POLES OF L-FUNCTIONS AND THETA LIFTINGS
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ABSTRACT. In this paper, we prove that the first occurrence of
global theta liftings from any orthogonal group to either symplec-
tic groups or metaplectic groups can be characterized completely
in terms of the location of poles of certain Eisenstein series. This
extends the work of Kudla and Rallis ([KR94]) and the work of
Moeglin ([M97a] and [M97b]) to all orthogonal groups. As appli-
cations, we obtain results about basic structures of cuspidal auto-
morphic representations and the domain of holomorphy of twisted
standard L-functions.

1. INTRODUCTION

Let k be a number field and A be the ring of adeles of k. Let O,,, be
the orthogonal group associated to a nondegenerate quadratic k-vector
space X of dimension m. Let x be a quadratic character of A*/k*. By
means of the spinor norm, one may view x as an automorphic charac-
ter of O,,(A). We denote by A°(O,,/k) the set of irreducible cuspidal
automorphic representations of O,,(A), which occur as irreducible sub-
spaces in the space of cuspidal automorphic functions on O,,(A). For
any o € A°0O,,/k), we study in this paper the location of poles of the
partial twisted standard L-functions L(s,o ® ), where S is a finite
set of local places of k including all archimedean local places.

By the doubling method of Piatetski-Shapiro and Rallis ([GPSR87]),
the partial twisted standard L-function L(s, 0 ®) has at most simple
poles at Re(s) > %, and the possible poles may occur at s = % — j >
0 ([GPSR87] and [KR90]). It is a program of Kudla and Rallis to
determine the location of the poles of L%(s,0 ® x) in terms of the

Date: Feb. 28, 2008.

2000 Mathematics Subject Classification. Primary 11F70, 22E55; Secondary
11F67, 22E50.

Key words and phrases. orthogonal groups, theta liftings, automorphic forms,
L-functions, periods.

The research of the second named author is supported in part by NSF grants
(DMS-0400414 and DMS-0653742), and by Chinese Academy of Sciences. All three
authors are partially supported by the USA-Israel Binational Science Foundation.

1



nonvanishing of the relevant theta liftings via the regularized Siegel-
Weil formula ([R91], [KR94]).

We recall some basic facts from the theory of the theta correspon-
dence. Let Spy; be the symplectic group of k-rank I. Then (O,,, Spy;)
forms a reductive dual pair in Sp,,,, in the sense of R. Howe ([H79)]).
We denote by Mp,,(A) the metaplectic double cover Spy;(A) of Sp,, (A)
if m = 2n+ 1 or the A-rational points Spy,(A) of Spy, if m = 2n. For a
non-trivial character ¢ of A/k, there exists the Weil representation wy,
of Spay,,(A), which is realized in the Schrodinger model S(A™), where
S(A™) is the space of C-valued Schwartz-Bruhat functions on A™.

For ¢ € S(A™), we form the theta function

Oyo(@) = D wy(@)(@)(©),

gekmt
on é\lg%nl(A). There is a natural homomorphism
Om(A) X Mpy (A) — é\IJ)zml (A)

with the kernel Cy = {£1}, and the center of O,,(A) diagonally em-
bedded. We pull the Weil representation wy, back to O, (A) x Mpy (A).
The details may be found in [JngS07b], for instance.

For a 0 € A°(O,,/k), the following integral

WD) 6 (i) = / 60 ()0, (g, h)dh
Om (k)\Om (A)

with ¢, € V,, defines an automorphic function on Mpy,(A). We denote
by 92{,”(0') the space of the automorphic representation generated by
all 07, (g; ¢o, ), as ¢ and ¢, vary, and call 6/ (o) the ¥-theta lifting
of o to Mpy(A).

A Dbasic problem in the theory of the theta correspondence is to
determine when the t-theta lifting 67/, (o) is nonzero. By the Rallis
theta tower property ([R84]), if for any I; < [y, the ¢-theta lifting of
o, Gilfm(a) to Mpy, (A) is zero, then the 1)-theta lifting of o, 93}{%(0’)
is a cuspidal automorphic representation of Mp,,; (A); and if Qilf;n(a) is
nonzero and cuspidal, then for any [, > [y, the space Qilin(a) consists of
automorphic functions on Mpy;, (A), which are no longer cuspidal. In
fact, by the work of Moeglin ([M97a] and [M97b]), one knows that they
are orthogonal to the space of cuspidal automorphic forms on Mp,, (A).
In this case, the integer [y is called the first occurrence of o in the Witt
tower of Mpy(A), and is denoted by FO, (o) := 2ly. Furthermore, for
a given o € A%0O,,/k), it is proved in [R84] that the first occurrence

FO, (o) is a positive integer, which is at most 2m. It is interesting and
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important to characterize the first occurrence FO, (o) in terms of basic
properties of 0. We remark that for any o € A°(O,,/k), if the first
occurrence FOy (o) = 2y, then the t-theta lifting of o, 93}{%(0) is a
nonzero irreducible cuspidal automorphic representation of Mpy, (A).
This is proved in [M97b] when m is even and in [JngS07b] when m is
odd.

The same problem for the first occurrence can be formulated for
irreducible cuspidal automorphic representations of Mp,, (A).

In [KR94], Kudla and Rallis illustrated their theory for the symplec-
tic groups Spy;. It is clear that their arguments work for O,, and for
Mp,,; provided that the relevant theories for O,, and for Mp,, are estab-
lished, respectively. In this paper, we prove the following orthogonal
group analogue of Theorem 7.2.5 of [KR94] as a consequence of one of
the main results of this paper (Theorem 1.3).

Note that because of the disconnectedness of O,,, there are auto-
morphic sign characters of O,,(A) which are trivial on O,,(k). Such
characters can be constructed as follows. Consider the adelic group
of the group Z, := {£1} and consider any character € of Zy(A) which
takes the value 1 at all local places v of k, except an even number of
local places, where it takes value —1. such characters of Zs(A) induce
automorphic sign characters of O,,(A). For any automorphic sign char-
acter € and any o € A°(O,,/k), L(s,0,) = L%(s,0, ®¢,), for all places
v. On the other hand, ¢ and ¢ ® € may have different first occurrences
when they are lifted by 1-theta correspondence to the tower Mp,,(A).

It is natural to introduce the notion of the lowest occurrence LOy (o)
of o, with respect to all twists by automorphic sign characters of
O (A), in the tower Mp,, (A) via i-theta correspondence. We define
it by

(1.2) LOy(0) == HIQH{FOw(O' ®€)},

where €’s run through all automorphic sign characters of O,,(A).

We prove the following theorem, which is the orthogonal group ana-
logue of Theorem 7.2.5 of [KR94]. Here, as pointed to us by Moeglin,
the choice of a twist by a sign character is analogous to the choice of a
Hasse invariant in Theorem 7.2.5 of [KR94].

Theorem 1.1. Let O,, be the orthogonal group attached to a quadratic

k-vector space of dimension m, and let x be a quadratic character of
E*\A* and o € A°(O,,/k).

1. If the partial L-function L°(s,0®Y) has a pole at s = =] >

0, or if m is odd and the partial L-function L°(s,c®Y) does not

vanish at s = %, i.e. j = 2[%F], then there is an automorphic sign
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character € of O,,(A), such that the v -theta lifting of (0 ® x) Q¢
to Mp,;(A), does not vanish, that is, LOy(0 @ x) < 2j.

2. If the lowest occurrence of 0 @ x, LOy(0 @ x) is 2jo < m, then
the partial L-function L°(s,0 @ x) is holomorphic for Re(s) >
m o,

3. If (in (2)) 2jo > m, then the partial L-function L°(s, o ® ) is
holomorphic for Re(s) > 1.

This theorem will be proved in §4, by using Theorem 3.1, which is
a preliminary step towards the main theorem in this paper (Theorem
1.3 below). We remark that in Part 2 of Theorem 1.1, it is not known
if the partial L-function L°(s,0 ® x) has a pole at s = sy = T — Jo.
We state it as a conjecture.

Conjecture 1.2. Let O,, be the orthogonal group attached to a qua-
dratic k-vector space of dimension m, and let x be a quadratic character
of \A* and o € A°(O,,/k). The partial L-function L°(s,0 @ x) has
a pole at sy = % — jo > 0 and is holomorphic for Re(s) > so, or
L%(3,0®x) # 0 when m = 2n+1 and jo = n, if and only if the lowest
occurrence LOy (0 @ x) = 2j.

It is clear that new ideas are needed in order to determine the in-
trinsic relation between the precise location of the possible poles of
L%(s,0 ® x) and the first occurrence of 0 ® yx, FO, (0 ® x), or more
naturally, the lowest occurrence LOy (0 ® x) as defined in (1.2).

It was Moeglin’s idea ([M97a] and [M97b]) to replace the partial L-
function L%(s,0® x) by the Eisenstein series E(g; @ooy, s) on Opia(A)
attached to the cuspidal datum (@1, x ® o), where the Levi part of
Q1 is GL; x O,,. The precise definition of E(g; ¢ogy,s) is given in
62 and §4. The key point in using this Eisenstein series is that the
constant term of E(g; ¢rey,s) along the maximal parabolic subgroup
Q; is closely related to L°(s,0 ® x). We refer to §2 and §4 for more
detailed discussion.

We denote by P(o® x, Q1) the set of positive poles of the Eisenstein
series E(g; dooy, s). Asin [M97a] and [MI7b], for m even, one can prove
that for a given cuspidal datum (Q1, x ® ), if the set P(o ® x, Q1) is
nonempty, then the maximal member in the set P(o ® y, Q1) must be
of form % — j > 0. In this case, there is an automorphic sign character
€, such that the ¢-theta lifting of (0 ® x) ® € to Mp,;(A) is nonzero.
Hence the lowest occurrence LOy (0 ® x) < 2j.

One of the main results in this paper is to show, that for any orthog-
onal group O, and for any o € A°(O,,/k), if the set P(oc ® x, Q1) is

nonempty, then the maximal member so = F — jo9 > 0 yields the exact
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information on the lowest occurrence LOy (0 ® x). More precisely, we
have

Theorem 1.3. Let O,, be the orthogonal group attached to a quadratic
k-vector space of dimension m, and let x be a quadratic character of
E\A* and o € A°(O,,/k). Assume that the set P(c®x, Q1) as defined
above is nonempty. Then the mazimal member in P(o ® x, Q1) is of
the form sg = 3 — jo > 0, where jo is a positive integer, if and only if
the lowest occurrence LOy (o ® X) is 2jo.

This theorem is a combination of Theorem 3.1 and Theorem 5.1,
which are proved in §3 and §6, respectively. Theorem 1.3 will be proved
in §5. Theorem 3.1 will be proved by following the same arguments as
in [M97a] and [M97b], for m is even. Theorem 5.1 determines the
existence of the pole of E(g; ¢sey,s) in terms of the first occurrence

FOy (o ® x).
It should be mentioned that Theorem 5.1 contains also a result
for so = % — jo < 0. This is new and is a result of the applica-

tion of the Arthur truncation method in the content of theta corre-
spondence. More precisely, we apply the Arthur truncation to the
Eisenstein series E(g; ooy, s) and show that if the first occurrence
FOu(oc ® x) = 2j < m, a certain period of the truncation of the
Eisenstein series E(g; ¢owy, 5) has a pole at s = 3 — j. In particular,
the Eisenstein series E(g; ¢ogy,5) has a pole at s = & — j. When

% —J > 0, we prove that all the integrals are absolutely convergent.

However, when %t — j < 0, we impose the condition that 6 < m and
% < Jj <m—2 to avoid the technical complication of proving absolute
convergence of certain integrals in this case. See Theorem 5.1 and its
proof in §6 for details.

Based on this, when % —j > 0, we apply again the Arthur truncation
to the residue of the Eisenstein series E(g; ¢ozy,s) at s = 3 — j and
show that such periods converges absolutely and can be expressed in
terms of the similar periods of the cuspidal datum o® x (Theorem 6.6).
In particular, if the first occurrence FOy (0 ® x) = 25 < m, then the
residue at s = % — j of the Eisenstein series F(g; ¢owy, §) has a nonzero
period over a certain (smaller) orthogonal group (Theorem 5.3). This
is also a new feature that the Arthur truncation method is applied in
in the content of theta correspondence.

We prove Theorem 5.1, 5.3, and 6.6 in §6.

In case the Eisenstein series is holomorphic for Re(s) > 0, i.e. the

set P(0 ® x, Q1) is empty, we have the following conjecture.

Conjecture 1.4. The set P(o ® x,Q1) is empty if and only if the

lowest occurrence LOy (0 ® x) is equal to 2[F] + 2.
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In one direction, when m = 2n + 1 is odd, if the set P(oc ® x, Q1) is
empty, then the L-function L°(s, o ® ) is holomorphic for Re(s) > %
We expect, in this case, that the lowest occurrence LOy (0 ® x) is equal
to 2n if and only if L%(3,0 ® x) # 0.

