be an irreducible genuine cuspidal automorphic rep-
resentation of Sp(Z)a with dimy, Z = 2n. Assume that 91‘;,1 () is cuspidal
on O(V)p with dimy, V- =m. Leta > 1 be an integer such that m < n+a+1.
Then the subspace Qifv(el‘;,l (7))o consisting of all Kz, -finite functions of
thef%)ace 95:},(91‘;,172(7?)) is contained in the subspace of automorphic forms

on Sp(Z,)a generated by the automorphic functions
Ja _ ¢a(9)Res _utation B(j(90, '), f:)d3,
C2Sp(Z)\Sp(Z)a
where E(Z, fs) is the Fisenstein series corresponding to a f(za@z-ﬁnite section

. Sp(Za®Z B
fo in Ionsa(Xyr 8) = Ind 7S94 ([ det]).

Proof. We repeat [M97a], Section 2.1. By definition, the space Gifv (01 (7))
is spanned by

/ GGt [ a G D@ (32
O(V)\O(V)a C2Sp(Z)\Sp(2)a

where = is a cusp form in the space of 7, ¢ € S(VJ"), ¢/ € S(V,'**) and
Ga € Sp(Zy)a. We have (see [MVWS8T], Page 36) that for § € Sp(Z)a,

Hifl (gv h) = Hi(gl’ h’)

Viewing ¢’ ® ¢ as an element of S(V2"™), we have (see [MVW87], Page 37)
that

0% (Gas 1)O2(F 1) = 0920 (G(Gas ), h)-

Hence the integral (3.2) becomes

F R A4 [ RPN T) T
O(VN\O(V)a J C2Sp(Z)\Sp(Z)a

In order to interchange the order of the integrations with respect to ¢ and
h, we have to regularize the integration with respect to h. To this end, we
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choose a finite place vy, which satisfies all the requirements as given in Section
2.3. Take an element «,, in the spherical Hecke algebra of Sp((Z, & Z),,) as

Wi (@, 1) (¢ ~ie . . . .
in Section 2.3. Then wa”‘)( 0:1)(¢9) (7(gay @), h) is rapidly decreasing in h,

where wy, ~denotes, for short, the Weil representation of

SP((Za ® Z) 1) X O(V),

Hence we can interchange the order of integrations in (3.3) and obtain, by
using (2.25), that (3.3) equals

_ Wy (O D@D =, o
(%;t/“ S t/“ 0,0 (7(Gar '), h)dhpz(9)dg,
C2Sp(2)\Sp(2)a JOVINO(V)a

which can be written as
/  Legvw(§(Ga, 7). ¢ © 0)0x(9)dg (3.4)
C2Sp(Z)\Sp(Z)a

Finally the proposition follows from Corollary 2.2. O

In order to further describe the structure of the subspace HZa (051 (7))
as in Proposition 3.1, we have to investigate the following integral

[ @B 1) 55)
C2Sp(Z)\Sp(2)

Consider the polarization
Za® Z =Zin+ Zya,

where Z; , = i1(I¥) + {(v, vc) | v € Z}. Note that for g € Sp(Z2), (g, 9°)
acts as identity on i1(IF), and (v, £vc)j(g, ¢°) = (vg, £(vg)c). Here, we use
notation as in Section 2.1.b and 2.1.e. Let P, o be the Siegel parabolic sub-
group of Sp(Z, @ Z), which preserves the maximal totally isotropic subspace
Z;A. Write its Levi decomposition P, o = M, AU, A, where M, A is the Levi
part, which is isomorphic to GL(2n + a). Thus, 8(g) = j(g,g°) defines an
embedding of Sp(Z) into M, a. Let &g € Sp(Z, & Z) be such that it acts as
the identity on 41(l,) and 09 P, a0 ! — P, the standard Siegel parabolic sub-
group of Sp(Z, © Z) defined before Proposition 3.1. For a standard section
fs in Tonya(Xy.,, s), we define F1(b) = £.((6,1)b). Then

Sp(Za
fo € LyialX,,8) = Ind p(Z(f)Z (X, Idet - |"),
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where X!, (P) = Xy, ((d0, 1)p(do, 1)~"). We have

E(i’a fs) = E(((SOa 1)5&7 fs) = E,(jv f;)v (36)

where E' denotes the Eisenstein series corresponding to I3, (X}, ,s). It is
easy to check that at each place v, we have, for p, € P, A(k,),

(507 1)(pu7 6) (507 1)_1 = (50pu50_17 Eucu(éovpu>(detZ;A (pu>7 xu(éo))u>v (37>
where ¢, is the Rao normalized cocycle on %((Za x Z),) with respect to the
basis above. Note the following properties of f.

