Periods of Automorpic Forms
Dihua Jiang

ABSTRACT. In this paper, we discuss periods of automorphic forms from the
representation-theoretic point of view. It gives general theory of periods and
some special and very interesting cases.

1. Introduction

A classical result of Gelfand and Graev asserts that the Gelfand-Graev models
are of multiplicity free over a finite field. For simplicity, we consider here for
GL2(F,), where F, is a finite field. Let B = TU be the standard Borel subgroup
given by

a b
with the unipotent radical U given by

U = {u(b) = ((1) ’1’) € QL)

Fix a nontrivial additive character 9 of F,, and then define

Yu (u(b)) := (D).
The Gelfand-Graev representation in this case is given by the following induced

representation

GL2 (F,
Indz ) ().

It is not hard to check that such an induced representation is of multiplicity free
([Bmp97)).

This simple result was generalized to GLs over local field by Jacquet and Lang-
lands and played an essential role in their classical work ([JL70]). It turned out
that it holds for quasi-split reductive groups over local fields. This is the well-known
uniqueness property of local Whittaker models ([Sh174]), which has been essential
in the theory of automorphic L-functions, the theory of Langlands functoriality, the
theory of harmonic analysis over local reductive groups, and the spectral theory of
automorphic forms.

In this notes, we shall explain the periods of automorphic forms as general-
ization of the theory started from the Gelfand-Graev models. On the other hand,

1991 Mathematics Subject Classification. Primary 11F, 22E.
Key words and phrases. Automorphic Forms, L-functions, Periods.
1



2 DIHUA JIANG

periods of automorphic forms also originated from the systematically study by Y.
Manin ([M72] and [M73]) on modular symbols associated to classical modular
forms. Some generalizations of modular symbols related to multiple values of zeta
functions has been proposed by Y. Manin recently in [M05]. The adelic approach
to study periods or modular symbols of automorphic forms was first considered by
G. Harder in [Hd87] for GLs. For more general groups and the study of periods
or modular symbols of automorphic forms with application to Eisenstein cohomol-
ogy of arithmetic groups, one may find more interesting discussions in [HdO03].
Some work on periods of automorphic forms and modular cycles may be found in
[HLRS86], [Hr94], [0d01], and [Kd03]. More general modular symbols have been
studied in [AB90].

In the theory of automorphic representations, the periods play the role of auto-
morphic quasi-invariant functionals over the space of automorphic representations.
The theory of relative trace formulas, which was first studied by H. Jacquet, stim-
ulated the recent study of periods of automorphic representations, which can be
usually used to characterize certain cases of the Langlands functorial liftings of au-
tomorphic representations. A well prepared survey paper of H. Jacquet ([Jeq97])
provides some detailed discussions on the relative trace formula approach and ap-
plications in number theory.

It turns out that periods of automorphic forms are often natural and useful
invariants to characterize certain family of automorphic representations, especially
in the constructive theory of automorphic forms, such as the theta correspondences
in terms of the Weil representations or more generally the automorphic minimal
representations, and more recently automorphic descent construction [GRSO01].

The discussion carried out in this notes is based on the author’s own research
interests related to this topic. It is clear that some very interesting progress will
be omitted without being mentioned. The author’s research related to the periods
of automorphic forms has been supported in part over years by the NSF research
postdoc fellowship, the A. Sloan research fellowship, the McKnight Land-Grant
Professorship (UMN), and the regular NSF grants DMS-9896257, DMS-0098003,
and DMS-0400414. T would like to thank Professor Stephen Rallis, Professor Ilya
Piatetski-Shapiro, Professor Roger Howe, and Professor James Cogdell for their
encouragement and support over years and to thank my long term collaborators,
Professor David Ginzburg and Professor David Soudry, for stimulating discussions
and supports related to the topics in this paper.

Finally, I would like to thank the organizers for inviting me to lecture in the
conference. It is my great pleasure to submit this paper to the Proceedings. I spent
my time from 1984 to 1989 in the Department of Mathematics, The East China Nor-
mal University, starting as a graduate student in Arithmetic Theory of Quadratic
Forms, and then working as a junior faculty member. The stimulating research en-
vironment in the Department provided me lots of opportunities to learn advanced
mathematics during my stay. I am grateful to the teachers in the Research Group
of Algebra, especially Professor X.-H. Cao and late Professor Z.-F. Zhu for guiding
me during the five years. I would also like to thank Professor H.-W. Lu for his Chi-
nese translation of the well-known expository paper by Professor Stephen Gelbart,
An Elementary Introduction to the Langlands Program ([G1b84]), which attracted
my attention for the first time to the modern theory of automorphic forms. The
topics included here have been presented in part in lectures at The Joint Number
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Theory Seminar in New York, The Haar Seminar at The Ohio State University,
The Colloquium at The Osaka City University, and The workshop on automorphic
forms and automorphic L-functions at RIMS. I would like to thank Professor D.
Goldfeld, Professor W.-Z. Luo, and Professor M. Furusawa for invitations.

2. Periods

2.1. Automorphic forms and representations. Let G be a reductive al-
gebraic group defined over a number field k. For simplicity, we may assume that
G splits over k. Let A be the ring of adeles of k. Consider the space of square
integrable functions over the quotient Zg(A)G(k)\G(A), which is denoted by

LX(G) := L*(Za(A)G(K)\G(A)).
Note that Zg(A)G(k)\G(A) has finite volume with respect to the natural Haar
measure. Following general spectral theory, one has

Lz(G) = chiisc(G) @ L2 (G)7

cont

where L2, (G) is the discrete part of the spectrum, which is a Hilbert sum of irre-

ducible subrepresentations with finite multiplicities, and L2, (G) is the continuous
part of the spectrum. The discrete part of spectrum can be written as a direct sum

of cuspidal spectrum and residual spectrum:

L?iisc(G) = Lgusp(G) & L?CS(G)
An irreducible submodule of L3 (G) (L2,.,(G), or L2 (G), resp.) is called a

discrete series (cuspidal, or residual, resp.) automorphic representation of G(A).
A general definition of automorphic forms (or representations) can be found in
[BJ79]. However, the following theorem of Langlands provides a characterization
of automorphic representations in terms of cuspidal automorphic representations of
Levi subgroups of GG, which is also convenient to be taken as an informal definition
of general automorphic representations.

THEOREM 2.1 (Langlands [L79]). An irreducible (admissible) representation m
of G(A) is automorphic if and only if there exist a parabolic subgroup P with Levi
subgroup M, and an irreducible cuspidal automorphic representation o of M(A)
such that m is an irreducible constituent of the parabolically induced representation

G(A
Ind () (o).

