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Abstract. We characterize the nonvanishing of the central value of the
Rankin-Selberg L-functions L(s,m X 7’) in terms of the period of the Gross-
Prasad type for the case where 7 is an irreducible cuspidal automorphic rep-
resentation of GL2,(A) of symplectic type and 7’ is an irreducible cuspidal
automorphic representation of GLg;(A) of orthogonal type. The other case
was treated in [GJRO3Db].
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1. Introduction

We started in [GJRO3b] our study on the nonvanishing of the central value
of the Rankin-Selberg tensor product L-functions in terms of periods of au-
tomorphic forms. In [GJRO3b], we considered the cases where periods are
defined over either a symplectic group or metaplectic double cover of a sym-
plectic group, which was referred to as Case (1) in [GJRO03Db]. In this paper
we will consider Case (2), where the periods are defined over either an odd
orthogonal group or an even orthogonal group.

Let m; and 7y be irreducible unitary cuspidal automorphic representations
of GL,,(A) and GL,,(A), respectively, where A is the ring of adeles attached
to a number field k. In Case (2), we have that (i) n = 2r is even and 7y is
symplectic (i.e. the exterior square L-function L(s, 71, A?) has a simple pole at
s =1), and (ii) m = 2l is even and 3 is orthogonal (i.e. the symmetric square
L-function L(s, ma, Sym?) has a simple pole at s = 1). Our objective is to char-
acterize the non-vanishing of the Rankin-Selberg L-function L(s,m X m2) at
s = % (the center of symmetry) in terms of periods attached to 7; and 72 over
orthogonal groups. The precise definition of the period will be given in Section
2. In this case, by the Theorem of Ginzburg-Rallis-Soudry ([GJRO03b], §1),
there exist an irreducible unitary generic cuspidal automorphic representation
7 of SOg,41(A) which lifts to m (since m is symplectic), and an irreducible
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unitary generic cuspidal automorphic representation o of SOq;(A) which lifts
to o (since o is orthogonal).

Conjecture. The central value of the Rankin-Selberg L-function L(%, 71 x m5)
is non-zero if and only if there exist a relevant pair (SO5, ,50%;) of inner
forms of (SOa2,41,S042;) (see Section 2 for definition) and a pair of irreducible
cuspidal automorphic representations (7/',0’) in which ¢’ (resp. 7') is nearly
equivalent to o (resp. T), such that the period

Part1,21(¢r7, ) (r > 1) or Pazrii(dor, ¢rr) (r < 1)
is non-zero. Here the period Pay41.21(¢r, ¢or) (r > 1) is defined by

sor(h) [ b (0h) v, (v)dodh
Vet (R\ Vi1 ()
and the period Py 2r11(Por, d7/) (r < 1) is defined in a similar way. The details
of the definition will be given in Section 2.
We sketch the relation between this conjecture and the Gross-Prasad con-
jecture [GP92]. By the Langlands functoriality from generic cuspidal auto-
morphic representations of SO to GL ([CKPSS03]), one might define

/So'zz(k)\so'zz(A)

L(s,0 x 1) := L(s,m X m3).

Then the assertion on the characterization of the nonvanishing of the central
value L(3,0 x 7) in terms of periods attached to either (o,7,504) if r > 1
or (0,7,509,41) if I > r is a conjecture of Gross and Prasad (see [GP92]
and [GP94] for the global conjecture when r = [ or [ — 1 and for the local
conjecture in general).

When r = 1 and | = 1, the assertion was proved by Waldspurger in [W85].
When [ = 2 and r = 1, it is a conjecture of Jacquet on the relation between
the nonvanishing of the central value of the triple product L-function and the
nonvanishing of the trilinear periods. For the split period case, it was proved
in [Jng98b] and [Jng01]. For general period cases, it was proved completely
in [HK91] and [HK]. When r = 2 and | = 2, some special cases were studied
in [HK92] and [BFSP]. A special case of our conjecture (r = 1 and [ > 2)
was studied in [GIJRO03a], but by a different approach.

It is important to note that for an irreducible generic cuspidal automorphic
representation of SO, the image of the Langlands functorial transfer to GL is
an isobaric sum. It is almost certain that the refinement of the arguments in
this paper can be carried over to this generality. We will consider this in our
future work. The analogue for unitary groups is our work in progress.

In this paper, we shall use similar ideas as in [GIJRO03b] to study the above
Conjecture. The following two Theorems are our main results.

Theorem A. With the notations as in the Conjecture, if the period
P2r+1,2l(¢77 (ba) (T Z l) or 7)2l,27‘+1 (¢O’7 ¢T) (’I" S l)
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is non-zero, then the central value L(%,m1 x m3) of the Rankin-Selberg L-
function L(s, 7 X m2) is non-zero.

The proof of Theorem A is to realize the above period as an ‘inner’ period
of certain period of residue of Eisenstein series obtained from the pair (o', 7).
This method has been used to study many interesting cases, about which we
refer to the introduction of [GJRO03b] for further discussions.

Theorem B. With the notations as in the Conjecture, under certain assump-
tions, if the central value of the Rankin-Selberg L-function L(§,m x m2) is
non-zero, then the period

7)27‘+1,2l(¢‘r/7 ¢0/) (T Z l) or 7)2l,27‘+1 (¢O'/7¢T/) (T S l)

is non-zero for a pair (7/,0").

We shall only prove Theorem B for a special case (r > | = 1) without
the assumptions. For the general case, we need an assumption on the non-
vanishing of certain Fourier coefficient of the residue of Eisenstein series ob-
tained from the pair (7/,0’), which we present the details for Case (1) in
Section 6, [GJR03b]. We shall not provide the same details here for Case
(2). Further study of Fourier coefficients of the residual representations will
be the subject matter of our on-going project.

We shall provide the general setting for Case (2) in Section 2, which
includes the definitions of relevant pairs of orthogonal groups and the periods
of automorphic forms, and other notations needed for the rest of the paper.
In Section 3, we first recall basic facts of Eisenstein series and their residues,
prove nonvanishing results on certain Fourier coefficients of the residues of
relevant Eisenstein series, and then establish a basic identity (Theorem 3.8)
which relates the ‘outer’ period to the ‘inner’ period. We remark that Theorem
3.8 deals with the residual representations with nearly generic cuspidal data.
This makes the method used here potentially applicable to the investigation
of residual representations without assuming the genericity of cuspidal data.
This basic identity is used in Section 4 to prove Theorem A. In Section 5, we
prove Theorem B for the special case r > [ = 1. The general case will be
considered in our future work.

During the preparation of this work, the second named author was partly
supported by the NSF grant MSD-0089003 and by the Sloan Research Fellow-
ship. The first two authors wish to express their deep admiration to Professor
Stephen Rallis and thank him for his constant encouragement. Finally we
would like to thank the referee for his/her comments and suggestions.
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2. Periods

In this section, we give a formal definition of period integrals for automorphic
forms. The remaining sections are devoted to the study of these periods for
automorphic forms occurring in the discrete spectrum.

2.1. Relevant Pairs. We recall from [GP94] the notion of relevant pairs of
orthogonal groups. Let (V, < -, >y ) be a quadratic space over a field k. We
assume that all quadratic spaces considered in this paper are non-degenerate
and of finite dimension. Let (W, < -, > ) be another quadratic space, which
can be embedded into V. We fix an embedding and define

WH={veV| <v,w>y=0, for allwe W}.
Then, following Witt’s Theorem, one knows that W is a quadratic space and
V=WaeWw". (2.1)

We say the pair (V,W) is relevant if W embeds in V and W+ is a split
quadratic space with odd dimension over k. For more details about relevant
pairs, we refer to Section 3 in [GP94].

2.2. Periods of Automorphic Forms. Let k£ be a number field and A be
the ring of adeles of k. Let (V, W) be a relevant pair of quadratic spaces. By
definition,

WH=(X+X)o<a>

is a k-split quadratic space of dimension 2e + 1 with X and X’ dual isotropic
subspaces of dimension e. Let Y = X+ X', which is k-split and nondegenerate.
We write

V=YaeY"

Then it is easy to see that W can be embedded into Y+ with codimension
one. Let M, = GL(X) x SO(Y*+). It is clear that M, is a Levi subgroup
of G = SO(V) and it is non-trivial if e = dimy X > 0. Let P. = M.U, be a
standard parabolic subgroup of G = SO(V). It is proper and maximal if ¢ > 0.
In this paper, we include in our discussion the case that e = dimy X = 0. We
have

0-AX)=U, -UP=XQY*+ -0,

which is trivial if e = 0.
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When e = 0, we consider the diagonal embedding of H = SO(W) into
G x H. When e > 1, we let X7 C X be a hyperplane and
{1 : X — G,
be a non-zero linear functional which vanishes on X7. Let
bw : YT 5 G,

be a non-zero linear functional which vanishes on the hyperplane W. Consider
the composite map p, of the projection U, — U’ = X ® Y+ with

by - UP=XQY* - G,.
Since the Levi subgroup M. normalizes Uy, the stabilizer of p. in M, is
GL(X)g, x SO(W),

where GL(X),, is the subgroup of GL(X) which fixes the linear functional ¢;.
One can check that it is the subgroup of GL(X) consisting of elements of the

following type
h *
(0 1) , he GL._1.