Lemma 3.2. Let R, C Sp(Z,) be the parabolic subgroup which preserves
and its Levi decomposition R, = Mg, Ug,. We identify Mg, with GL(I7) X
Sp(Z). In the following, e = +1 and b € Sp(Z,)x.

1. Let u € Ug,(A). Then
Lo (u, €)b) = efi(b).

2. Let d € Mg, (A) correspond to an element of GL(I])s. Then

a+1

F(G1(d,€)b) = € - Xy, (detyd)|detysd*H = f1(b).

3. Let g € Mg, (A) correspond to an element in Sp(Z)a and let § be an
inverse image of g in Sp(Z)s. Then

FLG1(@)D) = Fi(2(3) D).
Proof. By (3.7) and the fact that j;(Ug,) C Usa, we have

Fii(u, )b) = - (8o, j1 () f1(D)-

It is clear that u +— j,(u,1) = (j1(u),1) is an embedding of Ug, (A) inside
§f)(Za X Z)a. This implies that u +— ¢(dp, j1(u)) is a pe-valued character of
Ugr,(A), and hence is trivial. This proves Part 1.

For Part 2, since Jy is the identity on j;(l,), it follows that dy and j;(d)
commute. Hence (0o, 1) and j;(d, €) commute. It follows that

X:/,w (51 (da 6)) = Xvy (51(d9 E)) =€ Xy (detl;rd)'
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Now the assertion follows.

Finally, we have f.(j1(9)b) = f.(j(3.)j2(3 ) 'b). Note that j(g, g°) lies
in Mg, (A) and its determinant on either of Zm (A) is det g = 1. Tt follows

that f/(j1(5)b) = X’W( 1(§,9)£1(G2(3)7'0). Clearly, § — x,, (j(3,7)) is a
po-valued character of Sp( )a, trivial on Cy(A), and hence, it is trivial. This
proves Part 3. 0

Motivated by the global integral (3.5), we define, as in [M97a], Page 233,
foni = [ @001 3.
C2\Sp(2)

As in [M97a], Section 2.1, the previous lemma implies that, if the integrals
(3.8) converge absolutely, at a point s, then f,. is a Kz, -finite element of
the representation

J(7,5) = Indip(ia (pyldet s |* @ ),

where fiy|det;+|* ® 7 is the representation of R.(A), which is trivial on
(Ugr,(A),1) and acts as

€- XW(detl;d)\detl;dﬁfr(g) (3.9)

for an element (d,€)g in the Levi part Mg, (A) with d € GL({J), and g €
— 1 1
Sp(Z)a. Note that | det+ dmts = =dp (d).

Proposition 3.3. The integral (3.8) converges absolutely for Re(s) > n +
“T“, and continues to a meromorphic function in the whole plane. Its poles
are contained in the set of poles of an Eisenstein series corresponding to a
certain fized (independent of 7) degenerate principal series for Sp(Z @ Z)a,

induced from a Siegel parabolic subgroup.

Proof. As in [M97b], Section 2(1), let us rewrite

foro(0a) = /  ex(@)£22(5)71(Fa)) G (3.10)
C2\Sp(2)
s . d
/CQSp(Z)\éB(Z) »ye%)f 72(7), 1)72(9)71(90)) 3
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Note that (v,1) = (7¢, 1), for v € Sp(Z). Since v +— jo(y) is an embedding
of Sp(Z) inside P, A\Sp(Z, x Z), the inner sum in the integral (3.10) is a
sub-series of the series defining the Eisenstein series E'(j(jq,d), f!) as in
(3.4), and hence it converges absolutely for Re(s) > n + %=

In order to obtain the analytic continuation, we may assume that g, = h
lies in Sp(Z)a C Mg, (A). Then we saw that h — f,_ (h) lies in the space
of . Thus, it is enough to show the analytic continuation of

/ o (W& (R, (3.11)
C2Sp(Z)\Sp(2)a

for every cusp form &. By using Part 3 of Lemma 3.2, the integral (3.11),
in its convergence domain, is equal to

