ON CORRESPONDENCES BETWEEN CERTAIN AUTOMORPHIC
FORMS ON Sp,,(A) AND Sp,,(A)
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ABSTRACT. In 2005, Ginzburg, Rallis and Soudry constructed, in terms of residues of cer-
tain Eisenstein series, and by use of the descent method, families of non-tempered auto-
morphic representations of Spy,,,,(A) and Spy,(9p,—1)(A), which generalized the classical
work of Piatetski-Shapiro on Saito-Kurokawa liftings. In this paper, we introduce a new
framework (Diagrams of Constructions) in order to establish explicit relations among the
representations introduced in [GRS05]. In particular, we prove that these constructions yield

bijections between a certain set of cuspidal automorphic forms on gf)Qn (A) and a certain set
of square-integrable automorphic forms of Sp,,,(A). The proofs use new interpretations of
composition of two consecutive descents with explicit identities, which we expect to be very
useful to further investigation of the automorphic discrete spectrum of classical groups.

1. INTRODUCTION

Let 7 be an irreducible, unitary, cuspidal, automorphic representation of GLy,(A), where
A is the Adele ring of a number field F'. Assume that the partial exterior square L-function
L3(s,7,A?) has a pole at s = 1 and the partial standard L-function L(s, ) is nonzero at
s = 3. Fix a nontrivial character ¢ of F\A. The automorphic descent method ([GRS99b])

constructs a genuine, cuspidal, automorphic representation 7, (7) of the double cover Sp,,,(A)
of Sp,,,(A). This representation is irreducible, lifts weakly to 7 with respect to 1, and is 1) ~!-
globally generic. (See Sec. 2.2 for the precise definition.) See [S05] for a survey on the descent
method. A complete account of this theory appears in the book [GRS11]. The irreducibility
of 7y (7) follows from [JS03]. We note that the conditions on the partial L-functions can be
replaced by the corresponding conditions on the complete L-functions. This can be easily
checked by using the bounds of the real exponents of the elements in the local unitary dual
of GLy, ([Vd86], [Tm86]). See also [Kh99|, Prop. 3.4, for a proof that the local exterior
square L-function of irreducible unitary generic representations of GLs, is holomorphic at
Re(s) > 1.

The representation 7, (7) is in fact obtained as follows. Let &, be the residual representa-
tion of Spy,,(A) generated by the residues of the Eisenstein series corresponding to

1

(1.1) Indiiif,:"(fg) (7] det |2),
where P," is the standard Siegel parabolic subgroup. Our assumptions on 7 imply that
this residue exists. The 1-descent 7,(7) is the representation by right translation acting

in the space generated by the Fourier-Jacobi coefficients FJ;fn applied to &, viewed as
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automorphic functions on Sp,,,(A). See Sec. 2.2 for the definition. The proof that 7, (7) is
cuspidal depends just on the fact that at one finite place v, where the local v-components
7, and 1, are unramified, 7, is self dual and has a trivial central character. This fact is
also sufficient to determine the Satake parameters, with respect to 1, of each irreducible
constituent of 7, (7), at any such unramified place v. See Section 2 of [GRS99¢| for definition
and detailed discussion, and in particular, the fact that these Satake parameters correspond
to those of 7,, by means of the local Langlands functorial ¢-lift to GLa, (F}).

The fact that &£, is the residual representation from the Eisenstein series with the given
cuspidal datum is used in the proof of the nonvanishing of the descent 7, (7). See [GRS99a],
[GRS99b], and [GRS02]. What we just explained shows that if we replace & by an ir-
reducible, automorphic representation m, nearly equivalent to (1.1), and apply the same
Fourier-Jacobi coefficients, then we get an automorphic representation 7 of Sp,, (A), which
is cuspidal. Furthermore, each irreducible subrepresentation of 7 lifts weakly, with respect
to 1, to 7. In order that ™ be nonzero, we simply require that the coefficients FJw are not
identically zero on the space of . Thus, we can repeat the descent construction for such ,
as we did for £;. We denote 7 = D‘%Z’w( 7). We also call this representation the ¢-descent of

7 from Spy,,(A) to Sp,,, (A).

When we consider an irreducible, cuspidal automorphic representation 7 of Sp,,, (A), which
admits a ¥-weak lift to GLy,(A), to an irreducible, unitary, cuspidal automorphic represen-
tation 7, then, clearly, 7 must be self dual and have trivial central character. One expects
that the exterior square L-function of 7 has a pole at s = 1. (This is proved in [GJRS09]
when 7 is globally generic; see also [GJRS09], Theorem 5.2, for a generalization.) So, we will
keep this condition in our assumptions. However, we relax the condition on the nonvanishing
of the central value of the standard L-function of 7, and demand that there exists a twist of
7 by a quadratic character, such that the central value of the twisted standard L-function
of 7 is nonzero. See (3.1).

Assume then that 7 is such a representation. In Sec. 3, we consider two sets of irreducible,
automorphic representations associated to 7 and 1. The first set

Ng, (1.9)

is the set of irreducible, genuine, cuspidal automorphic representations of é\ﬁm(A), which
have a weak lift with respect to 1 to GLg,(A), with image 7. The second set

Nsp4n (Ta ¢)

is the set of all irreducible, automorphic representations = of Sp,,,(A), which occur in the
discrete automorphic spectrum, are nearly equivalent to (1.1), and are such that the coeffi-
cients FJ¢ are not identically zero on the space of . In both these sets the representations
are counted with their multiplicities. Note that by [A05], these multiplicities are expected
to be identically one. However, we do not use the multiplicity one property in this paper.
Instead, we prove a weak version of multiplicity one for Sp,,(A), as a consequence of our
proofs (Theorem 4.6).

Consider the set Ng, (7,1), which consists of the cuspidal members of N5, (7,7) and
also the residual representation £, when it exists. We expect that the sets Ng,, (7,v)
and Ng, (7,1) are equal (as a consequence of [A05]). We prove in Sec. 3 that the sets
Ng};% (1,9) and Ng, (7,9) are not empty. Our first main theorem is



Theorem 1.1. Let m € Ng, (7,9). Then the y-descent of m from Spy,(A) to gf)Qn(A)
V() = Dy (),
18 an 1rreducible representation, which lies in ./\/§152 (1,1).

This is Theorem 4.1 and it is proved in Sec. 6. This theorem generalizes the special case
when m = &, mentioned in the beginning, and provides another proof for the irreducibility
of 7y () ([JS03]).

We remark that in previous work on automorphic descents ([GRS99a], [GRS99b], [GRS02],
[GRS05], and [G08]), the descent constructions produced only distinguished members in near
equivalence classes of automorphic representations. However, in Theorem 1.1 and the other
main results in this paper, we obtain more general (if not all) members in the near equivalence
classes. Thus, the automorphic descent ¥’ defines a map

(1.2) U NG, (1,0) = Ng (7,9).

Spa

Our second main theorem is
Theorem 1.2. The map V' is surjective.

This theorem follows from Theorem 4.2, which is proved in Sec. 5. In order to prove the
surjectivity of ¥/, we define a sort of inverse map ® from ./\/’552 (1,9). For 7 € Ng;Q (1,9),

®(7) is a direct sum of elements in N§, (7,%). By definition,
(1.3) O(7) = DY 1 (Er7),

the = -descent, from Spg, (A) to Sp,,(A), of the residual representation &, # corresponding
to the ¢-parabolic induction from 7|det |' @7 (on the Levi subgroup GLg, x Sp,, of Spg,,) to

SPen(A) (see Sec. 2.3 for the details). This construction can be visualized by the following
diagram:

gT,% é\lgﬁn
\ Djz,wfl
(1.4) Res 1 Spy, T E NG, (T,9)

® /()/ \1//:54212¢

T €Ng, (1,¢)  Spy,
where Res denotes the mapping which takes 7 on é\f)zn(A) to the residual representation gfﬁ
of Spg,(A). In Theorem 4.2, we prove that
U'(d(7)) = 7.

Moreover, W’ is nontrivial on each irreducible subrepresentation of ®(7). This means that
for each irreducible subrepresentation m of ®(7), we have

V(7)) =T7.



Our third main theorem is

Theorem 1.3. For each m € Ng, (7,%), we have
T C OV (7)),

that is, 7 is a subrepresentation of ®(V'(r)).

This is Theorem 4.3 and is proved in Sec. 6. If we add the assumption (Assumption (A)
in §4) that the residual representations &, are irreducible, then we can prove that

™ = (V' (7))

in Theorem 1.3. This is Theorem 4.4, which is proved in Sec. 6. Note that Assumption (A)
is true when 7 is in addition generic. With Assumption (A), ® defines a mapping

(1.5) o : NST)Q”(T,@/J) = Ny, (7,1),

and the theorems above can be summarized together by

Theorem 1.4. Suppose that Assumption (A) in §4 holds. Then ® is the inverse mapping
to V', and hence Diagram (1.4) is commutative.

Thus, the set N§132 (1,%) parameterizes the set NS/p4n (7,7), by means of the 1-descent

mapping from Spy,, (A) to Spy, (A), composed with the mapping which associates the residual
representation & 7 to T € N§132n (7,4). Note that in the case where L%(3,7) = 0, the
set NépM (1,7) (is nonempty and) consists of cuspidal representations. These are CAP
representations with respect to (1.1), and are straightforward generalizations of the Saito-
Kurokawa representations of Sp,(A), constructed by Piatetski-Shapiro. See [PS83].

The mapping ¢ was considered in a more general setup in [GRS05], where a construction
of certain CAP representations was suggested (assuming the vanishing of certain Fourier
coefficients on the construction data (Theorems A, B, C in [GRS05]). In particular, the
existence of the CAP representations of Sp,,,(A) just mentioned was obtained there. The
new idea in this paper is to consider the explicit relations between the map ®, which was in-
troduced in [GRS05] and the automorphic descent ¥’ introduced in [GRS99a]. In particular,
from Theorems 1.1 - 1.3, we deduce the irreducibility and the surjectivity properties of the
map V', and the analogs for ®. We picture this in the following diagram of constructions,
which is an extended diagram of Diagram (1.4):



Sp8n gT,ﬂ'

4 D
Ex §};6n FC |1 Res
(1.6) N, Dt
Res T Spy, T ENG, (T.¥)

® /(x/ \p/:ﬁgzw

FeNg, (1¢)  Spa,

In Diagram (1.6), we want to show that the composition of the descent 5§Z,¢ with the
descent D§? p-1 0N the residual representation &; , with cuspidal datum

(GLg, X Spy,, 7| det |% ® ),

essentially recovers  on Sp,,, (A), where GLs,, X Sp,,, is the Levi part of the standard maximal

parabolic subgroup Py of Spg,,. More precisely, the Spy,(A)-module DY . (Dgy ,(Erx)) is

equal to the Sp,, (A)-module obtained by first applying to &, the constant term along P3",
1

which results with the GLy,(A) x Spy, (A)-module §2,,|det-|~27 @ 7, and then taking the

8n
P27L

1
Whittaker coefficient on the first factor (that is § 2, | det |=27). Clearly, the Sp,, (A)-module

2n

thus obtained is m. The composition of the last two maps (constant term and Whittaker
coefficient) is marked by the vertical arrow pointing down FC. The more precise relations
among all the mappings in Diagram (1.6) are stated as two identities in Theorems 5.1 and
5.4. These identities are new and crucial to the proofs of the main results of this paper.
They can be viewed as generalizations of the identity (5.27) in [GRS99b], which computes
the ¢~ '-Whittaker coefficient of the 1 ~!-descent of &, (assuming it exists). The idea of the
proofs are very similar, but the arguments are more technical. s

It is clear that Diagram (1.6) can be extended to include the groups Spy,,,,42, and Spy,,,, for
all possible integers m, and we may study the relations among all the descent constructions
in various sub-diagrams. At this point, we do not have a good general formulation for such
explicit relations and, also, we still face some delicate problems in proving such relations. In
this paper we study Diagram (1.6). Further properties of Diagram (1.6) and its analogues
for other classical groups have been considered by the authors, and will result in explicit
constructions of automorphic representations of endoscopic type, including the completion
of proofs, regarding the endoscopic transfers for generic cuspidal representations of classical
groups, as started in [GO8]. These will appear in forthcoming works of ours.

Finally, as a consequence, we obtain the following interesting applications.

Theorem 1.5. Assume that N§f>2 (1,9) contains a '-generic representation 7. Then the

multiplicity of T in the subspace of V'-generic cusp forms on gvan(A) is one.



This is Theorem 4.6, and is proved in Sec. 4.

Although in this paper we restrict attention to irreducible, unitary, cuspidal automorphic
representations 7 of GLg,(A), we can repeat our results with representations 7, which are
isobaric sums of mutually different, irreducible, unitary, cuspidal automorphic representa-
tions

T=mnHmRHB---H7T.,
such that the exterior square L-functions L“(s,7;, A%) has a pole at s = 1, for every i =
1,2,...,r, and there is a quadratic character x, so that LS(%,TZ' ® x) # 0, for all i =
1,2,...,r. Note that in general, it is a hard and important question to show that the
central values L (%, 7, @) fori =1,2,--- ,r are simultaneously nonzero for some quadratic
character x. This could be interpreted in terms of global theta correspondences below.
Now, let us define ./\/'/S;% (7,7) similarly. We know that every genuine, irreducible, cuspidal

automorphic representation 7 of Sp,,(A), which is globally generic with respect to some
Whittaker character, lifts weakly to an automorphic representation 7 of GLy, (A). Using the
theta correspondence to SOagp,11(A) (e.g. [F95], [JS07]), this follows from [CKPSS04]. If 7
does not come from the split orthogonal group in 2n—1 variables in the theta correspondence,
then 7 is of the form above. Now we can repeat Theorem 1.5. This will prove

Theorem 1.6. Let w be a genuine, irreducible, ¥-generic, cuspidal automorphic representa-
tion of Sp,y,,(A). Assume that T does not appear in the -theta correspondence from (split)

SOg,—1(A). Then the multiplicity of T is the subspace of V¥-generic cusp forms on Sp,,(A)
1S one.