When O,, is a k-split even orthogonal group and o is an irreducible,
automorphic, cuspidal representation of SO,,(A), and assumed to be
generic, i.e. has a nonzero Whittaker-Fourier coefficient, it is proved in
[GRS97] that L5(s, 0 ® x) is holomorphic for Re(s) > 1. Furthermore,
it is proved in [GRS97] that L°(s,0 ® x) has a pole at s = 1, if and
only if the first occurrence of o ® x, FO, (0 ® x) is m — 2; otherwise,
the first occurrence of 0 ® x, FO, (0 ® x) is m. Here, the notion of first
occurrence for the pair (SO,,, Sp,,,) is defined in the same way. When
O, is a k-split odd orthogonal group and, as above, o € A°(SO,,,/k) is
generic, it follows from the Langlands functorial transfer from SO,, to
GLy,—1 ([CKPSS01]), that L*(s,o ® x) is holomorphic for Re(s) > 1.
It is proved in [JngS07a] and [JngS07b] that L¥(s, 0 ® x, 3) # 0, if and
only if the first occurrence of o ® x, FO, (0 ® x) is m — 1; otherwise,
the first occurrence of ¢ ® x, FOyu(0 ® x) is m + 1. In this case, the
nonvanishing of L°(s,0 ® x) at s = % is equivalent to the existence of
the pole of E(g; powy.s) at s = % Hence both Conjectures 1.2 and 1.4
hold for irreducible generic cuspidal automorphic representations o of
k-split orthogonal groups SO,,. See §7 for more details.

Combining the above results with [JngS03], [JngS07a], and [JngS07b],
we can deduce the following interesting consequences, which may be de-
duced from the Arthur conjecture (or Arthur’s Theorem assuming the
availability of various types of the fundamental lemmas) on the basic
structures of the discrete spectrum of automorphic forms ([Ar05]).

Theorem 1.5. Let SO,, be the special orthogonal group attached to
a quadratic k-vector space of dimension m, and let x be a quadratic
character of k*\A* and 0 = ®,0, € A°(SO,,/k). If there is a local
place v, such that SO, (k,) is k,-quasi-split and the v-local component
o, is (locally) generic, then the partial L-function L°(s,o ® x) is holo-
morphic for Re(s) > sy, where so =1 if m is even and sy = 3 if m is
odd.

Next, we consider a special case when SO, is the k-split odd orthog-
onal group (m = 2n+1), and o is an irreducible, automorphic, cuspidal
representation of SOg,11(A), with Bessel model of special type. Recall
that the Whittaker-Fourier coefficients are the Fourier coefficients at-

tached to the regular nilpotent orbit, while the Bessel model of special
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type may be viewed as certain Fourier coefficients attached to the sub-
regular nilpotent orbit, which have a nontrivial period along a certain
subgroup, isomorphic some SO, . See §7 and [JngS07a] for details.

Theorem 1.6. Let SO, be the the k-split odd special orthogonal
group. Assume that 0 = ®,0, € A°(SOq,11/k) has a nonzero (global)
Bessel model of special type. If there is a place v, such that the v-local
component o, is (locally) generic, then o is nearly equivalent to an
irreducible generic (globally) cuspidal automorphic representation o’ of

SOz041(A).

We will give the proofs for Theorem 1.5 and Theorem 1.6 in §7,
when v is a finite place of k. When v is an archimedean place of k, the
proofs are similar, and we omit them. We remark that Theorem 1.6
was proved in [JngS07a] with an additional requirement on the place
v. Theorem 7.1 provides a domain of holomorphy of the L-functions in
terms of the first occurrence in the theory of local Howe correspondence.
As consequences of Theorem 7.1 and Theorem 1.3, we prove Theorem
1.5 and Theorem 1.6.

We expect that the first occurrence of irreducible admissible rep-
resentations in the theory of the local Howe correspondence could be
expressed in terms of generalized Gelfand-Graev models, which are
generalizations of the Whittaker models used in Theorem 1.5; and also
the determination of the domain of holomorphy of L-functions could
have a deep impact on the estimate of the Satake parameters at the
unramified places. These topics will be included in our forthcoming
work. In connection with the CAP conjecture ([JngS07al), the follow-
ing theorem can be proved as applications of Theorem 3.1 combined
with [JngS07a] and [JngS07h].

Theorem 1.7. Let G be the k-split group SOsg, 1. Assume that o €
A°(G/k) has a nonzero Fourier coefficient attached to the subregular

nilpotent orbit of the complex Lie algebra of G. Then the following
hold.

1. The partial L-function L°(s,0 ® x) is holomorphic for Re(s) >
3, for all quadratic characters x of k*\A*.

2. If the partial L-function L°(s,0 ® x) has a pole at s = %, for
some quadratic character x of k*\A*, then o is a CAP rep-
resentation. More precisely, o is either a CAP representation
with respect to the generic cuspidal datum (Pp;x|- |2 @ 0p_1)
where Py is the standard parabolic subgroup, whose Levi part is
isomorphic to GLy x SOs,_1, and o,_1 is an irreducible generic

cuspidal automorphic representation of SOq,_1(A), or a CAP
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representation with respect to the generic cuspidal data
1 1
(P x| 12 @xx| 2 ® 0u-2),

where Py ;1 is the standard parabolic subgroup, whose Levi part
is isomorphic to GL; x GL; X SOq,_3, X' is a certain qua-
dratic character attached to the Fourier coefficient, and o,_o
15 an irreducible generic cuspidal automorphic representation

Of SOQn_g (A) .

Under the assumption that ¢ has a nonzero Bessel model of special
type, Theorem 1.7 was proved in [JngS07a] and [JngS07b]. We think
that the formulation of Theorem 1.7 serves as a model to understand
the CAP conjecture for general cuspidal automorphic representations
of general classical groups. We will give a sketch of the proof in §7.3.
More complete theory will be included in our forthcoming work ([GJS]).

Finally, we are grateful to C. Moeglin and W.-T. Gan for very helpful
communications, and, in particular, for pointing to us an error in an
earlier version of this paper.

2. POLES OF CERTAIN EISENSTEIN SERIES

Let k be a number field and A be the ring of adeles of k. Let (X, b)
be a nondegenerate quadratic k-vector space of dimension m, where b
is the corresponding symmetric form. Denote its k-Witt index by r;
re€{0,1,---,[%]}. Without lose of generality, we assume that m > 2
in this paper.

For any nonnegative integer a, denote by

(2.1) Ho =Ll @l

the polarization of the 2a-dimensional quadratic k-vector space H,,
which is the direct sum of a-copies of the hyperbolic plane. Then we
define

(2.2) X, =X 1L{Far).

This is a nondegenerate quadratic k-vector space of dimension m + 2a,
with k-Witt index a+r. Take Q, = M,N, to be the maximal parabolic
k-subgroup of the orthogonal group O(X,), which preserves ¢/ ; its Levi
subgroup is

(2.3) M, 2 GL(£+) x O(X) = GL, x O,

The elements of M, will be denoted by m(z, h), with z € GL, and

h € Oy,.
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Let K, =[], Ka. be a (good) maximal compact subgroup of O(X,)(A),
such that the Iwasawa decomposition

(2.4) O(Xa)(A) = Qu(A) - Kq

holds. For instance, K, , = Oyp124(O,), the v-integral points of O, 24,
when O, 19, is k,-split. Then the Langlands decomposition of O, 2,(A)
is

(2.5) Omioa(A) = Ny(A)M!ATK,,

where A, is the (split) center of M,. The unique reduced root in
®*(Qq, Ay) can be identified with the simple root a,. As normalized
in [Sh88], we denote

(26) &a =< anJaa >_1 an7

where pg, is half of the sum of all positive root in N, and < -,- > is
the usual Killing-Cartan form for the root system of O,,12,. We let

(2.7) ay, = Homg (X(M,),R), af, =X(M,) ®R,

where X (M,) denotes the group of all rational characters of M,. Since
(. is maximal, a}, is one-dimensional. We identify C with aj,  via
S SQy.

Let H, : M,(A) — aypg, be the map defined as follows, for any x €

*
Arr,s

(2.8) Ha(m)(x) = [ [ Ix(m.)l.

for m € M,(A). Tt follows that H, is trivial on M. This map H, can be
extended as a function over O,,12,(A), via the Iwasawa decomposition
or the Langlands decomposition above. By direct computation, we
know that

(2.9) Ha(m(z,h))(s) = |detz|*, Ha(m(z,h))(pg,) = | det 2[5
where s € C and m = m(z,h) € M,(A), with x € GL,(A) and h €
Onm(A).

We denote by A°(O,,/k) the set of irreducible, automorphic, cus-
pidal representations of O,,(A), occurring as subspaces in the space
of cuspidal automorphic forms on O,,(A). For ¢ € A°(O,,/k) and
a quadratic character yx, of A*/k*, we denote by &, the space of
smooth C-valued functions ¢4, on N, (A)M,(k)\O(X,)(A) satisfying
the following properties:

® {u.0 is right K, -finite;




e for any z € GL,(A) and g € O(X,)(A),
Duson (. Ix)g) = x(detz) - | det 25 - G (9);
and
e for any fixed t € K,, and for any h € O,,(A), the function

h'= Gaox(m(le; h)t)
is a smooth and right K, N M!-finite vector, in the space V,
of the irreducible, automorphic, cuspidal representation o, re-

alized in the cuspidal spectrum on O,,(A) (in the o-isotypic
component of the cuspidal spectrum if there is multiplicity).

For any s € C and ¢4.0, € Eai6,y, define

(2.10) P,5(9; Paion) = Ha(9)(5)Paiox (9)-
It is clear that for g = nm(z, h)t € Q.(A) - K,, we have

s m+a—1
(2.11) (g5 Paion) = x(det(x))| det(z)[" 2 Paigy (m(la, h)E).
Equivalently, one may identify ®4(g; ¢, ) @ a smooth section of the
normalized induced representation
Om+2a (A S
(2.12) I(s;0) = Indg 2™ (x - | det |* @ o).

Attached to such a function ®,(g; ¢4, ), We define an Eisenstein series,
on O,,124(A), by

(2.13) EQe (95 Pa;o,x» s) = Z P, (vg; ¢a;cr,x)
’YEQa(k)\OerZa(k)

By the Langlands theory of Eisenstein series [MWO95], this Eisenstein
series converges absolutely, for Re(s) > %‘H, and has a meromorphic
continuation to the whole s-plane, with finitely many possible poles for
Re(s) > 0, which in this case, turn out to be real.

We denote by P(c®, Q,), the set of positive poles of the Eisenstein
series 9 (g; Ga.o» ), When @o, , runs in &, . Hence, if sp > 0 is a
number in the set P(0 ® x, @), there exists a ¢g.p € Eqoy Such that
E94(g; $a.0y, ) has a pole at sg; and if sy > 0 is the maximal number
in the set P(o ® x,Qa), then for all ¢u.p, € Euoy, the Eisenstein
series E9(g; Pu.ox, 8) is holomorphic for Re(s) > so. As in [M97a] and
[IM97hb], we have

Proposition 2.1. Assume that P(o ® x, Q1) is nonempty, and let sg
be its maximum. Then, for all integers a > 1, s, = So + %1 lies in
P(o @ x, Qa).

The proof is the same as that in §1.1 of [M97a]. We omit the details
here.
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Proposition 2.2. Assume that the partial L-function L°(s,0 ® ) has
a pole at s = sg > 0, and is holomorphic for Re(s) > so. Then, for
all integers a > 1, the Eisenstein series E9(g; ¢a.vy, S) has a pole at
Sq i= So + %1

Proof. The proof is the same as in §1,2 of [M97a]. We sketch some
details here for completeness. By the Langlands theory of the constant
terms of Eisenstein series, one has to calculate the constant terms of
E9(g; ¢, ) along various parabolic subgroups of O, 42,. Asin §1,2
of [M97a], since s = s¢ is the maximal pole of the partial L-function
L3(s,0®Y), it is enough to consider the poles of the intertwining oper-
ator attached to the longest Weyl group element w, in Q\O,,124/Qu-
By the Gindikin-Karpelevich formula at unramified finite places, when
m is even, the product of partial L-functions reads

(214)13[Ls(s—“—;1+i 10’®X H C52s—a+z+j—1)
' L3(s— St +i,0®X) (25 —a+i+j)

7

=1 1<i<j<a

and when m is odd, it reads

L Lo(s— % +i— Lo®x) 5(2s—a+i+j—1)
(2.15) ] 2 1T .

LS(s — %t +i,0 @ X) S(2s —a+i+j)

i=1 1<i<j<a

Here, (°(s) is the partial Dedekind zeta function of k. After cancella-
tion, when m is even, it reduces to

LS(s—%toox) T2, ¢5(2s — a+2i)

2.16 :
(2.16) L5(s 4+ 4 “H ,O®X) H?:_[la+1]§°5(2$—a+2i+1)
2

and when m is odd, it reduces to

(L+1

LS(s—%to®y) 1‘[ 525 —a+2i—1)
L(s+“+1U®X) Hi:[%]ﬂg(s—a—ir%)'

(2.17)
Now we evaluate the products of partial L-functions at s = s, = 80+“%1
and obtain the following. When m is even, it reads

ress—s, L°(s,0 @ x) El (%(2s0 — 1+ 2i)
L3(so+a,0®X)  [Zass) ¢5(250 +23)

(2.18)

and when m is odd, it reads

a+1

res,_y L5(s,0 @ x) [[.2 ) ¢S(2s0+ 2i — 2)
LS(SO +a,U®X) Hi:[%}-i-l CS(2SO+2Z - 1)
11

(2.19)




In both cases, the residue res,_,,L°(s,0 ® x) can not be canceled by
the denominator. Hence the product of local intertwining operators
at finite unramified places has a pole at s = s, = sg + “%1 We
remark that since sq is the maximal pole, it can not be canceled by the
possible poles from the intertwining operators attached to other Weyl
group elements. Therefore, the constant term of E@(g; Gaiox, S) has a
poleats:sa:soj“’%l. O

Note that by [KR90], the possible positive poles of the partial L-
functions L%(s,0 @ x) are at s = 2 — j > 0. We want to show

Proposition 2.3. Let sq be the maximum of P(oc ® x,Q1). Then
so must be of form T — j, with j = 1,2,--- ,[mT_l], when O(X) is
not k-anisotropic. When O(X) is k-anisotropic, the Eisenstein series
E®?(g; $1,0, 8) has a pole at s =2, if and only if o is the composition

of x with the spinor norm of O(X).