[ e @E G M)~
C2Sp(2)\Sp(Z)a Y C2\Sp(Z)a
/ _ /N 0x(9)& (M) f2(G2(h1F))dgdh =
C2Sp(Z)\Sp(Z)a J C2\Sp(Z)a

/ _ /N 07(h§)&x(h) f(52(5'))dgdh =
C25p(Z)\Sp(Z)a J C2\Sp(Z)a

/  PGu@) < 7@)en & 1 di
02\SP(Z)A\

where <, >j2 is the standard L?-product of cuspidal automorphic forms
on CySp(Z)\Sp(Z)4. Note that the switch of order of integrations dg and dh
is justified, since pz and &; are rapidly decreasing. Thus, the integral (3.11)
equals, using (3.8),

/ LG@) < on 7 (6)Er > 12 dg. (3.12)
C2\Sp(Z)a

We recognize (3.12) as the result of unfolding the Rankin-Selberg integrals of
the doubling method applied to metaplectic groups. This unfolding is quite
formal, and is obtained exactly as in the linear case. See [PSR86] and [LR05].

Thus, let f7 be the restriction of f; to éY)(Z@Z)A. Then f7 is a holomorphic
K 5. 7-finite section in

Sp(ZzaZ s+e
Indpi((A) (x| det [*+5).
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Here Pa = Py, and we think of Sp(Z @ Z) as Sp(Zy @ Z). Let E*(h, f) be
the corresponding Eisenstein series on Sp(Z & Z),. Then (3.12) equals

/ G @eWEG@ R, f)dgdh (3.13)
CaSp(Z)xCaSp(Z)\Sp(Z)axSp(Z)a

This integral is meromorphic in the whole plane, and its poles are included
in the set of poles of E*(Z, fI). O

Remark 3.4. Note that the integral (3.12) is Eulerian, and its computation
at unramified places was carried out by J.-S.Li in [L92]. Also, it is easy to
see that integral (3.5) is (for a = 0) an inner integral of (3.13).

Let Efe(h, fes.,) denote the Eisenstein series on évp(Za) A corresponding
to the section f,,.  given by (3.8). This Eisenstein series will give another

description of the subspace 957\/(91‘;*1, (7).

Theorem 3.5. In the notation above, we have

/ _ 9a(9E(7(9a 9. f)dG = E"(7, for,)- (3.14)
C2Sp(Z2)\Sp(Z)a

Proof. The proof is exactly as in [M97b], Section 2.2, which is a generalization
of the doubling method. The reason for the exact similarity is the fact that
Sp(Z) (resp. Sp(Z, @ Z)) is a subgroup of Sp(Z), (resp. Sp(Z, ® Z)a), and
similarly for unipotent radicals (over A). Thus, when we unwind the left
hand side of (3.14), we have to examine the double coset space

Faa\Sp(Za @ Z)/j(Sp(Za) X Sp(Z)).

This is described in [PSR86] and used in [M97b], Section 2.2, and exactly
as in loc. cit., only one double coset has a non-trivial contribution to the
left hand side of (3.14), and it is the double coset of the identity element:
P, Aj(Sp(Z,) xSp(Z)). Again, the reason is that for the other double cosets,
we get a stabilizer in Sp(Z,) x Sp(Z), whose projection on Sp(Z) contains a
unipotent radical, which contributes an inner integration of a cusp form of
7 along this radical, and hence results in zero. Thus, we get, as in [M97b],
Section 2.2, that the left hand side of (3.14) equals
| @0 Vs
YERa(k)\Sp(Za) * 2 \SP(Z)

- Z fors((7:1)Ga) = E" (ga, Jors):

YE€Ra(k)\Sp(Za)
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This proves the theorem. O
Using Proposition 3.1 and (3.6), we conclude

Theorem 3.6. Let m be an irreducible genuine cuspidal automorphic repre-
sentation of Sp(Z)a. Assume that 9@‘2*1,2(7?) is cuspidal. Let a be a positive

integer such that m <n+a+1. Then the space Hifv(é’x,l’z(ﬁ)) is contained
in the space of automorphic forms on gvp(Za)A generated by the residual au-

tomorphic forms
Ja = Res,_ntasion B (o, fors)- (3.15)