Let P = [GLS x SO(Y1)]V. be a standard parabolic subgroup of G. Then
we have

Ve = (Ne X Iy 1) X Ue.

Let £, : N. — G, be a homomorphism which is non-trivial when restricted
to each simple roots of GL. in N.. We define

{: Vo— G,

to be a homomorphism which equals £, on N, and equals p. on U,. It is clear
that the stabilizer of £ in SO(Y' ) is isomorphic to H = SO(W). Define

R..=HxYV,

which is an algebraic subgroup of G. We consider the natural diagonal em-
bedding of H into R, x H.
Fix a non-trivial character ¢ of k\A. We define

te(n) = (le(n)) (2.2)
which is a character of N.(A) and is trivial on the subgroup N, (k), and define

Y. (1) = Y(pe(w)), (2.3)
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which is a character v,, of U.(A) and is trivial on the subgroup U.(k). Then
we define a character ¢y, of Vg(A) by

Pv. (v(n, w)) = Pe(n),, (u), (2.4)

which is trivial on V. (k).

Now we define the period of automorphic forms. Let ¢ be an automorphic
forms on G(A) and ¢ be an automorphic forms on H(A). The period of
automorphic forms which we shall study is defined by the following integral

Palo)i= [ ey [ sk )dedh(25)
H(k)\H(A) Ve (k)\Ve ()
It is clear that if one of ¢ and ¢ is cuspidal, then the period Pg, (¢, @) converges
absolutely. Otherwise, the integral needs to be defined through regularization.
From the definition of relevant pairs, the parity of dimyg V' and dimg W are
different. When dimy V' is even, we denote dimy V' = 2] and dim; W = 2r 4 1.
This implies that » < I. When dimy V' is odd, we denote dimy V = 2r 4+ 1 and
dimy W = 2I. This implies that » > [. Hence we have e = r — [ if r > [; and
e=1—r—1ifr <l. We also denote the period by

Pory1,21(0,0) ifr>1

2.6
Poror1(0, @) ifr <L (2:6)

PRe (¢=§0) = {

3. Periods of Residues of Eisenstein Series

We shall consider period Pg, (¢, p) when both ¢ and ¢ are residues of Eisen-
stein series.

3.1. Residues of Eisenstein series. We consider orthogonal groups SO 4,44
with ¢ = 2r 4+ 1 or 2/. The k-split rank of SOy4,44 is assumed to be at least
2r. Let Py, 4 be the standard maximal parabolic subgroup of SOy4,4 with the
Levi decomposition

P2T7q = Mgnq X Ugr)q = (GLQT X SOq) X Ugnq.

We denote by wa, 4, the Weyl element which conjugates P, to its opposite
P;. .. The elements of My, , will be often written as

2r,q-
m = m(a,b) € GLa, x SOy. (3.1)

Let m ® o4 be an irreducible generic cuspidal automorphic representation of
GL2, x SO4. We assume that the central character of 7 is trivial. This as-
sumption is natural as long as we consider the existence of the residual repre-
sentations that we are going to define below.
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To the given generic cuspidal datum (Ps, 4, T ® 04), one may attach an
Eisenstein series E(g, s, ¢rgos,) on SO4r14(A). More precisely, the cuspidal
automorphic representation m ® o, can be realized in the space of square inte-
grable automorphic functions L*(Zag,, , (A)May,q(k)\Marq(A)), where Zyy,,
is the center of My, 4. Let K be the maximal compact subgroup of SOy4y4
such that

SOursq(A) = Py o (A)K

is the Iwasawa decomposition. Let ¢rgs, be a KN Mo, q(A)-finite automorphic
form in ™ ® o4. It can be extended as a function of SO4,14(A), so that for
g = umk € SO4r44(A)

Prwo,(9) = Proo, (M)
and for any fixed k € K, the function
m = dreo, (Mk)
is a K N My, 4(A)-finite automorphic function in 7 ® o,. We define
(9,5, Prwo,) = brwo, (9) XP < 5+ ppy, o5 Hpy,  (9) > (3:2)

for g € SOy4y44(A). Here the parameter s is normalized as in [GSh88]. In our
case we have

2r4+qg—1

XD < 5+ ppy g Hp,, (9) >= | deta]*+ 72 (3.3)

where we write g = um(a, b)k € SO4y44(A) and m(a,b) € GLa, x SO,. Then
the Eisenstein series is given by

E(g,8, $rgo,) = > (79,8, Pr@o,)- (3.4)

YE P2y, q(k)\SOur4q(k)

The constant term of the Eisenstein series E(g, s, ¢rgo,) along a standard
parabolic subgroup P is always zero unless P = P, 4. In this case, one has

EP27‘,q (ga S, ¢ﬂ®aq) = /[ E(ug, S, ¢ﬂ®aq)du (3-5)
Uz

7.a]

= ®(g,s, d’ﬂ'@aq) + M(w%,qa 5)(®(- s, ¢7r®oq))(g)
where [Uar 4] = Uy q(k)\Uzrq(A). We denote here by M (ws, 4, s) the standard
intertwining operator attached to the Weyl element ws, 4, which maps the
(normalized) induced representation

SOurpq(A
I(s,m®0q) = IndP%‘fJA)( )(7r ®oq®@exp < s, Hp, () >) (3.6)

to I(—s, war ¢ (T ® 0q)). It follows from the general theory of Eisenstein series
of Langlands that the Eisenstein series E(g, s, 9rg0,) has a pole at s = s9 > 0
if and only if the term M(wa; q,5)(®(:, s, drgo,)) has a pole at s = s for
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some holomorphic (or standard) section ®(g,s, drgo,) in I(s,7 ® o4). Since
factorizable sections generate a dense subspace in I(s, 7 ® o), it suffices to
consider the factorizable sections for the existence of poles of the Eisenstein
series E(g, s, pr@q, ), or for the existence of poles of M (w2, 4, 5)(®(+, 5, Prgo,))-
When the section ®(-, s, ¢r,c0,) is factorizable, i.e.

(D('757¢w®aq) = ®’L}®U('7S7¢ﬂ'u®gq,v)7 (37)

where ®,(-, 5, ¢, 0,.,) is a section in I(s, 7, ®04,,) and is unramified at almost
all finite local places v, the term M (wa;. 4, 5)(® (-, 5, Preo,)) can be expressed
as an infinite product

M(w2r,q7 S)((I)('a S, ¢ﬂ®dq)) = H Mv(w%,qa 5)((1)0(" S, ¢m®dq,v )) (3-8)
By the Langlands-Shahidi theory [L71] and [Sh88], we have

L(s,m x 04)L(2s,m,12) ) . IZINU(qu, s), (3.9)

M('LUQT,qa S) = L(S +1,7x Jq)L(2S + 1,710

where 1 is the symmetric square representation Sym?(C?") of GLo,(C) if
q = 2r + 1, and the exterior square representation A2?(C?") of GLa,.(C) if
q = 2l. Here we denote by N, (wa, 4, s) the normalized intertwining operator

L(s+ 1,7 x 04)L(2s + 1,7,12)
L(s,m x 04)L(2s,m,12)

Nv (w2r,q7 S) = ! M’U(MQT#Z? S)

which defines a mapping from I(s, 7, ® 04,4) to I(—s, War q(Ty @ 4.0)).

Proposition 3.1 (Theorem 4.11 [K]). The normalized local intertwining
operator NV, (wa;.q4, $) is holomorphic and nonzero for the real part of s greater
than or equal to %, ie. for any holomorphic section ®,(-,s,¢r,00,,) in
I(s,my®0q,), as a function in s, Ny (w24, 8) (P (-, S, ¢x,®0,.,)) is holomorphic

and nonzero for the real part of s greater than or equal to %

By Proposition 3.1, one deduces

Proposition 3.2. The Eisenstein series E(g, s, ¢r@os,) can possibly have a

simple pole at s = % or s = 1. The existence of the pole at s = 1 or s = 1 of
E(g,5, rw0s,) is equivalent to the existence of the pole at s = 5 or s = 1 of

2
the product of L-functions
L(s,m x 04)L(2s,m,12)
respectively.