This is a consequence of Theorem 3.1 in §3, which will be proved by
the generalized doubling method.

3. GENERALIZED DOUBLING METHOD

We consider the generalized doubling method, for general orthogo-
nal groups O,,, following the ideas and arguments of Moeglin in §2.1
of [M97a], where the case of even orthogonal groups is studied. See

also §3.1 of [JngS07b] for the treatment for the case of é?)%. As a
consequence, we prove a stronger result than Proposition 2.3.

Theorem 3.1. Let O,, be the orthogonal group attached to a quadratic
k-vector space of dimension m, and let x be a quadratic character of
F\AX, and o € A°(O,,/k). If the Eisenstein series E9(g; ¢1.0.,S)
has a pole at s = sg > 0 and is holomorphic for Re(s) > sg, i.e. Sq is
the mazimum of P(o @ x,Q1), then s = & — j, for some integer j,
and there is an automorphic sign character € of O,,(A), such that the
W-theta lifting Qi{m((a ® x) ®¢€) of (0 ®x) @€ to Mpy;(A) is nonzero,
i.e. the lowest occurrence

LOy(0 ® ) < FO,((0 ® X) ® ¢) < 2j.

Moreover, we also have 25 > r, where r is the Witt index of the qua-
dratic form b, which defines O,,. In particular, if O,, is k-split, then
2j = [5]-

This theorem was proved by Moeglin in [M97a], for even orthogonal
groups. The proof for m odd is similar. For completeness, we review

the proof, in general, following Moeglin’s argument. To prove Theorem
12



3.1, we recall the generalized doubling method. We keep using the
notations introduced in §2.

Let (X', V) := (X,—b) be the quadratic k-vector space obtained
by taking the same vector space as X, but with the nondegenerate
symmetric bilinear form & = —b. Take W = X 1 X’  the ‘doubled’
k-vector space, and define, for any nonnegative integer a,

(3.1) W,=X, LX' =W L{fdl)=W LH,
where X,, (X, and H, are given in (2.1) and (2.2). One may call W,

a’?

the generalized doubled k-vector space. Define

(3.2) X&%:={(z,£2) e W |2z € X}, and X>* = X>* g (F
Then we have

(3.3) W=X%"@o X% and W, =X>" @ X5~

These are the polarizations of W and W,, with respect to the maximal
totally isotropic subspaces X% and X2%, respectively. In particular,
both W and W, are k-split quadratic k-vector spaces.

Let P, be the maximal parabolic subgroup of O(W,), stabilizing
the maximal totally isotropic subspace X2 of W,. Then we write
P, = Mp,Up, as the Levi decomposition of P,, with the Levi part
Mp, = GL,,4+,. It is clear that the unipotent radical Up, is abelian.
There is a maximal compact subgroup K of O(W,)(A) such that

(34)  K,NO(X.)(A) = K, and O(W,)(A) = Pu(A) - K,
where K, is the maximal compact subgroup of O(X,)(A), as defined
in (2.4). Let
(3.5) L=11 X1z O(X,) x O(X") — O(W,)
be the natural embedding according to (3.1).

Replacing o by o ® x, we may assume that y = 1.

As in [M97a], we denote by [/ , the space of automorphic forms f
on

Up, (A)Mp, (K)\O(Wa)(A),

such that )
f(m(z)g) = | det(x)[307, (m(x)) f(9),
where m(x) = g :S*) € Mp,(A), withx € GL,,,14(A), g € O(W,)(A).

For f € [, (i.e. s =0), define
(36) fi(g) = [hr,(9)]" - f(9),

where hp, is the same as the function H,, defined in (2.8), replacing the

parabolic subgroup @), there by the parabolic subgroup P, here. It is
13



clear that f defines a section in the normalized induced representation

Indgfx‘;)m)ﬂ det |*). We define the Eisenstein series attached to fs by

(3.7) E"(g; fs) = > fs(vg).
7€ Pa(K)\O(Wa)(K)

In [KR90], the possible positive poles of the Eisenstein series E2(g; f,)
are proved to be in the following set
m+a—1 m+a
For any 0 € A°(O(X)/k), we define, for any ¢, € V;, f € E/ ;, and
ga € O(X,)(A), the following function

(3.9) Fonalga) = / o, (o),

where f; is given as in (3.6). We have the following results, which
extend §2.1 of [M97a] to cover both even and odd orthogonal groups.

For Sp,;, it is Proposition 3.3 of [JngS07b].
Proposition 3.2. With the notation above, the following hold.

1. The integral defining fs, s(go) converges absolutely for Re(s) >

m+a—1

2
2. The integral defining fy, s(ga) has meromorphic continuation to
the whole complex plane C, with possible poles contained in the
set of poles of the Eisenstein series ET°(g; (fs)] ), which is

m—1 , 4 m

2
where (fs)] o
O(W)(A).

3. The function fys, s(9a) s a K,-finite section in the normal-
ized induced representation 1(s;0) = Indgi)&‘))(mﬂ det |*®@ o) of
O(X,)(A) as defined in (2.12).

The proof of Proposition 3.2 is exactly the same as in §2.1 oﬂf/ [M97a],

O(W)(4)

denotes the restriction of fs to the subgroup

which is for even orthogonal groups. The same result for Spy; is in
Proposition 3.3 of [JngS07b]. We omit the details here. By using
the section fy, .(g.), we define the Eisenstein series E%(g,; fy,.s) as
in (2.13). As in Proposition 2.1 of [M97a] and in Theorem 3.5 in
[JngS07b], we consider the maximal parabolic subgroup P, o of O(W,),
which stabilizes the the maximal totally isotropic subspace X~ (see
(3.3)). Let 0y be an element in O(W,) such that
do - Pon - 50_1 = P,.
14



Then as in (3.6) of [JngS07b] or in §2.1 of [M97al, we define
fi(g) = f:(6 - g).

Then f! is a section in IndP N Wa)(&) (A)(|detxa.-|*), and we have

(3.10) B2 (g; f) = E™ (b0 - g fs)-
We have the following result, the proof of which is the same as in §2 of
[M97a] and §3 of [JngS07b], and we will omit the details here.

Proposition 3.3. For any section f. in IndO(W“ (|detXA7| ), and

¢, in the space of o € A°(O(X,)/k), the followmg zdentzty holds

/ B2 g, 9): £)60 ()9 = % (4 fo ).
O(X)(R\O(X)(4)

The only thing we want to discuss here is that, for a large enough,
the section f;, ¢ is general enough to detect the poles of the Eisenstein
series corresponding to I(s; o) = IndQ fg ®) (| det |*®0). This is impor-
tant for the determination of the possible poles of the Eisenstein series
E9(gy; a0, ) in terms of the possible poles of the degenerate Eisen-
stein series ETa4(g; f1) or E¥=(g; f,). We do this as in §2 of [M97a].

By (3.9), the integral which defines the section f,, s can be viewed
as an O(X,)(A)-intertwining mapping from

Ind{5 @ (| det [*) @ V,

to I(s;0), as defined in (2.12). We want to show that this intertwining
mapping produces arbitrary sections in I(s; o). It is clear that one has
to prove this for every local place v of k.

Let PV = MY, -Up, be the subgroup of the Siegel parabolic subgroup
P, = Mp, -Up,, ‘with Mp, = SLytq. Let Q) = M?- N, be the subgroup
of the maximal parabolic subgroup @, = M, - Na, defined in (2.3), with
M? = SL(¢}) x1x, and t = diag(t,1,_1) € GL(¢)) for t € k. We have
the following natural projection,

(311) g 11780, () ou(g ™ )pu(tggn)d tdg,
k2 XO(X) (ky)
from the space, C>°(Q%(k,)\O(X,)(k,), V,,), consisting of all V,, -valued,
smooth, compactly supported functions, to the induced representation
I(s;0,). It is clear that this projection is an O(X,)(k,)-intertwining
map. As in §2 of [M97a], after the normalization by a product of lo-
cal L-functions defined by o,, (3.11) produces arbitrary holomorphic
K, ,-finite sections in I(s; 0,), if a is sufficiently large (depending on o
only). The condition on a is needed only when o, has ramification.
15



By applying the argument used in the original doubling method, we
know, from (3.5), that the natural embedding

(3.12) u ¢ (B x Qa(k)\O(Xa) (ko) — (K x Py (k))\O(Wa)(Ky)

gives the Zariski open orbit of the action of O(X,)(k,) x O(X)(k,)
on the generalized flag variety P,(k,)\O(W,)(k,). Hence functions
in C(Q%(k,)\O(X,)(k,)) can be naturally extended to functions in
C2(P2(k,)\O(W,)(ky)). Moreover, it is easy to check that K, -finite
functions in C2°(Qf(ky)\O(X4)(ky)) extend to K, -finite functions in
C2(P2(k,)\O(W,)(k,)). Via the natural isomorphism, we have

C(Qa(k)\O(Xa) (k) @Ve, 22 C2(Qq (k) \O(Xa) (ko) Vi, )-
One can also check that this isomorphism carries
O?(Qg(kv)\O(Xa)(kv)a Vav)Ka,v—ﬁnite
into
Cgo(Q2<kv)\O(Xa)(kv))Ka,u—ﬁnitC®VU'u’

This is clear when v is a finite place of k, since the smooth functions
are locally constant. At an archimedean place v of k, for any ¢ in

C=(Q%(k,)\O(X,) (ky), Vs,), we write

2(9a) =D Pn(Ga) - v

where {v, | n = 1,2,---} forms a countable orthnormal basis in the
unitary completion of the representation o,. If ¢ is K, ,-finite, with
K, ,-type p, and orthonormal basis ¢1, - - - , ¢ in p,, then for k € K, ,,
we have

p(gak) = D < pu(k)p, i > i(ga)

- Z < po(k)g, i > Z%‘,n(ga) “Un

1 n=1

o [ f
- Z (Z < pv(k)(pa pi > Qpi,v(ga)> Vp.

It follows that

Pn(gak) =D < po(k)e, i > ©in(a)-



Hence the K, ,-finite ¢ can be approximated by elements in

Cso(Qg(kv)\O(Xa)(kv))Ka,u—ﬁnito & Vcru’

This space is embedded, by the explanation right after (3.12), inside
the space C°(P2(k,)\O(W,)(k,))®V,,. Asin (3.11), there is a natural
O(W,)(k,)-intertwining projection from C'>(P?(k,)\O(W,)(k,)) onto

O(Wa)(ky s
Indip! ;4 (] det [).

Therefore, the local version of (3.9) produces arbitrary holomorphic
K, ,-finite sections in I(s; o) for each place v, as long as a is sufficiently
large (depending on the local ramification of o,), and so we obtain
that for a sufficiently large, the integral (3.9) produces arbitrary global
holomorphic K,-finite sections in I(s; o). This proves

Proposition 3.4. For a sufficiently large, the family of FEisenstein
series formed by the integrals (3.9) has the same set of poles as the
whole family of Eisenstein series corresponding to 1(s; o).

Now we can prove Proposition 2.3, which is the first part of Theorem
3.1.(We keep the assumption y = 1.)

Let sop > 0 be the maximal number in P(c,@;), i.e. the Eisenstein
series E9(g; ¢1.,, s) is holomorphic for Re(s) > s, and has a pole at
so. Then, by Proposition 2.1, for all integers a > 1, s, = so + %1 is in
P(0,Q.), i.e. the Eisenstein series £ (g; ¢4, s) has a pole at s,. By
Propositions 3.4 and 3.3, for a sufficiently large, there is a holomorphic
K-finite section f, in E, such that the Eisenstein series E™(g; f,)
has a pole at

o a—1
S =8, =8y + 5
On the other hand, by (3.8) ([KR90]), there exists an integer j > 0
such that s, = %‘H — 7. Hence, we must have
m .
S — 5 -7

When j = 0, the residue at s = Z£2=L of the Eisenstein series E(g; f,)
generates the trivial one-dimensional automorphic representation of
O(W,)(A). In order to get a nonzero residue at s = 2=l via
the identity in Proposition 3.3, ¢ must be the trivial representation.
Thus, the Eisenstein series £E9°(g; ¢y.0, $) is holomorphic at s = %‘1_1
when O(X) is not k-anisotropic. In this case, by Proposition 2.1, the
Eisenstein series F9'(g; ¢1.,, s) must be holomorphic at s = % . When
O(X) is k-anisotropic, the assertion of Proposition 2.3 follows also from

Proposition 3.3. This proves Proposition 2.3.
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We continue to complete the proof of Theorem 3.1 below, by using a
certain version of the regularized Siegel-Weil formula for the case under
consideration.

Let sy = % — j be the maximum of P(c, Q1). Then by Proposition
2.1, for all integers a > 1, s, = %‘1_1 — 7 is a pole of the Eisenstein
series E9°(g; ¢4, 5). By Propositions 3.3 and 3.4, for a sufficiently

large, the following integral (period)

(3.13) rese—s, BT (1U(ga, 9), )90 (9)dyg

/O(X)(k)\O(X)(A)

is nonzero for some choice of data. To understand res,—,, ET*(1(g4, 9), fs),
we use the idea of the regularized Siegel-Weil formula of Kudla and
Rallis ([KR94]). In this particular case, we follow §3 of [M97a] and §2
of [JngS07b]. By §3.1 of [M97a], the space generated by the square-
integrable automorphic forms res,—,, E**(1(ga, ), fs) is contained in the
following direct sum

EBEH1,€7

where the representation II; . is as defined in §3.1 of [M97al, with n = 1.
Now by §3.2 of [M97a] and §2 of [JngS07b], for a given f, there are
automorphic sign characters € and ¢, in S(W,(A)?) such that

(3.14)

res,—,, B0 (h, f) = Zce e(det h) / HZMO(I o) Ogoe(h x)dx.
Spa,; (k)\Spa, (A)

where ¢, is a nonzero constant as given in the regularized Siegel-Weil
formula. In the integral, v is the fixed character which defines the Weil
representation wy on S(W,(A)7), and «,, is a Hecke algebra element
at a finite place vy, depending on the section f,. This Hecke algebra
element «,, regularizes the theta function 9:2(9,:5), so that it decays
rapidly on the variable x and so that the integral converges absolutely.
Formula (3.14) is the version of the regularized Siegel-Weil formula for
the nonconnected group O,, and will be used below in the proof of
Theorem 3.1.