We note that 7 in the theorem can not appear in the 1)’-theta correspondence to SOg,,_1(A),
for any other ¢'. We will address the details of the last theorem in the future.

To end this introduction, we would like to thank the referee for his careful reading and his
useful comments.

2. FOURIER COEFFICIENTS

Let F' be an algebraic number field and let A be the ring of Adeles of F. Let Sp,, be the
symplectic group of rank k, regarded as an algebraic group over F'. It is realized in matrices
as follows:

Spor :={9 € GLoy, | "9 Jop - g = Jop.}

_ 0 J
J2k: = <_Jk Ok) 9
1

where Jj is the k x k-matrix defined inductively by J, := (JO 0) and J; := (1).
k-1

Here J,, is defined by

Next, we recall the Fourier coefficients of automorphic forms of Sp,,(A) associated with
unipotent orbits of Sp,;, and then consider certain Fourier coefficients, which will be used
in this paper.

2.1. Fourier coefficients associated to unipotent orbits. Over the algebraic closure F
of F, unipotent orbits in Sp,, (F) correspond to symplectic partitions of 2k, i.e. to partitions
having the property that odd numbers occur with even multiplicity. To a given symplectic
partition p of 2k, denote the corresponding orbit by O,. The set of F-rational points of O,



is a union of unipotent orbits in Spy;,(F'). We will denote the set of these orbits by O,(F)
and call its elements F-stable unipotent orbits associated to p. N

Let 7 be an automorphic representation of Spy,(A). As in [GRS03], but with a slightly
different notation, for each unipotent orbit O in Sp,,(F'), the Fourier coefficient of ¢, € ,
attached to O, is defined by

2.1) FYo(py) = /V o, EEE)

Here, Vj is the F-unipotent subgroup attached to O and e is a character of Vo (A), attached
to O, which is trivial on Vo (F'), and depends on a choice of a nontrivial character ¢ of F\A,
which we now fix. (See [GRSO03] for the precise definitions; there, Vi is denoted by V2(0O).)
Note that V» depends only on the symplectic partition, while 1¥» depends on the orbit
O. In the sequel, for specific Fourier coefficients, we will distinguish the various characters
according to the corresponding orbits. If F¥¢(i,) is nonzero for some ¢, € 7, we say that 7
has a nonzero ¢o-Fourier coefficient. Similar notions and notation hold for the metaplectic

group Spy(A).

2.2. Fourier coefficients corresponding to certain partitions. In this paper, we con-
sider two families of Fourier coefficients.

The first family is attached to the symplectic partitions [(2r)12*~")] of 2k (that is the
partition of 2k whose parts are 2r and 1 repeated 2(k —r) times). Let V.?* be the unipotent
subgroup Vje,y126-r) attached to the partition [(2r)12k=7)]. In matrices, the elements of V/2¥
can be written as follows,

U x z
(2.2) v=uov(u,x,z) = Lk—ry @' | € Spy,
u*

where v € U,, which is the maximal upper unipotent subgroup of GL,, and x € Mat, o) is
such that its r-th row is zero. The Sp,, (F)-orbits corresponding to the partition [(2r)12*=")]
are parametrized by square classes (F*)*\F*. For a representative a of such a square class,
the corresponding character -2« ,, attached to the partition [(2r)12(+=7)] is given by

(2.3) Vyeo(v(w, @, 2)) = (ur2 + -+ + wpo1p + azp).

For an automorphic representation 7 of Sp,,(A), the set of Fourier coefficients, attached to
this partition, is parametrized by

(2.4) Fhita(p,) = / o (V) y .o (0) o,

VR (F)\V2k(A)
where a varies over a set of representatives of square classes in F*. Here, ¢, is a vector
in the space of 7. In the special case when r = k, V;?* is the standard maximal unipotent
subgroup of Sp,;, and F Puak () is the Whittaker-Fourier coefficient of ¢, with respect to

the Whittaker character (see (2.3)) of V;?*(A), which we denote by 1,
P (v) = (V12 + -+ Vho1k + AVRE1), v E VF(A).

Thus, the ¥*-Whittaker coefficient corresponds to the partition [(2k)]. If the ¢*-Whittaker
coefficient is nontrivial on 7, we say that 7 is ¢)*-generic. As usual, these notions apply to
metaplectic groups as well.



The second family of Fourier coefficients that we consider is attached to the symplectic
partition [(2n)*1*] of 4n+2r. In Spy, 0., Vi2n)2127] is an F-subgroup of the unipotent radical
of the standard parabolic subgroup of Spy,, .., whose Levi part is GLy x Sp,,. To define
characters of Vj(,)212r), we identify

(2.5) Vieany212r1/ [Viny212r], Vianyzi2r] = Matl,y x Mats,,,
with

Mat),, = {A € Matgyy : JoA = A'Jy}.
The Levi subgroup GL3 x Spy,. acts on Viion)212r/[Vii2n)2127]: Vi(2n)2127]] by

(2.6) (hi,- -+ hasg) o (Xu, -+, Xoo1; Xo) = (M Xahy oo hy1 X 1hy s ha Xo'hy).

Representatives of generic GL3(F) X Sp,, (F)-orbits (i.e. the F-stable orbits, which corre-
spond to the Zariski open orbit over F) on the quotient

‘/[(2”)21%](F)/[‘/[(Qn)?l?T](F), ‘4(2”)2127‘}(F):|

are given by

@) s 6))

where a,b € (F*)*\F* (We often identify an element of a square class with the square class
itself.) Define a character of Vj,y212:(A) as follows. Given v € Vjany212-(A), let v be
its projection on Vi(gny212r1(A)/[Vi2n)2127)(A), Viany212r)(A)].  Identifying v; with an element
(X1, -+, Xn_1; Xo), as above, we define

2.3 Bampra(t) = 00X+ X4 () 0) X

For an automorphic representation m of Spy,, ,5,.(A), the set of Fourier coefficients attached
to the partition [(2n)%1?"] is given by (notation as before)

(29) f’[p[(}n)leT];b,a(SOﬂ_) ::/ Q07r(U>¢[(2n)212r];b,a(v)d’l},
V[(zn)2 127] (F)\V[(gn)z 127] (A)

2.3. Certain residues of Eisenstein series. Let 7 be an irreducible, unitary, cuspidal
automorphic representation of GLsg,(A), and let 7 be an irreducible, genuine, cuspidal au-

tomorphic representation of the metaplectic group Sp,,(A). Assume that 7 has a weak
functorial lift, with respect to v, to the representation 7. Recall that there is no canonical
way to determine Satake parameters of 7 at the places v, which are "unramified” for 7. For

such a place v, we know that 7, is a constituent of a representation of é\f)%(A), induced from

a character of the inverse image of the standard Borel subgroup, B,. In order to write such
a character, we will use the Weil factor vy, , associated to v,. It is a function on F}, taking
values in the group of fourth roots of unity, and satisfies

fyd’v (.’]}y) - ’Y"Z)v (‘r)’ywv (y) (x7 y)’ I? y 6 F:’

where (,) is the Hilbert symbol of F,. Now the character above of B, is determined on the
inverse image of the diagonal subgroup, on which it is of the form

(diag(ty, o tn, s t1 1), €) = €y, (B - oo ) (B1) - e - (),



where py, ..., 1, are unramified characters of F)f. Here we realized Sp,, (A), using the Rao
cocycle. See, for example [JS07]. When we say that 7 has a weak functorial lift, with respect
to 1, to the representation 7, we mean that at almost all unramified places v, as above, 7,
is the unramified constituent of the representation of GLs,(F),) induced from the standard
Borel subgroup and the following character determined by 7,, given (with the same notation
as above) on the diagonal subgroup by

diag(tr, s tan) > 1 (1) oo (bt (bosa) - oo 17 ().

It is clear that T, is self dual, with trivial central character, at almost all places v, and, hence,
by the strong multiplicity one property of automorphic representations of GlLs,(A), we get
that 7 = 7 is self-dual. Similarly, 7 has a trivial central character. Let S be any finite set of
places of I, containing those at infinity, outside which 7, is unramified, v is odd and %, is
normalized. Then we have the equality of the partial tensor product L-functions

Li(s, @ x 1) =L%(s,7 x 1),

and we conclude that Li(s, 7 x 1) has a pole at s = 1. Indeed, since 7 is self-dual, L(s, 7 x7)
has a pole at s = 1. As before, once we fixed 1, then we can associate Satake parameters to
7 at all places outside S. By definition, for v outside S, the Satake parameter of 7,, is the
conjugacy class of the following element in Sp,,(C) (using the notation above)

diag(1(p), - tn (), 1, (0) oo 11 (P)),

where p is a generator of the prime ideal of the ring of integers in F),. This enables us to define
L-functions for metaplectic groups. See [GRS98] and [GJRS09], where certain global inte-
grals of Shimura type are introduced and shown to represent the standard partial L-functions
with respect to v, Li(s, 7 X o), for any irreducible, automorphic, cuspidal representation o
of GLx(A) (any k).

Consider an Eisenstein series on %(m(A), E(g,qﬁf,;;s), corresponding to a holomorphic
section ¢z in
(2.10) Ind%}"ég) (7 - 7| det |° @ 7),
where P97 is the standard parabolic subgroup of Spg,, whose Levi part is isomorphic to
GLg, X Sp,,,. By considering the constant term along PS", it is easy to see that E (9, br7:5)

2n>

—~

has a pole at s = 1. Denote by gfﬁ the corresponding residual representation of Spg,, (A).

The following theorem on Fourier coefficients of the residual representation &; # is crucial
to this paper.

Theorem 2.1. With notation as in the last paragraph, for all integers I, such that n <
[ < 3n, the residual representation gﬁ has no nonzero Fourier coefficient attached to the
symplectic partition

(21230,
Also, c‘,N’Tﬁ has a nonzero Fourier coefficient associated with any choice of representative of
the unipotent orbit [(2n)1%"], i.e. for all a € F*, the Fourier coefficient F*V&"e, defined in

(2.4), is nontrivial on &; 5.

Proof. The fact that gTﬁ has no nonzero Fourier coefficient corresponding to any unipotent
orbit attached to [(21)126"=)], for n < [ < 3n, follows from Lemma 3.1(2) and Lemma 3.3



in [GRS05] (for k = 1). Thus, it remains to prove the statement about the orbit [(2n)1%"].
We need to prove that for all a € F*, the integral

(2.11) Fhvira(E, z) = éi,%(v)wvgn,a(v)dv

/VS"(F NV (A)

is not identically zero, as éﬁ varies in gTﬁ. This is equivalent, by Lemma 1.1 in [GRS03],
to the nonvanishing of the following Fourier coefficient on &; %

212) Froieas) = [ R —
(VO NV (A)
where (V)8 is the group of the following elements in Spg,,,
u ox oz
v(u,x,2) = L, 2],
u*
where v € Uy, € Mat, x4, is such that x,; = --- = 2,2, = 0, and

Yeynyon o(V(w, T, 2)) = P(urg + -+ F Up_10 + AZn1).

Thus, the nonvanishing, for some choice of data, of the Fourier coefficient (2.11) is equivalent
to that of the following coefficient

(2.13) Fore@a = [ a0
VI (E)\V,o™ () "
where V0 is the subgroup of v(u,z,2) € (V/)5", such that Zpsn41 = -+ = Tnse = 0, and

Yiron , is defined by restriction of ¢y, to VEn(A). Indeed, if (2.13) is identically zero,
then, being an inner integration of (2.12), we see that (2.12) is identically zero. Conversely,
if (2.12) is identically zero, then (2.11) is identically zero, and this being an inner integration
of (2.13), we see that (2.13) is identically zero. The nontriviality of the coefficient (2.13) will
follow from the nontriviality of the following Fourier coefficient on our residual representation.

(2.14) g,-’%(U/l)l)¢§£n7a('U)wvriln,_a(vl)dvdvl.

/VT‘E"(F NV (4) /‘75"(F \V5m (4)

The proof that (2.14) is nontrivial is very similar to that in [GRS99b], Sec. 5. Let w be the
Weyl element of GLs,, defined in (4.31) in [GRS99b],

Wos =1, 1=1,..,n,
Woi1i4n =1, 1=1,...,n,
w;; =0, otherwise.
Put
5
(2.15) w = Is, € Spg,, (F).
o

We identify Spg,,(F) with the subgroup Sp, (F) x 1 of é\l/)@'n(A)- Let R = VOV and
consider
B =wRw™.

10



The metaplectic cover splits over R(A) and R(A) x 1 is a subgroup of é\f)Gn(A). We identify
these two subgroups. The same is true for B(A). Using the left invariance to rational

elements of ET,%, the integral (2.14) is equal to

(2.16) / é};(@w)xw,a(v)dv.
B(F)\B(A)

Here we simply used conjugation by w inside (2.14). The group B consists of the following
elements in Spg,.

T C Z
(2.17) W(T,C, Z) = L, C'|,
T*

where the last two rows of C' are zero and 7' € GLy,, has the form (4.34) in [GRS99b], namely,
if we write 7" as an n x n matrix of 2 x 2 block matrices T' = ([T ;), 1 < 4,5 < n, then the
blocks [T7; ; have the following form.