Proof. By the Langlands theory of constant terms of Eisenstein series, the
FEisenstein series has a pole at s = sg if and only if the constant terms of
the Eisenstein series has a pole at s = sg. By (3.5), this is equivalent to say
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that the global intertwining operator M(ws, q,s) has a pole at s = 5o > %
From identity (3.9), if the global intertwining operator M (w2, s) has a pole
at s = sg, then the quotient
L(s,m x 04)L(2s,m,13)
L(s+1,m x 0q)L(2s + 1,7,12)

must have a pole at s = sg since, by Proposition 3.1, the product
HNU (w2T,q= S)
v

does not vanish for s = so > 4. Now both L-functions L(s, 7 x o) and
L(s,m,r3) are non-zero for the real part of s greater than one. It follows that

the product
L(s,m x 04)L(2s,m,13)

must have a pole at s = sg > % if M(way;,s) has a pole at s = s¢9 >
Conversely, if the product of L-functions

1
3

L(s,m x 04)L(2s,m,13)

has a pole at s = s, then the global intertwining operator M (w2, 4, s) has a
pole at s = s¢, because in (3.9), we can always choose a particular factorizable
section ®(-, s, rgo,) as in (3.7), so that the product

HN'U (w2r,q7 5)(q)v('a S, ¢ﬂu®dq,v ))

is holomorphic and non-zero at s = sg. Note that in this part, we do not need
Proposition 3.1.

Finally, by Theorem 7.2 in [CKPSS03], the irreducible generic cuspidal
automorphic representation o, of SO,4(A) has a Langlands functorial lift (o),
which is an irreducible unitary automorphic representation of GL,(A) (if ¢ =
20) or GLy—1(A) (if ¢ = 2r+1), is uniquely determined by o, and is of isobaric
type. Hence one has

L(s,m x 04) = L(s,m x w(ay)).

It follows that the L-function L(s,m x ¢4) is holomorphic and non-vanishing
at a real point so > 1, and L(s, 7 X 04) has a pole at s = 1 if and only if 7 is
isomorphic to one of the isobaric summands of 7(¢). By Theorem 3.1 in [K00],
the complete L-function L(s,7,r3) is holomorphic and non-vanishing at any
real point sg > 1. By Theorem A in [S], one knows that L(s,,r2) has a pole
at s = 1 if and only if 7 is the image of an irreducible unitary generic cuspidal
automorphic representation 7 of SOg,.(A) (if r2 is the symmetric square) or
SO2,41(A) (if r2 is the exterior square), under the Langlands functorial lifting
from SOg, and SOg,41 to GLa,, respectively. Hence one knows that for the
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real value s > %, both L-functions L(s, 7 x 04) and L(s, m,r2) can have possible

poles only at s = 1. The Proposition follows. O

In the following we are going to study some special type of Eisenstein series.
Let 7 be an irreducible generic unitary cuspidal automorphic representation
of SOg,11(A) which lifts to an irreducible unitary cuspidal automorphic rep-
resentation (1) of GLa,-(A). Let o be an irreducible generic unitary cuspidal
automorphic representation of SOz(A) which lifts to an irreducible unitary
cuspidal automorphic representation 7(co) of GLg;(A). By the automorphic
descent established in [GRS01] and [S], such 7 and o exist.

Let 7/ be an irreducible unitary cuspidal automorphic representation of
SO%,.1(A) (an inner form of SOy,41) nearly equivalent to 7, and ¢’ be an
irreducible unitary cuspidal automorphic representation of SO%,(A) (an inner
form of SOg;) nearly equivalent to o. If SO’QZ is an inner form of SOy and
SO'QT+1 is an inner form of SOg,41, then SO, is the inner form of SOg; such
that GLg; x SOY; is a Levi subgroup of SOg;, and SO, is the inner form of
SOg;+1 such that GLg, x SO%, ., is a Levi subgroup of SO, ;.

As in Proposition 3.2, we expect that both Eisenstein series £(g, s, ¢ (r)go’)
and (g, 8, x(s)@-) have a possible pole only at s = % and the nonvanishing
of the residue at s = % is characterized by the nonvanishing of the value at
s = % of the L-function L(s,7(7) x ') and L(s,m(c) ® 7'), respectively. We

2
denote the residue by
gﬂ-(T)XG/ (g) = ResS:%E(g, Sﬂd)ﬂ'(T)XG’/) (310)
gﬂ'(o)@r’ (g) = ResS:%E(g, S, d)rr(a)@r’)' (311)

One of the main results of this paper is to characterize the nonvanishing of
these residues in terms of periods defined over the cuspidal support of the
residues. To this end we have to introduce Eisenstein series £(g, s, dr(r)r)
and E(g, s, dr(s)0'). We show that both Eisenstein series have a non-zero
residue at s = 1.

Lemma 3.3. With the notations as above, the following statements hold.

(1) The residue at s = 1 of the Eisenstein series E(g, s, ¢ (rgr) on SOg, 1 (A)
is non-zero.

(2) The residue at s = 1 of the Eisenstein series E(g, 8, ¢x(s)00/) 0n SOg;(A)
is nonzero.

Proof. We shall prove Part (1), while Part(2) follows by a similar argument.

By the general argument in Section 3.1, we have
L(s,m(1) x 7/)L(2s, 7 (), Sym?)

L(s+1,7(r) x 7/)L(2s + 1,7 (), Sym

M(war2r41,5) =

2) .HNU(w27‘,27‘+1, S)-

v
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We can choose the datum such that N, (war 2,41, ) is non-zero at s = 1. Since
7/ is nearly equivalent to 7 and the local L-factor of L(s,n(7) x 7’) does not
vanish at s = 1, we deduce that the L-function L(s,7(7) x 7’) has a pole at
s = 1. Since the L-function L(s, 7(7), Sym?) does not vanish at s = 2, we know
that the global intertwining operator M (way 2741, s) has a pole at s = 1 with
some choice of data. This implies that the Eisenstein series £(g, s, dr(r)@r)
has a pole at s = 1. O

We denote the residues by

677(7)@7’ (g) = Ress:lE(g7 8, ¢7r(‘r)®‘r’) (3'12)
gﬂ(o)@a’ (g) = Ress=1 E(g7 5, ¢7r(o)®a/)' (313)

3.2. Certain Fourier Coefficients of the Residues. We shall study the
vanishing property of certain Fourier coefficients of the residue &(;)gr(g)
and & (,)g0’(9). The proof is based on the structure of the local unramified
components of the residues.

Let v be a local finite place of k and k, = F. Let 7, be the local v-
component of 7 and ¢, be the local v-component of 0. We may make assume
that v is such a local finite place such that

(1) both 7, and o, are unramified representations of F-split SOg,41 and
SO9;, respectively, and

(2) both 7, and o, are generic.

We write
_ SO2,41(F)
o= Indp2 ) (w) (3.14)
SO (F
o, = Istf;( oy (1) (3.15)

where both x, and u, are unramified characters. Here we consider the nor-
malized (or unitary) induced representations. Let Tso,,,, denote the maximal
torus of SOg,41 whose elements are written as

t = diag(ay, - ,ar, La, ' -+ a7th).

y Ly

Then we write x,,(¢) :== []\_, xi(a;). Similarly, we write y, = H e

Let 6., be the irreducible unramified constituent of I(1, 7 () ®T,,) and 6,
be the irreducible unramified constituent of I(1,7(0,) ® 0,). Let P3» be the
standard parabolic subgroup of SOg,4+1 with Levi subgroup (GL3)" and Qs
be the standard parabolic subgroup of SOg; with Levi subgroup (GL3)!. We
have

Lemma 3.4. Let det be the determinant of GL3.
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(1) The irreducible unramified representation 6, is a constituent of the
spherical unitarily induced representation
SOgr41(F
Indp3:(;:)1( )(Xl odet®---® x, odet).
(2) The irreducible unramified representation 6,, is a constituent of the
spherical unitarily induced representation

SOGl (F)
Indg, V' ipy

(11 odet®- -+ ® py odet).
Proof. We prove Part (1), while Part (2) is similar.