By (3.14), the nonvanishing of (3.13) implies that there is a sign
character €, as above, such that the the following integral does not

vanish identically
(3.15)

Wiy (1,00 )0
/ / de"’o ’ (t(9gas 9), v)e(det g) 9o (g)dxdg.
O(X)(k)\O(X)(A) v/ Spy; (k)\Spa;(A)
18



Consider the separation of variables in the Weil representation, and
obtain

O(Wa)xSpy, ~  O(Xa4)xMpy; O(X)x Mpsy;
(3.16) w, 21|[O(Xa)m)xo(xxm]przjm) = Wy Y Quwy o
One may choose ¢ = ¢, ® ¢, so that one gets
%)
(3.17) 07 ((9a: 9): ) = 0,7 (90, 2)05" (9, ).
Hence the integral (3.15) can be written as
(3.18)

/ 0:‘%0 (Lowg )op 5, (gau ZL’) /‘9:2%0 herlex (g, :z:)e(det g)qﬁg(g)dgdx,
z g

where the dz-integration is over Spy;(k)\Spy;(A), and the dg-integration
is over O(X)(k)\O(X)(A). Now the nonvanishing of (3.15) implies the
nonvanishing of (3.18), and hence implies the nonvanishing of the inner
integration

Wapyrr (1,000)0 ¥
(3.19) 6,0 "X (g, z)e(det 9)p,(g)dg

/O(X)(k)\O(X)(A)
Since o is cuspidal, integral (3.19) converges absolutely for all theta
functions HEZX (g, ) with all Schwartz-Bruhat functions ¢, in S(X (A)7).
Hence the following integral

/ 07 (9. 2)e(det )6, (g)dg
O(X)(R\O(X)(A)

does not vanish for some choices of data. This is equivalent to say
that the i-theta lifting of o ® € to Mpy;(A) is nonzero. Finally, let
FOyu(oc ® €) = 25'. Then 25 < 2j. Denote 7 = 91211{;,1(‘7 ® €). This is
a cuspidal representation of Mpy;/(A). By the Theorem in Sec. 2 of
[M97b] and Theorem 1.2 in [JngS07b], 7 is irreducible and 0 ® € =
01 950 (m). Write m = mg + 2r, where r is the Witt index of the

quadratic form b. Then it is known that always, 9;’?;’ g;,l(ﬂ') # 0. Since
FOy-1(m) = m, we conclude that m < mg+4y’, and hence r < 25" < 2j.

The proof of Theorem 3.1 is now complete.

4. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 can be carried out exactly as in [KR90],
using the doubling method directly for O,,, where the role of the reg-
ularized Siegel - Weil formula is played by (3.14). This will prove the
theorem except one case, namely when O,, = Og,41, L% (0 ® ¥, %) #0
and L°(o ® x, s) is holomorphic for Re(s) > % So, as in Theorem 3.1,

we consider again the maximal positive pole sy (assuming it exists)
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of the Eisenstein series E%(g; ¢1.5.,,5). As in the previous section,
we may assume that y = 1, since we can replace ¢ by ¢ ® x. Since
we only consider case a = 1 in the rest of this section, we redenote
E9(g; 1.0, 5) by E(g; $1.6,8). We now prove Theorem 1.1.

Assume first, that the partial L-function L°(s, o) has a pole at s =
% —j > 0. Consider its maximal pole, say s5 = F — ji, jo < J.
Then, by Proposition 2.2, the Eisenstein series E(g; ¢1.,, s) has a pole
at s, = 5 — jo. Hence there is an sy > % —j; > 0 such that E(g; ¢1.5, 5)
has a pole at sy and is holomorphic for Re(s) > so. By Proposition
2.3, there is jo < jj < j, such that sp = 3 — jo. By Theorem 3.1,
there is an automorphic sign character €, such that the i-theta lift
Hi{fn(a@e) of c®@e to Mpy,, (A) is nonzero. By the Rallis tower property
([R84]), the ¢-theta lift Qi{m(a ® €) to Mpy;(A) is nonzero, since jo <
j. Assume next, that m = 2n + 1, and L%(0,3) # 0. If L9(o,s)
has a pole at Re(s) > %, then by what we just proved, there is an
automorphic sign character e, such that Qi{m(a ® €) # 0, for some
j < n, and hence, by Rallis tower property, %’fm(a@e) #0. If L%(a, s)
is holomorphic at Re(s) > 3, then we repeat the calculation (2.19),
with @ = 1. In the calculation of the constant term of E(g, ¢1.,5)
along the unipotent radical of ()1, the associated intertwining operator
is applied to a decomposable section and then evaluated at the identity,
and we get

L3(s,0)C5%(2s)
LS(s+1,0)¢%(2s+ 1)’

up to a function that is holomorphic and nonzero at sq = % Since at
1 LS(S,J)CS(ZS)

20 L9(s+1,0)(5 (2s+1
1

pole at s = 5. Then, by Theorem 3.1, there is an automorphic sign
character €, such that 67" (0 ® €) # 0. This proves Part 1.

Part 2 follows from Part 1. Assume that the lowest occurrence
LOy(0) is 2jo < m. If the partial L-function L(s, o) is not holo-
morphic for Re(s) > sy = % — jo, then there is an integer j < jo such
that the the partial L-function L°(s, o) has a pole at s = 2 — j. Then
by Part 1, we know that there is an automorphic sign character ¢, such
that the ¢-theta lift 92{m(0®€0) of 0 ® €y to Mpy;(A) is nonzero. Since
J < jo, we must obtain that the lowest occurrence LOy (o) = 27y > 2.
This contradiction proves Part 2.

Finally, assume that the lowest occurrence LOy () is 2jo > m. If the
partial L-function L°(s, o) has a pole at s = T—j> %, then by Part
1, there is an automorphic sign character ¢y, such that the 1-theta lift

20

So = ) has a pole, we obtain that E(g, ¢1,,,5) has a



Qi{m(a ® €) to Mp,;(A) is nonzero. Hence we have
m < 2]() < FOw(O’@Eo) < 2] < m.
This is impossible. This completes the proof of Theorem 1.1.

Remark 4.1. Theorem 1.1 is the orthogonal group version of Theo-
rem 7.2.5 in [KR94|, which explains the poles of the partial L-function
L3(s,0) for Sp,, in terms of theta liftings to orthogonal groups.

5. PROOF OF THEOREM 1.3

We first state the following theorem, which is important to the proof
of Theorem 1.3.

Theorem 5.1. Let O,, be the orthogonal group attached to a quadratic
k-vector space of dimension m. For any o € A°(O,,/k), if the first
occurrence of o is FOy(0) = 2jo # m, with the property that either
2jo <m or g < jo<m—2 with 6 < m, then the Eisenstein series
E(g; $1,0,5) has a pole at s = 5 — jo.

Note that in this theorem, we consider the specific first occurrence
FOy (o) of o, but not the lowest occurrence LO, (o) of the family of all
twists by sign characters o ® € of o. In the proof, we have to study a
certain period integral of the Arthur truncation of the Eisenstein series.
The condition that % < jo < m — 2 with 6 < m is imposed to avoid
the technical complication of proving absolute convergence of certain
integrals in this case. See its proof in §6 for details. As result, when
270 < m, we are going to prove a result (Theorem 5.3) which is stronger
than Theorem 5.1 in this case.

5.1. Proof of Theorem 1.3. Let us show how Theorem 3.1 and The-
orem 5.1 imply Theorem 1.3.

We may assume, as before, that y = 1. Assume that the Eisenstein
series E/(g; @10, 5) has a pole at so = § — jo > 0 and is holomorphic for
Re(s) > so. By Theorem 3.1, there is an automorphic sign character
€0, such that the ¥-theta lifting of o ® ¢ to Mpy;, (A), 93}%(0®60) does
not vanish. If the lowest occurrence LOy (o) < 2jo, then there is an au-
tomorphic sign character e (could be €), such that the first occurrence
FOyu(oc ® €) = 251 < 2jo. Then by Theorem 5.1, the Eisenstein series
E(g; #1,00¢, 5) must have a pole at s = & — j; > so. Clearly, we have

E(ga ¢1;0’®E? S) = e(det g)E(ga ¢1;07 S).
Hence E(g; ¢1,,5) has a pole at s = 3 — j; > s0. This contradicts the

assumption. Hence we must have that LO,(0) = 2jo. This proves one

direction of Theorem 1.3.
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Conversely, assume that the lowest occurrence LOy(0) = 27y < m.
Let €y be an automorphic sign character of O,,(A), such that the lowest
occurrence LOy (o) is achieved by the first occurrence of o ® €, i.e.

FOy (0 ® €) = 2jo = LOy(0).

Then by Theorem 5.1, the Eisenstein series E(g; ¢1.00¢,, ), and hence
E(g; $1.0,5), has a pole at so = 5 — jo > 0. If E(g; ¢1,4, ) is not holo-
morphic for Re(s) > so, then there is an s; > s¢, such that E(g; 1.0, 5)
has a pole at s;, and is holomorphic for Re(s) > s;. By Proposition
2.3, there is an integer j; < jo such that s; = 3 —j;. Now, by Theorem
3.1, there is an automorphic sign character €;, such that the i¢-theta
lifting of 0 ® €1 to Mp,;, (A), 91211’7;1(0 ® €1) is nonzero. Hence we must
have
FOw(O’ X 61) < 2]1 < 2]0 = LO,Z,(O')
This is a contradiction to the definition of the lowest occurrence of o
(see (1.2)).
Therefore, Theorem 3.1 and Theorem 5.1 imply Theorem 1.3.

5.2. Periods of certain residues. In order to state Theorem 5.3, we
have to recall some basics in the theory of theta correspondence and
define the periods of Eisenstein series and its residue.

We write the elements of the symplectic group Sp,; with respect to
the skew-symmetric matrix J;;, which is defined inductively as follows:

0 1

-1 0
Consider the unipotent radical U of the Siegel parabolic subgroup ) =
LU of Sp,y;. We write the elements of U as

I, S
(5.1) u(S) = <d Ij) € U C Spy;.
Let £ := (l1,lz,- -+ ,1;) € (k*)? be any j-tuple. For a nontrivial charac-
ter ¢ of A/k, define a character ¢y, of U(A) by
(52) Q/JE(U(S)) = 1/1([181,]' + lgSg,j_1 + -+ lijJ).

This is trivial on U(k). Let 7 be an irreducible, automorphic, cuspidal
representation of Mp,;(A). By a theorem of J.-S. Li ([Li92]), there

exists an ¢ = (Iy,ls,- -+ ,[;) as above, such that the following v,-Fourier
coefficient
(53) [ ontug)er )

U(R\U(A)

22



does not vanish, for some ¢ in the space of 7. '

In the following, for any o € A%(O,,/k), we take 7 = Gi{m(a) and
assume that 7 is an irreducible, automorphic, cuspidal representation of
Mpy;(A), i.e. the first occurrence of o is FOy (o) = 27, with 1 < j < m.
The calculation of the y-Fourier coefficient of automorphic forms ¢z
in the space of 7 is standard ([HPS83] and [R84]).

Let vy,...,v; be vectors in (X,b) (as introduced in §2), with the
property that b(vs,v;) = 0if s £t fors,t =1,2,---,j; and b(vy, v,) = Iy
for t = 1,2,---,j. Then the pointwise stabilizer Hy, in O,,, of the
subspace generated by vy, v, - - -, vj, is a k-rational form of O,,_;. Note
that if j = m, then H, is the identity group. In this case, the first
statement of the next proposition is meaningless, and the meaning of
the proposition is really its second part. Note also, that if j =m — 1,
then H, is isomorphic to the group of two elements.

Proposition 5.2. Let o € A%(O,,/k). Assume that the first occurrence
of 0 is FOy(0) = 23, for some positive integer j < m.

1. There exists an £ = (ly,la,- -+ ,1;) € (k*)?, such that the follow-
g period

(5.4) / do(h)dh
Hy(k)\H¢(A)

does not vanish, for some ¢, in the space of o.

2. For any orthogonal subgroup Hy+ of O,,, with a conjugate gHy+ g~
g € O,,, containing Hy, as a proper subgroup, the following pe-
riod

(5.5) / b (h)dh
Hyy (k)\Hz+ A)

vanishes for all choices of the data.
3. The period integrals in (5.4) and (5.5) converge absolutely.

Proof. 1t is not hard to show that the period integrals in (5.4) and
(5.5) are absolutely convergent. In fact, the cuspidal automorphic form
¢, is rapidly decreasing over the Siegel domain of O,,(k)\O,,(A). In
particular, it is bounded over the Siegel domain of O,, and hence over
the group O,,(A). When H, or Hy+ (k) is not the split orthogonal group
in two variables, both H,(k)\H,(A) and Hy+(k)\Hy+A) are of finite
volume with respect to their canonical Haar measures. This proves
that both period integrals in (5.4) and (5.5) are absolutely convergent.