Tloa=-=[Tlpn-1=0, [Tlhn=1Is;

[T;; is lower unipotent, for ¢ < n. Finally, for i < j, [T];; is lower triangular, and for
Jj < i <mn, [T];; is lower nilpotent. Denote this group of matrices 7" by T'(n). With these
notations, xy,q is the character of B(A) given by

(2.18) Y(r([The + [Tlos + - + [Tla-1.n) + a(Zon1 — Zan-12))-

Now, exactly the same steps as in [GRS99b], p. 894-895, show that the integral (2.16) is
equal to

(2.19) / / & (vyw) iy, (v)dvdy,
v(8) JE(PN\B(A)

where Y is the subgroup of lower unipotent matrices in B, F is the unipotent group of
SPg,,, Which corresponds to the symplectic partition [(2n)*1*"], and ¥, = Y(2n)*127);0,—a>
the associated character (2.8). Thus, the dv integration in (2.19) is the application of the
Fourier coefficient FYien?12 e, ~a,

Let us sketch the steps, as in loc. cit., which lead to (2.19). For this, consider the following
sequences of root subgroups of Spg,,. Let, for 1 <r, s <n,

Y('r,s) — {y('r,s) (t)
X(r,s) — {x(r,s) (t)

U(IQn + tle,2sfla 07 0)}

2.2
( O) U(Ign + t€2r—1,2sa 07 0)}7

where e; ; denotes the 2n x 2n matrix, which has 1 in the (4, j) coordinate, and zero elsewhere.
We used the notation of (2.17). Let, for 1 < j < i < n —1, (B")#) be the group of all
o(T,C, Z), such that the last two rows of C' are zero, and T has the following form

ILb, * % =«

T — * kS
IQ X ’
T/
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where 7" € T'(n — j+ 1), and Ty2;_1 = 0, for all £ > 2i. Now, define

B(Z:,J:) = (B)) Hs—i+2 X @)
Cld) = {b € B |b2 2j—1 = O}
DU = 1) X @it
AU+ — D(J‘,Hl)y(i,j)'

(2.21)

We let XU+ and T'(1) be the trivial groups. Let Xw ) be the following character of C() (A)
(2.22)

Xq(Z i)( ) =U((c13+ o)+ (cs5+cap)+- -+ (Con—s20-1+ Con—2,2n) + a(Conant1 — Con—1,4n+2))-
The groups AGHD B ¢ DUt y(@5) X G+ and the character Xf;’g) satisfy the five
conditions of the lemma in Sec. 2.2 of [GRS99b]. In particular, since X 1) and Y (9

normalize C'®7) and their Adele points preserve Xfp i), upon conjugation, we may extend

Xfp 7 0 a character of B()(A) by making it trivial on Y @) (A) and also to a character of
DU#+D(A) by makmg it trivial on XU FD(A). We will keep denoting these extensions (on

each group) by Xw 9 , for simplicity. Finally, define, for h € Spﬁn(A)

S, (&) (k) = / B ),
B(%J)(F)\B(%J)( )

(2.23) S &) (k) = / _, B ).
DU+ (F)\ DU1i+1) (A)
Then
(2.24) S, (&) (1) = / 8GRy
Y(w)(A)

The proof of this fact appears on p. 374-375 in [S05] (although for specific groups A, B, ..., D,
but the proof uses only the five properties mentioned before). A general formulation with a

proof appears in Lemma 7.1 in [GRSH] In loc. cit. it is also proved that S; ](é’; #)(1) is not
identically zero, if and only if S S +1(fﬂr)( ) is not identically zero (as fm varies). Denote

iJ(fTﬁ) = i:j(iﬂ'ﬁ)( ) ]z+1(€7’ﬂ') - ]z+1<€7’7r)( ) Then on g‘rm
(2.25) Sig #06 Shiy #0.

The proofs in loc. cit. show even more. N amely, given 57-7%, there is E’T% (in gﬂﬁ), such that,

for all h € é\[/)zn(A), (with Sp,,, embedded in the middle block inside Spg,,),
(2.26)

[ & (oyho (2 0)dudy = [ A (o ()i
Y@ (A) J DU (F)\DU:i+1)(A) DG i1 (F)\ DU:i+1) (A)

This follows from Corollary 7.2 in [GRS11]. The argument appears also in the proof of
Lemma 1, p. 895, in [GRS99b]. The idea is that by the lemma of Dixmier—Malliavin, we

may assume that & > has the form ¢ * €, 7, where ¢ € S(XU#1(A)) and the convolution is
along XU+ (A) given by

prta= [ pla)pla) @)
X(Jv’H’l)( )
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where p(z) denotes rlght translation by . Let ¢ € S(Y %) (A)) be the Fourier transform of ¢,
with respect to X1(/) : the root groups Y %) and XU+ are in duality under the commutator.

Now, by an easy calculatlon, we get

(2.27) / | / |  oxE oy (v)dudy
Y @) (A) J DG+D (F)\ DG+ (A)

/ . N ¢*€Tﬂ(vh)x1pa< v)dv,

DG+ (F)\DU:i+1) (A)

where the convolution ¢ * ¢, is, of course, along Y@/ (A). We ignored the fixed right

translation by w. Note that (2.24), (2.26) imply that the space spanned by the functions
,J(ET 7)(h) (functions of h € évpzn(A)) is equal to the space spanned by the functions
A ZH(SM)( ) (and so we may ”ignore” the dy-integration).

We say that in the passage in (2.24), and in (2.25), from the integral S;; to the integral
S} i11, we "exchanged the roots” Y% and X7t Note that B 1) = B, and for 2 < i <
n—1, D&Y = BE-1Y)  Using this and (2.25), we get that S;1(&.7) is not identically zero
if and only if Sl-_m(f:ﬁ) is not identically zero (i =n — 1,...,2). Since the integral (2.16) is
Sn_l,l(é}ﬁ), and since D12 = B("~1.2) we get that the integral (2.16) is not identically zero
if and only if S,_2(&,#) is not identically zero. In general, we have that DU+ = Bli=1i)
for i > j+1, and DU = B(=1i+1)  We use (2.25) repeatedly as before, and get that the
functionals S,,_1;, j = 1,2,...,n — 1 are all together nontrivial, or all together trivial. Apply
(2.25) one more time and we get that the integral (2.16) is not identically zero if and only
if S/ (n=1.n) i the unipotent group E in (2.19), and the

n—1n

character X(n L) of D(=1m)(A) is the character V.- In order to get the equality of (2.16)

and (2.19), we need to replace each of the repeated applications of (2.25) by the identity
(2.24), namely

(fm) is not identically zero. D

Snc11(67)(1) = /le,l)(A) S0 (&7)(y)dy

(2.28) :/ / Sn73,1(é,%)(y2y1)dy2dy1 =
yn-10a) Jy -z ()

.. :/ n 1n(€77r)(y)dya
Y (A)

where Y is the product of the unipotent groups Y /) used at each step
y (n=1n=1)y (n=2n-2)y (n-1n-2) y(22)y2) . y{-12)y 11Dy (21)  y-11)

We conclude that the integrals (2.16) and (2.19) are equal, and the integral (2.16) is not
identically zero if and only if the inner integral of (2.19), which is (up to a right translation

by yw)
(2.29) Fliem2izmea (g, )
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is not identically zero on gTﬁ. Moreover, application of (2.26), at each step, shows that for
a given &, 7, there is § = (in & z) such that for all h € Sp,,(A),

@) [ [ Gty = [ 8o o)
Y (A) JE(F)\E®) E(F)\E(A)
Let b = (} _11), and as in (4.8) in [GRS99b], consider
(2.31) b = diag(b, ..., b, Ion, b*, ..., b*) € Spg, (F).
Then
(2.32) FYiem2120e, o (€ =) = / &7 (vh)Pp a(v)dy,
E(F)\E(A)

where ¢ , is the character ¢y, ,, conjugated by b. Write an element of the unipotent subgroup
E in the form

A C Zz
(2.33) W(A,C,Z) = L, C'],
A*

where the last two rows of C' are zero, and if we write A as an n X n matrix of 2 x 2 blocks,
then

L Ao ... A,
(2.34) A I Agp
Iy
Then we have with the notation in (2.33) and (2.34) the following expression:
(2.35) VEo(V(A,C,2)) =Y(tr(A1g+ Az + - Apin) — aZop—11)-

By Lemma 1.1 in [GRS03], it follows that the integral on the right hand side of (2.32) is not
identically zero if and only if the following integral

(2.36) Flela(&7) = / & x(V) g o (v)dv,
E'(F)\L'(A)

is not identically zero on gTﬁ. Here E’ is the unipotent F-group consisting of the elements
of the form (2.33), with A as in (2.34), and on C' we require that only its last row is zero;
the character ¢, of E'(A) is defined by formula (2.35). (Note that E’ is of the form
Vi([(2n)?1%"]), in the notation of [GRS03], p. 3, corresponding to the character (2.35).)
From this point, the proof continues exactly as on p. 890 in [GRS99b], starting from (5.3),
using the same steps. Let v be the Weyl element in Sp,, (F') defined in (4.9) in [GRS99b].

Vi2i—1 = ]_, 1= 17...,272,,
Von+i2i = —1, 1= ]_,...,TL,
Von+i2i = 1, izn—l—l,...,?n,

vi; = 0, otherwise.

Write
vy UV
Ly — 1 V2 ’
Vg V4

14



where v; are 2n X 2n matrices. Let

n )
(2.37) V= Lo,
V3 Vy
Then
(2.38) F¥ea (é%) — / éy;(vu’)wB/va(v)dv,
B'(F)\B'(A)

where B’ = v/E'v~!. The elements in B’ have the following form
U1 Ug C VAR
0 uwug 0 0 2z
(2.39) v=|0 d I 0 ¢ |€Spg(F),
iy doouioug
0 v 0 0 uj
where w1, uz are n X n upper unipotent, zy,y; are n X n upper nilpotent, and the last row of
d is zero. In the notation of (2.39),

(2.40) Ypra(v) = ((ur)i2 4+ -+ (U)n—10 — a(t2)ng — (ug)12 — - — (U3)n—1,n)-
Now we carry out the process of exchanging roots, exactly as we did in [GRS99b], from (5.3)
till (5.16). In this process, we need to use the property that, for all n <1 < 3n, & 5 has no

nonzero Fourier coefficient attached to [(21)12(3»=D]. Note that we did not use this property
up to this point in the proof. We get that the right hand side of (2.38) is equal to

(2.41) / / & = (og ) (v)dudy,
L(A) JVE(F)\VS(A)

where L is the subgroup consisting of lower unipotent matrices in B’, and 1/, is the character
of Vi"(A) given by the same formula as (2.40), namely
(2.42) Yo(v) = h(vi2+ -+ + Vp1n — Wnns1 — Vnging2 — = V2n—12n)-

We sketch the proof of the equality of (2.38) and (2.41). Denote by Zs, the subgroup
v(Usy,,0,0) of B’. Recall that Uy, denotes the standard maximal unipotent subgroup of
GLy,. For 1 <1 < 75 < 2n, define

Xi; = {v(la,,0,t(ei; + €ant1—jont1—i)}
Yii = {v(I2n,0,t(ei; + €2nt1—j2n+1-i)},
where
A
1(A,C,Z2)=|C Iap € Spgn, A € Gly,.
Z ' A

For 1 <i,5 < 2n, define

X{;j = {1_1(12n,75€z‘,j70)}

Y;’,j = {U(Ign,teid‘,())}.
The group B’ is generated by Zs,, X;;, and Y ;, for 1 <i < j <2n, by Xj,, for 1 <i<mn
and 1 < 7 < 2n, andbinfj,forl§i§2nandn+1§j§2n. Let 1 <1 <7< n+1.
Assume that i +1 < j — 1. We define C;; to be the group generated by Zs,, the groups
X, Y, C B, the groups Y., C B’ except the indices (r,f), where r,¢ < j — 1 and the

7,89

15



indices (r,7), where r > 4, and the groups X, with £ < r < j—2, orr = j— 1 and
i+1<¢<j—1 Wheni=1=j(and 1 < i < j < n+ 1), the definition of C;;
is the same, except that in the list of subgroups X, ,, we take the indices (r,¢) as follows:
12 S r S ] — 2. Denote Bi,j = CZ‘J‘Y;J‘, Di,j = Oi,ij—l,ia Ai,j = Di,j}/;,j~ We denote by My.a
the restriction of the right hand side of (2.40) to Zs,(A). Then we can exchange the roots
Yi;, Xj—14, as we did in (2.24), (2.25), applying Lemma 7.1 in [GRS11]. Indeed the groups
A, ;, Bm, Cij, Di;,Yi;, X;_1, satisty the five conditions of the lemma in Sec. 2.2 of [GRS99b].
In particular, we may extend 7, from Z,,(A) to C; ;(A) and also to B; ;(A), D; j(A), so that
it is trivial on the corresponding subgroups X, ,(A), Y. ,(A). We denote each such extension

by 771(51]1) Define, as in (2.23), for h € §136n(A)7

Rij Nﬂ-,?r h) = T, h a d>
EAm= [ sl

2.43 R, (&7)(h) = -2 (wh D () dw.

(2.43) SEAm = [ Bl e

Then

(2.44) Ry = [ BER Wiy
Yi5(A)

Denote Ri,j(gﬂ%) = Ri,j(g;ﬁ)(l), R;j(aﬁ) = R;](g%)(l) Then, as in (2.25), we have on
£y

(2.45) Ri; #0& R;; #0.