3.2 Proof of Theorem 1.1

We are now ready to complete the proof of Theorem 1.1 stated in the in-
troduction. The details are exactly as in [M97a] and [M97b]. We indicate
them briefly. Let us apply the constant term along Ug, (as an operator)
to the inclusion asserted in Theorem 3.6. For an automorphic form &, on
Sp(Z ) A, denote by &y, its constant term along Ug,, restricted to the Levi

part M, Rr,(A). For an automorphic representation 7 of Sp( o)A, we denote
by 7y, the automorphic representation of M r, (A) whose space consists of
all the &y, , as § varies in the space of 7. Recall that Mg, is isomorphic to
GL(I7) x Sp(Z). By Rallis’ tower property ([R84]), for any cuspidal auto-
morphic representation o of O(V)y,

Resg; 7 [QZ ()]s, = 957‘/(0). (3.16)

Here we view Sp(Z), as a subgroup of Mp, (A). Moreover, GL(I1), acts on
[Hij‘v(a)]URa by the character

(d,€) — er,w(detl;d)|det¢d|% = ,uw(d)|detlgd|% (3.17)

The main formula which explains (3.16) and (3.17) is that, for ¢ € S(V]™),
of the form ¢, ® ¢o, where ¢, € S(V) and ¢ € S(V') (in the notation of
(2.25)),

m

0 (00)un, ((d, €)) = €p1(0) 1y (d)] det(d)| 267 () (). (3.18)

for g§§f)( )Ja, d € GL(I)a, e = £1. From Theorem 3.6, we conclude that,
over Mg, (A),

Mw|detl;|% ® 9 (HV 1,2(7)) C {[Res, 7"+a+21*7"ERa('a for Nun, | o7 € Va}.
(3.19)
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Exactly as in [M97a], Section 2, by expressing the constant term along Ug,,
[EBe(-, for..)]Un, » of the Eisentein series Ef*(-, f,. ) in terms of intertwining
operators, we can replace the right hand side of (3.19) by a certain sum of
residues of certain intertwining operators, which take values in the space of
7. The details are exactly as in [M97a], Section 2, only that we replace the
characters

diag(tla T >ta) = |tl|81 e |ta|sa

there by (our) characters,
(diag(ty, -+, ta), €) = exy, (b~ ta) [ - - L™
We then conclude from (3.19), by considering only the action of Sp(Z),, that
0% (0 () = 7.

This concludes the proof of Part 1 of Theorem 1.1.

The proof of Part 2 of Theorem 1.1 now follows, as in [M97a], Section
2, the only interesting case being b < m —n — 1. Otherwise, we just apply
Theorem 3.6 for a = b. For a fixed integer a > m —n — 1, we follow the same
process as in the proof of Part 1 of Theorem 1.1 above. This time we apply
the constant term along Ug,_, (as an operator) to the inclusion asserted in
Theorem 3.6, viewing Z, as (Z,_p),. This will prove Part 2 of Theorem 1.1.

Finally, Part 3 of Theorem 1.1 follows immediately from Part 1 of The-
orem 1.1 and the Rallis tower property ([R84]). Indeed, since 91‘;,172(7?)
is assumed to be cuspidal, then any irreducible sub-representation of it,
o, is cuspidal. Then 6’57‘,(0) is non-trivial and is a sub-representation of
Qi,v(efﬁ/,l’z(fr)) = 7, and hence equals 7, and in particular, is cuspidal. By
the Rallis tower property ([R84]), 95,}}’(0) = 0 for all positive integers b. This
proves Part 3 of Theorem 1.1 and hence completes the proof of the whole
theorem.

3.3 Proof of Theorems 1.2 and 1.3

The proofs of these two theorems can be directly inferred from [M97b]. For
this, let us explain how to proceed until we reach a point, where we can
directly use the results of [M97b].

Let o be an irreducible cuspidal automorphic representation of O(V')4.

Assume that 95,17‘/(0) is cuspidal, as an automorphic representation of éY)(Z )A-
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Let V} be the orthogonal direct sum of the quadratic space V' (equipped with
its symmetric form @) and b hyperbolic planes ku; + ku_;, i = 1,--- | b. As
usual, u; and u_; are isotropic, and the Gram matrix of the pair (ul, u_;) is

0 1

1 0/

Put ¢, = @°_, (ku; + ku_;) and ¢ = ®}_ kuy;. Denote by Qy the sym-

metric bilinear form on V,. Consider the theta lift QVb (Hw 1y(0)). Its space
is generated by the following automorphic forms on O(Vb)