In case of the split orthogonal group in two variables, we can use

a suitable basis to get that the connected part becomes the diagonal
23



group

and ¢, (t(x)) is rapidly decreasing at infinity. It is also rapidly decreas-
ing near zero, since if wg is a Weyl element of O,, which takes ¢(x) to
t(x™1), then ¢, (t(z)) = ¢o(t(z')wy). Thus,

/ 6o(t(2))]d" < oo,
ke \A*

and clearly this convergence implies the absolute convergence of the
period integral along the split orthogonal group in two variables. This
proves Part 3.

The standard calculation of the 1,-Fourier coefficient of automorphic
forms ¢z in the space of 7 ([HPS83] and [R84]) expresses the period
(5.4) as an inner integration of the t,-Fourier coefficient (5.3). This
implies Part 1.

The same calculation shows that any period as in (5.5) will occur as
an inner integral of a certain Fourier coefficient of the 1-theta lifting
of o to Mpy; (A) with jo < j. Since the first occurrence of o is 2j, the
period as in (5.5) must vanish identically.

More detailed arguments and calculations will be given in the proof
of Lemma 6.2 (§6.1). O

As in (2.2), we consider X; = X | (¢] & ¢;). We may write
(5.6) Xi=l{oXal.

Denote the corresponding bilinear form on X; by b;. We choose a basis
in X of form

(57) 6S_>$17"' >$maeaa

where x1,- -+ , 2, is a basis for X, and /7 = k- e with bi(ef, eg) = 1.

As in (2.3), for a = 1, we take )y = M;N; to be the maximal
parabolic subgroup of O(X;), which stabilizes the isotropic line k-ei =
(f. Hence, the Levi subgroup M, is isomorphic to GL; x O(X) =
GL; x O,,. For any ¢ = (Iy,ly,--- ,1;) € (k*)?, we choose, as before,
vectors vy,...,v; in (X,b), with the property that b(vs,v;) = 0, if
s #t, for s,t = 1,2,---,7; and b(vy,vy) = Iy, for t = 1,2,--- 5. We
denote by Y; the subspace of X generated by vy, --,v;. Then Y} is a
nondegenerate subspace of X, and we have

(5.8) X=Y; 1 Zn,
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As in Proposition 5.2, we have Hy = O(Z,,_;). It follows that
(59 Xi=0oXall=Y;LZ, =YL Z,;®).

We set Gy = O(Z,,—;4+2). For simplicity, we set here O,, = O(X) and
Om+2 == O(X1>

Now we are ready to state a refinement of Theorem 5.1 for the poles
at s = & — j > 0 of the Eisenstein series F(g; ¢1,,5). By a theorem of
Langlands (Section IV.1.11, [MW95]), these poles have no multiplicity.

Theorem 5.3. Let E(g; ¢1.5,5) be the Eisenstein series on O,12(A),
attached to the cuspidal datum (Q1,1 ® o), as defined in §2. Assume
that o € A°(O,,/k) has the first occurrence FOy (o) = 25 for some
positive integer j < 5. Then

1. the Fisenstein series E(g; ¢1.0,5) has a simple pole at s =
7> 0;

2. there is an £ = (ly,la, -+ ,1;) € (k*)7, such that the residue
at S0 = % _] OfE(97 ¢1;O’? S); denOted by g%—](ga ¢1;U); 18 GZ'
distinguished, i.e. the following period

(5.10) / En_i(h b1,p)dh
Ge(k)\Ge(A)

m
2

is absolutely convergent for all choices of data, and is nonzero
for some choices of data; and

3. all residues at other positive (simple) poles so # % — j of
E(g; ¢1.0,s) can not be G,-distinguished.

It is clear that Part 1. of Theorem 5.3 is contained in Theorem 5.1
for the positive poles. In the next section we will prove Theorem 5.1
by studying the period of type (5.10) for the Arthur truncation of the
Eisenstein series. Based on this, we continue to study period of type
(5.10) for Arthur truncation of the residue of the Eisenstein series,
which proves Theorem 5.3.

6. PROOF OF THEOREMS 5.1 AND 5.3

We start with proof of Theorem 5.1. For any o € A°(O,,/k), we
assume that the first occurrence of o is FOy(0) = 2jy # m, with the
property that either 2jp < m or T < jo < m — 2 with 6 < m. This is
the assumption of Theorem 5.1.

We consider the period of the Eisenstein series

(6.1) / E(h; ¢1.0, 5)dh.
GiNGi(8)



This integral may diverge. We first regularize this integral by Arthur’s
truncation. Then we show that the period over G, of the truncated
Eisenstein series has a pole at s = 7 — j # 0, and hence the Eisenstein
series E(g; ¢1.0,5) has a pole at s = % — j. This will prove Theo-
rem 5.1. When 2j, > m, we introduce the restriction on j, and m
to avoid the technical complication of proving absolute convergence of
certain integrals which are introduced in the regularization process via
the Arthur truncation method. Then, when the pole above is posi-
tive (i.e. 2jo < m), by applying the Arthur truncation to the residue
Em_j(g; d1,5), we express the period of Em_;(g; ¢1,,) in terms of the
period of the truncated Eisenstein series and deduce (5.10). This will
prove Theorem 5.3.

6.1. The Arthur truncation method. We recall Arthur’s trunca-
tion formula, in our special case. Since (); is maximal, ag, is one
dimensional. We identity ag, with R, as in §2. Let ¢ be a real number
c € Ry Cag,, where Ry is the set of real numbers, which are greater
than one. Let 7¢ (¢ € R.1) be the characteristic function over R+ of
the subset R>. and 7, = 1g_, —7° By §2.13 of [MW95], the truncation
of the Eisenstein series is defined as follows:

(6.2)

AE(g; 910, 8) = E(g; $10,8) — Z Eq,(79; $1.0,5)7°(H (79))

YEQ1\Om+2

where Eg,(g; ¢1.0, s) is the constant term of E(g; ¢1.,, s) along the max-
imal parabolic subgroup );. We remark that we are free to take c as
large as we may need. In the sequel we will need that ¢ > ¢y, for a
certain constant co, which will be specified later. For Re(s) > %, we
have the identity

EQ1 (g§ ¢1;0> S) = ®8(9§ Cbl;a) + M(87 g, wl)(q)s)(g§ ¢1;0’)7

which holds for all s as meromorphic functions. Here M(s, o, w;) is the
standard (global) intertwining operator attached to the maximal par-
abolic subgroup @); and the Weyl element w;, which has the property
that wy Myw;' = M, and wiNyw; ' = Ny (the opposite of Ny).

We remark that the summation in (6.2) has only finitely many terms

(depending on g) and converges. Further, for Re(s) > %, the truncated
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Eisenstein series may be written as follows

ACE(ga ¢1;07 8) = Z (I)s(%l, ¢1;0)T6(H(79))
Y€Q1\Om+2
- Z M(S>Ua wl)(q)s)(’yga ¢1;U)TC(H(79))
Y€Q1\Om2
(6.3) = 0i(g) — 03(9),
where
05(9) = Y. (19 610)7(H(79))
7€Q1\Om+2
05(9) == . Mis,0,w)(®)(vg; br0)T(H (79))-
7€Q1\Om+2

Note that 0f(g) converges absolutely for Re(s) > %, while §5(g) has
only finitely many terms (depending on g). Both have meromorphic
continuation to the whole complex plane.

We will calculate first the period of the truncated Eisenstein series

(6.4)

/ A°E(g: br, )dg = / 6 (g)dg— / 6 (9)dg.
Go(k)\Ge(A) Ge(k)\Gr(A) Go(k)\Ge(A)

The truncated Eisenstein series A°E(g; ¢1,0, 5) is rapidly decaying over
a Siegel domain of O,,12(k)\O,,42(A), and hence, by the proof of Part
3 of Proposition 5.2, the period integral on the left hand side of (6.4) is
absolutely convergent. The right hand side of (6.4) is a difference of two
integrals. We will show that the term with ¢ = 1 converges absolutely
for Re(s) sufficiently large and has a meromorphic continuation to the
whole plane, and we will determine the location of its poles precisely.
We will also show that the term with ¢ = 2 converges absolutely for
all s, where the intertwining operator is defined, provided we take the
truncation parameter ¢ > ¢q for some ¢y, which will be specified later.
Put

(6.5) I = / 0;(g)dy.
Ge(k)\Gi(A)

For the calculation below, write, for ¢ = 1, 2,

(6.6) 0i(9)= > &),
7€Q1\077L+2
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where we have

ey ) Ps(g; d10)7(H(9)), ifi=1
(67) gl,s(Q) - {M(S,O’, ,wl)(q)s)(g7 QSLJ)TC(H(Q))’ lf’l — 2

We may unfold formally the integral (6.5) as follows.

o= / Y &.vg)dg
Gl(k)\Ge(A) 'YEQI\OWH’Z

(6.8) - ¥ / ¢ (v9)dg.
v€Q1\Om42/Gy G\Ge(4)

where G} = v 'Q1y N G,. We will show that each integral in the
summation (6.8) converges absolutely. Since there are infinitely many
Gy-orbits in the generalized flag variety (1\O,,12, we have to show

that the series is absolutely convergent. More precisely, we will show
that

(6.9) / €. (v9)ldg < oo,
Z GI\Gi(d)

YEQ1\Om+2/Gy

for Re(s) sufficiently large, when ¢ = 1, and for all s, where the inter-
twining operator is defined, when ¢ = 2, provided ¢ > ¢y. We will show
that the integrals in (6.8) are equal to zero, for all Gy-orbits Q1vGy,
except the Gy-orbit with representative v = 1. Hence the series over
v € Q1\Opmio/Gy has at most one nonzero term. We will compute this
term explicitly.

We first classify the Gy-orbits in the generalized flag variety Q1\O,,12.
It is clear that the double coset decomposition Q1\O,,12/Gy is the same
as the orbit decomposition of the right action of G, on the generalized
flag variety @1\O,,42, which is isomorphic to the projective variety
Z(X1), which is the isotropic cone in X; consisting of all isotropic lines
in the quadratic vector space Xj.

Let x and z' be two nonzero isotropic vectors in Xi, which belong
to the same Gy-orbit. Then by (5.7), we have by (z,x) = by(2',2") = 0
and there is an h € G, and « € k* such that az’ = h™! - 2. Following
the decomposition (5.9), we write © = y+ 2z and 2’ = y' + 2’. It follows
that h™!' -2z = y+h™' -2 = ay’ + @z’ = az’. Hence we obtain that
if t =y+ 2z and 2/ =y + 2/ are two nonzero isotropic vectors in X7,
which belong to the same Gy-orbit, then

y =0y and 7 =p3-h7' 2
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for some 3 € k* and h € G,. For a double coset (Q;7G/y, in the double
coset decomposition 1\O,,42/G, we denote by k - x., the correspond-
ing isotropic line in X7, and similarly, for an isotropic line k-x in X, we
denote by Q1v,G, the corresponding double coset in the double coset
decomposition Q1\O,,12/G.

We decompose the isotropic cone Z(X;) into a disjoint union as fol-
lows:

(610) Q1\0m+2 = I(Xl) = QLO U QQJ U Q171 U 9272.

Here Qo consists of all z = y + 2z € Z(X;) such that z = 0; Qo
consists of all x = y + z € Z(X,) such that y = 0; Qy; consists of
all z = y + 2z € Z(X)) such that both y and z are nonzero isotropic
vectors; and 2y 5 consists of all x = y + z € Z(X;) such that both y
and z are anisotropic vectors. It is not hard to check that Q o, €1,
2y 1, and €y 5 are all Gy-stable. Hence we have

Q1\Om12/Ge = [Q1,0/Ge] U [Q01/Ge] U [211/Go] U [Qa2/Gy).

It follows that the series in (6.8) can be written as

> / &.g)dg = > /G & (129)dg

v€Q1\Om42/Gy Gy\Ge(4) ze€1,0/Go F\Ge(A)
= ) / ¢ (129)dg

x€Q, 1/Ge G \GZ(A
- > / &, (1x9)dg

z€Q1,1/Gy Ge*\Ge(A)

€N, z/Gg G \GZ(A

It is enough to prove (6.9) for each of these series.

6.2. The series over (2 o/G,. For z € Oy, we have x = y € Y; with
z=0. Then k -y is a Gy-orbit. Since b, (y,y) = by(z,z) = 0, there is a
v € Opy2(k) such that v~* - eg = y. This implies that = x.,, and

G} = v Qi -1nG,

= {9eGilg(k-y)=k-y}
- G,

It follows that v - G, -y~ C @Q;. We choose a representative ~ for

the double coset Q17G, as follows. Let 3 € Y; be an isotropic vector,

which is dual to y, i.e. bi(y,y’) = 1. Then we choose v € O,,12(k)

such that v -ef =y, v y=ef, v ' eg =¥, 7'y =¢y, and
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the restriction of y~! to the subspace Span(y,y’)* NY; & Z,,_; is the
identity. It follows that

1 0
(6.12) v-Ge-yt C O = M.
0 1

More precisely, we have
Y-Gey ' =0(k-y®k-y)D Zny) COX) =0,

For such a v or a double coset QQ17Gy, the integral in (6.8) can be
written as

/ §s(vg)dg = / & (vgr~" - 7)dg
GI\Ge(A) GI\Ge(A)

/O((’f'yﬁﬂk'y’)@zmj)\O((k'yGBk'y’)éBij)(A)
By the definition of {7 (g) (see (6.7) and (2.10), (2.11)), we have

() = {¢1;a(hv)fc(H(v))H(v)(8), ifi=1
M(s,0,01) (1) ()T (H (D) H(7)(=s), i i =2.