Note that By, = B’, and the right hand side of (2.38) is RLQ(g-ﬁ). Note also that, for
2<i<j<n+1 D;; =B,  and for 1 <j <mn, Di; = Bj;+1. Using this and (2.45)
repeatedly as before, we get that Rl,g(gﬂ%) is not identically zero if and only if R ; (g;%) is
not ideritically zero (j = 2,...,n+ 1). Thus, Rl,g(gﬂ%) is not identically zero if and only if

R} ,.41(6-7) is not identically zero. When we replace each of the repeated applications of
(2.45) by the identity (2.44), we get the identity

(2.46) Rua(En)(1) = / [ FanE )y

where Y is the product of the unipotent groups Y; ; used at each step

le,nJrlva,nJrl e Yn,nJrl T le,BYVQ,Sle,Q'
Let Zpi10(t) = v(lon, 0,teni1n) € Xnt1n(A), and consider the smooth function on F\A,
t = Ry, 1 (&7) (Tnr1n(t)), and its Fourier expansion. Each nontrivial Fourier coefficient of

this function is a Fourier coefficient of éﬁ associated to the partition [2n + 2,1%"72], and
hence is zero, by the first part of the theorem. Thus, only the trivial character contributes
to the Fourier expansion, and we get that

(2.47) R} i1 (&7)(h) = Ry 1 (o) (wh) da.

/Xn+1,n(F)\Xn+1,n(A)

Extend nwnﬂ from Dy ,11(A) to Dypt1Xnt10(A) by the trivial character of X1 ,(A).
To lighten notation, we will denote this extension and the ones which will follow by 7y ,.
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Now, we exchange roots as before, exchanging Y, 1,12, Yi_2nt2,....Y1 0t With X, 19,1,
Xnt1n-2,-,Xny1,1, respectively. Then we go on exchanging Y, .o, Y5, 1 105 Y] 0 With
X1 9ns X1 9n_15-X1 1, respectively. Denote by Dj,.o the unipotent group obtain by the
following sequence of operations. Start with Dj ,41X,41,, "take oft” Y,_; 42, meaning:
consider the subgroup C),_1 42 of Dj 11X, 11, generated by all its root subgroups ex-
cept Y,,_1 542, and "add” X, 11 ,,—1, meaning: consider the group generated by C),_1 ,,+2 and
Xn+1,n—1 (thlS is Cn—l,n+2Xn+1,n—1-) Denote this group by Dn—l,n+2- 1\IOVV7 from Dn_LnJ’_Q,
"take oft” Y),_2 42 and then "add” X, 41 ,—2. Denote the resulting group by D,,_2,12, and
so on, until we exchange Y ,4o with X, 1, and get D;,12. We continue like this with
the roots Y5, ; .10, X{ o, 4, @ =0,1,...,2n — 1, and denote the resulting unipotent group by
D} o All the root exchanges above are possible, in the sense that Lemma 7.1 in [GRS11]
is apphcable. Denote

1n+2(§rn)( ) = gﬁ(vhul)n{b’a(v)dv.

/[’i,n+2(F)\Di,n+z(A)

Denote also R’Ln+2(g¢ﬁ) = ’17n+2(§ﬁ)(1). Then from (2.47) and successive applications of
the root exchanges which we just made, we conclude, as in (2.45),

(248) RLQ 7’é 0 R/17n+2 7& 0.

Now we repeat the step (2.47) by considering x,, 12 ,-1(t) = v(Iz,, 0, tenton-1) € Xnton—1(A)
and the Fourier expansion of the smooth function, on F\A, t — R}, . o(&7) (Tni2n-1(1)).
Each nontrivial Fourier coefficient of this function is a Fourier coefficient of &, 7 associated

to the partition [2n + 4,1%"71], and hence is zero, by the first part of the theorem. Thus,
only the trivial character contributes to the Fourier expansion, and we get that

(2.49) @) = / ' oG @h)d

Xnt2,n—1(F)\Xnt2,n-1(A)

Now we exchange the roots Y, 2n13, Yi3n43,Y 1013, You i3 You 1ni3 Yinss With
Xnt2n-2, Xnton-3,Xn42,1, Xa9,; X§’2n_1,...,X§,1, respectively. We continue hke this until
we "exhaust” all the roots Y ;, Y’ in B'; the column Y,,_i 11 n+4is Yo—imtiso Y1 ntis YQ’n’nH,
)/2/n—1,n+z7"'7 YY,n—I—z is exchanged Wlth the row Xn—l—i—l,n—i—l-h Xn—l—i—l,n—ia"an—l—i—l,ly Xz{—l,2n7
Xi 1on_1,-X;_11, respectively. We get the group Dy, ;, as above. Then define the integral
R} ,.+i(&7)(h) as above, and using the property that, for all n < [ < 3n,~ E:# has no
nonzero Fourier coefficient attached to [(21)123"~], we conclude that R, ;(&:7)(h) is left
Xntin—i+1(A)-invariant. We do this for i = 2,3,...,n. The unipotent group Van in (2.41)
is D 5,Xon,1. The inner integral in (2.41) is R’I’Qn(fﬂr)( ); 1,2n(§mr)( ) is left X, 1(A)-
invariant. All in all, we conclude that R;2(&:7)(1), the integral (2.38), is not identically
zero, if and only if the integral

(2.50) /V - &7 (0) (v)dv

o (F)\Vr (A)

is not identically zero (as éﬁ varies in ENTJ;). Moreover, by (2.46), and the similar identities
obtained with the further root exchanges, we get the equality of (2.38) and (2.41). Note,
also, that we may repeat, at each step, the argument in (2.27) and obtain, as in (2.30), that,
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given 5}7%, there is g’ —, such that, for all h € é\I/)Qn(A),

2.51 ~x(vyh dvdy = & _(vh),(v)dv.
(2.51) / /V o RO 0y /VQ%(F)\VWf’(” i (0)do

The same argument shows that (2.50) is equal to

(2.52) / &7 (V) g (v)dv,
Ugn (F)\Ugy: (A)

where US" is the unipotent radical of the standard parabolic subgroup, whose Levi part is
isomorphic to GL3" X Sp,,,, and " is the character of US"(A) given by the same formula as
(2.42). To show this, we realize the compact abelian group F?"\A%" in terms of Heisenberg
group Hopyq in 2n + 1 variable as follows. Let Z be the center of Hs,.;. Then X :=
Honi1/Z is an affine space of dimension 2n. Thus, we may identify the quotient F2™\A?"
with X'(F)\X (A), which we embed inside Spg,, as

Ianl
1 = t
(2.53) i (z;t) — I,
1
IZn—l
Now, we consider the function
(2.54) x> (23t) = & (vil; 1)) (v)d,

Vﬁn(F)\VGH( )
for z € A?". Note again that the last integral is i(Z(A))-invariant. The integral (2.54) is
a smooth function on F?"\A?". Consider, as before, its Fourier expansion. Each Fourier
coefficient with respect to a nontrivial character of F?"\A?" is zero on &, 7, since it can be

expressed as a sum of coefficients corresponding to [(21)12G"=D], for [ > 2n. See Lemma 3.4
in [GRS05]. The integral (2.52) is not identically zero, since it is equal to

(2.55) / Crgr (E2) ()i, o (u)du
U2n( )\U2n( )

Recall that U, denotes the standard maximal unipotent subgroup of GLs,. The character
Uy, o 15 the Whittaker character of Ua,(A) given by the formula (2.42); N§7 is the unipotent
radical of P8, the standard parabolic subgroup, whose Levi part is isomorphic to GLs, x
SPay,, and Cpgn (fr,%) is the constant term along NS, applied to gﬁ. Let us write éﬁ as
the residue at s = 1 of an Eisenstein series corresponding to a holomorphic section ¢, #., in

(2.10). Then
Crgy (6r7) = RessmrCngy (E (-, drie)).
Since the Eisenstein series E (-, ¢r7:5) is induced from a cuspidal representation on the max-

imal parabolic subgroup PS"(A), the constant term C N§2<E (-, ¢r7:5)) is a sum of two terms:
the first term is the section ¢, z,, which is holomorphic and does not contribute to the
residue at s = 1, and the second term is the intertwining operator M,, corresponding to the
long Weyl element, modulo the Levi part of PS", applied to ¢, z.;. See [MW95], I1.1.7. Thus,

2n

CNSS (g;_’%) = R@SS:I MS(QST,ﬂ';S) .
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The right hand side of the last equality takes values in the space of
v (det)| det [ 27 @ 7.

The integral (2.55) is then an application of the Whittaker coefficient with respect to the
character y;, , to elements of 7, and hence is not identically zero. This completes the proof
of the theorem. 0

Note that in the last proof we proved that the Fourier coefficient (2.11) is nontrivial (on
our residual representation) if and only if the Fourier coefficient (2.55) is nontrivial (for any
given a € F*). In Theorem 5.1 we will write a precise identity relating these two coefficients,
by keeping track of the various identities, such as (2.46) etc.

2.4. Fourier-Jacobi coefficients and descent. The Fourier coefficient ]-"%rz’“va, defined
in (2.4), is closely related to a Fourier-Jacobi coefficient. Such coefficients, when applied
to certain residual representations yield automorphic descents. See [GRS99a] and [GRS05],
and also see [194], [GRS98|, [GRS03], and [GJRO04].

Let, for 1 < r < k, U* denote the unipotent radical of the standard parabolic subgroup
Q% of Sp,,,, whose Levi part is isomorphic to GL] x SPy(x—r)- Recall that V¥ is the unipotent
subgroup defined in (2.2). Note that U?*, is the subgroup of elements v € V.?* such that
Vpok—rp1 = 0. Of course, V! is a subgroup of U?*. The Heisenberg group of dimension
2(k —r) 4+ 1, Ha(—r)+1, i isomorphic to the quotient group U2* /U2, and embeds in Sp,,
like in (2.53). It is isomorphic to Uf(k_TH). Denote the projection composed with the
embedding by

(2.56) Uy U 5 U JUPR =y g 2 UFFTD,
Denote by 2« the following character of U (A)
(2.57) ¢U3k (u) =Y(ur2 +ugz+ -+ Up_1,).

This character of U*(A) is obtained first by restricting the standard Whittaker character
of the standard maximal unipotent subgroup of Spy;, to U2 ,(A), and then extending this
restriction to U**(A) by the trivial character.

For a given a € F™, denote by wy. the Weil representation of the semi-direct product

H2(k—T)+1 (A) ’ S\I;Q(k—r) <A>7

attached to the character )®. This representation acts on S(A*~"), the space of all Schwartz-
Bruhat functions in (k—r)-variables. For ¢ € S(A*™"),1 € Hap—r)11(A) and h € Spyg,_,(A),

denote by Qﬁ;fr(lh) the corresponding theta function. This is an automorphic function on
H2(kfr)+1(A> : sz(kfr) (A).

For an automorphic form ¢ on Spy;,(A), the Fourier-Jacobi coefficient of ¢ (with respect
to ¥* and k — r) is defined by the following integral

@) FI_am = [ P (uh)BL (b (w)h) sz (1)
U2k (F)\UZ* (4)
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It defines an automorphic form on é\I/)Q(k#) (A). Let 7 be an automorphic representation of
Spai(A). We denote by D2 5(k—_r).4a () the automorphic representation of Spy,_,)(A) gener-
ated by all Fourier-Jacobi coefficients FJfkfr(goﬂ), for all vectors ¢, in the space of 7 and all
¢ in S(A*). We refer to ﬁg&—r),w (m) as the 1*-descent of 7 from Sp,,(A) to %2(k_r) (A).

Similarly, for an automorphic form @ on Spy,(A), the Fourier-Jacobi coefficient of & (with
respect to ¢ and k — r) is defined by the following integral

@59 FI_@m = [ BT (6o () ) ()t

URF(F)\UZ*(A)
It defines an automorphic form on Spy,_,)(A). Let 7 be an automorphic representation of
Spai(A). We denote by D%k #we () the automorphic representation of Spy,_,)(A) gener-
ated by all Fourier-Jacobi coefficients FJfk%(@?), for all vectors ¢z in the space of 7 and all

¢ in S(A*T). We refer to Dgégk—r),w“ (7) as the ¢*-descent of 7 from é?)zk(A) t0 Spaj_py (A).

Note that when we factor the integrations in (2.58) and (2.59) through V2*(F)\V,2*(A),
then the inner integration becomes an application of the Fourier coefficient F¥v#a in (2.4)
to . The following Lemma is proved in [[94]. See also Lemma 1.1 in [GRS03].

Lemma 2.2. Let a € F*. For any automorphic representation m of Spy,(A), the Fourier

coefficient Fhv?ha is not identically zero on m if and only if the Fourier-Jacobi coefficient
FJ;f’kfr(gp) is not identically zero, as @ varies in the space of © and as ¢ varies in S(A*™).

A similar statement holds for automorphic representations of S\ﬁzk(A).

Let 7 be an irreducible, unitary, cuspidal automorphic representation of GLs,(A), such
that L%(s,7,A?) has a pole at s = 1, and L%(3,7) # 0. Note that these assumptions for
partial L-functions are equivalent to the same assumptions for the corresponding full L-
functions. (At the places of S, we take Shahidi’s definition of the local L-function.) This
follows from the structure of the exponents of the representations in the local unitary dual
of general linear groups and analytic properties (e.g. holomorphic for Re(s) > 0 when
the representation is tempered) of the corresponding local L-functions at the ramified local
places. The result is that the local L-function L(s,7,, A?) is holomorphic at Re(s) > 1 and
L(s,7,) is holomorhic at Re(s) > %. Consider an Eisenstein series E(g, ¢,,) on Sp,,(A)

2
associated to a holomorphic section ¢, 5 in

Ind%e ™) (7| det |*)

Pin(A)

where Py is the Siegel parabolic subgroup of Sp,,,. By our assumptions on 7, E(g, ¢, ) has
1

a simple pole at s = 5 (as the section varies). See Prop. 1 in [GRS99a]. We denote by &;

the residual representation generated by the residues

(2.60) &(9) == Res,_1 E(g, ¢r.s).