A classical example of periods of automorphic forms comes from the Hecke
theory. Let 7 be an irreducible cuspidal automorphic representation of GL2(A),
and ¢, be a cusp form in 7. Consider the following Mellin transform of ¢,

a 0 s—1
cpw(< >)|a| 2d*a.
Lopee(6 Dt

Since irreducible cuspidal automorphic representations of GLa(A) are generic, i.e.
having a nonzero Whittaker-Fourier coefficient, and have the following Fourier ex-
pansion (The generalization to GL,, can be found in [Sh174].)

el = X we(5 7)o

ackX
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where W, (g) is the Whittaker-Fourier coefficient of ¢ with respect to a non-trivial
additive character v, given by

Wy (g) = /\A sow(((l) :16) 9 v (x)d.

k

Then the Mellin transform can be expressed as

a 0 S=3 g% _ v fa O P
/kX\AX%((O 1>)|a|A d a_/AXw%((O 1))|a|A d*a.

By the Jacquet-Langlands version of Hecke theory, there exists a ¢, such that

a 0 57%
/ W;f;((o 1>)|a|A d*a = L(s,).
AX

Hence at s = %, the center of the symmetry from the functional equation of L(s, ),

we have
1 a 0
L(=.7) = W d*a.
(57 /kwsa((o )paa

The last integral gives the simplest example of the periods of automorphic forms,
which will be discussed in detail in this paper. The general notion of periods of
automorphic forms will be a natural generalization of both such simple periods
and the Whittaker-Fourier coefficients. The model attached to it will be called the
generalized Gelfand-Graev models of automorphic forms, the definition of which is
based on the Dynkin-Kostant theory of nilpotent orbits. The generalized Gelfand-
Graev representations of reductive groups over finite fields was well discussed in
the expository paper by Kawanaka in [Kwn87].

2.2. Nilpotent orbits. In order to introduce the general notion of periods
of automorphic forms, we have to recall some basic facts of nilpotent orbits. For
simplicity, we refer to [CM93].

Let g be the Lie algebra of G. Consider the theory of nilpotent orbits in g over
C or the algebraic closure k of k. According to the Dynkin-Kostant theory, for each
nilpotent orbit O in g(C), there is a standard parabolic subgroup Po = MpNo,
whose Lie algebra po = mp + np has the following properties. First, the nilpotent
radical np can be written as a graded mp-module

no=n&nodnuzgd---,

and the intersection of O with ns is a single Zariski open dense mp-orbit. The
stabilizer of this Zariski open dense mp-orbit is denoted by mg,, up to isomorphism.
If the nilpotent orbit O is even, then ng;4; = 0 for all ¢ > 0. The algebraic subgroup
of G corresponding to myg, is denoted by M¢. For any reductive algebraic subgroup
H of Mg, we form a semidirect product

J(97H = H x N(g.

When n; # 0, the quotient np/ng @ - -- has a structure of two-step nilpotent Lie
algebra. In this case, we may consider the metaplectic cover of H and Jo g, which
are denoted by H and j@) g. In general, we only consider the cases when the
subgroup H is relative big, so that the group Jo g has finitely many orbits acting
on the flag variety B\G over C or k, where B is a Borel subgroup of G. In such
cases, the subgroup Jo g is usually called a spherical subgroup of G'. Some detailed
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discussion of spherical varieties and spherical subgroups and related topics can be
found in ([Brn95], [Hw94]).

Of course, for precise applications of the above discussion to the theory of
automorphic forms, one have to discuss k-rational and k-stable structure of the
theory nilpotent orbits and related topics ([Ktw82]). A natural formulation of
such discussions is to use the theory of Galois cohomology. For this notes, we will
avoid such a discussion, instead, we provide an example when G = SO(2n + 1), the
k-split odd orthogonal group.

Let k be a field of characteristic zero. Let (Vanyt1,(-,-)) be a nondegenerate
quadratic vector space over k of dimension 2n+1 with Witt index n. The symmetric
bilinear form is given by

JIn
(2.1) Jont1(d) = d
JIn
1
where we define J,, := Jn—9 inductively. We may choose a basis
1
(22) {617"' ;3 €Ny €0,Cm,y ,6,1}
such that
1 if j =—i,
(eie)) =40 if j # i,
d if j=1=0.
For each r € {1,2,--- ,n}, we have the following partial polarization
(23) Vv2n+1 =X, ® ‘/Q(nfr)+1 S X:

where X, is a totally isotropic subspace of dimension r and X is the dual of X,
with respect to the non-degenerate bilinear form (-, -), and the subspace V()11
is the orthogonal complement of X, @ X. Without loss of generality, we may
assume that X, is generated by ey, - ,e, and X is generated by e_,,--- ,e_.

We recall basic facts on nilpotent orbits of complex classical Lie algebras from
[CM93]. For 502,+1(C), the nilpotent orbits or nilpotent conjugacy classes are in
one to one correspondence with the partitions of 2n + 1 with even parts occurring
with even multiplicity. Using the notation from [CM93], the set of such partitions
is denoted by P1(2n + 1). We call such partitions odd orthogonal partitions.

For r € {0,1,2,---,n}, the partition [2r + 1,12("=")] belongs to Py (2n + 1).
By Theorem 6.3.7, [CM93], the partition [2r 4 1,12("=")] is special for every r €
{0,1,2,--- ,n} and also the involution of partitions stabilizes this family of special
partitions. The nilpotent orbit corresponding to [2r + 1,12(»=")] is denoted by

an"' - 0[27‘-‘1-1,12("”")]'

The orbit corresponding to a special partition is called a special nilpotent orbit.
It is easy to see that this family of special nilpotent orbits is linearly ordered.
When r = n, O, = Ojgpyq) is the regular nilpotent orbit, and when r = 0,
On.,0 = O[g2n+1) is the zero nilpotent orbit.

The following discussion is trivial when r = 0. Hence we assume that r # 0.
For each r € {1,2,--- ,n}, there is a standard parabolic Lie subalgebra p], = m/ n},
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(unique up to conjugation) with Levi subalgebra
m;, 2 (gl)®" @ 505041y 11

and nilpotent radical nl,, whose quotient modulo its derived subalgebra [nl, n’] is
given by
ny /[y, ] = COUTY @ COBIED,
Note that if 7 = 0, then p¥ = s02, 1. Hence we may assume that the above space
is zero when r = 0. When r # 0, the adjoint action of m], on n] induces an action
of (GL1)" x SOg(;,—ry41 on the affine space Cor—1) g C®Q2(n—r)+1) guch that for
each
g = (tl,tQ, cee ,tr; h) S (GLl)T X SO2(n—T)+1

and each

v = ((171,!@2, e 7xr—1;u) S (C@(T_l) @ (C@(Q(ﬂ—?‘)-‘rl),
we have
(24) gov = (tltglxl, tgtglxg, s ,f,«ltr_ll'r_l; tTuh_l).