Hence the dh-integration defines a period of the cuspidal automorphic
form ¢, in the space of o over the reductive subgroup

Ok yok-y) & Zn)

of O,,+2. By Proposition 5.2, it is absolutely convergent. Note that
the dh-integration of H(vy)(—%)|¢1,0(hy)| is bounded, as v varies as
above. Note also that, for all y,y" as above, O((k -y ® k- y') ® Zn—;)
is k - isomorphic to Gy. We use the fact that H(y)(—%)|¢1..(h7y)| is
uniformly bounded, for h,~ as above, and the fact that G¢(k)\G¢(A)
has finite measure (since m — j+2 # 2). Thus, it is enough to consider
the convergence of the series

> R(HO)H () (Re(s) + ),

i s(h)dh.

2
z€Q1,0/Ge
if : = 1; and
c m
> T(H(ve))H ()~ Re(s) + =)
z€Q1,0/Ge
if7=2.

When i = 1, the series is majorized by the Eisenstein series

> HO)(Re(s) + 5,
7€Q1\Om+2
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which converges absolutely, for Re(s) large enough. When i = 2, the
series above is a finite sum, due to the presence of 7¢(H(7)).

On the other hand, by Proposition 5.2, the dh-integrations above
must vanish, for all choices of data because of the assumption of the
first occurrence of . We summarize this as

Proposition 6.1. Let o € A°(O,,/k) have the first occurrence FO, (o) =
27, such that j and m satisfy the condition in Theorem 5.1. Then the

series
> / & s(V29)dyg
lest

2€Q1,0/Gy \Ge(A)

converges absolutely, i.e.

/ €€.(129)]dg < o0,
GJ"\Gy(A)

for Re(s) sufficiently large, when i =1, and for all s, where the inter-
twining operator is defined, when 1 = 2. Moreover, the integral in the
summation above attached to ~,,

/ & s(729)dg
GY*\Go(A)

is absolutely convergent for all s (where the intertwining operator is
defined, when i = 2) and is identically zero, for all choices of data.

xEQl,o/G(

In Proposition 6.1, the only restriction we needed on j was that
7 <m.

6.3. The series over  ;/Gy. For © = y + z with z # 0, we have
three cases for y:

1. y = 0, which means that x = y + 2z = z is isotropic, and hence
x € Qo1/Gy;

2. y # 0 is isotropic, which implies that z is isotropic, and hence
x € Qy1/Gy; (Of course, if b is k-anisotropic, this is impossible
and hence §2;; is empty.) and

3. y # 0 is anisotropic, which means that z must be anisotropic,
and hence = € y5/Gy.

We treat the case 2 in this subsection and cases 1 and 3 in the following
subsections.
For x = y+ 2z € 11/Gy, y is an nonzero isotropic vector in Y;. This

means that b is assumed to be k-isotropic. In this case, z is isotropic
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in Z,,_jy2. It is easy to see that, for each y, with the above property,
the set of isotropic lines of the following type

(6.13) {k-(y+2)|0#2€ Zp_ji2.b1(2,2) =0}

is a G-orbit. Note that this also holds for x € 2y, i.e. y = 0 case.

When y # 0 (x = y + 2z € Q11/Gy), we may choose the isotropic
line k - (y + eg ), as the representative of the Gy-orbit, and ~ is the
corresponding representative for Q1 vG,. For h € Gy, which stabilizes
the isotropic line k - (y + e ), we have h- (y +ef) = a(y +ef). We
must have o = 1 and h-ej = ¢j. Hence, the stabilizer of the isotropic
line k- (y +eg) in Gy, G is contained in @Y, where Q9 = MYN; C Qy,
with MY} being defined in (6.12). It is easy to check that

G) =G, NQ.

Next, note that k- (y;+eg ) and k- (ya+eg) (y1, y2 nonzero isotropic vec-
tors in Yj) lie in the same Gy orbit, if and only if y;, y» are proportional
by an element of £*. Thus, for this family of orbits, y varies in the set
of nonzero isotropic vectors of Y;, modulo £*. Now, we may modify
the representative ~, so that v has the following additional properties.
Let y' be an isotropic vector in Yj, which is dual to y. It is easy to
check that we can choose a v within the double coset Q)17Gy, with the
following properties:

_ o1 _
vl =y+el, v e =5 +e)

_ _ 1 _
Yy =yl vy ==Y+ ),

and the restriction of y~! to the subspace Span(y,y' )" NY; & Z,,_; is
the identity:.

For h € G,NQY = G, we want to know the action of yhy~! according
to the decomposition of Xj:

Xl:k-ea’@k-y@Zm_j@YjﬂSpan(y,y/)l@k-y/@k-ea.
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Note that vhy~! € ;. Further we have

yhyThef = e,
’yh')/_l Yy =Y,
e = L By, ez men)
fyhfy l.y/ = Zea—+zy+§z+y/7
-1, - _ g + g 1 N = == j
Yy~ ey = 16 T YT 52T ¢ (@ =a(h) €k, 2= z(h) € Zun-;)

and yhy™' - (—y' +e5) = (—y +eg). Hence the element vhy~! can be
expressed as the following matrix

B a o«

N S
ook oo bl

14 S
(6.14) 00 0 Ly, 00
000 O 1 0
000 0 0 1

where h' € O(Z,,—;) = Hy, ( is a row vector and z is an appropriate
column vector. Note that in (6.14) we have

TR
h) = 1 o0, =0(X),
g(h) 00 I, 0 (X)
00 0 1

according the following decomposition of the quadratic vector space X
X=k-y®Zn ;®Y;NSpan(y,y ) dk-v.

It is easy to check that the mapping yhy~' — g(h) is a group homo-
morphism from v - G} - v~ onto the subgroup H,; of O,, = O(X),
where H, ; is defined to be

(6.15)
1 w 0 v
o 0 W . .
lo=10 0 1, o|€OXNNEOUEn ), uek™ vek}
0 0 1

In other words, for any ¢ in (6.15), we have

v lgy e GNQY=GJ.
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Lemma 6.2. For o € A°(O,,/k), if the first occurrence FOy (o) = 27,
then the following period

/ 60 (h)dh
Hy»j\Hy,j (A)

is absolutely convergent, and vanishes identically for all automorphic
forms ¢, in the space of o.

This Lemma will be proven later in Section 6.8. The absolute con-
vergence in the lemma is clear, using Proposition 5.2. Note that H, ;
is a semi-direct product of O(Z,,_;) and a unipotent group.

The formal calculation of the integral in (6.8), attached to the rep-
resentative 7y above is as follows.

/ & s(vg)dg = / / & s(Yhg)dhdg
GY\Gy(h) GY(ANGe() JG\GY (a)

= / / & (Yhy ™" - vg)dhdyg
G ANGe(8) Ja\Gy (8)

(6.16) = / / is(h-vg)dhdg.
G (A\Ge(A) J Hy j\Hy,;(A)
The last equality holds because fls(ng) = & (g) for any n € Ni(A).
By the definition of £ (g) (see (6.7) and (2.1 ) (2.11)), we have
 (homg) = {¢1;a(hw>Tc(H(79))H(vg)(S)a if i =1
’ M(s, 0, w1)(dr,0) (hyg)T°(H (79)) H (79)(=s), if i =2.

Hence the inner integration in (6.16)

/ i s(h-~yg)dh
Hy,j\Hy,j(A)

defines a period as in Lemma 6.2. Hence it is identically zero for all
choices of data since the first occurrence FO, (o) is 2.
Now we prove that the series

(6.17) > / “ (- 79)dhdg
z€Q1,1/Gy sz (AN\Ge(A) S Hy j\Hy,;(A)
converges absolutely, i.e.
2 / / €50 709)|dhdg < oo,
ISIOA 1/Ge ANG(A) Hy;j\Hy»j(A)

for Re(s) sufficiently large, when i = 1, and for all s, where the in-

tertwining operator is defined, when ¢ = 2, provided the truncation
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parameter ¢ > ¢, which is a constant to be specified soon. Since each
Gy-orbit has representative r = y + ef, we may abuse the notation
by setting 7, = 7, for y € Y;. In this case, y must be nonzero and
isotropic.

Let us start with ¢« = 1. Put G, N Q1 = Q1. This is the parabolic
subgroup of Gy, which preserves the line through ef. Clearly, the
elements of Jy1 can be written uniquely in the form gho(t), where g €
G and, for t € k*, ho(t)ed = ted, ho(t)eg =t ey, and the restriction
of ho(t) to Z,,_; is the identity. By the Iwasawa decomposition in
Gy(A), it is enough to consider

S S 7 Ly HOo () (=2 10 (b o ()]

Te(H (yho(t))) H (7yho(t)) (Re(s) + 5 )dhdt,

where the summation is over the nonzero isotropic vectors y € Y}, mod-
ulo k£*. Note that the matrix form of H,, ; is independent of y. Since o
is cuspidal and H, ;\ H, ;j(A) has finite measure (due to our assumption
that m—j # 2, if j > 2) we may bound H (7,ho(t))(—%5 )|P1.0 (hvyho(t))]
by a constant (depending on the section). Thus, it is enough to consider

619) 3 [ a0 H ot (Re(s) + )

where the summation over y is as before. Let us use the k-basis for
Y'=kej @Y; Dkey, {ef,v1,...,vj, €5 } in order to give coordinates on
Y’(k,), for all places v, and identify Y”(k,) = kJ2, using this basis (see
the paragraph after (5.7)). Consider for each place v the local norm on
Y'(k,) = ki*? which is the maximum norm of the coordinates, when v
is finite, the usual Euclidean norm, when v is real, and the square of the
usual Euclidean norm , when v is complex. Define now, for w € Y’(A),

lw =TT Il w, .-
v

Note that for any nonzero vector w € Y’ (i.e. with rational coordi-
nates), we have || w ||> 1. Now, in the last integral, by our choice of
the representatives vy = ,, we may think of v, and of hy(t) as elements
of the adelic points of the orthogonal group O(Y”) corresponding to Y,
because they act as the identity on Z,,_;. Denote by ()] the parabolic
subgroup of O(Y”), which preserves the line through ef. The Levi part
of @} is naturally isomorphic to GL; x O(Y;), where the elements of
GL, are realized as the ho(t) above. Denote the unipotent radical of Q)
by U’ and put (Q})° = O(Y;)U’. Choose a good maximal subgroup K,
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of O(Y”), , with respect to @} and let K, = [[, K. Let g € O(Y"),
and write its Iwasawa decomposition

9= d"(9)ho(t(9))¥ (9),
where ¢°(g) € (Q))°(A), t(g) € A*, K/ (g9) € K. We have
lg~'eg I=1t(g)| 7" 1 K'(9)"'eq lI= H(g)(=1) [| K'(9)""eq ||,
and hence

H(g)(1) =[l g~ eg '] K'(9)"eq |l -

Clearly, there are positive constants, d, ds, such that
dy <|| K'eg [|< do,

for all ¥’ € K, hence H(g)(1) is comparable to || g ef ||!, and so in
the integral (6.18) we may replace H (y,ho(t))(Re(s) + %) by

m m

I (yho() e (7075 =]t ef +y |77 .

Thus, it is enough to consider the convergence of

S [ e b 0
Y A

where the sum is taken over all nonzero isotropic vectors y € Y}, modulo
k*. Note that || ted +y ||>|| v [|> 1. For a finite place v, we have

/ | ted 4y 105 F de

= IIyHJS’?/ |t\vm—jd*t+/ It .
[tlo <llyllv [t]o>yllv

Now, a straightforward calculation gives

i —s - v . vs_m_‘_.
77 W e +y 7% are =)y ;48 SR Dele ZFHT)
k3 Cv(s"i_?)

provided Re(s) > % — j. (Note that our assumptions on j imply, in
particular, that m — j > 1.) Here, (, denotes the local zeta function.

We get the same condition, when v is archimedean. For example, if
k, =R, then

0 e +y 175 0t = [ ey P

|m ]d*
ks

=y rE / (P + 1) 2 ide,
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Now, it is clear that this integral converges absolutely when Re(s) >
% —Jj (and m — j > 1). Thus, we get, for s € R

S [ e vy
Yy A*
Cv(m_j)gv(s_m_l'j) —s+
II A NOD T e ?
Y

Go(s+ %)

where I (s) is the product over the archimedean places of the integrals

Ji;

that s > % — j + 1 (by our assumptions on j, we have m — j > 2) and

that
S lly It < o,
y

For this, fix a nonzero isotropic vector e; € Y. Let R be the parabolic
subgroup of O(Y;) which preserves the line through e;. Recall that in
the last sum y varies over the nonzero isotropic vectors of Y;, modulo
k*, thus we may write y = n~'e;, where n € R\O(Y;), and hence we

consider
> e E

v

. _s—m .
tm=3 || teg +y |lo~ * d*t. Thus, for convergence, we must require

neR\O(Yj)
This is an Eisenstein series on O(Y;), corresponding to the represen-
. . / s_w
tation induced from a character of the form 6%, where s’ = o

and Op is the modular character of R(A). Thus, this series converges
when s is sufficiently large (s is real now). This completes the proof of
absolute convergence of the series (6.17) which is a subseries in (6.8)
when 7 = 1.

The case ¢ = 2 is much simpler. Indeed, as in case ¢ = 1, we have to
examine the convergence of the following series, which is analogue to
(6.18),

S [ e T o)) H ol (=5 + '

Again, we take s real. In the last integral, if 7°(H (y,ho(t))) # 0, we
must have ¢ < H(yho(t)). Since we have H(g)(1) < ds || g7 ed |7},
for all g € O(Y")a, we get that (Recall that v = ~,.)