The following theorem is a summary of results proved in [GRS99a], [GRS99b], [GRS99c]|,
[GRS02], [JS03], and [JS04] (with 1 replaced by ~1).

Theorem 2.3. The 1-descent from Spy,,(A) to é?)%(A) of &, Dénw(c‘f ), s an irreducible,

genuine, Y~ t-generic, cuspidal automorphic representation of szn(A), which lifts weakly to
T with respect to 1.
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For the notion of weak lift with respect to 1, see the beginning of Sec. 2.3. We also know
the converse (see [S05]).

Theorem 2.4. Assume that 7 is an irreducible, genuine, cuspidal automorphic representa-

tion of é\f)Zn(A), which is ¥~ '-generic. Assume that 7 lifts weakly, with respect to 1, to an
irreducible cuspidal automorphic representation T of GLan(A). Then L(s, 7, A?) has a pole
at s = 1, and LS(%,T) # 0, and hence the residual representation &, exists. Similarly, the

residual representation of Spg,, (A), E/N’Tﬁ ex1Sts.

The third part of the next theorem relates the two residual representations &, and gﬂ% .

Theorem 2.5. Let ™ be an irreducible, genuine, cuspidal automorphic representation of

§132n(A), which has a V-weak lift to an irreducible cuspidal automorphic representation T of
GLa,(A). Then the following hold.

1. As an automorphic representation of Spy, (A), the descent Dg;"w,l(iﬁ) is nontrivial
and square-integrable. Moreover, it is a subrepresentation in the space of the auto-
morphic discrete spectrum of Span(A).

2. This descent Dﬁn (ETW) is cuspidal if and only if T is not 1 ~'-generic.

3. If T is Y~ 1-genemc, then the descent Dgzw,l(gﬁ) 1s a direct sum of the residual
representation €, and a cuspidal automorphic representation of Spy,(A).

Proof. The nonvanishing of the descent DY (€,7) in Part 1 follows from Theorem 2.1 and

Lemma 2.2. Next, we will prove the square integrability of the descent D" a1 (5 7). We will
do this by computing the constant terms and automorphic exponents of the descent along
all maximal parabolic subgroups, and then we will use the criterion for square-integrability
of automorphic forms in [MW95], 1.4.11. The calculations of these constant terms will also
prove all the remaining assertions of the theorem.

Let P (with 1 < r < 2n) be the standard maximal parabolic subgroup of Sp,, whose
Levi part isomorphic to GL, X Spy,,_,). We denote by NI" its unipotent radical. Let

§m € 577r Denote the constant term of the Fourier-Jacobi coefficient FJ¥ % 2n(fﬂr) along Pi"
by

(2.61) Cran (FIY 5, (7).

We can write a general formula for the constant term (2.61) evaluated at the identity. It
has the following form :

(2.62) 3 Z / D O)FIY b, (Ce (E) (GAB)IA

Jj= O'yePl g F)\GL,(F)

Here, we assume that ¢ = ¢; ® ¢ with ¢; € S(A”) and ¢ € S(A?"~"); the subgroup Prlfﬂj
of GL, consists of all matrices of the form

g T
(4 7)<oL.

21



where z € U, (the standard maximal unipotent subgroup of GL;); for a € GLy, k < 3n, we
denote a = diag(a, I»3n—r), @*); the group L is unipotent and consists of all matrices

L. 0)\"
A= (x In> € SPen>
I A
and in this notation i(\) is the last row of z; and finally § = £, = (I T) . In the

last formula, we restrict C Non (57%) to §f)6n,2r +2;(A), and then we apply the Fourier-Jacobi

coefficient FJ;f;;nfr, which takes automorphic forms on Spg,, _,.,;(A) to those on Spy,, _,.(A).

The proof of the formula follows exactly the same steps in [GRS99a], p. 844-847. The
difference is that at the last reference, at each step in the development of this computation,
when we reached a constant term (of &£;), we knew it was zero, and then we did not need to
write its contribution. See also the proof of Prop. 5.2 in [GRS05]. The proof of this formula
appears in general and in detail in Sec. 7.6 in the book [GRS11].

Now, we have a similar case here, since Cny_LJ_ (&-7) is identically zero, unless j = 7 or
r —j = 2n. This is due to the cuspidality of 7 and 7. Since r < 2n, the second case
is possible only for j = 0. In the first case, j = r, the corresponding term in (2.62),
which is the integral of FJZ;;N_T((ﬁTﬁ)) along L(A), is identically zero by Theorem 2.1, since

2n=r)] applied to

FJZ;;;n_T( (&%) involves a Fourier coefficient corresponding to [2(n + r), 12
gﬂ% (as an inner integral). Thus, all constant terms above, corresponding to r < 2n, are
zero, and for r = 2n, only the term corresponding to j = 0 remains in (2.62).

It follows that the constant term along Py" (evaluated at the identity) is equal to

(2.63) / O (i(N)FIZ, + (Co (- 2)) (Ao dA

The Fourier-Jacobi coefficient in the integrand is just the 1 ~'*~-Whittaker coefficient, applied
to Cygon (fﬂr) when restricted to San(A) (there is no ¢y now; ¢ = ¢y). Clearly, the integral
(2. 63) is not identically zero if and only if the ¢ ~'-Whittaker coefficient is nontrivial on
Crgn (E;ﬁ), when restricted to é\ﬁQn(A). We know that this constant term is equal to the
residue at s = 1 of the intertwining operator corresponding to the long Weyl element,
modulo the Weyl group of the Levi part of P9", and it takes values in the space of

1 -
6;26777¢(det)| det | 'r ® 7.

See the explanation right after (2.55). We conclude that 7 is not 1~ !-generic if and only if
(2.63) is identically zero. This means that 7 is not ¢~ !-generic if and only if all the constant
terms of the descent DJ \(E.7) are zero, i.e. the descent DY \(E-7) is cuspidal. This
completes the proof of Part 2.

Assume now that 7 is 1 !-generic. In this case, the above discussion shows that the
descent DY - ,(€:.7) has only one constant term, which is (2.63), the one along the parabolic
subgroup P247’f

In order to calculate the automorphic exponents attached to this nontrivial constant term
(see [MW95] 1.3.3) we compute the action of g € GLy,(A), viewed as the Levi part of Py (A).
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A
Note that [y, = <I 12”) . The conjugation of g by fs, is denoted by g, which can be

viewed as an element in the Levi part of Py"(A). Using the fact that g acts on ¢ = ¢; by
right translation twisted by |det(g)|2z and the Weil factor of det(g), with respect to 12,
and then changing variables in (2.63), A — Ag~!, we conclude that g acts on (2.63) by 7(g)
twisted by the character

(264) [det(g)[" = Bp (m(9)) | det(g)| *.

where m(g) = (g g*) € Spy,(A). Therefore, we showed that the descent D4nw (E-7)

has only one nontrivial constant term, and it provides us with a unique exponent, namely
(2.64), and this unique exponent is negative. By the square-integrability criterion of Lang-

lands ([MW095], Sec. 1.4.11) the descent DG" (Em) is square-integrable as an automorphic

representation of Sp,, (A). Moreover, since thls unique constant term of D" - (€, 7) affords

1
the representation 62, | det 72 ® 7 of GLgu(A), we conclude that
2n

Dl 1 (Ex7) C Li(Span (F)\SPan(A)),

that is, the descent Dgg w,1(§7-77~r) (is non-cuspidal and) appears in the discrete automorphic
spectrum. By Theorem 2.4, the residual representation &, of Sp,,,(A) is nonzero if 7 is 1 ~!-
generic. Note that the residual representation &, of Sp,,(A) has only one nonzero constant
term, which is the one along P,;", and this nonzero constant term has exactly the same
exponent as DEZ, - (é‘;ﬁ% namely the one that appears in (2.64). Furthermore, this residual

representation &£, is irreducible. Hence the descent DEZ’ w_l(gﬁ) can be written as a direct
sum of the residual representation £, and a cuspidal representation of Sp,,(A) (which may
be zero, irreducible, or reducible). This completes the proof of Part 3.

The irreducibility of the residual representation &, of Sp,,(A) can be deduced from the
facts that the residual representation &£, is square-integrable, and at each place v,

In diﬂ%ﬁ(F” (1,| det |2)

has a unique irreducible quotient. The latter follows from the fact that 7,, being generic,
can be written as the full parabolic induction from its Langlands data, and Since it is also
unitary, we also know (see [Tm86]) that its exponents are in the open interval (—3, 3). (This
argument was explained to us by Erez Lapid, and we thank him for that.) This completes
the proof of the theorem. O

3. CERTAIN NEAR-EQUIVALENCE SETS

Let A4(G) be the set of all irreducible, automorphic representations of G(A), occurring
as subrepresentations in the space of square-integrable automorphic functions of G(A). In

this paper, G(A) is either Sp,y(A) or Sp,y,(A). Recall that two irreducible automorphic
representations m; = ®,7;,, for i = 1,2, of G(A) are said to be near-equivalent if the local
components 7, and 7y, are equivalent representations of G(F,), at almost all places v of
F. We are going to define certain near-equivalence subsets in A4(G), which will be the main
objects studied in the following sections.
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3.1. Certain near-equivalence subsets in Ad(ég%). From this point, till the end of this
paper, we fix an irreducible unitary cuspidal automorphic representation 7 of GLs, (A), such
that

L3(s,7,A?) has a simple pole at s = 1, and

(3.1) there exists a € F*, such that LS(%, T ® Xa) 7 0,

where ¥, is the quadratic character given by the global Hilbert symbol (-, a).

Definition 3.1. For 7 as above, denote by Ng@ (1,%) the set of all irreducible (genuine)
cuspidal automorphic representations of é\}J)%(A), which lift weakly to T with respect to 1.

From the definition, it is clear that the set Né?)z (7,1) consists of certain near-equivalent

members of A;(Sp,,). In fact, for any two members 7, 7 in Nglgzn (1,1), at any place v
of F, where both 7, and 7y, are unramified, they share the same local Satake parameter
(with respect to v,) with 7,. Hence 7; and 7, are near-equivalent.

Note that for 7 and a € F** as in (3.1),

(3.2) N, (1 0) = Ngp, (T ® Xa, 1)
This follows from the following property of the Weil factors

Yopa () = (@) Xa ().

Proposition 3.2. The set Né@ (1,%) is not empty. Moreover, there is an element T in
N§ﬁ2 (Tﬂ?) which is (globally) generic.

Proof. For the given representation 7, fix a € F*, such that LS(%, T ® Xa) # 0. Thus, the
residual representation &£;g,, of Spy,(A) exists (is nonzero). We can consider the following

1*-descent from Sp,, (A) to é\I;Zn(A)

~ 4
™= DQZ,wa (5r®xa)-
By Theorem 2.3, 7 is an irreducible, genuine, 1)~ %-generic, cuspidal automorphic representa-

tion of §f)2n (A), and lies in the set N§52 (T®Xa, V™). By (3.2), it follows that 7 is ¢ ~%-generic
member in Ng; (7,¢). O

3.2. Certain near-equivalence sets in A;(Sp,, ). Recall that an irreducible cuspidal au-
tomorphic representation 7 of Sp,,,(A) is a CAP representation, with respect to the CAP-
datum

1
) 5)
if at almost all finite places v of F', where the local components m, and 7, are unramified, =,
is isomorphic to the irreducible unramified constituent of

(33) (GL2n7 T

Indfﬂi" () (7 | det |2).

If m € Ay(Spy,) (cuspidal or not) satisfies the property above, we will say that 7 is of type
(GL2n7 T, %)
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Definition 3.3. Let 7 be as in (3.1). We denote by Nsp, (7,v) the set of all representations
7w € Ay(Spy,), such that 7 is of type (GLg,, T, %), and such that it has a nonzero Fourier

coefficient with respect to the character Yyan 1, i.e. the Fourier coefficient Fhvina defined in
(2.4) is nontrivial on the space of .

The first result is
Proposition 3.4. The set N, (7,1) is not empty.
Proof. By Proposition 3.2, N§f>2 (7,7) is not empty. Let 7 be an element in this set. Then 7

lifts weakly to 7 with respect to ¢. Hence the residual representation gTﬁ of %GH(A) exists
(nonzero). By Theorem 2.5, the descent Dggy w_l(&ﬁ), as an automorphic representation of

Sp4,(A), is nonzero and can be expressed as a direct sum of irreducible square-integrable
automorphic representations of Sp,, (A), that is,

(34) Dgsz_1 ((i—ﬁ) =T PP ---

where all irreducible summands 7; belong to A4(Spy,), the discrete spectrum of Sp,,, (A).
Moreover, all the summands are cuspidal if 7 is not ¢ ~!-generic. Otherwise, there is one non-
cuspidal summand, which is the residual representation &,. Furthermore, by the calculation
of Proposition 5.4 in [GRS05] (for £ = 1), every irreducible summand in (3.4) is of type
(GLan, 7, 3). See also Lemma 3.1 in [GRS05].

To complete the proof, it is enough to show that one of the m;’s belongs to the set
Nsp,, (7,10). This means that one of the 7;’s has a nonzero Fourier coefficient F Yvitn 1 (o)
for some ., in the space of the ;. In fact, we show that if 7; is any summand in (3.4), then
the Fourier coefficient F*vim1 (¢x;) is not identically zero on the space of ;.