Moreover, the nilpotent orbit O[y,. 41 12(n-r7 corresponds to the Zariski open orbit
of (GL1)" x SOg(;,—r)41 on the affine space COr—1) g c®Q2n—)+1) | Tt is clear from
the action given by (2.4) that we may choose the representatives of the Zariski open
orbit to have the following form

v=(1,1,---,1;u) € celr-1 ® (C@@("_T)'H)’

that is, 1 = --- = z,,_1 = 1. Since the set of such vectors is stable under the the
subgroup

(GL1)® X SO2(n—r)11
of (GL1)" x SO2(,—y)+1, where (GL1)? is GL1, diagonally embedded inside (GL1)",
this induces further the action of GL1 x SOg(,— 41 on the affine space C®(2(n=r)+1)
as follows: for each (t;h) € GL; X SOx(;—y)41 and each u € C®E=1+D we have

(2.5) (t;h) ou = tuh ™.
Consider the partial polarization of Vo, 41
‘/2n+1 =X, ® ‘/2(n—7")+1 D X:

as in (2.3), with Votn—ry41 = C®R(=r)+l) By Witt’s theorem, we know that
the affine space V()11 with the group action of GL; x SOy, )11 is a regular
prehomogeneous vector space and decomposes over C (or k) into three orbits

(2.6) Van-r+1 =1{0}UZo U Zy

where Z is the set of all nonzero isotropic vectors with respect to the bilinear form
and Z7 is the set of all anisotropic vectors with respect to the bilinear form. It is
clear that Z; is the Zariski open orbit.

It is important to remark that the above discussion works as well if one replaces
the ground field C by the algebraic closure of a number field or a local field of
characteristic zero.

In the sequel, we denote by k a number field or a local field of characteristic
zero and by k the algebraic closure of k.

We will use the notion of k-stable orbits to discuss the k-rationality of the
nilpotent orbits and parameterization. For a detailed discussion of k-stable orbits,
we refer to [Ktw82]. The k-stable nilpotent orbits associated to the k-nilpotent
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orbit O[2T+1712<n77«)](15) are in one to one correspondence with the k-stable orbits
associated to the k-orbit Z;(k). Note that the k-rational orbit Zy(k) is k-stable,
since Witt’s theorem holds for number fields or local fields of characteristic zero.

If 7 # n, in the Zariski open k-orbit Z; (k), one has the following parameteriza-
tion of the k-stable orbits of GLj (k) x SOg(,—r)41(k) in terms of the square classes
of k*:

(27) A (k) = Ukekx/(kXPZl)\u
where the set Z7 is defined by
7} i={v € Vatu_py41(k) | (v,0) =X mod (k*)*}.

It is clear that the set Z7 is a single k-rational orbit of GL1(k) X SOg(,—py41(k).
Note that Zo(k) is a single k-rational orbit of GL; (k) X SOz¢;—p)41 (k).
If r = n, then Vy(,_,y41 is one dimensional and has decomposition

(2.8) Vi(k) = {0} UEX.

Hence Z; (k) = k* is a single GL (k)-orbit. Therefore the k-stable regular nilpotent
orbit Ofa,,41](k) is a single k-rational orbit. Further discussion has been given in
[JS05]

2.3. Fourier coefficients and periods. Let ¢y be a nontrivial additive char-
acter of A which is trivial on k. For each nilpotent orbit O in the Lie algebra g of
G, one can define a character o of Na(A), which is trivial on Na(k). When ny = 0,
then we have Ny = No. In this case, ¥ is a nontrivial character of No(A) and the
subgroup M@ (A) stabilizes the character ¢o. When ny # 0, as explained explicitly
in [MW8Y7], the character ¥ o defines a character, which is denoted also by e,
on N4(A), where N} is a subgroup of N such that No/ker(¢o) is a Heisenberg
group with the center N/ ker(¢o).

We will separate our discussion for these two cases to define Fourier coefficients
and periods of automorphic forms ¢ on G(A).

When ny = 0, this implies that ng;+1 = 0 for all ¢ > 0, the Fourier coefficient
of ¢ attached to the nilpotent orbit O or the O-Fourier coefficient of ¢ is defined
by the following integral

(2.9) Fro(g,p) = / p(ng)vo' (n)dn.
No(k)\No(A)
It is easy to see that the O-Fourier coefficient F¥©(g,¢) of ¢ has left invariant
property with respect to the k-rational points M§(k) of Mg. Hence it defines an
automorphic form on Mg (A).
Let H be a reductive closed subgroup of Mg,. Take an automorphic form ¢ on
H(A) and define formally the period integral

(210) Poulp.dvbo)i= [ Fro(h o,

H(k)\H (&)
Note that this integral may be divergent. A general problem is to figure out, for
a given ¢ on G(A), what kind of automorphic forms ¢ on H(A) will make the
integral nonzero. If the integral is nonzero, one calls that the automorphic form
¢ is distinguished with respect to the data (O, H,vo,¢), or has a generalized
Gelfand-Graev model of type (O, H, Yo, ).
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When n; # 0, one define the O-Fourier-Jacobi coefficient of an automorphic
forms ¢ on G(A) by the following integral

(2.11) Flo(z,p,®) ::/ cp(mc)@io (Rx)dn

No(k)\No (&)
Some modifications are needed here. It follows also that the O-Fourier-Jacobi
coefficient of ¢ is an automorphic form on M@(A). Similarly, for an automorphic
form ¢ on H(A), one may formally define a period integral

(2.12) Po. (¢, 6, b0, ) i= / FY0 (h, 0, ) (h)dh.
H(k)\H(A)

Assume that the integral converges. If it is nonzero, then we call that the auto-
morphic form ¢ is distinguished with respect to the data (O, H, 1o, ¢), or has a
generalized Gelfand-Graev model of type (O, H, ¥o, ¢).

3. Some Problems

3.1. Global problems. One of the basic problems in general representation
theory is the classification problem. A classification theorem may be very formal.
This means that one can classify representations in terms of a certain set of invari-
ants. However, in the modern theory of automorphic forms, representation theory
works as a principle to conceptually understand problems from number theory and
arithmetic.

Periods of automorphic forms provides the automorphic description of the ex-
istence of certain invariant functionals on the space of irreducible automorphic rep-
resentations. The occurrence of the certain periods may imply certain arithmetic
properties of automorphic representations. Jacquet’s theory to characterize qua-
dratic base change of irreducible cuspidal automorphic representations of GL,,(Ag)
from GL, (AF) is the original example, where E/F is a quadratic extension of fields.
By combining the idea of Harder-Langlands-Rapoport ([HLR86]), Jacquet’s the-
ory asserts that an irreducible cuspidal automorphic representation II of GL,,(Ag)
is a base change from GL,(Ap) if and only if II is distinguished with respect to a
certain unitary subgroup of GL, (E), that is, the representation IT has a nontrivial
period defined over the unitary group ([Jcq03], [JY90]).