The representation 6., is the unramified subquotient of I(1,7(7,) ® 7).
SO27‘+1 (F)
BSO2T+1 (F

Ty to GLa,(F) is 7(r,) = Indgiir(?m)(xy). Here y, is the character of the
27

maximal torus Tqr,,, of GL2, defined by

and 7, = Ind )(X,,). The unramified local Langlands functorial lift of

r
Xu(diag(ula oy Upy Up 41, 7u2r)) = H Xi(uiuz_rlfi+1)-
=1

Then the induced representation I(1,7(7,) ® 7,) can be written as

SOgr+41(F)
IndBSgﬁtil (F) (X’ . XO)
where
T 3r
—1
X'(t) = H Xi(tita,—it1) H Xj—2r(t5)
i=1 j=2r41
Xo(t) = [t1--tor
fort = diag(t1,- - ,tar, 1, t;rl, -+, t7!) in the maximal torus T506,, of SOgr41-

It is not difficult to find a Weyl element w such that

Indp 5 py (X' - x0) = Ind g 5y (X)

where the character x of Tso,, ., is given by

T
T —1
X(t) = HXi(ailai2ai3)|ai1ai3
i=1
. -1 -1 -1 -1 -1 -1
for t = dlag(a117 12,013, " ,Arl, Gr2, Ar3, 1; Arg sy Qpg s Qpy 500" Q13,019 , A1y )
in Ts0,,,,- By induction in stages, Part (1) of the Lemma follows.

Lemma 3.4 determines the structure of the local unramified component of
the residues we want to study. In the following we shall show that such an
unramified local component does not support certain local Fourier functional,
which is related to the Fourier coefficient of the residues.



Nonvanishing of the Central Value IT 13

Let G be the F-split SOg,41. As in Section 2.2, we let e > r+ 1 and define
the unipotent subgroup V. = Vgr41,e of SOgr41. The elements of V. can be
written as

n X z
U(TL, x, Z) = Iﬁr_26+1 ¥ | e SOGT+1, (316)
n*

where n is in N, the standard maximal unipotent subgroup of GL., = €
Matey (6r—2¢+1) and z € {Z € Matexe : 'ZJ. + JoZ = 0}, where we define
inductively

Given a vector ( € F5"~2¢t1 of non-zero length, we define a character ¢x</€
of the group Vs,+1,e by

U () = (g + -+ nete + Te - C)

where z. is the last row of x.

In a similar way, for e > [, we define the unipotent subgroup Vg, . to be the
unipotent radical of the parabolic subgroup of the split orthogonal group SOg;
whose Levi part is GL{ x SOg;_2.. Given a vector ¢ € F61=2¢ with nonzero
length we define the character w‘c,ﬁl . of Vii,e.

Given a representation € of SOéT+1(F ) we define a functional L. ¢ on the
space of € with quasi-invariance property that

Lec(on) = 9%, (0)Lec(n)

for all v € Vsr41, and all n in the space of €. Similarly, we define a functional
Lc ¢ of Vg, on a representation e of SOg;. We now prove

Lemma 3.5. With the notations defined as above, the following statements
hold.

(1) For all e > r + 1, the representation 6., of SOg,+1 has no nonzero
functional L. ¢ for all ¢ € F"~2¢T1 with nonzero length.

(2) For all e > I, the representation 6,, of SOg has no nonzero functional
Le for all ¢ € F572¢ with nonzero length.

Proof. The proof is the same in both cases and is done as in the proof of
Lemma 2 in [GRS03]. We just indicate the steps needed for the proof. From
Lemma 3.4 it is enough to show that

Ind3 g (o det @+ x 0 det)
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has no nonzero functional L. .. Using Mackey theory it is enough to prove
that if v € P3r\SOgr+1/Vers1,e then there exists a v € Vgry1 such that
vy~ € P3 and w‘C/GTH .(v) # 1. By the Bruhat theory every such v has the
form v = wu,, where w is a Weyl element of SOg,4+1 and u,, is a certain upper
unipotent matrix. At first we show that we can get "rid” of u,, and consider
only the cases where v = w. Then as in the proof of Lemma 2 in [GRS03] we
show that given any Weyl element w we can find a one-dimensional unipotent
subgroup generated by v € Vg,11 . such that wow™! € P3- and wgfmﬂ,e (v) £ 1.
This finishes the proof. O

With the preparation of the local results above, we return to the global
case. Let € be an automorphic representation of SOg, ;(A). We define the
Fourier coefficient

/ de(vg)y, ., . (v)dv. (3.17)
Vor+1,e (B)\Ver+1,e(A)

Similarly if € is an automorphic representation on SOg, we define the Fourier
coefficient

/ 6 (vg)0,_(v)dv. (3.18)
VGl,e(k)\VGl,e (A) '

As a consequence of Lemma 3.5, we prove

Proposition 3.6. With the notations defined as above the following state-
ments hold.

(1) For all e > r+1 the residual representation Ex ()@ (g) of SO, ;1 (A) has
no nontrivial Fourier coefficient as defined by (3.17) for all ( € F67—2¢+1
with nonzero length.

(2) For all e > [ the residual representation & (,)go(h) of SO (A) has no
nontrivial Fourier coefficient as defined by (3.18) for all ( € F%~2¢ with

nonzero length. Here £ (,)g0 () is the residue at s = 1 of the Eisenstein
series E(h, s, x(s)00r) of SOG(A).

3.3. Regularization of Periods. We study the periods of the residues of
Eisenstein series defined below. If r > [, we consider

7)67‘+1,47‘+2l(67r(7')®7"7 7r(7')®a’) (319)
= / gﬂ('r)@o’ (h) / gfr(‘r)®‘r’ (vh)wvﬁr+1,T—l (v)dvdh
[Soi'r‘+2l [VGTJrl,Tfl]



Nonvanishing of the Central Value II 15

where [H] := H(k)\H(A) for any algebraic k-group H. If r < I, we consider
P4r+2l,67‘+1 (577(7')®a’7 gﬂ(‘r)@f’) (320)
= / gﬂ'(T)@T’ (g) / gﬁ(‘r)@a’ (U9)¢V4T+2L,l,,_1 (’U)dvdg
[SOg,.11] Varyoar,i-r—1

The convergence of these periods needs to be justified through Arthur’s trun-
cation method. We shall study the case r > [ in complete detail, while the
study for case [ > r is similar, and the details will be omitted.

We recall that elements of Vg,11,,—; can be written as

n x z
v(n,z,z) = Iypyory1 x* | € SOgpa1- (3.21)
n*

Here n € N,_;, the standard maximal unipotent subgroup of GL,_;, and =
isa (r—1)x (4r + 21 + 1)-matrix. Take ( = (02,44, @, 02,4;) € k¥ 241 with

a # 0. The character 1/1€,6T+1 __, can be expressed as

1

W (00, 2,2)) = (1o + - A e+ AT aeis). (3.22)

The period Per1,4r121(Ex(ry@r En(r)mor) i (3.19) is

/[so'

47‘+2l]

871'(7')®a” (h) / gﬂ'(T)@T' (Uh)w\c/(;prlm,l (’U)d’l}dh (323)
[Ver41,r—1]

As in Section 4.1 of [GJR03Db], we shall regularize the above period by trun-

cating the residue £ (rygo ().

In the following we denote by P = MU = Pa, 21 = Mo, 21Uy 21, the max-
imal parabolic subgroup of G := SO}, . We identify ap with R. Then a
regular T' € ap will correspond to a real number ¢ € Ry, where we denote by
R . the set of all real numbers greater than c¢. We denote

H(g) :=exp < 1,Hp(g) >=|detm(g)| (3.24)

for g = um(g)k € SO4r42/(A) (Iwasawa decomposition given in §3.1). Let 7.
(c € Rs1) be the characteristic function of the subset Rs..