/ _ 075 ) / 09L, (9, h)po (h)dhdg. (3.20)
C25p(Z2)\Sp(Z)a O(V)\O(V)4

Here hy € O(Vy)a, ¢1 € S(VY) , ¢2 € S(Vp(A)") and ¢, is a cusp form in
the space of o. Now, let us view wy-1 zgv as wy zgv, where V' denotes the
space V', equipped with the symmetric form —@Q. (See [MVW8T7], Page 36.)
We have a natural embedding over k

O(V3) x O(V') = OV, @ V'),

where the symmetric form of V, @ V' is Q, @ (—Q). Note that V, @ V' is a
totally split, even dimensional quadratic space over k. We have ([MVW87],
Page 37)

932Z®V (gv hb>ei?Z®V’ (gv h) - 9i2§)§1V av’) ( g, (hbu h))a

where g € Sp(Z), is the projection of g, and we think of ¢ ® ¢ as an
element of S((V, @ V')%). Thus, (3.20) becomes

/ / 020 o (9s (b ) po(W)dhdg.  (3:21)
Sp(Z)\Sp(Z)s J OV )N\O(V")a

Now, we are at the situation of [M97a], Section 1. Indeed, we assume that
2n < m+ b — 1. By applying Theorem 2.4 with regularization in terms of
a p-adic Hecke element «, which is the same as in the proof in [M97a], the
integral (3.21) has the form

/ ool Res s E(hah).E)d. (322
O(V'N\O(V)

Here &, is a Ky,gv-finite section of Indo(v”@v *|dety, ,|°, and E(-, ) de-

notes the corresponding Eisenstein series. We denote by Ly o the maximal
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parabolic subgroup of O(V;, @ V’), which preserves the isotropic subspace
Via = @0, k(u;, 0) + {(v,v) € V x V'}.

The proof proceeds from this point on, word by word as in [M97al, Section
1. Note that the parity of m is no longer relevant to the rest of the proof.
First, we conclude, as in the previous section,

Theorem 3.7. Let o be an irreducible cuspidal automorphic representation
of O(V)u. Assume that 95,1"/(0) is cuspidal. Then 91‘;’7’295,17‘,(0) is con-

m-—+b—1
2

tained in the space of residues at s = —n of the Fisenstein series cor-

responding to Indgi‘(/g))ﬂdetgﬂs, where Dy, is the parabolic subgroup of O(V4),
which preserves {; .

Now Theorem 1.2 in the introduction follows exactly in same way as the
proof of Theorem 1.1 in the previous section. Theorem 1.3 in the introduction
follows from Theorems 1.1. and 1.2, exactly as in [M97a], Section 2. We omit
the details.

4 Applications

In this section, we let H,, = SOq,11 = SO(V), where (V,Q) is the column
space of dimension 2n + 1 over k, equipped with the non-degenerate k-split
symmetric bilinear form in 2n + 1 variables associated to the symmetric
matrix defined inductively by

J2n+1 - J2n—1
1 0

We denote by én(ky) and én(A) the local and the global metaplectic groups,
respectively, corresponding to the symplectic group G,, = Sp,, over k, with
respect to the standard symplectic form on the 2n-dimensional row space. For
an irreducible cuspidal automorphic representation o of H,,(A), we denote by

ggjn(a)Jr the t-theta lift of o to G, (A); it is generated by the automorphic
forms 9i(<po)+, which are defined as in (2.18), only that the integration in
(2.18) is replaced by an integration over H, (k)\H,(A). Similarly, for an irre-
ducible genuine cuspidal automorphic representation 7 of ém(A), we denote
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by 03 ,,(7) the y-theta lift of 7 to Og,41(A). We denote by 87, (%), the
automorphic representation of H,(A) obtained by restricting the functions
of 0 (%) to Hu(A).

Our first application is the proof of Theorem 1.4 in the introduction,
which is Part 4 of the main theorem in [F95] without the assumptions made
there.

Theorem 4.1. Let o be an irreducible cuspidal automorphic representation
of Hy(A). Assume that o is generic, i.e has a nonzero Whittaker Fourier
coefficient. Then the -theta lift of o to én(A), gf‘p,n(a)% is non-trivial if
and only if L(o, %) # 0, where L(o, s) is the standard L-function attached to
.