In general, we may propose one qualitative problem and one quantitative prob-
lem for periods of automorphic forms defined in the previous section.

PROBLEM 3.1. Find implications of the existence of montrivial periods to the
structure of the given irreducible discrete automorphic representations in the sense
of Langlands functoriality or other types of lifting theories.

PROBLEM 3.2. Find explicit formula for a given period as defined in Section
2.8 in terms of special values or the residue of a certain automorphic L-function or
other types of invariants attached to the automorphic forms.

More concretely, one may study the following problem. For a given irreducible
discrete series automorphic representation 7 of G(A), which may not be cuspidal,
and for a k-rational nilpotent orbit O, one can define the O-Fourier coefficient
F¥o(g,p,) or O-Fourier-Jacobi coefficient F¥© (z, ., ®) of an automorphic form
@r in the space of 7m as given in the previous section. It is also a basic prob-
lem to understand the spectral decomposition of F¥© (g, ¢,) or F¥0(x, @, ®) as
automorphic representation of M§(A).
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PROBLEM 3.3. For a given irreducible discrete series automorphic represen-
tation m of G(A) and a k-rational nilpotent orbit O, find the discrete part of the
spectral decomposition of F¥° (g, or) or F¥(z, 0, ®) as automorphic representa-
tion of M&(A).

Then one may ask how to use the information obtained from Problem 3.3 to
characterize the structure of 7 in the sense of Problem 3.1. More practically, one
may choose a particular irreducible discrete series automorphic representation o of
H(A), where H is a big reductive algebraic subgroup of M, so that the occurrence
of o in the spectral decomposition of F¥© (g, p,) or F¥O(x, ., ®) when restricted
to H(A) should be enough to characterize a certain structure of 7. In many cases,
the particular representation o can be chosen to be the trivial representation of
H(A) or one-dimensional automorphic character of H(A).

PROBLEM 3.4. Let m be an irreducible discrete series automorphic representa-
tion of G(A). For a given k-rational nilpotent orbit O, find a reductive algebraic
subgroup H of Mg and a particular irreducible automorphic representation o of
H(A), such that the occurrence of o in the spectral decomposition of F¥° (g, pr)
or F¥0(z,0., ®) when restricted to H(A) can be used to characterize a certain
structure of w in the sense of Problem 3.1.

REMARK 3.5. After we introduce the notion of automorphic L-functions, we
will discuss the relations between the periods of automorphic representations and the
special values or residues of certain automorphic L-functions. Some connections to
arithmetic theory will also be mentioned later.

3.2. Local problems. One of the main features in the modern theory of
automorphic forms and representations is to consider the basic local-global principle
from number theory in the content of representations of local compact topological
groups. As an important invariant for automorphic representations, it is natural to
consider the local version of periods of automorphic forms.

It is a basic theorem that an irreducible automorphic representation 7 of G(A)
can be expressed as a restricted tensor product over all local places v of k of irre-
ducible admissible representations m, of G(k,). A period of automorphic represen-
tation 7 produces a certain quasi-invariant functional over the space of the local
component 7, for all local places v of k. For simplicity, we consider only here the
case when the nilpotent orbit O is even.

For a given irreducible discrete series automorphic representation = of G(A) and
for an even k-rational nilpotent orbit O, if the O-Fourier coefficient F¥© (g, ¢, ) is
nonzero, it produces a nontrivial functional in the following space

(31) HOIIINO(A)(TF,(Cd,o) = HHOIDNO(;%)(T(U,(Cwo’v).

It follows that for each local place v of k, there exists a nontrivial functional in the
space

(32) HomNo(kv)(ﬂ-vano,v)'

This last space has a natural structure of Mg (k,)-module. The first local problem
can be stated as follows.

PROBLEM 3.6. Let 7, be an irreducible admissible representation of G(k,), and
let o, be an irreducible admissible representation of a big reductive subgroup H of
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M (ky). Find the dimension of the space

HomNo(kv) (ﬂ—’Uu (Cwo,u )(H(kv)vo'u)

which is the (H (k. ), 0,)-isotypic part of Homy,, (k) (7w, Cyp ., )-

It is clear that the dimension of the space in Problem 3.6 is independent of the
choices of the characters ¢ attached to the k-stable orbit of O. If a k-rational
nilpotent orbit O has the property that for an irreducible admissible representation
o, of H(k,), the dimension of the space in Problem 3.6 is at most one for all irre-
ducible admissible representations m, of G(k, ), then we say that the nilpotent orbit
O has the uniqueness property of type (H, o, or has (H, o, )-uniqueness. If such a
uniqueness property holds for all o,,, we say that the orbit O has the H-uniqueness.
If such uniqueness holds only for unramified representations and characters, we say
that O has the corresponding unramified uniqueness. Some conjectures of Gross
and Prasad for local Bessel models of orthogonal groups were discussed in [GP92]
and [GP94]. Some new evidences and examples for the local Gross-Prasad conjec-
ture can be found in [GRO5].

PROBLEM 3.7. Classify all nilpotent orbits O with M -unramified uniqueness,
that is, for all unramified irreducible admissible representations m, of G(k,), all
unramified irreducible admissible representations of M§(k,), and for unramified
characters Yo ., the dimension of the following space

Homzvo(ku)(ﬂmCibo,v)(M"(k“)’”“)
1s at most one.

Of course, it is an interesting problem to classify the nilpotent orbits with the
unramified uniqueness property, but without the uniqueness property in general.
From the point of view of the global theory, it is natural to consider the following
problem.

PROBLEM 3.8. For a given k-rational nilpotent orbit O with the unramified
uniqueness property, and for a given particular irreducible admissible representation
ov of M@(ky), characterize all irreducible admissible representation m, of G(ky)
with the property that the dimension of the space

Hom ng () (0, Cypoo,, ) M0 K0)70)

1S one.

If O is a k-rational nilpotent orbit with the uniqueness property, then at un-
ramified local place, it is expected that the nontrivial functional attached to O does
not vanish at the unramified vectors of m,. In this case one says that the unramified
vectors are the test vectors for the nontrivial functional attached to the nilpotent
orbit O at the unramified local place. However, at the ramified local places, it
is highly desired to develop he theory of local new vectors as test vectors for the
nonvanishing of the local functionals. Some significant applications of the theory
of local new vectors can be found in the study of special values of automorphic
L-functions. See, for instance, the recent development of the Gross-Zagier formula
by S.-W. Zhang ([Z01]) for some detailed discussion. B. Roberts and R. Schmidt
has developed a theory of local new vectors for certain ramified representations of
GSpy(ky) ([RSO3]).
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The uniqueness of local Whittaker models has been used by F. Shahidi ([Sh88]
and [Sh90]) to construct his local coefficients, which can be related to the local
gamma factors of generic representations and to the local Plancherel measures,
and to some other problems in representations of p-adic groups. This work has
been generalized by S. Friedberg and D. Goldberg ([FG99]) to deal with some
nongeneric representations of p-adic groups by introducing the local Bessel models.
It is expected that the whole theory should have the same conclusion for the other
models attached to the nilpotent orbits with the uniqueness property.