Following [Arthur78] and [Arthur80], the truncation of the Eisenstein
series £(g, s, ) (where ¢ = ¢r(r)g0) is defined as follows:

AcE(g,5,0) = E(g,5,6) — > Ep(v9,5 6)7e(H(y9))- (3.25)
YEP(k)\G (k)

The constant term Ep(g, s, ¢) of the Eisenstein series F(g, s, ¢) along P can
be expressed as (see (3.5) for definition)

Ep(g,s,¢) = ®(g,s,0) + M(w, s)(P(-, 5,¢))(g)
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where w = way 91 and M(w, s) is the intertwining operator as described in §3.1.
We remark that the summation in (3.25) has only finitely many terms and
converges absolutely (Corollary 5.2, [Arthur78]). The truncated Eisenstein
series can then be rewritten as follows

AcE(g,s0) = Y @(9,5,6)(1 - 7(H(v9)))
vEP(k)\G (k)
- Z M(w7S)((I)('787qﬁ))(’yg)TC(H(Wg))
vEP(K)\G (k)
= &i(g) — &(9). (3.26)

Let sg be a positive real number. Assume that the Eisenstein series E(g, s, ¢)
has a simple pole at s = s9. We denote by E, (g, ¢) the non-zero residue of
E(g,s,¢). Then we have

AcEs(9,9) = EBs(g,0)— Y M(w,s)(®(,5,6))s (79)7e(H(79))

YEP(k)\G(h)
= Es(g,9) —&s(9). (3.27)

Following the argument in [GJRO3b], §4.1, we obtain from (3.26) and
(3.27) the formula for the period Per1,4r+21(Ex(ryr> Eso (9, @)):

Pors1,4r+21(Ex(ryors By (5 0))
= Pors1,4r+21(Er(ryors €3) + Port1art2(Exmyor, AeEso (- P))
= Pors14r+21(Ex(ryor E3)

HPor+1,4r+21(En(ryrs €1) = Port1,ar+21(Ex(ryar> €2)]so-

The following Proposition will be proved in the next subsection.

Proposition 3.7. For i = 1, 2, the following periods

Por+1,4r+21(En(ryars i)
converge absolutely for Re(s) large and have meromorphic continuation to the

whole complex plane.

Since both A.E(g,s,¢) and A.FEs,(g,¢) rapidly decay in the usual sense,
the periods

7367“Jr1,47’+2l (gTr(‘r)®‘r’7 ACE('v S, ¢))
and
Por+1,4r+21(En(ryars Mellsy (-, 9))

converge absolutely. By Proposition 3.7, both periods Pe, 11,4 +21(Ex(r)@75 €1)
and Per41,4r+21(Ex(r)@r, E2) converge absolutely for Re(s) large and have
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meromorphic continuation to the complex plane. Hence we have

Por+1,4r+21(Ex(ry@r, €2)s0 = Port1,ar+21(Er(ry@r, E3)-

It follows that

P6r+174r+2l (577(7')@7'/7 Eso ('7 ¢)) = ,P6T+1747’+2l(5ﬂ'(7')®7'/7 gl)so . (328)

3.4. Period Identity. We shall prove Proposition 3.7 through the following
explicit calculation.

First, the convergence for the real part of s large follows as in the proof
of Proposition 3.1, [GIJRO01]. The meromorphic continuation of both periods
will follow from the explicit calculation.

We shall investigate the period Peri1,4r421(Ex(ryr,€1) in detail, while
the conclusion for the period ’P6T+1,4T+2l(57,(7)®7/,52) follows from the same
argument. By (3.23) and (3.28), the period Pe;y1,4r+21(Er(r)er 1) is given
by the following integral

/[so'

ar+4-21

£1(9) / Ertrron (V) Py 1 s (v)dudg. (3.29)
] Vor+1,r—1]

where

Elg)= Y 2019591 -T(H(9)).

YEP(R)\G(K)

In the following we set

(g, 5) == (9,5, 0)(1 = 7(H(g)))-

From the above, we know that (3.29) is absolutely convergent when the
real part of s is large. Unfolding the Eisenstein series we obtain

/ (I)c(g) / 871'(7')®T’(Ug)wver+1,rfl (’U)d’l)dg. (330)
P(k)\SO}, 5, (A) (Vor+1,r—1]

Recall that U is the unipotent radical of the parabolic subgroup P. Factoring
the measure U(k)\U(A), we obtain the following integral as an inner integra-
tion in (3.30)

/ / Exmyor (Vug)vy, ., (v)dvudu. (3.31)
U]/ [Vers1,r—1]
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Define a Weyl element w of SOg,.,; by

w = IQT+2[+1 . (332)

By the embedding of SO, 4 into SO, ., we have

Ir—l
Iy wr oug
U={u= Iy u S SO%TJA}. (3.33)
I27"
Irfl

Since U is the unipotent radical of the parabolic subgroup Pa,.o (of SO, ),
when embedded in SOI6T+17 we write u; € Mata,x2; as a matrix in Mat o,y (2141)
according to the standard embedding of SO and SO%;, ;. Here up € {X €
Matoyrxor @ XJop + Jop X = 0}. Also, we write elements in the unipotent
subgroup Vg, 41— as

n p X9 I3 z
IQT 0 0 1‘3
v =v(n,p,Ta,x3,2) := Iyy; 0 23 |. (3.34)
IZT p*
n*

where n € N,._;, the unipotent radical consisting of all upper unipotent ma-
trices in GL,—;. Also p,z3 € Mat(,_jyxar, T2 € Mat(_jx(241) and z €
{X S Mat(r_l)x(r_l) X T+ Je X = O} We write

wv(n, p, T2, T3, 2)u(u, ug)w ™t = €1 (u1, 3, uz)v'P (3.35)
where
I27‘ 0 U1 T3 U9
Irfl 0 0 JC§
fl(ul,l';g,’U,Q) = 121+1 0 u’{ 5 (336)
I,y 0
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v’ € Varq1,r—i, the embedding of which in SOy, is
I, 0 0 0 0

n T z 0
1)/ = IQH_l LL‘; 0 (337)
n* 0
I27"
and
I27"
p Irfl
b= L1 . (3.38)
I
p* IZT

After conjugating in the above integral by w from left to right, we obtain
[ [ emerblunmuiiugf, (s (339)
U] J[Vert1,r—1] '

Notice that from the definition of {, then after the conjugation by w the

character ¢€/ﬁr+1 i agrees with d)‘c/zqurl r—t"

Let Ly denote the subgroup of SOg,,; which consists of the matrices
01 (u1,x3,u2) as defined in (3.36), where, as explained above, u; € Mata,x9;.
Let

I, 0 T4 T3 U2
Ir—l 0 0 .T§
Ly = {€2($4,JJ3, u2) = 121+1 0 CCZ S SO/GTJrl}
I, O
I27"

where 24 € Maty,x(2141) and x3 and ug are as above. Then Ly/L; can be
identified with a k-vector space of column vectors of size 2r. In the above
integral we expand along this column vector Ly/L; with points in k\A. We
obtain

2r

Z /577(7)@7/(32((@111), 3, U2)U/ﬁw9)¢x€/2T+l,r,l (U/W(Z €ity)dladv’dp
e, €k =1
where ¢ is a column vector whose transpose is (t1,--- ,t2,) and by (¢,u1) we

indicate that we added the integration of t over (k\A)?" to the integration over
variable u;. The integration over all other variables are the same as before.
Let a be a row vector of size 2r embedded in SOy, ; as the last row of p in
p. Then one can find such a row a € k2", depending on ¢; and & such that after
we conjugate it from the left to right in the above integral, change variables
in v and collapse the summation over ¢; € k with the adelic integration over
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(k\A)?" which consists of the last row of p, we obtain

/ / Exntmyr (£2(ws, w3, uz)o Priswg)b, | ()dbadvdprds,
P1,02 J [L2] X [Vary1,r—1] Y

(3.40)
where variable x4 is in Mato, 2141y (k) \Mata, « (2141)(A). Note that p is as
defined in (3.38). In (3.40), variable ps is the last row of p integrated over A%,
and variable p; consists of all matrices in p with bottom row being zero and
is integrated over points in Mat,_;_1)x (2r)(k)\Mat . _;_1)x(2r)(A). Let

Ly vy
Ly = {l3(y) = Ioi1 € S0g,41} (3.41)
Iz,
where y € Mats,.(,—;) such that its first column is zero. Taking the Fourier

expansion over L3(k)\L3(A) of integral (3.40) and using the integration over p;
as was done in po, we deduce that integral (3.40) equals the following integral

/ / Enryar (U3(y)la(xs, x3, ug)v'ﬁwg)w‘c,%ﬂ (W) dydbydv'dp,
P J[LaxLaxVariq ri] ,

(3.42)
where p is integrated over Mat )2, (A).
Let
IZT Yy
Irfl

Ly = {la(y) = Iy : y € Matg,y(r_p}. (3.43)

I y*

I27‘

Then L4/Ls3 is a column vector which can be identified as the first column
of the above matrix y. We take Fourier expansion of integral (3.42) along
(L4/L3)(k)\(Ls/L3)(A). Let the group GLa, act on this column (L4/L3) via
the adjoint action, which has two orbits. Here GLo, is embedded in SO, 4
via the Levi subgroup GLg, x SO%, ;.