Proof. Since o is cuspidal and generic, the local components of ¢ are all
unitary and locally generic, and hence, by the exponent structure of the
generic unitary dual ([LMTO04]), L(o,,s) is holomorphic at s = %, for all
places v. Thus, L(o, %) # 0, if and only if L° (o, %) 2 0, for any finite set S of
places of k, which includes the set of all archimedean places of k. This can also
be deduced from the explicit Langlands functorial transfer from SOg,,1(A)
to GLo,(A) for irreducible generic cuspidal automorphic representations o of
SOsp,41(A), which has been established through [CKPSS04], [GRS01], [JS03]
and [JS04].

Choose S, such that o and v are unramified outside S. If L%(o, %) £ 0,
then by Remark 2.3 in [JS06], o has a Bessel model of special type with
respect to SOy ;. Then by Proposition 1 of [F95] (with A = 1, in loc. cit.),
éz,n(a)Jr has a non-trivial ¢-Whittaker Fourier coefficient, and hence 5Z7n(0)+
is nonzero. Note that, for this direction, we did not use any of the results
proved in the previous sections. B

Conversely, assume that 0y, (o) # 0. Then we claim that 0;, (o), is
cuspidal. Indeed, if this is not so, then the Rallis tower property ([R84])
(which clearly is valid for special orthogonal groups as well) implies that
for the first integer m > 0 such that Qm .(0)+ # 0, the representation =

Hw (o) is cuspidal. Choose an irreducible summand 7 of /. In particular,
at a given finite place v of k, we get that 7, is a local ¢,-Howe lift of the
generic o, but this is impossible by Proposition 2.1 of [JS03], since m < n.
This proves the claim.

Let us denote by Zy = {£I5,.1} the center of Og, 1. Note that Og, 1 =
Zy x H,. Let pu be a character of Z;\Z,(A), and denote by o, the extension
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of o to Og,41(A) by the character p on the center. This also allows us to
extend cusp forms of ¢ from H,,(A) to Og,11(A) in the same way. The space

of %W(U)Jr is generated by the integrals 95(@0)@]%. It is clear that

0(0)(3)+ = Z / 0%(3, h) o, (h)dh.

O2n4+1(F)\O2n+1(A)

Thus, it follows that there is p such that 7 = gg,n(au) # 0 and is of course
cuspidal. By Theorem 1.2, we know that 7 is irreducible and o, = 0y, (7).
By Proposition 3 of [F95], we get that 7 is ¢)-generic since o is generic. Note
that by restricting to H,(A), we get that o = 0" -1 (). By [CKPSS04], o
has a functorial lift to GLg,(A) and by [GRSOl] and [S05], this lift has the
form 7 = 7 H - - - H 7, which is an isobaric sum of [ pairwise non-equivalent,
irreducible, cuspidal, automorphic representations 7; of GLs,, (A), with the
property that L°(7;, A2, s) has a pole at s = 1 for each i. It follows that with
respect to ¥, 7 lifts at almost all places to 7, and by [S05], Theorem 13, we
conclude also that L*(7;, 3) # 0 for all i. This implies that L%(c0, 1) #0. O

Next, we are going to consider the cases when the central value of the
standard L-function L®(o, 3) is zero.
Let o be an irreducible generic cuspidal automorphic representation of

H,(A). By Theorem 5.7 of [HPS83], the t¢-theta lift of o to Gii(A),
gfﬁl ()4, is nonzero and admits non-trivial ¢»-Whittaker Fourier coefficients.
The calculation of this ¢-Whittaker Fourier coefficient can also be found in
[F95], Section 4; its precise local variant appears in Corollary 2.2, [JS03].
The precise formula for the 1)-Whittaker Fourier coefficient of automorphic
functions in 91’;;1(0% is as follows.

Let U be the standard maximal unipotent subgroup of G,. Since the Rao
cocycle is trivial on U at all places, we may regard U, as a subgroup of G,,(A).
Denote by ¢y the standard non-degenerate (or Whittaker ) character of Uy
given by evaluating ¢ at the sum of all simple root coordinates of elements of
Uy. Let ¢, be a cusp form in the space of 0. Let w"“ denote the restriction

of the ¢-Weil representation to the subgroup Gn+1(A) - H,(A), realized in
the Schrédinger model S(V*™), where V is the 2n 4 1 - dimensional column
space, over k, on which H, acts. Let {vy, -+, v,,v0,0_pn, -+ ,v_1} be the
standard basis of V' over k, i.e., the spans of the first n vectors and of the
last n vectors are maximal totally isotropic subspaces, both orthogonal to the

vector vy, Q(v;,v_;) = & for i,j < n, and Q(vo,vy) = 1. For ¢ € S(V,"*1),
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we denote, as before, but with more precision, by §$:Z+1(<pg)+ the 1-theta
lift of the cusp form ¢, in the space of ¢ to énH(A), which is defined as in
(2.18), but with the integration taking place over H,(k)\H,(A). Consider
the ¢-Whittaker Fourier coefficient of %ﬁﬂ(gogﬁr