For applications to automorphic L-functions, the uniqueness of Whittaker mod-
els has played an indispensable role in the Rankin-Selberg method to establish the
basic analytic properties as conjectured by Langlands for families of automorphic
L-functions ([BmpO05]). The uniqueness of Bessel models attached to the subregu-
lar nilpotent orbit of of $09,,41 was first introduced in [N75] to study the standard
automorphic L-functions for irreducible generic cuspidal automorphic representa-
tions of SO2,,4+1. This work was generalized in [G90] and [S93] to the Bessel models
attached to nilpotent orbits of 502,41 parameterized by partitions [2r + 1, 12(”*7”)]
with » = 0,1,--- ,n, for irreducible generic cuspidal automorphic representations
of SO2y,41. In [GPSRI7], the whole theory was established without assuming the
irreducible cuspidal automorphic representations being generic. The uniqueness of
Bessel models for classical groups has been considered by S. Rallis. Some of his
work in this direction can be found in [GPSR97].

3.3. Local-global principle. One of the main concerns in the modern theory
of automorphic forms is the local-global principle for certain properties which can
be formulated for automorphic representations and for representations at all local
places.

Let k be a number field and &, be the local field at a local place v of k. Let 7 be
an irreducible discrete series automorphic representation of G(A). For simplicity,
consider an even k-rational nilpotent orbit @ with the uniqueness property, and
an irreducible automorphic representation o of M3(A). The condition for the
nonvanishing of the period Po(¢x, ¢, ¥0) as defined in (2,10) with H = My is
called a global period condition, and is denoted by (gpc). The nonzero period
Po(pr, b0, Vo) defines a nonzero element £ in the following space

(33) HOIHNO(A)(T(',(Cwo)(]w(%(A)’g).

By the uniqueness property for O, the nonzero element ¢» is unique up to scalar.
By (3.1), the nonzero element £» define for each local place v of k a nonzero element
Lo, which is unique up to scalar, in the following space

(34) HOmNO(kU)(Tr'LMCqbo,v)(M(%(kv)’UU).

The condition for the nonvanishing of the space in (3.4) with the assumption that
at all unramified local places v, the element ¢ , does not vanish at the unramified
vectors in 7, is call a local period condition, and is denoted by (lpc).

PROBLEM 3.9 (Local-Global Principle). For a k-rational nilpotent orbit O, find
a set of conditions depending on m and o, such that (Ipc) implies (gpc), i.e.

(Ipc) @ what conditions 2 (gpc).
In reality, it is useful to find the sufficient conditions for

(Ipc) @ what conditions — (gpc).
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We remark that the conditions which make the equivalence in Problem 3.9 hold
are expected to have relation with special values or poles of certain automorphic
L-functions. We will discuss some typical cases after we introduce the notion of
automorphic L-functions in the next section.

More precise relation between the local periods and the global periods is ex-
pected to be an identity which shows that the global period and a certain normalized
product of local periods over all the local places are proportional. The proportional
constant are expected to be a certain special value or residue of a certain auto-
morphic L-function, which is related to the conditions in the local-global principle.
Some interesting examples will be discussed later. It is well-known that the unique-
ness of Whittaker models implies that the global Whittaker function attached to
an irreducible generic automorphic representation can be expressed as a product of
the corresponding local Whittaker functions over all local places.

4. Automorphic L-functions

4.1. L-functions. The simplest L-function is the well-known Riemann zeta

function
=1
((s) = Z vl
n=1

It is almost elementary to show that ((s) converges absolutely for the real part of
s greater than one, has a meromorphic continuation to the whole complex plane C,
and satisfies a functional equation which relates s to 1 —s. Any information about
¢(s) in the vertical strip 0 < Re(s) < 1 will be sensitive, mysterious, important,
etc. A recent survey by S. Gelbart and S. Miller ([GMO04]) provides a good source
of discussion on this topics.

R. Langlands introduced the notion of automorphic L-functions attached to
automorphic representations as follows. Let “G be the Langlands dual group of
the reductive group G. Let m be an irreducible, unitary, cuspidal, automorphic
representation of G(A) and p be a finite-dimensional complex representation of *G.
The automorphic L-function attached to the pair (m,p) is given by the following
Euler product

L(s,m,p) = H L(s,my,p)

if we write m = ®,m,. For almost all local finite places, the local components 7, are
unramified. By Satake’s theory, the unramified 7 are uniquely up to isomorphism
determined by a semisimple conjugate class t., in the dual group *G. At the
unramified place v, the local L-factor L(s,m,, p) is defined to be

L(s, my, p) := det(I — p(tz,)N;*) 7",

where N, is the cardinal of the residual field at v. For the other local places, the
local L-factor may be defined via the local Langlands correspondence, or via the
Langlands-Shahidi method, or via the Rankin-Selberg method. See [GSh88] for
more discussions.

THEOREM 4.1 (Langlands ([GSh88|)). For any given pair (7, p) given as above,
the automorphic L-function L(s,m,p) converges absolutely for the real part of s
large.
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CONJECTURE 4.2 (Langlands ([GSh88|)). For any given pair (7, p) given as
above, the automorphic L-function L(s, 7, p) has meromorphic continuation to the
whole complex plane C and satisfies a functional equation which related to s to 1—s.

It follows that there is a positive real number Sy, such that L(s, 7, p) will be
sensitive, mysterious, and important when s lies in the vertical strip

1 1
5—80§R6(8)§§+80.

REMARK 4.3. (1) The Langlands conjecture has been verified for many cases, by
either the Langlands-Shahidi method or by the Rankin-Selberg method. See [GSh88]
and [Bmp05] for detailed discussions.

(2) If 7 is generic, i.e. has a nonzero Whittaker-Fourier coefficient, then one
expects that % + 59 = 1. Shahidi proved in [Sh88] for all automorphic L-functions
in the Langlands-Shahidi list have the property that the range of the absolute con-
vergence can be made for the real part of s greater than two, which leads a weaker
version of the generalized Ramanujan conjecture.

(3) The special values or the poles of automorphic L-functions at real value s
satisfying

l <s< 1 + So
2= —2
should have something to do with the functorial structure of or the arithmetic sig-
nificance of w.