Assume, first, that 7; is cuspidal. From the definition of 7;, we deduce that the integral

35) < r &) >= [ e (WET € ) (1)
5Py (F)\Spyn (A)

is not zero for some elements ¢, € m;, ET,% € 577%. Replacing in (3.5) the residue Eﬁ by a
corresponding Fisenstein series F(g, ¢-g7; $), we deduce that the following integral

-1, ~ -1, =
(36) <, FIL, (E(, brazis)) >= / o (WFIL 0 (E (-, brgms 5) (h)dh,
SPar (F)\Sp4y, (A)

is a nonzero meromorphic function, for some choice of data. As in the proof of Proposition
6.6 in [GJRO04], we unfold the integral and obtain the following integral

(3.7) <FIY(pn), Fr = / FI (¢n)(0)32(0)dg
Sp2n (F)\Sp2n (A)

as inner integration, for appropriate cusp forms @z in 7. See [GJRS09] for the theory of
global integrals (3.6) in general. We conclude that Fme(gam) is not identically zero on ;.
From Lemma 2.2, it follows that F*vi"1 (¢, ) is nonzero for some choice of data.

Assume, next, that m; = £, is a summand of (3.4). It follows from Theorem 2.3 (applied

with ¢~ instead of ) that the Fourier coefficient F¥vi"1(&,) is not identically zero on &,
and now apply Lemma 2.2 as before.

This proves that all the irreducible summands in (3.4) belong to the set Nsp, (7,v), and
in particular, it is not empty. 0J
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By combining Theorem 2.5 with the proof of Proposition 3.4, we obtain the following
refinement of Proposition 3.4.

Corollary 3.5. Let 7 satisfy (3.1). Suppose that L*(3,7) = 0. Then the set Ngy, (7,1)
contains at least one irreducible cuspidal automorphic representation of Spy, (A). If LS(%, T)
is nonzero, then the set Ny, (T,1) contains at least the residual representation € of Spy,, (A).

Remark 3.6. In our definitions the representations in Né?m (1,9) and N, (7,v) appear
with multiplicities. One expects that the multiplicity one property in the automorphic discrete
spectrums of Spa,,(A) and SOgp,11 holds in general. See [A05]. This would also imply the

multiplicity one property for the cuspidal spectrum of Spy,,(A), by using the theta correspon-
dence. See Theorems 1.1, 1.3 in [JSO7]. In this paper, we do not use these multiplicity one
properties. We analyze each automorphic representation in our sets in its concrete realiza-
tion as an irreducible submodule in the space of square-integrable automorphic functions on

G(A), where G(A) is either Spy,(A) or Sp,,,(A).

4. FORMULATION OF THE MAIN THEOREMS

The proof of Proposition 3.4 shows more, namely, with 7 € ./\/’é?)2 (7,1), each irreducible
subrepresentation of the descent ng; w,l(éﬁ) lies in Nsp, (1,9). Let N§, (7,1) be the

Sp4n

subset of cuspidal representations in Nsp, (7,%). Define Ng, (7,%) to be the following
subset of Ngp, (7,7).
If L5(3,7) = 0, then we define

Spa (T 0) == NG, (1,9),
and if L5(3,7) # 0, then we define

S (1) = NG, (T.0) U{E .

Note that when L° (%, 7) # 0, the residual representation &, exists, since we always assume
that 7 satisfies (3.1). By Theorem 2.5, for each 7 € NEJBZ (1,1), all irreducible subrepresen-

tations of DY (€ 7) lie in Ng, (7,9). We expect that

S/p4n (7_7 w) = NSp4n (Ta w)

In fact, this will be a consequence of Arthur’s theorem on the structure of the discrete
spectrum of Spy,,(A) ([A05]) and the generalized Ramanujan conjecture. However, it seems
difficult to prove this equality directly.

Define, for 7 € Né?)zn (1,%),

(4.1) O(7) := DY i (Er7).

Thus, ®(7) is a nontrivial square integrable automorphic representation of Sp,,,(A), and each
irreducible subrepresentation of ®(7) lies in Ng, (7,%).

We have a mapping in the reverse sense, namely the descent map 15‘212711} applied to the
elements 7 of Ngp, (7,v). Here, the results of [GRS99b] and [GRS02] apply directly, since

the proof that Dézw(ﬂ) is cuspidal depends only on the structure of the local component of
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7 at one unramified place. Recall that at each unramified finite place v, the local component
7, is isomorphic to the unramified constituent of

Ind’ba ( | det [2),

P4n

and the calculation of the Satake parameter at each unramified local place v of an irreducible
summand of Dgﬁ () depends only on ,. Since Dgﬁw( 7) is nontrivial by definition, we get

that every irreducible subrepresentation of D2n () lies in /\/'é?)2 (1,9).
Define

(4.2) U(m) == Dyr (7).

Thus, ¥(7) is a nontrivial, genuine, cuspidal automorphic representation of %ZH(A), and
each irreducible subrepresentation of W(r) lies in J\/é;z (1,1).
Define '

(4.3) U= Wy (),

the restriction of W to the subset Ng, (7,1).
One of our main results is

Theorem 4.1. Let  be in the set N, (7,v). Then the descent

V() = U(r) = Dy ()
is an irreducible automorphic representation of San(A).

We will prove this theorem in Section 6.
This theorem provides a mapping,

(4.4) U épm (1,0) — ./\/'5,52”(7', ).

Theorem 4.1 generalizes the irreducibility of the descent in Theorem 2.3. In fact, if
L5(3,7) # 0 (and, as always, we assume that 7 satisfies (3.1)), then the representation

(4.5) (1) = V(E7)

is irreducible (and nonzero). In this sense, the proof of Theorem 4.1 provides a new proof of
this deep result, which was proved in a different way in [JS03]. (By reviewing the proofs in
Sec. 5, 6, it is not hard to check that the proof of Theorem 4.1 does not use Theorem 2.3.)
The representation 7, (7) is also called the descent (with respect to ¢) of 7 (as well as the

descent of &) to Sp,,,(A).
The mapping ® provides a sort of inverse to W. We will prove

Theorem 4.2. For any 7 in the set /\@52 (1,1), we have the equality
U(d(m)) =7

as subspaces in the space of square-integrable automorphic functions on é\f)Qn(A). In partic-
ular, for each ™ € N§132 (1,1), there is w € Ns’p4n(7, V), such that ¥'(w) =7 (as subspaces).

Here, we conveniently extended the definition of U, so that if we write ®(7) as a sum of
irreducible subrepresentations
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then
U(D(7)) = V(m) + V() + -
This extension of the definition of ¥ makes sense. Recall that each irreducible subrepre-
sentation 7 of ®(7) lies in Ng, (7,7), and hence, ¥(r) = W'(7), so that in Theorem 4.2,
U(0(w)) = V((x)).
In the reverse direction, we can prove, at this point,

Theorem 4.3. For each representation T € N3, (7,v), 7 is a subrepresentation of ®(V'()),
which 1s realized as an inclusion of the two subspaces in the space of square-integrable auto-
morphic functions on Spy, (A).

In order to have the full analogue of Theorem 4.2, we need the following result, which we
formulate as an assumption.

Assumption (A): For a representation 7 in ./\/'%2 (1,1), the residual representation gﬂ% of
Spe, (A) is irreducible.

The need of Assumption (A) will become clear in the course of our proof. We remark that
this assumption is an expected theorem when admitting Arthur’s conjectures. See Theorem
7.1 in [M09] and also discussions in [M08]. We also remark that Assumption (A) holds if
we know that the weak ¢-lift from 7 to 7 is compatible with the local Langlands functorial
lift at all local places, which is the case when 7 is generic. The proof follows by the same
argument used in the end of the proof of Theorem 2.5, showing there that &, is irreducible.

Theorem 4.4. Suppose that Assumption (A) holds. Then, for m € Ns’p4n (1,1),

O(V'(7)) = 7.
Thus, with Assumption (A), ¢ defines a bijection
(46) N NéBQH (7-7 ¢> — NS/p4n (T7 w)

These theorems can be summarized together as our main theorem.

Theorem 4.5. Suppose that Assumption (A) holds. For each m € N§p4n(7, V), V'(m) is
irreducible, and for each ™ € NéBQ (1,%), ®(7) is irreducible. Moreover, the mappings
VN, () > N, (7,1)
and
® : Ng, (1,9) = Ng,, (1,¢)
are bijective, and satisfy
Vol =ldy, (v oV =ldyy (r)-
We conjecture that Theorem 4.5 holds with Ng,, (7,%) instead of Nép4n (1,1), and without

adding Assumption (A).
We obtain the following interesting application.

Theorem 4.6. Let a € F* be such that L(3,7 ® xa) # 0. Then the set /\/'/SY)2 (1,%)

contains a unique representation which is 1 ~%- (globally) generic, namely the representation
(4.5) Tya(T ® Xa). This representation is the unique, irreducible, genuine, »~*-generic,
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cuspidal automorphic representation, which lifts weakly to T with respect to v. In particular,
Ty (T®Xa) occurs with multiplicity one in the subspace of ~*-generic cusp forms on Spy, (A).

Proof. Assume first that @ = 1. Since L%(3,7) # 0, we know from Theorem 2.3 that
7y(7) is ¥ !-generic. Recall that Assumption (A) holds when 7 is generic and so Theorem
4.4 holds for such representations, and, in particular, ®(7) is irreducible, for (globally)
generic 7. Assume now that 7™ € Ngﬁzn(T’w is 1 ~!-generic. By the proof of Theorem
2.5, we know that &, is a subrepresentation of ®(7), realized in space of square-integrable

automorphic functions on Sp,, (A). By Theorem 4.5, ®(7) is irreducible, and hence we must
have ®(7) = &.. This implies that

7= W(B(F) = U(E,) = Fylr).

Consider now the general case. Assume that 7 € N§52 (1,1) is ¥~ %generic. Then by
(3.2), ™ € N§52 (T ® Xa,¥™). By the previous case (replacing ¢ by 1) we conclude that
T = Tya(T ® Xo) and the multiplicity one property follows. OJ

We remark that a € F* is such that L°(3,7 ® x,) # 0, if and only if N%Qn (7,7) contains
a representation which is 1)~%- generic. This follows from Theorems 2.3 and 2.4.

We regard Theorem 4.6 as an automorphic version of Shahidi’s conjecture [Sh88]. The
uniqueness of 7,(7) up to isomorphism follows from [JS03] and [JS04]. Theorem 4.6 says
that 7, (7) is unique (multiplicity one) within the set of all ¢ ~!-generic, irreducible, cuspidal
automorphic representations of Sp,, (A). See also Theorem 1.6 in the introduction and the
discussion preceding this theorem.

5. Two BASIC IDENTITIES AND THE PROOF OF THEOREM 4.2

We keep the notation in previous sections. The goal of this section is to establish two
identities which interpret the composition of descent constructions as indicated in Diagram
(1.6) in terms of certain Fourier coefficients. These identities are new and important to the
proofs of Theorems 4.1 and 4.2.

The first identity gives a precise formula for the composition of the two descent maps

-1
FJY oFJY 5.,
applied to 575. The identity is a refined version of the proof of Theorem 2.1, in case a = —1,
in the sense that at each step in the proof of Theorem 2.1, where we claimed the equivalence
of the nonvanishing property of two integrals, we will now write the precise identity relating
these two integrals (e.g. the equality of the right hand side of (2.32) and (2.36), the equality
of (2.38) and (2.41) etc.). Of course, we also incorporate Lemma 2.2. As in the proof of

Theorem 2.1, the proof of the following identity is very similar to the proof of identity (5.27)
in [GRS99Db], which gives a formula for the ¢)~'-Whittaker coefficient of the descent ¥(E,)

to Sp,,,(A).

Theorem 5.1. Let 7@ belong to the set N, (7,4). Let ¢1 € S(A"), ¢» € S(A™), and
ET,% € 57,%. Assume that ¢o = ¢o1 ® Gag With Po1, Pag € S(A™). Then the following identity
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holds as functions in h € gf)Qn(A) :

(FJY o FJY ) (E7)(h)

/ / /2 / ;i(gji" (&7 (hy'V abywly ) (1o, 1y ) dy dladydl
n A n n

Here, ¢ € S(A®) can be written explicitly in terms of ¢1, a1, Paa; the definitions ofz\l,z\g are
gien in the proof; and the remaining notation is as in the proof of Theorem 2.1 and will be
specifically indicated in the course of the proof.

Proof. By definition of Fourier-Jacobi coefficients ((2.58) and (2.59)), the composition of the
Fourier-Jacobi coefficients F‘]il,n and FJ;@;;H is given by

(5.1) (FJY 0 FJY 5 )(E7)(h)

/ / €~ (0B, Lo () (), (1 (0)) g ()
Uz (F)\Uz™ (&) J U (F)\UZ™(A)

where h € Spy,(A).
We first unfold the theta series Q;f’;;n (Lo, (w)vh). Write

£2n(’u,) = (ll7 l27 l37 Z)

where I1,13 € A", I, € A" and z € A. Then

00 on(lon(uw)oh) = 3 w2 ((£1,0,0;0)(l1, la, Is, 2)vh) 62 (0, &),

&1,62€F™

where w? o1 is the Weil representation of §ﬁ4n(A) attached to the character 1»~!. Plug this
into integral (5.1). Next, we collapse summation with integration in the variables [; and &,
and conjugate it to the right. Thus, integral (5.1) is equal to

52 / [3 w fanlu)eh(,0.0.0)6:00.)
Uz (E)\UR™(A) JUZS (F)\UST; (A) S A"

&EF™

0% (6 (V))& 7 (wohly oo (u)dutbyan (v)dl dv.