¢ < dy || (yyho(t))eg M= [t eg +y I,
and hence || ttef + vy ||< dac™!. Since we always have

Fy 1<l tleq +y I,
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and also 1 <|| y ||, for all nonzero y in Y, we get that 1 < dyc™!.

Hence, when ¢ > d,, we always have that

T(H (yho(t))) = 0.
Recall that ¢ > 1 is the truncation parameter. We may take it as large
as we want. Note that dj is of course fixed and depends on j and our
choice the basis of Y. Hence, when ¢ = 2, every term in the sum over
y above is zero when c is sufficiently large. Now we define the constant
co by
co = max{1,ds}.

Proposition 6.3. Let o € A°(O,,/k) have the first occurrence FO, (o) =
27, such that j and m satisfy the condition in Theorem 5.1. Then the
integral attached to v, =,

/ & s(729)dg
GY™\Go(A)

is absolutely convergent and identically zero for all choices of data
Moreover, when i = 1, the series

/ i s(129)dg
GY"\G(A)

z€Q1,1/Gy

converges absolutely, 1.e.

> / 1&5.s(729)|dg < o0,
G

z€Q1,1/Gy “\Ge(A)

for Re(s) sufficiently large; while, when i = 2, there is a constant cg
such that for all ¢ > cg, the following holds:

> / €5 s(729)|dg = 0

we 1 /Gy Y Ge"\Ge(A)
for all s where the intertwining operator is defined.

In Proposition 6.3, we need the restrictions that j < m — 1 and
j#m—2 when j > 2.

6.4. The series over y;/Gy. For v =y + 2z € Qy1/Gy with y = 0
and z # 0. By Witt’s theorem, Qq1/G/ is a single Gy-orbit. We may
choose e as a representative in the Gy-orbit Qg 1/G,. Correspondingly,
the double coset is Q1 - Gy, i.e. v = 1. Hence we have G) = G, N Q.

Recall that

Gg = O(Zm_j+2) = O(k? . 68_ ©® Zm—j D k- 66)
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recall that Gy N Q1 = @1 is the maximal parabolic subgroup of Gy,
which stabilizes the isotropic line k - ef in Z,,_j 2. It has Levi decom-
position Q1 = My 1Ny 1, the Levi part of which is M, = GL; x H; =
GL; X Oy,—;. The integral in (6.8) attached to v =1 is

(6.19) / £ (9)dy.
Qe,1(K)\Ge(A)

By the Iwasawa decomposition of Gy(A), Go(A) = Qu1(A) - K1, (K1
is a product of local good maximal compact subgroups, with respect
to Q1) we can write g = nm(t, h)r. Integral (6.19) equals

6 20 / / / gw( (t h) )5521(m(t’ 1))dXtdhdr,
K1 J He(k)\He(A) JEX\A ’

because the quotient Ny ;(k)\Ne1(A) has volume one.
When ¢ = 1, integral (6.20) equals

(6.21) / / ¢1;0(hr)dhdr-/ 1t e,
Ko Ho\H (8) BOAAX, [tla<e

and this converges absolutely, when Re(s) > & — j. It is easy to see
that

(6.22) /k e 1t Mt = vol(kX\A!) -
X X tla<e

Also the integral

/ / ®1.0(hr)dhdr
K1 J He(k)\He(A)

converges absolutely, by Proposition 5.2. Hence integral (6.21) and
therefore, integral (6.19) with v =1 and ¢ = 1 converges absolutely for
Re(s) > % — j, has meromorphic continuation to the whole complex
plane C and has at most a simple pole at s = 5 — j with residue

(6.23) VOl(k‘X\Al) / / gbl;a(hr)dhdr.
Ky 1 J He(k)\He(A)

This residue is indeed not identically zero since by Part 1 of Proposition
5.2, there is ¢;., such that the period

/ b1 (hg)
Hy(k)\H,(A)

is nonzero. By the argument in [JR92] (see also the same argument in

[GRS97], [Jng98] or [GJRO4]), one can extend the nonzero period of
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¢1., over H, through the compact integration over K,; and obtain a
nonzero integral

/ / ®1.0(hr)dhdr.
K1 JHe(k)\He(A)

When i = 2, integral (6.20) equals
(6.24)

|/ M(s,0,00) (00 ) () - [ o
Ké,l Hg(k))\Hg(A) k‘X\AX7 ‘t|AZC

Hence this integral converges absolutely for Re(s) > j — &, has mero-
morphic continuation to C, and is equal to
(6.25)
1(k> Al L +]
vol(F™\A ) - c / / M(s,0,w1)(¢1,) (hr)dhdr,
s+5-J Ko,y J He(k)\He (A)

as meromorphic functions.
We summarize the above calculation as

Proposition 6.4. Let o € A°(O,,/k) have the first occurrence FO, (o) =
27, such that j and m satisfy the condition in Theorem 5.1. Then the
integral attached to v = 1 converges absolutely for Re(s) sufficiently
large and can be expressed as follows: when i =1,

m

s——+g
/ ff,s(Vg)dg =Ck - / / §Z51 o hT)dhd’F
GY\Ge(A) K1 J He(k)\H¢(A

where ¢, := vol(k*\A'); and when i = 2,

&s(v9)dg = e ——
/GZ\GZ(A) ) st5 =

/ / (s,0,w1)(¢1,0)(hr)dhdr.
Ko J He(k)\H(A

These identities provide the meromorphic continuation of the integrals
on the l.h.s. to the whole plane. Finally, the integral

/ / (bl;o(hr)dhdr
K1 J He(k)\H(A)

15 not identically zero.

For Proposition 6.4, we did not use any of our restrictions on j.
40



6.5. The series over (),,/G,. Finally, we consider © = y + 2z €
.5/Gy, which is isotropic lines k- in X; withy € Y; and z € Z,,_ ;19
not isotropic. In this case, we have

bi(y,y) = —bi(z,2) # 0.
For a fixed y € Y}, the following set of isotropic lines in X;

{k(y+2) | bi(y,y) = —bi(z,2) # 0}

is one Gy-orbit. We may take k(y + z,) as a representative of this
G-orbit, where

+ bl (y> y)

If h € Gy stabilizes the isotropic line k(y + z,), then we have h-y =y
and h - z, = z,. It follows that Stabg, (k(y + z,)) = Stabg,(2,). Take

z, =eg + %60—- It is clear that Span(eg,e;) = Span(zy, z;) is the

hyperbolic plane. Hence we have
Stabg,(k(y + z,)) = Stabg,(2,)
= O(Zm_j @ k‘ . Z;)
(6.26) = O(z; N Zn—js2).

The representative v for the corresponding double coset Q) - v - Gy can
be chosen such that

Y6y = Ytz
1
-1 —
e = (Y= %)
0 261(?/7?/) Y
7_1'?/ = Z;,

and the restriction of y~! to the subspace y* N X is the identity. Then
we have

G) =77 Q17N Gy =Stabg,(k(y + 2,)) = O(Zn—; & k - 2}),

which is the same as (6.26). We want to write down the explicit em-
bedding of v - G} - v~ ! into O(X).

For h € G| = O(Z,,—; ®© k- ), it is easy to check that the following
hold

Yy hey = e,
Ty They = ey,
Yy Tty = ahz =7 (20 + @z) = 2 + oy,
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where 29 = zy(h) € Z,_; and a € k; for any z € Z,,_;, we have
vtz =zsince Z,_; CytNX ,and

vfw_l-z:vh-z:v-(z*jtﬁz;):z*+ﬁz;

where z* = 2*(h) and 8 = ((h) € k; and finally, the restriction of
vh~y~! to the subspace yNY; is the identity. According to the following
decomposition of X;

Xi=k-ef ®Zm ;@k-yoy - NY,®k- ¢,

we can write yhy~! in matrix form

(6.27)

where h* is the composition of h with the projection from h-z = 2*+ By
to z*. It is easy to check that the following element from (6.27)

h* % 0
gh)=1x* = 0
0 0 I,

belongs to O(X) and the set {g(h) | h € G}} is a subgroup of O(X)
which is isomorphic to O(Z,,—; @ k - y).

For such a v = ~,, or a double coset ()17Gy, the integral attached to
v, can be written as

/ & s(eg)dg = / & (972" Ya)dg
GJ"\Gy(A) G \Gy(A)

(6.28) - & (hy)dh.

/()(ky@zmj)\O(k-y@Zmj)(A)
By the definition of &f (g) (see (6.7) and (2.10), (2.11)), we have

¢ ) e (M)e(H (7)) H(7)(s), ifi=1
Slh) = {M(s,a, w1 )(b1.0) (W)TE(H (7)) H (7)(=s), ifi=2.

Hence the dh-integration in (6.28) defines a period of cuspidal auto-
morphic functions in o over the reductive subgroup O(k - y & Z,,—;)
of O,,, which is absolutely convergent (as in the proof of Part 3 of
Proposition 5.2). Again, by Proposition 5.2, the integral must vanish

identically for all choices of data because of the assumption of the first
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occurrence of o. Finally, exactly as in the proof of Proposition 6.1, we
get that for Re(s) sufficiently large

>

x=y+2y€02.2/Gy

/ €55 (h2)[dh < oo,
O(k-y®Zm—i)\O(k-y®Zm—;)(A)

where the summation is over the representatives v as above. Similarly,
for all s where the intertwining operator is defined

>

x=y+2y€02.2/Gy

/ €5 () |dh < oo.
O(k-y®Zm—;)\O(k-y®Zm—;)(A)

Indeed the last series has finitely many nonzero terms. We state this
result as

Proposition 6.5. Let o € A°(O,,/k) have the first occurrence FOy (o) =
24, such that j and m satisfy the condition in Theorem 5.1. For
r = y+ 2z € (ay/Gy, the integral in the summation (6.8) attached

to Ya,
/ & s(729)dg
GJ™\Go(A)

is absolutely convergent and identically zero, for all choices of data.
Moreover, the following absolute convergence

/ €5, () ldh < o
a=y+2,€00.2/Gy O(k-ydZm—;)\O(k-y®Zm—;)(A)
holds for Re(s) sufficiently large, when i = 1, and for all s where the
intertwining operator is defined, when 1 = 2.

In Proposition 6.5, we used the restriction j < m — 1.

6.6. Proof of Theorem 5.1. We complete the proof of Theorem 5.1
in this subsection.

By Propositions 6.1, 6.3, 6.4, and 6.5, we have proved that (6.9)
holds, that is, each integral in the summation in (6.8) converges abso-
lutely, and the series in (6.8) converges absolutely for Re(s) sufficiently
large, when ¢ = 1, and for all s where the intertwining operator is
defined, when i = 2 and the truncation parameter ¢ > ¢y (which is
defined before Proposition 6.3). Further we prove that all the sum-
mands in the expression (6.8) are identically zero except the summand
attached to the representative v = 1. In this case, the summand is

given by Proposition 6.4.
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Combining this with formulas (6.4), (6.6), (6.7) and (6.8), we obtain,
for Re(s) large, ¢ > ¢g and j satisfying the condition of Theorem 5.1,
a formula for the period of the truncated Eisenstein series

(6.29) / A°E(g; b1.0,8)dg = I — 15,
Ge(K)\Ge(A)
where
s—f—i-]
(6.30) I =c - / / qbl o (hr)dhdr,
___I_] K1 J Ho(k)\Hg(A
and

—S—E-i-j
(631) L5 = e — / / M(s,0,w1)(vq) (hr)dhdr,
s+35 — Ky J He(k)\H(A)

where the constant cj is as in Proposition 6.4. Note that we proved
the identity (6.29) for Re(s) sufficiently large, and since the Lh.s. is
meromorphic in the whole plane, then, by (6.30), (6.31) the identity
(6.29) holds as meromorphic functions in C. It is clear that I{ has only
one pole, and it is the simple pole at s = & — j. (See also the proof of
Theorem 6.6.)

Assume now, that 2j # m (j as above). We claim that the inter-
twining operator M(s, o, w;)(¢1,,) has a pole at s = % — j, for some
¢1.0. Otherwise, I§ is holomorphic at s = % — j. Then by (6.29), the
period of the truncated Eisenstein series has a pole at s = & — j. In
particular, the Eisenstein series E(g; ¢1,,,s) has a pole at s = 3 — j,
and hence the intertwining operator M(s, o, w;)(¢1,,) must have a pole
at s = 7 — j for some ¢y,,. This is a contradiction. This proves that
the Eisenstein series £(g; ¢1.,, s) must have a pole at s = 3 — j under
the assumption that the first occurrence of o is FOy (o) = 2j, when
25 #m, 5 <m—1andif j > 2, then j # m — 2. This proves Theorem
5.1.

6.7. Proof of Theorem 5.3. In order to finish the proof of Theorem
5.3, we assume that 2j < m, and hence the pole at s = F —j > 0
is simple (by the general theory of Eisenstein series due to Langlands
(IMW95])). We will consider the period (and its convergence) of the
residue at s = % —j of the Eisenstein series E(g; ¢1,s, 5), i.e. the period

n (5.10)

(6.32) / Ex_5(hs dro)dh
Ge(K)\Ge(A)

Let sp > 0 be a positive pole of the Eisenstein series E(g; ¢1.0, 5),

and denote the residue by &, (g; ¢1.,). It is clear that the constant term
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of the residue is

5807P1 (g, (bl;o) = ress:soM(Sv g, wl)((bl;o)(g) = MSO (07 w1)<¢1;0)(g)‘

Then the truncation of the residue is

AEs(9,010) = Eso(9, P1:0) — Z Mo (0, 01)(P1:0)(79)T(H (79))

’yEPl\G
(633) = gso(gv ¢1;0> - eg(g)

Note that A (g, ¢1.0) = ress—s,A°E(g, $1.,). We can repeat the
proofs of Propositions 6.1-6.5, for ¢ = 2, and get, in particular, that
|65 is integrable over Gy(k)\G¢(A). Note that in Proposition 6.4 sy +
% —3j > 50> 0, and so (6.24) and (6.25) are valid for 05 as well. We
conclude from (6.33) that |Es,(g; ¢1.5)| is integrable over Gy(k)\G(A).