We will discuss in more detail about the nonvanishing of special values or the
existence of poles of automorphic L-functions L(s,, p) in terms of the functorial
structure of 7 or the nonvanishing of periods of the automorphic forms in 7. One
of the most natural links to accomplish this is to use the Langlands theory of
Eisenstein series, which was used by Langlands and then by Shahidi to prove the
validity of the Langlands conjecture for a big family of automorphic L-functions.

4.2. Residual representations. From Langlands’ theory of Eisenstein se-
ries ([L76] and [MW95]), the nonvanishing condition of certain automorphic L-
functions is equivalent to the condition for the existence of a residue of certain
Eisenstein series.

For simplicity of discussion, we may assume that G is quasi-split or even split
over k. Let P = MN be a standard maximal parabolic k-subgroup of G. Let
K =1], K, be a standard maximal compact subgroup of G(A) such that

G(A)=PA)K
is the Iwasawa decomposition of G(A).

Let o be an irreducible cuspidal automorphic representation of M (A). Consider

V,-valued smooth functions ¢, over G(A) satisfying following properties:
(1) for a fixed g € G(A), k — ¢, (gk) generates a finite-dimensional represen-
tations of K;
(2) for a fixed g € G(A), m — ¢,(myg) is a smooth vector in V,, and the
function ¢, satisfies ¢,(ng) = ¢»(g) for all n € N(A).
Define
D(g;5,90) 1= ¢o(g) exp < s+ pp, Hp(g) >
where pp is the half of the sum of all positive roots with respect to the center of
M, the parameter s is normalized as in [Sh88], and Hp is the Harish-Chandra
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map with respect to P. Then we define Eisenstein series of G(A) attached to the
cuspidal datum (P, o) as

(4.1) E(g;s,00) = Y.  ®(19;5,00).

YEP(R)\G(K)

THEOREM 4.4 (Langlands ([L76] and [MW95]). For any given cuspidal datum
(P,0), the Fisenstein series FE(g; s, dy) converges absolutely for the real part of s
large, has meromorphic continuation to the whole complex plane C (with finitely
many poles at the positive real line after suitable normalization), and satisfies a
functional equation relating the value s to the value —s.

REMARK 4.5. It is expected that the structure of the residual representations of
E(g;s,0,) at a real number sg > 0 should have direct relations with the structure
of the cuspidal datum (P,c). This turns out to be quite useful.

From the Langlands theory of the constant terms of Eisenstein series, the poles
of Eisenstein series can be detected in terms of explicit calculation of the constant
terms of the Eisenstein series. The constant term of the Eisenstein series E(g; s, ¢4 )
along a standard parabolic subgroup P’ is always zero unless P’ = P ([MW95],
I1.1.7). In this case the constant term can be expressed as

(4.2) Ep(g:s,¢0) = /(k)\N(A)E(ug;syaﬁa)dn

= B(g;s,ps) + M(wo, s)(2(-; s, ¢))(g)

where wy the longest Weyl element in the representatives of the double coset de-
composition Wi \We /Wi of the Weyl groups.

It follows from the Langlands theory of Eisenstein series that F(g;s, ¢,) has
a pole at s = s¢ if and only if the term M (woq, s)(®(-; s, d»)) above has a pole at
s = s¢ for some holomorphic (or standard) section ®(g;s,¢,) as defined before.
Following the standard argument, if we consider factorizable sections

(I)(7 57 ¢0’) = ®’Uq)'l)(a Sa d)Uv)v

then we have

M (wo, s)(®(+; 5, do)) HM wo, 8)(®y (5 8, bo,))-

By the Langlands-Shahidi theory ([L71] and [Sh88]) we have

I LUs,o,m)
(4.3) M(wg, s) = T, L0s + Loy ) 1:[./\/ wo, S

where N, (wo, s) is the normalized intertwining operator

./\/:U(UJO,S) = !

T(S, Ty, Ouy wO)

- My (wo, 8).

Here the function (s, m,, 0y, wp) is equal to
Hl L(ZS7O'U,T'l)
II, L(s+ 1,00, 7)) I1, €(ls, 00,11, 0h0)

By a conjecture of Shahidi [Sh90], it is expected that N, (wo, $)(Py(*; 8, ds, )
is holomorphic and nonzero for Re(s) > 0 if o, is tempered. It has been checked
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for many cases when o, is tempered and generic, and when G is a classical group
([CKPSS04]).

By assuming Shahidi’s conjecture on N, (wo, $)(Py(+; 8, ¢0, )), we know that the
existence of a pole at s = sg of F(g;s,¢,) is equivalent to the existence of a pole
at s = sg of the product of L-functions

l_IL(ls,a7 r1).
!

Following from Shahidi ([Sh88]), if ¢ is generic, then the L-function L(s,o,r;)
is holomorphic for Re(s) > 2, and by the generalized Ramanujan conjecture,
L(s,o0,m) is holomorphic for Re(s) > 1. If we write

H L(ls,0,m) = L(s,0,11)L(2s,0,132) H L(ls,0,1).
1 1>3
It is expected that [~ L(Is,0,7;) should be holomorphic for Re(s) > %. Then
the existence of a pole at s = sg of the product of L-functions

HL(ZS,U, )
!

should be equivalent to either that L(s,o,71) has a pole at s = 1 (Case (1)) or that
L(s,0,r1) does not vanish at s = § and L(s,0,72) has a pole at s = 1 (Case (3)).
Note that the so called (Case (0)) is the one corresponding to the holomorphicity

of the product [], L(ls, o, r;).

REMARK 4.6. One expects that Case (1) and Case (%) should not occur at the
same time, but it is possible for both nmot to occur (when Case (0) occurs. For
classical groups and generic o, this follows from the explicit Langlands functorial
lifting from classical groups to the general linear group. In particular, the structures
of o related to these two cases are essentially different.

4.3. Model-comparison. In the previous subsection, the existence of the
residual representation

(4.4) Eso(9;05) == Ress—s, E(g; 8, o)

is expected to be characterized in terms of the existence of a pole at s = sg of the
product of L-functions

(4.5) L(s,0,7m1)L(2s,0,12)

assuming that o is generic. The question in this subsection is to ask how to describe
the structure of the residual representation &£,(g; ¢») in terms of the structure of
the cuspidal support o, or vise versa. From a representation-theoretic point of
view, structures of representations are usually characterized by means of certain
invariants attached to the representations. For automorphic representations, it is
natural to consider period integrals in order to distinguish automorphic represen-
tation from each other. By reciprocity, that an automorphic representation has
a certain nonzero period is equivalent to that the automorphic representation has
a certain model. For example, it has a Whittaker model if the representation is
generic.