Here, US is the subgroup of US" consisting of all u = (u; ;) € US", such that u,; = 0, for
all n+1<j <2n. Also, for l; = (r1,...,7,) € A",

T / /
b = Ten + 1€ nt1 +-ot T'n€p.2n

where e;j is the matrix of size 6n defined by e;J = €, j — €6n—j+1,6n—i+1. Henceforth, we shall
write [; for (14,0,0,0).
Note that, following the above notation, we have, for u € U

n,1»
Egn(u) = (0, lQ, 13; Z)
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It follows from the well known action of the Weil representation that

Z w O lg,lg, )Uhll)¢2(0,€2) = Z (JJ O lQ,O Z)hl )¢2(0 fg)

Lekm &€
= 3 W (0,1, 0; 2)R)a(ls, E2).
&yeFm

Since (bg = ¢21 & ¢22, we have
Z w1 ((0, 19,05 2)h) o (l1, &) = ¢)22n((l27 z)h) a1 (l1).

IS Al
Denote £, (u) = (I2; z). Then integral (5.2) is equal to

1
/ / [ B am, )
Upn(F)\UA™(A) JUS (F)\UE™ (A) J A

(5.3) &z (uvhly) gon (I ) dly Yyyen (W) dugbysn (v)do.
Note that this integral is equal to

/ / B (). (6 ()h)
Upn(F)\UA(A) JUS (F)\UE™ (A)
(5.4) & #(wwh)bygn (u) dutby e (v)dv

where fN;ﬁ is the convolution of E’Tﬁ against ¢o;, along A" (in the variable ;).
To proceed, we now switch the order of integration (easily justified) in (5.3), and rewrite

it as
/] / o R (a0
m JURR(F\UZ(A) JUSS (F)\UR (A)

(55) ET,%(thll)¢US" (U)dU@Z)U;%n (’U)dUQbQI(ll)dll.
Let w be the Weyl element (2.15) of Spg,,. As in (2.16), the integral (5.5) is equal to

(5.6) / ) / - %; (" (0)R)EY, (€ ())& 7 (Whwly )iy (V) dor (1) dvdl,.

Here, B = w(UY Uy )w™". This is the group of elements v = v(T, C, Z) as in (2.17), where
the only difference is that now we do not require that the last two rows of C' are zero, and
then

U'(v) = (Con—1; Zan—12), 0"(v) = (Coni Zon),
(C; is the i-th row of C'; Z; ; is the (i, j)-th entry of Z); ¢y (v) is given by
(er([Tlhz + -+ [Tlh-1))

with notation of (2.17) and (2.18).

Next, we apply the exact same steps which led to (2.19), that is, the steps (2.20)—(2.28).
These steps are to preform a series of Fourier expansions along the variables in T', below its
diagonal, and "exchanging” them with root coordinates above the diagonal. The analogue
of (2.19) is that the integral (5 6) is equal to

(5.7) / n / N / s 0 (B, (L (0)h)E 2 (whyehy o (0) oo (1) dvdyd,.
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Here, £ is the unipotent radical of the standard parabolic subgroup of Spg,,, whose Levi part
is isomorphic to GL3 x Sp,,,. We use this notation in order to stress the resemblance to
(2.19). Note that when we apply the same steps, which led to (2.30), to the integral (5.4),

we get that for a given & -, there is 5” ~, such that (5.4) is equal to

7'7r7

. 0Y " (2 (W)Y (£ (0)h)E" ~(vh)iby (v)dv
(55) / o o CLOTE, (R0

Write an element in &€ in the form v = v(A4, C, Z), as in (2.33) and (2.34). Then ¢, (v) and
0" (v) are given by the same formulae for ¢'(v) and ¢’(v) above, and ;(v) is given by

Y(tr(Aig + -+ A1)

with notation of (2.34). Finally, the unipotent group Y is the one in (2.19).
By using the properties of theta functions (it takes a ”direct sum” embedding of symplec-
tic/ Heisenberg groups to a product of theta series), we have the identity

(59) 0?22 n(('xl?ylv;zl)}weil n((x27y27;22)h) 923 Zn((I17x2a_y27yl;22 - Zl)h)
Here, ¢3 = ¢2 ® ¢1, T1,T2,y1,y2 € A",
A -B
~ A B A B
h= c D ,1 ] and h:(<0 D),e).
—C D
Let
L, 0 =3I, O
L, 0 i, O
Y= 1
0o -1, 0 %In
0 I, 0 sl
Then v € Sp,,,(F') and has the property that
1 1
(T1, 2, —Y2,91)y = (@1 + T2, Y1 + Yo, —5(% — ), 5@1 —Y2)),

We conclude that

~ 1 1

(5 10) 9(;5 2n(($1,$27 —Y2,Y15 %1 —2’2)%) = %7%((% + 2, Y1 + Yo, —§($1 —$2)7 §(y1 —y2))il),

where ¢} = wy-1.9,(7 1)ps. Let b € Spg,(F) be the matrix (2.31). Then as in (2.32), after
a change of variables (due to conjugation by b) and using (5.10), the integral (5.7) becomes

G L L PO by 0o ()

Here, for v = v(A,C, Z), written as before, let us write, for i = 2n — 1,2n, C; = (z;,v:),
where x;,y; € A". Then

1
£<U) = (SUzm Yon, §$2n717 —§y2n71; Zanl,l)-
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We unfold the theta series 5?,3 on (L(v)h), as we did in the beginning of the proof. Note that
now h acts linearly in the Weil representation. We get that integral (5.11) is equal to

(5.12) / / / / gw (vhlabywl g 1 (V)b (la, I dodladydls.
n A2n /(F\E/

Here E' and ¢ _; are as in (2. 36) and ¢ = ¢4 ® ¢a1. The embedding of Iy = (my, ..., may,) €
A inside Spg,(A) is denoted by 1o and is given by

2n

T /

12 = [671 + E mi€2n,2n+i‘
i=1

Applying the steps (5.9)-(5.12) to (5.8), and using the same argument which yielded (5.4),
we get that for a given f” ~, there is 5”’~ such that the integral (5.8) is equal to

(513) / 5/” (Uh)iﬁfy _1( )dU
E(F)\E'(A)
In the notation of (2.36), the integral (5.12) can we rewritten as
(514) / / / .FwE/’_l (hlAQbywlAl * g-,%)dﬁ(lg, ll)dlgdydll,
n Y(A) A2n

where the star denotes the action by right translation. By (2.41), the integral (5.14) is equal
to

(515) / / / / JT" Vo hy v lgbywll * fTﬂ)¢(lg, ll)dy/dlgdydll
n A2n

Y 6n . . . . .
Here, F "2:~' denotes the operation of taking a Fourier coefficient along V", with respect

to the character ¢{/267?771 given Ey (2.42), with a = —1. Similarly, when we apgy (2.51) to
(5.13), we get that for a given £, there is € 7 (in &, 7) such that, for all h € Sp,,(A),

(5.16) / & (oh)e 1 (v)d = F 51 2) (h)
B/(F)\B'(4)

Now, (2.55) shows that the integral (5.15) is equal to

(5.17) / / / / / CNGn(hyl/lgbyWZl *fﬂr)( )
n JY(A) JA2 J L(A) J Uy (F)\Usn (A)

7vZJUgn,—1< )du¢(l27 l1)dudy dlgdy'dlldy_
We used the notation of (2.55). This proves our identity, when we denote

TZ) 1 ~
Cl €z = / Cr (& 7)), (w)du.
Uan (F)\U2n (A)

Similarly, we get that in (5.16),

i ¢2J2 =1~
(5.18) / §(Wh) Y 1 (v)dv = Cyer (67)(R).
E'(F)\E'(A) an
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As a first consequence, we have the following precise results for the composition of the two
consecutive descents of the residual representation Em of Sp(m (A).

Proposition 5.2. The space of automorphic forms on San(A) generated by all elements

(FJZS}1 n© FJi;Zn) (gfﬁ) (h')7

as in (5.1), is equal to the space of the automorphic representation 7. In other words, the
space of the double descent N
D2n W © DSZ,¢—1 (&%)

of the residual representation gﬂ% and the space of ™ are equal.

Proof. Denote the right hand side of the identity in Theorem 5.1 by I(éﬁ, ¢). By (5.4),
(5.8), (5.13), (5.16), (5.18), it follows that the space generated by the functions (&, 7, ¢)

is contained in the space generated by the functions C PO

o (€:7). As we explained in the

end of the proof of Theorem 2.1, the functions of h € San(A) Cx[éi"’_l(aﬁ)(h), lie in the
2n

space of 7. Since 7 is irreducible, and since D;l” v oDy = (Em) is nontrivial, we get that

Dy, oD (Erz) =T O

Now Theorem 4.2 follows from Theorem 5.1 and Proposition 5.2. Namely, for any repre-

sentation T € Ng; (7,¢), we have
U(d(T) = .

The second identity relates two expressions of elements in representations 7 in N, (7,),
which are obtained in two different ways. One is to use the composition of two consecutive
descents and the other is to use certain Fourier coefficients. In more details, given such a 7
in Nsp, (7,1), we form the Eisenstein series E(g, ¢;.,s) associated to a holomorphic section
Grms I

(5.19) Ind*2sr ™) (7] det |* @ ).

pSn A)

Recall that P5" is the standard parabolic subgroup of Spg,, whose Levi part is isomorphic
to GLg, X Spy,. Because 7 is of type (GLg,, T, %), the partial tensor product L-function

L%(s,7 x ) has a pole at s = 2. This implies that the Eisenstein series E(g, ¢, r.s) has a

2
simple pole at s = % To explain this, consider the constant term Cygn(E(, ¢rx;5)) along
P3". Then, due to the cuspidality of 7, we have, for Re(s) large, and g € GLy,(A) X Sp,,,(A)

(identified with the Levi part of P3"(A))
Crgp (E( 0rms))(9) = Prmislg )

(5.20) + / / ¢77W;5(v'w127'g)dvdz
'yEP“"(F N\Spa, (F) ¥ Z2n(A) S N3 (F)\N3;2 (A

+M (wo) (dr.m:5)(9),

where the notation is as follows. M (wg) is the intertwining operator with respect to the
corresponding long Weyl element

Wy = I4n ;
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wy is the Weyl element diag(wy,w]), where

IQn
w1 = _[2 ;

for v € Spy,,, 7 = diag(lan, 7, Ion); Zon is the subgroup of elements diag(u, u*), where u is

of the form
. I2n *
U = L, )

Note that the inner dv-integration in the second term of (5.20) provides the constant term on
7 along Pyr. This is of course zero, unless m = &;, in which case, we must have L%(3, 1) # 0.
Here, we use the fact that 7 is of type (GLay, 7, ). The normalizing factor of M (wo)(¢rr;s)
(outside 5) is
L3(m x 1,8)L5(1, A2, 25)
LS(mx 1,8+ 1)LS(1,A%, 25 + 1)
Since 7 is of type (GLap, T, %), this is equal to

LS(1 x 7,5+ 3)L5(7 x 7,5 — 3)L5(7, s) L® (7, \?, 25)
LS(t x 7,8+ 3)LS(1 x 7,8 + 3)L5(1,5 + 1) L3 (1, A2, 25 + 1)’

and now we see that s = % is a pole of L(1 x 7,5 — %), and clearly, at this point all the
remaining factors are holomorphic and nonzero. This shows that M (wg)(¢r~s) has a pole
at s = % In the case m = &, it is easy to see that the second term in (5.20) does not have
a pole at s = % Thus, the Eisenstein series above has a (simple) pole at s = % Denote the
corresponding residual representation by £ ;. Note that what we just explained also proves

Proposition 5.3. Let m € Ng,, (7,%). Then we have the following equality of the spaces of
automorphic representations of GLg, (A) X Spy, (A),

1
Crsn (Ern) = 026, | det |27 @ .
n 2n

The analogue of Theorem 2.1 works with almost the same proof, except for obvious modi-
fications, for the representation & . We formulate the analogous theorem and list the main
steps of the proof, which follow the main steps in the proof of Theorem 2.1, each of thich
carries the same proof, as in Theorem 2.1.

Theorem 5.4. For all integers I, such that n <1 < 4n, the residual representation &, has
no nonzero Fourier coefficient attached to the symplectic partition

[(2012(471—1)]_
Also, € » has a nonzero Fourier coefficient associated with any choice of representative of

the unipotent orbit [(2n)1%"], i.e. for all a € F*, the Fourier coefficient FYvira | defined in
(2.4), is nontrivial on &; .

Proof. The fact that £ ; has no nonzero Fourier coefficient corresponding to any unipotent
orbit attached to [(21)124"=D], for n < i < 4n, follows from Lemma 3.1(1) and Lemma 3.3
in [GRS05] (for k = 2). Thus, it remains to prove the statement about the orbit [(2n)1%"].
We need to prove that for all a € F*, the integral

(521) -vagn’a (57,71’) :/ £T,ﬂ<v)wV7§n,a(U>dv

VR (E)\Vi(A)
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is not identically zero, as &, varies in &, .. This is equivalent, by Lemma 1.1 in [GRS03],
to the nonvanishing of the following Fourier coefficient on &; -

(5.22) Flona(e, ) = / & (0)ysn o (0}

(VORMENVR™(A)

where (V)8 is the group of the following elements in Spg,,,

u Tz
/
v(u,x,z) = len '],
u*
where v € U,,, € Mat,, ¢y, is such that z,; =--- = 2,3, =0, and

Svna (0(t,,2)) = Ptz -+ o1+ Z).