Wil}d),n«kl

01[,@ (po)+

@)= [ B )y ()
U\Us
Then we have the following expression

we
0 e

W= G MO0, v )W ()b, (41)
Coa(A)\Hn(A)

Here W:fg is the standard -Whittaker Fourier coefficient of ¢,, and C,, is

the pointwise stabilizer in H,, of vy,---,v,,vy. Clearly, the right hand side

of (4.1) is not identically zero, since o is generic.

Thus, if L(o,3) = 0, then by Theorem 4.1, the ¢-theta lift to Ga(A),
gf‘p,n(a)% vanishes. Then by the Rallis tower property ([R84]) the i-theta
lift to Gi1(A), 5zzl(a)+ is cuspidal. As we did before, there is a character
p of Zo\ Zy(A) such that %,tzl(au) = 7 is irreducible, cuspidal and 1)-generic.

Conversely, let 7 be an irreducible genuine cuspidal automorphic repre-
sentation of G, 41(A). Assume that 7 is ¢-generic. If the ¢~ '-theta lift of 7
to Og,y1(A), 0’ = 01 +1(7), does not vanish, then o’ is cuspidal, accord-
ing to Part (2) of Corollary 2.2 in [JS03]. By Theorems 1.1 and 1.3, we get
that o’ is irreducible, and hence it is of the form o, with notation as above.
We conclude that 7 = ég;l(au). Since 7 is 1-generic, then we can com-
pute the ¥»-Whittaker Fourier coefficient on 7 as we did in (4.1), and obtain
the same formula, except that in the right hand side of (4.1), we integrate
over Cp(A)\Oznt1(A). In particular, WY is not identically zero, and this
means that 67 (7). is generic. From Theorem 4.1, we also conclude that
L(o,%) = 0. Let us summarize the above discussion as
Theorem 4.2. With notation above, the following hold.

1. Let o be an irreducible generic cuspidal automorphic representation of
H,(A). Assume that L(o,%) = 0. Then 91’;;1(0% is cuspidal and -
generic.
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2. Let @ be an irreducible genuine -generic cuspidal automorphic repre-
sentation of Gyi1. Assume that o =67, (%) is non-trivial. Then

o is irreducible, cuspidal, and generic, such that L(o, %) = 0.

Finally, we are ready to complete our proof of Theorem 1.5. We are going
to use the notation introduced in [JS06] freely.

Let o be an irreducible cuspidal automorphic representation of H,(A),
which has a nonzero Bessel model of special type, i.e. of type (Dx, 1, ¥nn—1.1),
with respect to the quadratic extension of k generated by the square root of
A€ X\ (k)2 See [JS06], Section 2.2 for the definition of this notion. By
Part (1) of Theorem 4.1, [JS06], we know that 5’“7n(0)+ =0, for k <n-—1,
and by Proposition 1, [F95], the last space is non-trivial for k = n.

Assume now that 9:;7_”1 (0)+ # 0. Then, as before, we can find a character
w of Zo\Zy(A) such that 7 = 5{;;1(%) is cuspidal and irreducible. Again
it follows from Theorems 1.2 and 1.3 that o, = 6y, ,(7), and then that
o = Hz,lm_l(%)Jr. Now, we can compute explicitly the Bessel model of
special type of o = 0y, ,(7)+. It is defined by the integral in formula
(2.11), [JS06], taking there r = n — 1 and the automorphic form ¢ to be the
constant function 1. Then the calculation is exactly as in the p-adic case, in
the proof of Theorem 4.3, [JS06]. We get that the Bessel model of special
type (given by the integral) of o = 67,  |(7)+ can be expressed in terms of
the ¥\-Whittaker-Fourier coefficient of 7. Hence 7 must be vy-generic. (This
calculation shows, that starting with an irreducible, automorphic, cuspidal
representation 7 of G,,_1(A), which is ¥y-generic, 67 , _ (7); has a non-
trivial Bessel model of special type, with respect to )\’, as above, and, in
particular, this theta-lift is nontrivial.) This proves the following theorem.