When consider two automorphic representations which are related via a certain
kind of transfers, say, Langlands functoriality, theta correspondence, or endoscopy
lifting, it is natural to expect the two automorphic representations should share
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certain compatible models. This should be viewed as a version of the Langlands
functoriality principle. In reality, one may expect an explicit formula which relates a
certain model for one representation to a certain model for the other representation.
This is what we called Model-comparison identity. Such an idea is not really new.
One can find such model-comparison identities in the constructive theory of auto-
morphic forms, such as the Langlands theory of constant terms of Eisenstein series,
the Langlands-Shahidi method and the Rankin-Selberg method to study automor-
phic L-functions, explicit theta correspondences, the descent method (backward
liftings) of automorphic forms, relative trace formula method, etc.

We consider in the following the relation between the cuspidal datum (P, o) and
the residual representation &, (g; ¢o) of G(A). It is the simplest case of Langlands
functoriality from (M, o) to (G,Es,(g; ¢»)). The problem is: for a given (M, o)
and the value sg, to find a suitable spherical subgroup H of G, an automorphic
representation 7 of M N H, and an automorphic representation & (h; ¢, ) of H(A),
such that there exists an identity which relates the period (called the outer period)
of &5, (g5 ¢o)

(46) / Eso (h;¢a)50(h;¢7')dh
H(k)\H(A)
and the period (called the inner period) of o

(4.7) b0 (x)¢r (2)da.

/MﬁH(k)\MﬁH(A)

A Theorem one wishes to prove is

THEOREM 4.7. The nonvanishing of outer period (4.6) is equivalent to the
nonvanishing of inner period (4.7).

REMARK 4.8. Since the Langlands functoriality from o to Es,(g; o) is nothing
but the ‘parabolic induction’, it is natural to find the data (H,T,E0(h; d;)) through
the Frobenius reciprocity law. More precisely, one has to study the orbital decom-
position

P\G/H
and possible quasi-invariant distributions attached to each of the orbits. Note that
the Rankin-Selberg method (IBmpO05]) for automorphic L-functions uses the Zariski
open orbit! However, in the model-comparison study, one pays more attention to
the other lower dimensional orbits, the closed orbits in particular.

Of course, one has to reqularize the period integral to deal with the convergence
problem. One can apply Arthur’s truncation method to one of the residual auto-
morphic forms in the integrand. Other methods of reqularization may also apply,

see [JLR99] and [LRO4] for instance.

REMARK 4.9. Some very interesting cases have been treated by this approach
and have some striking consequences. A detailed discussion has be carried out in
author’s recent survey paper [Jng05].

From the above arguments, it follows that the nonvanishing of the inner period
in (4.7) implies the existence of the pole at so of the product of L-functions in
(4.5). The converse to this statement is known as a version of the conjecture of
Gross-Prasad type ([GP92] and [GP94]). We will discuss this issue in the next
section.
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5. Examples

5.1. Special values of the Rankin-Selberg L-functions. In this section
we discuss briefly the work joint with D. Ginzburg and S. Rallis on nonvanishing
of the central value of the Rankin-Selberg L-functions ([GJR04] and [GJR]). The
main idea is to use the Model-comparison identity approach to link the periods
of the generalized Gelfand-Graev type to the central value of the Rankin-Selberg
L-functions. More detailed discussions and survey of related work has been written
in [Jng05].

We may assume that n > r. We denote that G,, := SOg,,41 and H, := SOa;.
Let O, be the nilpotent orbit of sog,,1 corresponding to the odd orthogonal
partition [2r + 1,12(*=")] in P;(2n + 1). Then we have

U x z
Nn,r = Non,r = {’U(U,I,Z) = IZT+1 x* } - Gn
u*

where v € U,_,, which is the standard upper triangular unipotent subgroup of
GL,,_,. Define a character 1, , of Ny, »(A) by

U)n,r(v) = 1;[}0(”1,2 + -+ urflfl,rfl)wO(xrfl,H»l)-
It is clear that v, , is trivial on N, (k). Denote the normalizer of N, , in G,, by

M = NGn (Nn,r) = GL?_T X SOQT+1.

Then the connected component of the stabilizer of ¢, , in M is isomorphic to H,.
When n < [, similar notations can be introduced, and we omit the details.
For ¢, € V;, and ¢, € V;, define 1, ,-Fourier coefficient of ¢, to be

Fionor (@o)(h) := / @a(vh)wn,r(v)_ldv’

N’Vl,T(k)\N’Vl,T(A)

and the period is defined as follows:

(5.1) Prar (o P tbnr) = / Flnr () (h)pr ().
H,(k)\H,(A)

The following is one of the main results proved in [GJRO04],[GJR].

THEOREM 5.1 ([GJRO4],|GIR)). If the period Py (o, or,¥r ) is not identi-
cally zero on the space V, ® V., then L(%,wl X T2) 1S nonzero.

In order to explain the model-comparison identity approach, we have to intro-
duce the following two Eisenstein series:

(1) the Eisenstein series FE(g; s, dnx @) on SOy44o; attached to the cuspidal
data m ® 7 of GLa, x SOq;

(2) the Eisenstein series E(g; 8, ¢x00) on SOgr41 attached to the cuspidal
data m1 ® o of GLo, X SOQTJ,_].

PROPOSITION 5.2 ([GIJRO4],[GJIR]). The Eisenstein series E(g; s, ¢n o) has

a possible simple pole at s = % The residue, denoted by 5% (g; i1 ), 18 MONZETO

if and only if L(%,m1 x 7) is nonzero. The Eisenstein series E(g; s, px,xo) has a
simple pole at s = 1, and the residue is denoted by E1(g; dmyxo)-



18 DIHUA JIANG

Then the ‘outer’ period is given by
Psr2r+1(E1(5 Omi x0 ) €1 (5 Omi@r ) Yar2r41)-
The ‘specialization’ of Theorem 4.7 to this case is the following theorem.
THEOREM 5.3 ([GJRO04],[GJR)). The nonvanishing of outer period
Psr2r+1(E1(5; Orix0 ) €1 (5 Omi@r) s Yar 2r41)
is equivalent to the nonvanishing of the inner period Pr.i(Yo,@rs ¥ri).

More detailed discussions on this Theorem and the relation to the Gross-Prasad
conjecture have been given in [Jng05]. The analogue for unitary groups is the work
in progress of Ginzburg and Jiang. The following example is a special case of the
Gross-Prasad conjecture, which was proposed first by H. Jacquet.

5.2. Local-global principle. The most significant lower rank case of the
Gross-Prasad conjecture is the case when G = SO4 and H = SOgs. This can
be viewed as the period associated to the zero orbit. In this case, it is a conjecture
of Jacquet.

Let 7, w2, and w3 be irreducible cuspidal automorphic representations of
GL2(A) with the product of the central characters being trivial, i.e.

Wry * Wry - Wry = 1.

The conjecture of Jacquet asserts that the central value of the triple product L-
function

1
L(§,7T1 X g X 7T3)
is nonzero if and only if there is a unique quaternion algebra D over k such that

the trilinear period integral

/ 0p (2) 1 (2)0p (a)d
Zpx (A)D* (k)\D* (A)
is nonzero for a certain choice of .o, i = 1,2,3, where 7} is the image of 7; under
the Jacquet-Langlands correspondeznce.