The trivial orbit will contribute

// EW(T)®T/(uv’ﬁwg)¢‘<,2r+l (@) dudv' dp, (3.44)
P Y [Uzr 241X Varg1,r—i] ’

where Usy 2,41 is the unipotent radical of the maximal parabolic subgroup
Py ory1 of SO%TJrl with Levi subgroup GLo, X SO’QTH. We may write elements
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in GLg, x SO5,;, as m(a,b) and elements in Uz, 2,41 as

I, Yy z
u=u(y,z) = Iprpn y* | (3.45)
I2r

The nontrivial orbit will contribute

Z // 71' T)®T uv ")/pwg)¢vw+1 . l( /)w(y2T72T+1)dUdv/dﬁa
5 (K)\GL2, (0!
(3.46)

where (u,v’) is in [Uzr 2741 X Varg1,0—1], and 4 = m(y, Izp+1) is in GLa, (k) x
SO%, (k). We denote by PJ) is the subgroup of GLg, which fixes the character
(Y2r,2r+1)-

From (3.37) and (3.45) an element in Usy 2,41 X Vary1 -1 can be written
as

I oy y2 ys 2
no Yy z Y3

w' = Iivr v vs |- (3.47)
ntooyy
I27"

The product of characters, 1/)%&,2#1,#[ (V") (y2r,2r+1) equals

Y((y1)or1 +n1 2+ -+ g1+ a(Ya)r—1,141), (3.48)

according to (3.22). We are going to show that (3.46) is identically zero. To
this end, we consider the Fourier expansion of (3.46) along Na,.(k)\Na-(A),
where N, is the maximal unipotent subgroup of GLs, in the Levi subgroup
GLg, x SOj, ;. Note that the product of Na, and Uzy,2r41 X Vapi1,0—1 is equal
to Ver41,3r—1 (see (3.16)), whose elements has form

n X z
v = IQH_l T* S SO/6r+1' (349)
n*

We consider the Fourier expansion, column by column, and obtain

Z / 57"(7')®Tl(’U;}/pwg)q’z}g/ﬁwrl,srfz,61,"' y€2r—1 (v)dvd[),
~€ Nay (k)\GLa, (k) Vor+1,3r—1]

(3.50)

where the character 1/1€,6T+1 1 (v) is given by

3ttt ,€2p—1
Y(enia+ -+ €2r—1M2r—1,20 + Nor2rt1 + -+ N3r—i—1,3r—1 + AT3r—1,141),

with ¢; € {0,1} and a € k*. This is compatible with (3.22).



22 D. Ginzburg, D. Jiang, S. Rallis

If there is an ¢ such that ¢; = 0 then the integral in (3.50) has an inner
integration, which represents the constant term of & (7)o with respect to
the unipotent radical of a standard maximal parabolic subgroup not equal to
Py, 2r41. By the cuspidal support of Eﬂ(7)®7/, such a constant term must be
zero and hence the integral in (3.50) with ¢; = 0 must vanish. We are left with
the integral in (3.50) having all ¢; = 1. This integral represents the Fourier
coefficient of £ (ryg, as given in (3.17) with e = 3r — 1 > r + 1. By Part (1)
of Proposition 3.6, this last integral in (3.50) must also vanish. Therefore, we
prove that (3.50) is identically zero. In other words, we show that (3.31) is
equal to (3.44).

In (3.44) the integration over Usy 2,41 (k)\Uzr,2r+1(A) is the constant term
of & (rygr- It follows that

/ 5#(7)@7’(ug)du = ¢7r(‘r)®‘r/(g) exp < -1+ PParori1s HP2T,2T+1 (g) >
[U2r,2r+1]

It is easy to check that
exp < =1+ ppy g i1s Hpyyoryy (9) >= | detal* !
if we write g = um(a, b)k using the Iwasawa decomposition
Py ori1(A)K.

Hence (3.44) is equal to
// | det a(wg)|2T—1¢ﬂ(7)®7/(v'ﬁwg)w‘%rﬂ’ril(v')dv'd]i (3.51)
P Y[ Vargr,r_t]

We now return to to the explicit calculation of P11 4r121(Ex(r)@rs £1), the
period defined in (3.29). In (3.30) together with (3.31), the integration over
the variable g can factor through the Iwasawa decomposition, i.e.

/Mzr’gl(k)Uzr’gl(A)\So, (A) /I’{ v/[GLQT]X[SO

a1l
Ar+21 2r+1

By plugging this and (3.44) in (3.30) and changing variable in p, we obtain

/ / / ®°(m(a, b)k)| det a| =D (3.52)
K Jp J[GL2r xSO%,]
/[ y | Dr(yer (V'm(a, b);swk)wV%HH (") dv' dpdmdk.
2r+1,r—1

Recall that
¢(m(a,b)k,s) = ®(m(a,b)k,s,é)(1—1.(H(a)))

2r421—1

= On(ngo(m(a, bk)[det a2 (1 — 7o(H(a))).
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Then (3.52) can be re-written as

/ / [ Jdetal 0= n @) [ oo mla, ) (359
[GLa,] [SO4;]
/ br(ry@r (V'm(a, b)pwk)yy,  (v')dv'dmdpdk.
[Varg1,r—1] '

n (3.53) we set

¢
e 0)i= [ brmpen W, (0 (35)
[Varg1,r—1]
We consider the Langlands decomposition for GLo,.(A)
GLo(A) = GLar(A)' - AT,

and set PMa, o) = (ZgL,, (A)GL2, (k)\GLa-(A)) x (SO%,(k)\SO%,(A)). Let d
be the degree of the number field & over Q. Then (3. 53 ) equals

vol(Al/kX)/ 2462 (1 — 7o th// (3.55)
/ Gr(r) @0 (MK)FY (QSW(T)@T/)(mﬁwk)dmdﬁdk.
PMa,. 21

It is easy to see that
2rd(s—1)
[ e ha - nar = o
R+ 2rd(s — 3)
which has a simple pole at s = 3. In (3.54) we are left with
¢ . .
/ gbw(T)@U/(mk)]:w (r(r)0r ) (mpwk)dmdpdk  (3.56)
KXMatTleQT(A)XPMerzl

which is holomorphic in s. Hence we obtain from the above explicit calculation
and (3.28) the main identity which relates the ‘outer’ period to the ‘inner’
period.

Theorem 3.8. When s # %, the period
Pors1,4r+21(Ex(ryors Bs (- Or(r)gor))
is identically zero. When s = %, the period
Port1,4r+21(Er(ryors En(r)0")
is equal to
vol(Al/k>)

< N ~
/ Gr(ry@0r (MK)FY (Gr(ry@r) (mpwk)dmdpdk
2rd KxMat,_; 2, (A)XPMa, 21
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where PMay o1 = (Zaw,, (A)GLay (k)\GLar (A)) x (SO (k)\SOb, (A)).

Remark 3.9. From formulas (3.55) and (3.56), the period

P6r+174r+2l (677(7')®7" 5 gl)

has meromorphic continuation to the whole complex plane.

This completes the proof of Proposition 3.7 for this period. The statement
for the period

Port1,4r+21(En(ryar s E2)

follows from the same argument (as in [GJRO1]). Hence the proof for Propo-
sition 3.7 is now completed.

Remark 3.10. We can use the same argument to prove Theorem 3.8 for the
case of [ > r. In this case, we can also use the following ‘outer’ period

/ Ertoran(9) / Enorsor (V9) v, (v)dudg
[s Vei,1—r—1]

where (o) is the Langlands transfer of o to GLg;. We omit the details.

’
O4L+2r+1]

4. The Proof of Theorem A

In this section we prove Theorem A which gives a sufficient condition for
L(},m x m2) to be non-zero.

Let 7 be an irreducible unitary cuspidal automorphic representation of
GLa,(A) such that the exterior square L-function L(s,m1,A?) has a pole at
s =1, and let 7 be an irreducible unitary generic cuspidal automorphic repre-
sentation of SOg,11(A) which has a weak lift to m1. Let w2 be an irreducible
unitary cuspidal automorphic representation of GLg;(A) with the properties
that the symmetric square L-function L(s, 7o, Sym2) has a pole at s = 1 and
let o be an irreducible unitary generic cuspidal automorphic representation of
SO9;(A) which has a weak lift to mo. Note that the existence of 7 and o is
established by the automorphic descent method ([GRS99c], [GRSO01], and
[S]). By the work of [CKPSS03], [JS03a] and [JS03b], such weak lifts are
Langlands functorial.