Theorem 4.3. Let o be an irreducible cuspidal automorphic representation
of H,(A). Assume that o has a nonzero Bessel model of special type, i.e. of
type (D, 1, 0n n-1.2), with a nonsquare A € k*. If the y-theta lift to G,,—1(A),
92;;11(0)% does not vanish, then the automorphic representation GZ;}(J)JF of

Gn-1(A) is cuspidal and y-generic.

We briefly recall, from [JS06], what we have proved for irreducible cus-
pidal automorphic representations o of H,(A), which have a nonzero Bessel
model of special type, i.e. of type (Dx, 1,9 n—1.1), with A € k*. We proved in
Section 2.3, [JS06], that if this special Bessel model is k-split, i.e. A € (k*)2,
then the automorphic representation ¢ is generic (Proposition 2.2, [JS06]).
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If the special Bessel model of type (Dj, 1,9, n—1.1) is not k-split, i.e. \is
not a square, then we proved in~Theorem 4.1, [JS06] that the first occurrence
of the 1-theta lift of o to the G,,,(A)-tower, i.e. the first index m = my(0),

such that 5$n(a)+ is nonzero, satisfies the following inequalities
n—1<my(o) <n.

Then we proved that if my (o) = n, then there are two possibilities. The
first one is that o is nearly equivalent to an irreducible generic cuspidal
automorphic representation o/, of H,(A), such that o/ ® x, is in the image
of the 1~!- theta lift, from irreducible, genuine, automorphic, cuspidal, 1 -
generic representations of G,(A). In this case, we conclude, by Theorem 4.1,
that L(o’ ® xx,3) # 0. Here x, is the composition of a with the spinor
norm, and «, is the character given by the Hilbert symbol (-, A)y.
The second possibility is that o is a CAP representation with respect to the
cuspidal data
(Pian] - |2 ® 0n),

where P; is the standard parabolic subgroup of H,, which preserves an
isotropic line, and o,_; is an irreducible cuspidal automorphic representa-
tion of H,_1(A), such that 0, ; ® xy is in the image of the ¢~!-theta lift
from an irreducible, genuine, automorphic, cuspidal, i-generic representa-
tion of G,,(A). Note that in Part (2) of Theorem 4.1, [JS06], we were unable
to determine further explicit properties of the cuspidal data, in particular, of
On_1, SO that we were unable to complete the proof of the CAP conjecture
(Conjecture 1.1, [JS06]) for this case. Now by Theorem 4.2, we conclude that
on—1 is generic and that the central value of the standard L-function twisted
by xa, L(0n_1® X2, %), is zero. This proves a little more than what the CAP
conjecture asserts in this case.

Now, let us analyze the remaining case, where the first occurrence my (o)
is n — 1. By Theorem 4.3, we conclude that the cuspidal automorphic repre-
sentation QZ;} (0)4 is ¥y -generic. Thus, there is an irreducible 1\-generic cus-

pidal automorphic representation 7 of G,_;(A) such that o = 01 1 (T)+,
(by Theorems 1.2 and 1.3). In this case, we proved in Theorem 4.6, in [JS06]
that either o is CAP with respect to the cuspidal data

1
(P17 | ' |§ ® Un—l)v
or o is CAP with respect to the cuspidal data
1 1
(Pii;|- 2 ®@ay |2 @0, 0).
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In the first case 0,,_; is cuspidal and generic on H,_;(A). The proof there
shows, in this case, that ,_; ® Y, is the image under the 1)~ !-theta lift of
the 1)-generic representation 7*, which is an outer conjugation of 7 by the
similitude element diag([,, Al,). By Theorem 4.1, we get that the central
value of the standard L-function twisted by xx, L(0,—1 ® X2, %) is nonzero.

In the second case, P;; is the standard parabolic subgroup whose Levi
part is isomorphic to GLy x GL; x H,,_5, and 0,,_» is an irreducible cuspidal
automorphic representation of H, (A). By construction,

Op—2 ® X\ — 92;3_1(7:)\)—1-

Again, we were unable, in [JS06], to prove further properties for o,_s, so
that the CAP conjecture can be completely verified for this case. Now, by
Theorem 4.2, 0, 5 is also generic and the central value of the standard L-
function twisted by xa, L(0n—2 ® X2, %) must be zero.

The proof of Theorem 1.5 is finally completed.
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