The conjecture of Jacquet was completely proved in [HKO04]. In [Jng98b] and
[Jng01], a different approach has been applied to the split period case of Jacquet’s
conjecture, which was reformulated in the form of the local-global principle. More
recently, Boecherer, Furusawa, and Schultze-Pillot proved some special case for the
relevant pair (SOs,SO4) ([BFSP04]), and Ichino and ITkeda proved some special
case for the relevant pair (SOg,SO5) ([II04]). In those new cases, they obtain
precise formula for the special value of the relevant automorphic L-functions.

THEOREM 5.4 ([HKO04], [Jng98b], and [Jng01]). Let w; (i = 1,2,3) be ir-
reducible cuspidal automorphic representations of GL2(A) with central character
w; (i = 1,2,3). Assume that the product H?:l w; = 1. Then the following are
equivalent.

(1) For each local place v, Homgr,(r,)(T1,0 ® T2n @ T3.4,1) # 0, and the
central value of the triple product L-function L(%,m ® my ® T3) is non-
zero.
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(2) The (global) trilinear period

/ Gy (T)ry (7) Prey () d
Z(A)GL2(F)\GL2(A)

is nonzero for certain choice of cusp forms ¢, € m;, 1 =1,2,3.

This is a perfect example of the local-global principle for periods. It also hap-
pens that the conditions we found is sufficient to make (Ipc) imply (gpc). The
following is a good example.

The genericity of automorphic forms has played an indispensable roles in the
theory of automorphic forms and L-functions. Generic automorphic forms have
nonzero Whittaker-Fourier coefficients, which are the Fourier coefficients associated
to the regular nilpotent orbit, and produce the global Whittaker models for the
automorphic forms and the automorphic representations. The uniqueness of local
Whittaker models proved by J. Shalika [Sh174] means that the regular nilpotent
orbit has the uniqueness property. The significance of this uniqueness property has
been discussed in [Bmp05] and [GSh88|.

It is known that all irreducible cuspidal automorphic representations of GL,, (A)
are generic. The existence of non-generic cuspidal automorphic representations for
groups which is not GL,, yields counter-examples to the generalized Ramanujan
conjecture ([HPS79]). The local-global relation of the genericity has been a very
sensitive problem in the theory. From Arthur’s conjecture ([Ar89], [Ar04], and
[C]]), it is expected that for a given irreducible cuspidal automorphic representation
T = ®T,, if one of the local component 7, is generic, then every local component
is generic. Some results for SO(2n + 1) have been proved in [JS05].

The local-global principle of genericity asks the condition for an irreducible
cuspidal automorphic representation m with all local components 7, being generic
to be globally generic, i.e. to have a nonzero Whittaker-Fourier coefficient. The
following is a theorem proved for Sp(4).

THEOREM 5.5 ([KRS92]). Let m = ®m, be an irreducible cuspidal automorphic
representation of Sp,(A). Assume that all local components m, are generic, and the
partial degree 5 L-function attached to 7, L(s,m,St), has a pole at s = 1. Then 7
is globally generic.

In fact, if this is the case, then 7 is not only just globally generic, but also an
image of theta lifting from an even orthogonal groups. More discussions can be
found in [GRS97].

5.3. Functoriality. The characterization of the image of a certain functorial
transfer or lifting in terms of automorphic invariants, i.e. periods of automorphic
forms is one of the original motivation of the current study of periods of automorphic
forms. The theory of quadratic base change of irreducible cuspidal automorphic
representations of GL,, was established by Arthur and Clozel using twisted version
of the Arthur-Selberg trace formula ([AC89]). By Jacquet’s relative trace formula,
the theory can be formulated in terms of periods. Let E/k be a quadratic extension
of number fields. An irreducible cuspidal automorphic representation IT of GL,,(Ag)
is a base change from GL, (Ag) if and only if there exists a unitary group U,
in GL,(E) such that the period Py, (¢m,1) is not identically zero ([Jcq03],
[JY90]).
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Another example of characterization of the image of Langlands functorial lifting
in terms of periods has been completed via recent work on the Langlands functorial
transfer from classical groups to the general linear group. More precisely, let 7 be
an irreducible cuspidal automorphic representation of GLa, (A). Then the following
three statements are equivalent.

(1) = is the image of Langlands functorial lifting from SOaqy,41;
(2) 7 has a nonzero Shalike period;
(3) The exterior square L-function L(s,w, A?) has a simple pole at s = 1.

The theory has been established over years through the work of many authors
in [JS90], [Bmp90], [CKPSS04], [GRS01], [K02], [JS03].

Some results of this type can also be found in [GJ00], [K00], [GJO01], [KR94],
[GRS97], to mention a few.

6. Final Remarks

In connection with Problem 3.2, one may think of Deligne’s conjecture on
special values of motivic L-functions ([D79]). According the Langlands philosophy,
these motivic L-functions are expected to be automorphic. From this point of view,
one expects an expression of special values of automorphic L-functions in terms of
periods of automorphic forms. If the automorphic forms are motivic, then one
expects that the periods of motivic automorphic forms can be expressed as periods
in the sense of the Deligne conjecture. In the Rankin-Selberg method approach to
automorphic L-functions, one has a natural expression of special values of certain
automorphic L-functions in terms of a certain integral. Such integrals may be
transferred to periods of automorphic forms, which may be closer to what required
by the Deligne conjecture. The well-known Siegel-Weil formula, especially the one
extended by Kudla and Rallis, has been the useful tool to obtain the ‘right’ periods.
We refer to [Hr94] for detailed discussion. The relative trace formula approach to
establish such explicit identities is also very powerful. The generalization of the
well-known Waldspurger formula to general cuspidal automorphic forms of GL; is
obtained in [BMO03], and the generalization of the Waldspurger formula to high
rank group cases are expected by using relative trace formula.

Another aspect connected to Problem 3.2 is to calculate explicitly certain pe-
riods of automorphic forms. If the periods can be expressed in terms of something
of L-functions, then the analytic method on automorphic L-functions may be used
to estimate the periods. Then nice applications to arithmetic may follow. In the
recent work [JLZO05], one finds that the equidistribution property for certain cycles
in the Hilbert modular varieties can be established by explicit calculation of certain
periods. It is expected that the method formulated in [JLZO05] may be applicable
to many other interesting cases.

It is very worthwhile to point out that even the periods of automorphic forms
may not have local uniqueness property, one may still obtain a formula which
expresses the global period of automorphic forms as a eulerian product of local pe-
riods (or functionals) with a natural choice at each local place. An very interesting
example has been discussed in [Jcq01].
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