We first discuss the cases more general than what Theorem A asserts. Let
7/ be an irreducible unitary generic cuspidal automorphic representation of
SO%,.1(A) (an inner form of SOg,11), which is nearly equivalent to 7, and
o’ be an irreducible unitary generic cuspidal automorphic representation of
SO, (A) (an inner form of SO;) which is nearly equivalent to o.
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Proposition 4.1. If there exists a pair (7,0’) as above such that the period

Pori1,21(Pr, Por) (1 >1) 0or Poporii(dor,dr) (r <)

does not vanish for some given ¢,/ € 0’ and ¢, € 7, then the residue £;(;)gor
at s = % of the Eisenstein series E(g, s, ¢(r)go’) does not vanish.

We shall prove this Theorem by using Theorem 3.8 for the case r > [. The
case 1 < [ follows by a similar argument. Recall from (2.5) that the period

Pori1,21(¢r, o) is defined by

Parsrailnon) = [ oulo) [ br (095, . (0)dudg. (4.1)
[SO%,] [Varga,r—i] '

We consider the cuspidal data (Payo,7(7) ® ¢’) and (Pay2p4+1,7(7) @ 7) of
SOy4r421(A) and SOg,41(A), respectively. Note that ¢’ may not be generic.
We may assume that

br(ny@er = Pr(r) @ Por (4.2)
Or(ryer = Pn(r) @ Or
where EW(T) is the complex conjugate of ¢ (-). Recall from (3.2) that
(9,8, Or(rywo’) = Pr(r)or(9)€XDP < S+ PPy o Hpy 00 (9) >
(g, 5, 0n(nyer) = On(r)er(9)exp < S+ Ppyorss Hpororn (9) >

We need the following Proposition to finish the proof of Proposition 4.1.

Proposition 4.2. If the period
Pors1,21(¢r, $or)

does not vanish for some given ¢, € ¢’ and ¢, € 7, then integral (3.56)

¢ . .
/ ¢7r(7-)®a’ (mk)}—w (¢7T(T)®T')(mpwk)dmdpdk
KxMat,_; 25 (A)XxPMay 2
does not vanish for the corresponding data defined in (4.2) and (4.3), and for
Gr(r) € m(T), where FU* (¢r(r)@r) is defined as in (3.54).

Proof. The proof is the same as that of Proposition 5.3 in [GJR03b]. We
omit the details here. O

By Proposition 4.2 and Theorem 3.8, if the period
P2r+l,2l ((bra (ba’)

does not vanish for some given ¢, € 0, ¢, € 7, and ¢r(r) € 7(7), then the
period

,PGr-i-l JAr4-21 (gw(r)®~ra gﬂ'(T)@O’/ )
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does not vanish for the corresponding data. In particular, this implies that
the residue

gﬁ(‘r)@a/

does not vanish for the given data. This proves Proposition 4.1.

It is worthwhile noting that Proposition 4.1 provides a characterization of
the existence of residue in terms of a period of the cuspidal datum without
assuming the genericity of the cuspidal support of the residue.

To link the existence of the residue & (g, With the nonvanishing of the
central value L($,m(7) x ¢’), we have to use Formula (3.9). The key point
here is Proposition 3.2, which has been proved only when ¢’ is generic.

In the following we assume that ¢’ = o is generic. Then from Proposition
3.2 the product of L-functions

L(s,7(7) x 0)L(2s,7(7), A?)
has a simple pole at s = % Since the exterior square L-function
L(s,m(7), A?)
has a simple pole at s = 1, the product L-function
L(s,m(T) x 0)

does not vanish at s = £. Since my = (o) and m = 7(7), we obtain that the
tensor product L-function

L(S77T1 X 7T2)

does not vanish at s = %

Since in Theorem A, both 7 and ¢ are generic, the above argument gives a
complete proof of Theorem A.

5. The Proof of Theorem B

In this section we prove Theorem B for the case r > [ = 1. Let m; be an
irreducible unitary cuspidal automorphic representation of GLa,-(A) such that
the exterior square L-function L(s, 1, A?) has a pole at s = 1 and let 7o be
an irreducible unitary cuspidal automorphic representation of GLa(A) such
that the symmetric square L-function L(s, s, Sym2) has a pole at s = 1. We
assume that m; = «(7) is a lift from an irreducible unitary generic cuspidal
automorphic representation of SOg,41(A) and m = (o) is a lift from an irre-
ducible unitary automorphic representation of SO2(A) (here o is a character
SO2(k)\SO2(A)). Let SO%, ., be an inner form of SO2,11 and SO4 be an inner
form of SO,. Assume that (SO5, ,;,S05) is a relevant pair.
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Theorem 5.1 (r > 1 = 1). If the central value of the Rankin-Selberg L-function
L(},m x m2) is non-zero, then there is a pair (7/,0") of (SO%,;,S0%) which
is nearly equivalent to (7, 0) such that the period Pa, 11 2(¢o, ¢r/) is not iden-
tically zero.

To prove this Theorem, we have to consider two cases. First is the case
when SOg is the split orthogonal group. In this case SOy = GL; and the only
relevant pair is (SOg2,41, GL1) where SOa2,1 is the split orthogonal group. In
this case the period Pa,41,2(¢s,¢-/) is just the Norodvorsky integral [N75]
evaluated at s = 1/2. Since the Norodvorsky integral represents the L-function
L(s,m x m2). The Theorem follows in this case.

The second case is when SOs is anisotropic. For this case we consider the
Eisenstein series E(g, s, ¢ (r)go) on SO}, , as studied in Section 3.1. Note
that the quasisplit orthogonal group SO/, 12 has a Levi subgroup isomorphic
to GLo, x SOs. By Proposition 3.2, we know that the residue at s = % of
E(g, 8, x(r)@o) does not vanish if the L-function

L(s,m x m2) = L(s,m(T) X o)

is non-zero at s = % As before, we denote the residue by & (7). The proof
of the Theorem in this case is based on the study of certain Bessel model of
the residue & (;)go- We need the information on the structure of the local
unramified component of the residue (- g, before we investigate the global
Bessel coefficients of & (7)g0-

Fix a local finite place v of k and set k, = F. Assume that the local v-
components of 7 and ¢ are unramified, the relevant pair (SOg,41,SO32) is split
over F. Since 7, is generic, we may write

o) ()

Ty = IndBSOQT+1 (F)

and then the lift to GLa,(F) of 7, is

GLo, (F
7(r,) = IndBGi;(}),)(x)

where the character y is defined as in the proof of Lemma 3.4. Let x denote an
unramified character of SO2(F) = GL1(F). We denote by Per 1 the parabolic
subgroup of SOy;42 whose Levi part is GL;, x GL;. Define a character u ® x
of GL5(F) x GLy(F) to be

M X(hla o he, CL) = Hxi(det hi)u(a)7
i=1
where h; € GLy(F) and a € GLy(F). We have

Lemma 5.2. The local unramified component of the residue & (;)go is the

unique unramified quotient of Indigf‘j}()m (1 ®x)-
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Proof. This is proved exactly as in Proposition 1, [GRS99D]. O

We now return to the global situation and consider the Bessel coeflicients
of the residue &x(r)gs- Let U denote the upper unipotent subgroup of SOZLHQ,
the elements of which can be written as

n x z
!/
u = I2 :E* S SO4T+2
n*

were n € Na,., the maximal upper unipotent subgroup of GLg,., and z € {X €
Mato,xo, @ X J.+ J.X = 0}. Assume that SOZLHQ is defined in terms of the

Sy mmetric matrix
( )

1
where Jy, = Jor_o and (a ﬁ> defines SO,. Then if the two
1

J27‘

columns of x are oy and €3, then the rows of x* are —(J,.£1)t and —(J,-£2)t.
For 1 < e < 2r let V. be the subgroup of U which consists of all matrices
of the form

V1 V2 V3
’U(’Ul, V2, ’Ug) = I4r72e+2 ’U; S U,
Gt

where v1,v3 € Matexe,v2 € Matey (4r—2¢42)- Notice that U = Va,.. Let ¢
be an additive character of F\A. Let £ € k%" 72¢*2 be a vector with nonzero
length. We define a character 1§ of V. by

YE(v(v1,v2,v3)) = Y((v1)1,2 4+ -+ (V1)e—t,e + (v2)e - €)

where (v1);; is the (4, j)- entry of v1, (v2). is the e-th row of ve and (va)e - &€
is the inner product of (v3), with .