Thus, the nonvanishing, for some choice of data, of the Fourier coefficient (5.21) is equivalent
to that of the following coefficient

(523) P = [ g0
Van(F)\VEn(A) "t
where ‘7718" is the subgroup of v(u,x,z) € (V')5", such that z, 3,41 =+ = Tps, = 0, and

Yisn , is defined by restriction of )y s, to VS (A). The nontriviality of the coefficient

(5.23) will follow from the nontriviality of the following Fourier coefficient on our residual
representation

(5.24) / /~ (0 s (0 o(0r)dudor,
VIR (F)\V,Sn(A) JVEM(F)\VE(A)

As in the proof of (2.14), the proof of (5.24) is very similar to [GRS99b], Sec. 5. Let
(525) W' = Iy € Sp6n<F)7

where & is defined in (2.15). Let Ry = V3"V and consider
Bl = w'Rl(w')_l.
The integral (5.24) is equal to

(5.26) / Erm (VW) X0 (V) dv.
Bi(F)\B1(A)
The group B; consists of the following elements in Spyg,,.
T C Z
(5.27) u(T,C,7) = Iy, C'],
T*

where the last two rows of C' are zero and T' € GLy,, has the form described right after (2.17),
and the character xy , is given by (2.18).
Next, the integral (5.26) is equal to

(5.28) / / & (VY )W, o(v)dudy,
i) JB () (8)
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where Y] is the subgroup of lower unipotent matrices in By, E; is the unipotent group of
SPg,, which corresponds to the symplectic partition [(2n)*1*"] and ¥, , = Yien)214]0,—as
the associated character (2.8). Thus, the dv integration in (5.28) is the application of the
Fourier coefficient F¥izm?1#"a~a The proof is exactly the same as the one for (2.19) (with
the same root subgroups X ), Y9 but only difference that their matrices have I, as a
middle block, instead of I5,). Moreover, the integral (5.26) is not identically zero if and only
if the inner integral of (5.28), which is (up to a right translation by yw') F¥iem?12me e (€, ),
is not identically zero on &, .. Exactly as in (2.30), we also get that for a given &, ., there is
! - (in & 1) such that, for all h € Spy,(A),

T,T

sy [ €yl )V, o(0)dody = €. o (0h), o (v}
v E1(F)\E1(A) Ey(F)\E1(A)
Let I be the matrix defined as in (2.31), except that the middle block Iy, is replaced by
14,. Then

(530) ./—'w[(2")212"];a’7a(€7,7r) :/ €T,ﬂ(05/)¢E1,a(/U)dU7
By (F)\E1(4)

where ¥, 4 is the character w};ha, conjugated by I'. Note that the elements of the unipotent
subgroup E have the form (2.33), (2.34), with the middle block I5, replaced by I4,, and then
the character g, , is given by (2.35). By Lemma 1.1 in [GRS03], it follows that the integral
on the right hand side of (5.30) is not identically zero, if and only if the following integral is
not identically zero on &; .:

(5.31) Flria(e, ) = / £ (V)b o(0)d
E{(F)\E{(A)

where EY is the unipotent F-group consisting of the elements of the form (2.33), with the
only difference that the middle block Iy, is replaced by Iy, and with A as in (2.34), but on
C we require that only its last row is zero and the character g, of Ej(A) is defined by
formula (2.35). Let v be the Weyl element in Spg,(F) obtained by replacing Iy, by Iy, in
V', defined in (2.37). Then

(5.32) Flra(e, ) = / ron (00 Yy a(0)d
B{ (F)\B{(A)

where B} = v"E{(v")"!. The elements in B have the form (2.39), with I, replaced by
Iyn, and ¥pr , is given by (2.40). Now we get the analogue of (2.41). The proof is almost a
repetition of that which yields (2.41). Here, we use the property that, for all n < < 4n,
&, = has no nonzero Fourier coefficient attached to [(21)124"V]. Thus, we get that the right
hand side of (5.32) is equal to

(5.33) / / &,w(vyV”)@/};(v)dvdy,
Li(A) VS” (F) \V8"

where L, is the subgroup consisting of lower unipotent matrices in Bf, and ¢/, is the character
of V3"(A) given by

(5~34) %(U) = 1/1(1)1,2 + ot Un—1n — QUppt1l — Untipt2 — * 00 — Uzn—1,2n)-
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Together with (5.33), we conclude that the integral (5.32) is not identically zero, if and only
if the integral

(5.35) Ern(V), (v)dv

/Vz%? (F)\Vz (A)

is not identically zero (as &, varies in &, ;). Moreover, as in (2.51), we get that for a given
§rny there is & such that, for all h € Sp,,(A),

CEOR | &yt ) )y = [ (€ (oh)y (0}
Ly(A) JVEH(F)\V3(A) VER(ENVER(A)
The argument similar to the one outlined after (2.52) shows that (5.35) is equal to
(5.37) / om0} (0)do,
Usi (F)\U3; (A)

where US" is the unipotent radical of the standard parabolic subgroup, whose Levi part is
isomorphic to GL}" x Sp,,,, and 1" is the character of U5"(A) given by the same formula as
(5.34). The integral (5.37) is equal to

(5.38) / Couse (€ ) (W), o ()l
Uzn (F)\U2r (A)

where the character ¢y;, , is the Whittaker character of Us,(A) given by the formula (5.34);
N3 is the unipotent radical of Py'; and Cygn (&) is the constant term along P35, applied

to & . By Proposition 5.3, we have the following equality of the spaces of automorphic
representations of GLg,(A) X Sp,,(A),
1 3
CNQSS (ST,TI') = 5;)287711| det |_27- ®,
and now it is clear that (5.38) is not identically zero. O

Exactly in the same way that Theorem 5.1 follows by a precise book keeping of the steps
of the proof of Theorem 2.1, we can do the same with the proof of the last theorem and
obtain an identity, which is completely analogous to that of Theorem 5.1. It has the exact
same structure. We will omit the proof. It is very similar to that of Theorem 5.1. One can
see that these identities do generalize, but we prefer not to go into the general case in this
paper, as this will require many more technical details and notations, and we want to keep
this paper in a reasonable size. Here is the identity, analogous to Theorem 5.1.

Theorem 5.5. Let m belong to the set Nsp, (1,¢). Let ¢y € S(A™), ¢ € S(A™) and
Crm € Ern. Assume that ¢y = ¢o1 ® Poa, where go1 € S(A™), ¢oo € S(A?"). Then the
following identity holds, as functions in h € Spy,,(A),

(5.39) (FJY 5, 0 FI0 5 ) (Enn) (R)

- / / / / CNgg(fr,%)%Z""l(hy'V”lAzB’yw'lAl)gb(ZQ,ll)dy'dZQdydll’
n Jyi(a) Jamm S (a)

where the notation can be explained as follows. By the definitions in (2.58) and (2.59),

1 ~n—1
(FJ5, 20 0 FI5, 5) (&) () 1= / FI3, 50 (Erm) (VD)0 5, (Can (v) )Y (v) v,
U (F)\UR™(A)
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with the function ¢ is in S(A™), which can be written explicitly in terms of ¢1, Go1, Pa. The

elements ', b, v", the unipotent groups Y1, Ly, and the Whittaker character vy;, ~for GLa,,
are all defined in the proof of Theorem 5.4. Finally, for l; = (z1,...,z,) € A",

n
T 2 : /
ll = Ign + xien,n—l-i?

i=1
and for ly = (y1, ..., Yan) € A,

4n
T /
ly = Ig, + E Yi€on 2n+i>

i=1
where €} ; = €;j — €sn_jy18n—it1, and e;; is the 4n x 4n matriz, which has 1 at the coordinate
(i,7), and zero elsewhere.

Exactly as in the proof of Proposition 5.2, we conclude, using Proposition 5.3,

Proposition 5.6. The space of automorphic forms on Sp,,,(A) generated by the elements
(FJY, 5, 0 FIY, 5) (6r.x) (R)

¢1,2n

in (5.39) is equal to the space of .
Theorem 5.5 and Proposition 5.6 prove the following analogue of Theorem 4.2,

Theorem 5.7. For any representation m € Ng,, (7,1), the space of the double descent is
identically equal to the space of 7:

DSZ¢ (DSZw(ff )) =Tm.
For elements of Ng, (7,1), we have the following analogue of Theorem 2.5.

Theorem 5.8. Let m € N, (7,v). Then the automorphic representation 52277#(6},#) is
square-integrable. Moreover, there is an irreducible subrepresentation m™ of W(w), such that
the space of the -descent Dgﬁw(é' x) has a nontrivial intersection with the space of the

residual representation &z of Spe, (A).

Proof. We follow the proof of Theorem 2.5. We have a formula, as in (2.62), for the constant
term along P, 1 <1 < 3n, of FJ¥ .an(&rx) (evaluated at the identity). Tt reads

Ga) Y% / BLGNFIL, 4., (Cose, (60)) (FAG)A

Jj= 0"/€P1 ; 1 O\GLr (F)

Here, we assume that ng = 1 ® ¢ with ¢; € S(A”) and ¢ € S(A*"~"); the subgroup P! ey
is the one in (2.62); the rest of the notation is similar; for a € GLy, k& < 4n, we denote
a = diag(a, Ioan—r), a*); the group L is unipotent and consists of all matrices

I, 0\"
)\—(x In) € Spg,,s

A
and in this notation i(\) is the last row of z; and finally, 5 = 3, = I’") . The proof of

Iy
the formula appears in detail in Sec. 7.6 in the book [GRS11].
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The residual representation &£, has only one nontrivial constant term, namely the one
along P5" in the case that 7 is cuspidal. In the case that 7 = &, it has an additional
constant term, which is along P;", the standard maximal parabolic subgroup whose Levi
part GLy,. Thus, in (5.40), either r — j =0, r — j = 2n, or r — j = 4n.

Since r < 3n, the last case is impossible. If r—j = 0, then the corresponding term in (5.40)
is zero. Indeed, in this case, FJi2’3n_T(CN§3j (&rn)) = FJZQ’gn_T(ﬁT,,r), and since the Fourier-
Jacobi coefficient FJZ%%_T involves the Fourier coefficient corresponding to [2(n+7), 126777)]
(Lemma 2.2), we see, by the first part of Theorem 5.4, that FJZ%%_T is zero on &; . Thus,
r—j = 2n. If 7 > 1, then the corresponding term in (5.40) is zero. For this, we will
show that FJ $273n_r(C ngn (§7.7)) is identically zero on &, ». By Proposition 5.3, the restriction
of Cysn(&.x) to the Levi subgroup of Py'(A), identified with GLg,(A) x Spy,(A), lies in

1 .
) 123287,:| det |_%7‘ ® 7. When we further apply FJiQ,gnfT, we apply it to the second factor in the

tensor product, namely to m. Note that this Fourier-Jacobi coefficient involves the Fourier
coefficient corresponding to [2(2n — t),1%], where t = 3n —r. Since r =2n+j > 2n, t < n.
Since 7 is of type (GLa,, 7, %), any such Fourier coefficient is trivial on 7, and hence (Lemma
2.2) FJ;@}SH# is trivial on 7.

We conclude that (5.40) is zero, unless » = 2n, and then it reduces to just one term,
namely the one corresponding to j = 0. In this case the constant term CNQGS(FJign({TJ))
(evaluated at the identity) is, with notation as above, equal to

(5.41) /L OV Gz (6 (8

From (5.41), it is easy to see that, as a representation of GLy, (A) X %Zn(A),
(542) CNS}; (Egz,w<€7',7r)) = ’Y¢5]§D267711| det |_1T ® \IJ(’]T)

Thus, ﬁg;;w(&m) has a unique exponent and it is negative. In particular, it is square
integrable, and if p is a non-cuspidal irreducible subrepresentation, then (5.42) implies that
p must be an irreducible subrepresentation of gﬁ, for some irreducible subrepresentation m
of U(m). This proves that the space of the descent 5§Z,w(gﬂ7r) has a nontrivial intersection

with the space of the residual representation £, z, when 7 is member in Ng, (7,7). O

Remark 5.9. Note that in Theorem 5.8, we do not use Assumption (A). If we use As-
sumption (A), then the residual representation £ % of Spg,(A) is irreducible. In this case,

Theorem 5.8 asserts that the ¢-descent 7527’"{71#(87,0 contains the residual representation &,
as an irreducible subrepresentation. This is the technical point where Assumption (A) is

needed in the proof of Theorem 4.4 in §6.2.

6. PROOF OF THE MAIN THEOREMS

In this section, we are going to use the results established in the previous section and
prove Theorems 4.1, 4.3, and 4.4. From these theorems, Theorem 4.5 follows.
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6.1. Proof of Theorem 4.1: Irreducibility of ¥'(w). Let 7 € Ng, (7,%). By Theorem
5.7,

(6.1) 7 = Din -1 (Do (Err))-

By Theorem 5.8, there is an irreducible subrepresentation 7 of W(7), such that the space

of 152:;@(87,”) contains an irreducible subrepresentation o of gfﬁ. From (6.1), since 7 is
irreducible, we get that

(6.2) m="Dir , 1(0).
By definition, Dg" (o) C ®(7), and hence
(6.3) T C (7).

Applying Theorem 4.2, we get
U(r) =V (7) C ¥(P(7)) =T
Since 7 is irreducible, we conclude that W(7) = 7 is irreducible. This proves Theorem 4.1.

6.2. Proof of Theorems 4.3, 4.4. Let 7 € Ng, (7,4). By Theorem 4.1, ¥(7) = 7 is
irreducible. By (6.3), we get
T CP(7) =D(¥(nm)).
This proves Theorem 4.3.
Suppose that Assumption (A) holds. Then in the proof of Theorem 4.1, we get that
o= gﬁ as in Remark 5.8, and then, by (6.2)

7 =D 1 (Er) = B(F) = B(U()).
This proves Theorem 4.4. Theorem 4.5 now follows.
We note that Assumption (A) is used only in the last step of the proof of Theorem 4.4.
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