Let € be an automorphic representation on SO}, ,(A). For all 1 <e < 2r
we define

BeO)o) = | Be(vg) S (0)dv
Ve (F)\Ve(4)
for ¢. € ¢, and refer to it as the e-th Bessel coefficient of ¢.. We have
Proposition 5.3. Suppose that » < e < 2r. Then the the e-th Bessel coef-

ficient of the residue & (;)go, i-e. the integral B.(Er(r)ge;€) vanishes for all
choice of data and all £ € k*"~2¢*2 which has nonzero length.
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Proof. The proof is based on the structure of the local unramified component
of the residue & (r)gs- In other words, it is enough to show that at one local
place the local component of the residue £ (;)go has no such functionals. From
Lemma 5.2 we can find a local unramified place v such that (€;(r)ge). is the

$Our+2(F) (L ®x) (F =ky,). It suffices to show that

unramified quotient of Ind Par 1 (F)

Ind304r+2(F)
Por 1 (F)
in Lemma 3.5 and the references cited there. Namely, we consider the double
cosets Par 1\SO4r42/Ve and show that if v is any representative of a double
coset, then there exists v € V, such that yvy~! € Py 1 and 95(v) # 1. This

proves the proposition. O

(1 ® x) has no such functionals. This is done in the same way as

Next we consider the r-th Bessel coefficient of the residue &£ (7 g, i-e.
Be(Ex(ry®0:6)(9). Depending on £ this coefficient is an automorphic function
on SO(r + 1,7)(A) or SO(r + 2,7 — 1)(A). We have

Proposition 5.4. As an automorphic function in g, the r-th Bessel coefficient
B (57r(~r)®au 6) (g) is cuspidal.

Proof. This is done in a similar way as in Theorem 8 p. 839-844, [GRS95]. In-
deed, when one computes the constant terms of B (Ex(r)e0 &) (g) along various
maximal unipotent radicals of SOg,11 one obtains integrations which either
contain constant terms of the residue EW(T)@, or contain as inner integration
the e-th Bessel coefficients of the residue & (r)g, for 7 < e < 2r. By Propo-
sition 5.3 these e-th Bessel coefficients are zero. As for the constant terms
obtained, one can check that none of them are along the unipotent radical of
P, 5. Hence, by cuspidality of 7(7), they are all zero. O

The following nonvanishing property is the key to prove Theorem 5.1.

Proposition 5.5. There exists a & € k%2 with nonzero length such that
the 7-th Bessel coefficient B, (Ex(r)g0,80)(g) of the residue £;(;)g, is nonzero
for some choice of data.

Proof. Let Qa2 be the standard parabolic subgroup of SO, ., whose Levi
part is GL; x SOg. Let Usr o denote its unipotent radical, the elements of
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which can be expressed as

IQ X *
L, . *
Tr—1
u= I 'y =z € S0, 1o, (5.1)
L y

IQ *

I

t 0

where x;,y € Matoys and z = . Define below a character ¥y, , of

0 —t
UQ’V"Q(A), which is trivial on U27‘72(k)

VU, 5 (u) = P(tr(zr) + - - 4+ tr(zn_1)).

The subgroup of Uszr o which consists of the (y, z) variables is a Heisenberg
group Hs with five variables. It is also clear that there exists a canonical
group homomorphism from Usr o to Hs, which we denote by £.

Let g € SLy be embedded in GL; diagonally. Then it is easy to see that
SLy preserves the character ¢y, , and hence we can define

flg) = / Ertryne (ug)B% (L(u)g Wy, (u)du
Usr 2(k)\Uar 2(A)

where 5}2 is the theta function on §f)4 (A) and g € SL2(A). Since the copy of
SL, is part of the dual pair (SLg, SO3) in Sp, it splits under the cover.

Clearly f(wog) = f(g) where wyg is the Weyl element of SLy(k). To prove
the Theorem we will prove that under the assumption that B,(Er(r)gqs,§) is
zero for all choice of data,

(1) f(g) is not identically zero.

@ (" )9 = (o) or b e ax

This is clearly a contradiction. In fact, by (2) and the automorphicity of f(g),
we have

bl f(9) = f((b b1> 9) = f(wo (b b1> 9) = f((b1 b) wog) = Bl f(9)-

If f(g) is not identically zero, we derive a contradiction. This will prove the
Proposition.
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In order to show that the function f(g) has properties (1) and (2), we
unfold the theta function in the above integral and we obtain

I Entryoo (01, 72)°9) (@4 (9)8) (1, 22)by, _ (u)dudl
42 U, L (\UZ () ’

where U3. , is the subgroup of Uz 2 where the bottom row of y, as denoted in
(5.1), is zero. By (z1,22)" we denote the matrix u as defined in (5.1) where
(z1,22) is the bottom row of y, and all other variables in u are zero. We
integrate x; over A2. Finally

Yug

27,2

(u) = ’(/JUQT,z (U)l/’(t)

where z = <t 0 as denoted in (5.1).

0 )

We now concentrate on the integral

/ En(mywe(um)ye,  (u)du.

Ugr o (R\UZr 5 (8) ’

Let w be the Weyl element of SO, ,, defined by w[i,2i — 1] = w(r +i,2r +

2i—1] =w2r+1,2r+1] = w[2r +2,2r +2] = 1. This determines w uniquely.
Conjugating the above integral by w from left to right we obtain

vl V2 U3 Iop,
/ En(r)@ol L vz p I wm)ir (v1)dvidpdg
VT q p* I

where v; is integrated over Na,.(k)\N2.(A) (N, is the maximal upper unipo-
tent subgroup of GLs,) and

(1) = Y((v1)1,2 4+ - -+ (v1)2r—1,2r)-

The variable vo is integrated over Mata, w2 (k)\Mata,x2(A) such that the last
r rows are zero. The variables vg and ¢ are integrated over all matrices in

{X € Mato,wor @ XJop+ Jo, X =0 and X; ; =0 for all i > j}.

Finally, p is integrated over all matrices in Matay o, such that p; ; = 0 for all
7 < r+ 1. These variables are integrated over the A-rational points modulo
the k-rational points of the corresponding varieties. Using the assumption that
B (Ex(r)®0, §) is zero for all nonzero length vectors £ € k272 and apply similar
Fourier expansions as in the proof of Proposition 7.1 ([GJR03b]) starting at
integral (7.6), we deduce that the above integral equals

. V1 1o,
/EF(QTT%U( I p I wm),(v1)dvr dpdg.
vy q p* Iy
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Here 55(2;5%0 is the constant term along Us, 2 which is the unipotent radical of
Q2r,2. The matrices vy, p and ¢ are defined as before but p and ¢ are integrated
over the adelic points. Combining this with the Weil representation we thus

obtain
v V1 I,
flg) = 57r(2;f@0( I, p I w(z1,2)"g)
oy q p° Iy
(wy(g)®) (w1, 22) P (v1)d(. . ).
The torus of SLy is embedded in SO, , as
dlag(b, b_lu U 7b7 b_17 17 17 bu b_lu T 7b7 b_l)'

When conjugating by w we obtain diag(bla,., I2, b~ I,) which is the center of
the Levi part of Qo 2. Hence f(g) has a left transformation property under this
torus. When we conjugate across the (z1,x2)", p and ¢ integration we obtain
from a change of variables, a factor of |b\‘2r2. From the Weil representation
Us, 2
57r(2‘rﬁ®a |2
|b|? and hence (2) holds for f(g). As for the nonvanishing of f(g), we argue
as in Lemmas 1 and 2 on p.895-896, [GRS99a] and deduce that f(g) is not

zero for some choice of data. O

we get a factor of |[b|? and from we get |b]*"". Overall we are left with

We now finish the proof of Theorem 5.1. From Propositions 5.4 and 5.5
we deduce that there is a & € k?"*2 with nonzero length such the r-th
Bessel coefficient B, (Ex(r)g0,80)(g) is a nonzero cuspidal automorphic func-
tion on SO, ,;(A). Let 7/ be any irreducible summand of the cuspidal auto-
morphic representation of SO%, ;(A) generated by all r-th Bessel coefficients
B (Ex(ry®0560)(g)- It then follows that the integral

»/S:O’

2741

/ 62(9)En(rr0 (v9)0E (v)dudg
()\SO4,.; (A) JVi(k)\V,-(A)

is nonzero for some choice of data. Replacing the residue by the Eisenstein
series itself we deduce that the integral

/ / 62 (9)En(ry0 (09, 51U (v)dudg
S04, 1 (k)\SOL,. 1 (A) J Vi (k)\Vr(A)

is not zero for the real part of s large.

Unfolding this integral as in [GPSR97] we deduce that Pay1,91(Po, dr7)
is not zero for some choice of data.

Finally, arguing as in Proposition 5 [GRS99a] we deduce that 7’ is nearly
equivalent to 7. This finishes the proof of Theorem 5.1 and hence the proof of
Theorem B.
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