Now we can express the period of the residue &,(g; ¢1.,) over the
subgroup Gy as follows:

[ e = [0 A (s
Ge(F)\Ge(A) Ge(R)\Ge(A)

(6.34) _ / 06 () dh -+ ros,_, (IF — IS).
Go(k)\Gr(A)

We obtain from the proof of the case when ¢ = 2 in Proposition 6.4
that

(6.35) ress—s, 15 :/ 05(h)dh,
Go(k)\Ge(A)
since for sg > 0, the pole of I§ is also simple. By (6.34), we obtain

/ gso(ha ¢1;U)dh = reSSZSOIf.
Ge(k)\Ge(A)

Thus, we see that if sg # 5 — j, then since res,—, I{ = 0, we have that

/ gso(h'> ¢1;U)dh = 0.
Go(k)\Ge(A)

This proves Part 3 of Theorem 5.3.
When sq = % — j, we have
(6.36)

/ exshoihi=e [ b1,0(hr)dhdr,
Ge(k)\Ge(A) Ko J He(k)\H(A)

where the constant c¢ is as Proposition 6.4. Finally, the proof of Part

2 of Theorem 5.3 follows easily from Part 1 of Proposition 5.2 and the
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identity (6.36). In fact, when a o € A°(0,,/k) has the first occurrence
FO, (o) = 25 for some integer j € {1,2,---, [mT_l]}, the period

/ O1.0(hr)dh
Hy(k)\H(A)

is nonzero for some choice of data, by Part 1 of Proposition 5.2. Now it
is a standard argument to extend this nonvanishing property through
the compact integration in (6.36) ([JR92], [Jng98|, and [GJRO04]), so
that the right hand side of the identity (6.36) is nonzero for some choice
of data. This proves Part 2 of Theorem 5.2, and hence completes the
proof of Theorem 5.3.

We summarize the above discussion and Proposition 6.4 as the fol-
lowing theorem.

Theorem 6.6. Let E(g; ¢1.5, s) be the Eisenstein series on O,,12(A) as
in Theorem 5.3. Assume that o € A°(O,,/k) has the first occurrence
FOy (o) = 2j for some integer j € {1,2,--- ,[’”T_l]} Let sqg > 0 be
a pole of the FEisenstein series. Then the residue at so, Es,(9; P1.0) of
E(g; ¢1.0,5) is not Gy-distinguished for all £ = (ly,---,1;) € (k*),
except for so = 5 —j. At so = § — j the Eisenstein series has a simple
pole, and there is an € = (Iy,--- ,1;) € (k™) such that the period of
the residue Em_;(g; ¢o) is nontrivial. This period is expressed by the
following formula

/ exs(hona)ih=en [ b0 (hr)dhdr,
Ge(k)\Ge(A) K1 J He(k)\H(A)

where the constant ¢, = vol(k*\A).

6.8. Proof of Lemma 6.2. The nature of the proof of Lemma 6.2 is
essentially the same as that of Proposition 5.2, where we sketched the
main ideas. For completeness, we give here a more detailed proof of
Lemma 6.2.

For a Schwartz-Bruhat function ¢ in S(X(A)’~1) and for ¢, in the
space V;, the 1-theta lifting of ¢ to Mp,;_»(A) is given by the following
integral (asin (1.1))

(6.37) 0=2(g; B ) = / 0.0y 9w (),
Om (E)\Om (A)

where g € Mpy;_5(A). The t-theta lifting of o, which is denoted by
93}];;2(0) as before, consists of all automorphic functions, Hif;z(g; Goy )

with ¢ running in S(X(A)’~!) and ¢, running in V.
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To prove Lemma 6.2, we show that if o € A°(O,,/k) has the first
occurrence FO, (o) = 25 with j and m satisfying the condition of The-
orem 5.1, then the period

(6.38) / ¢o(h)dh,
Hy,j\Hy,j (A)

is identically zero for all choices of ¢, in V,, (see (6.15) for the definition
of the subgroup H, ;). (Recall that we already explained why this
integral converges absolutely, right after the statement of this lemma
in the previous subsection.)

In order to obtain the vanishing statement above, we calculate cer-
tain Fourier coefficients of Hi{;bz(g; ¢s,p). More precisely, as in §5,
we take the Siegel parabolic subgroup ) = LU of Spy;_, and take
¢ = (ly,---,1;—2,0) with [; € k*. Then we calculate the v,-Fourier
coefficient of Hi] ~2(g; bg, ), which is given by

(639)  FU(03()) = / 052 (u; b, o)y ()l
U(k)\U(A)

By (6.37), the ¢,-Fourier coefficient (6.39) can be written as

P = [ b
U(RN\U(A) 4 Om(k)\Om (4)

. = -(h 0 h, L) dudh.
(6.40) / b0(h) / oy 7 )

where the dh-integration is over O,,(k)\O,,(A). We consider first the
inner integration

(6.41) [ Bt @
U(k)\U(4)
To calculate this Fourier coefficient explicitly, we write
é- = (517527 e 7£j—1> S Xj_la
and u = u(S) as in (5.1). By definition, we have

bpplhyu) = D wy(ulS)wy(h)e(€)

geXi=1(k)
(6.42) =Y el UG CH(E) S - Jy),
£eXTL(k)

where the matrix J; is defined by



inductively, and Gr() is defined as the (j—1)x (j—1)-matrix (b(&;, &s))-
Hence the Fourier coefficient (6.41) can be written as

043 3wl 0@ [ WGEGHO- STy w)du

cexiih) VU (A)

By the orthogonality relations of characters, we know that the sum-
mands parametrized by ¢ € X77}(k) may be nonzero only if £ =
(&1,&,-+,&-1) € X771 satisfy the following geometric conditions:
b(&,&) = 0if t # s for t,s = 1,2,---,5 — 1; b(&,&) = Iy for
t =1,2,---,5—2 and b(&_1,&_1) = 0. We denote by X; ' the
subset of {’s satisfying the above geometric conditions. It is clear from
Witt’s theorem that the action of O,,(k) = O(X)(k) on X} decom-
poses Xg_l into two orbits: one is with £;_; = 0 and the second is with
;-1 # 0 (but isotropic).

We fix a representative £° := (vy, - -+ ,v;_9,0) for the first orbit, and
a representative &Y := (vy,--- ,v;_9,y) for the second orbit, where v,
fort =1,2,---,7 — 2 are given as in §5. In particular we have that

b(vg, vy) = l;. One can check that the stabilizer of the representative £¥
in O(X) is H,; as in Lemma 6.2. The stabilizer of the representative
€% in O(X) is denoted by H,,—ji2 as in §5.2. It is a k-rational form of
Op—jto. Hence we may write (6.43) and hence (6.41) as sum of two
terms:

(6.44) oo elgTe+ > P97

g€ Hy,;(K)\Om (k) 9EHm—j4+2(k)\Om (k)

We go back to calculate the 1,-Fourier coefficient F¥* (Gi’;f()) via
the second integral in (6.40). We have

FUOU() = / o(g€Y) / 6 (hg)dhdg
Hy,j (A)\Om (A) Hy,j (k)\HyJ (A)

(6.45) + / (g7 / ¢o(hg)dhdg
g H77L7j+2(k)\Hmfj+2(A)

where the dg-integration in the second summand in (6.45) is over
Hy,—j12(A)\O,, (A). Note that each summand in (6.45) converges ab-
solutely as a double integral. This is due to the fact that ¢ is a
Schwartz function, ¢, is bounded over the Siegel domain of O,,, and
both H, ;(k)\H, ;(A) and H,,_j12(k)\Hp—;+2(A) have finite measures.
Since the first occurrence of o, FOy (o) = 27, by Proposition 5.2, part
2, the period

g (hg)dh

/I{ijrZ (k)\H’"l*jJrz (&)
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must be zero identically in V,. (The proof for this is a repetition
of the calculation (6.43), where we compute f’l’f’(ei{ﬁ(-)), for ¢/ =
(01,...,4;_3).) Hence by (6.45), if the first occurrence of o, FO, (o) =
2j, we have

(6.46)

FU(0%2() = / o5 / 65 (hg)dhdg.
Hy j(A)\Om (A) Hy j(k)\Hy, ;(A)

If the period (the inner integral)

/ 6 (hg)dh
Hy,j(k)\Hy,j(A)

is nonzero for some choice of ¢, € V,, then it is easy to show that there
exists a choice of ¢ in S(X77'(A)) such that the whole integral in (6.46)
is nonzero. This proves that the ¢-theta lifting of o to Mpy; »(A),

Gij;f(a) has a nonzero 1y-Fourier coefficient, and hence Gij;f(a) is
nonzero. But this contradicts the assumption that FOy (o) = 2j. This
completes the proof of Lemma 6.2.

7. PROOFS OF THEOREMS 1.5, 1.6, AND 1.7

In this section, we first prove Theorem 7.1 below. Combining this
with Theorem 1.3, and the results in [JngS03], [JngS07al, and [JngS07b],
we prove Theorems 1.5, 1.6, and 1.7. To state Theorem 7.1 below, we
have to introduce some notation from the theory of local theta corre-
spondence.

Let v be a finite local place of the number field k. We recall briefly
from [MVW8T7] the local theta correspondence over the local field k.
For a nontrivial character 1, of k,, let wy, be the Weil representa-
tion of the reductive dual pair O,,(k,) x Mpy;(k,) acting on the local
Schrodinger model S(X7(k,)). The detailed discussion of the split-
ting of the double cover and the related the cocycles can be found in
[JngS07b]. See [K94] for general reductive dual pairs.

Let (0,,V,,) (and (7,, V,), resp.) be an irreducible admissible rep-
resentation of O,,(k,) (and Mpy,;(k,), resp.). If the following space

(71) Homom(ku)XMPQj(ku)(wwv7 VUU ® V%v> % 07

then we say that m, is a local ¢,-theta lift of ¢,, and o, is a local
1,-theta lift of 7,. We do not assume that the local Howe duality
conjecture holds for the case we are discussing here. The local Howe

duality conjecture was proved by J.-L. Waldspurger [W90|, when the
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residual characteristic of £ is odd. In such a circumstance, the local 1,-
theta lift is the same as the local 1,-Howe lift. We refer to [MVW87]
for more detailed discussions.

Our definition of the first occurrence for the local ¢,-theta liftings is
based on (7.1). More precisely, we say that the first occurrence of o,
is FOy, (0,) = 2jp if the following space

Homom(ku)XMpzh (kv) (wwv’ V ® V7r11 ]1)

is zero for all j; < jo and for all irreducible admissible representations
Ty, of Mpy; (k,), but there exists at least one irreducible admissible
representation 7, j, of Mpy; (k,) such that

Homom(kv)XMpzj (kv (wwv7 V ® V7r11 JO) ;é 0

We note that the above definition of the first occurrence for the local
,~theta liftings can be extended to the archimedean local places. We
will not repeat it here.

In analogy to (1.2), where we defined the (global) lowest occurrence
of o, we define now the lowest occurrence at the v-component of o €
A(O,,/k) (at a local place v of k).

(7.2) LOy, (¢) := min{FOy, (), FOy (o, ® det)}.

Theorem 7.1. Let o € A°(O,,/k). Assume that there is a local place v
of k, such that LOy, (0) = 2jo. If 2jo < m, then the partial L-function
L%(s,0) is holomorphic for Re(s) > % — jo. If 2jo > m, then L®(s,0)
is holomorphic for Re(s) > %.

Proof. Let the (global) lowest occurrence LO, (o) = 2j;. Assume that
FOy, (0 ® ) = 2j; for some sign character ¢, of O,,(A). Then the
-theta lifting 0 201 ! (0 ®€p) is an irreducible cuspidal automorphic rep-
resentation of Mp2j (A) ([M97b] and [JngS07b]). In particular, the
local 9,-theta lift of o, ® €y, to Mpy;, (k) is nonzero. This implies
that 2]0 S 2j1, i.e. j() S jl.

Assume that 2j, < m. If the partial L-function L®(s, o) has a pole
at Re(s) > 3 — jo, then this pole must be at s = % — j] with jj < jo.
By Theorem 1.1, there is an automorphic sign character €, such that
the global t-theta lift, 912; in (o ® €) is nonzero. This implies that

J1 < gy < Jo < g
which is a contradiction. Finally, assume that 259 > m. Then 27, > m,

and by Theorem 1.1 L5(s, o) is holomorphic for Re(s) > 3. This proves

the theorem. O
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Remark 7.2. By Theorem 1.3, we can conclude a stronger result that
under the assumption of Theorem 7.1, the Fisenstein series E9'(g, ¢1.5, S)
is holomorphic at Re(s) > 3 — jo. We omit the details here.

Remark 7.3. We expect that the lowest occurrence at the v-component,
LOy, (o) should be characterized in terms of the generalized Gelfand-
Graev models for irreducible admissible representations of O, (ky). To
illustrate this key point, we prove Theorems 1.5 and 1.7 by Theorem
7.1. The general cases will be treated in our forthcoming work.

7.1. Proof of Theorem 1.5. Consider o € A%SO,,/k), i.e. o is
an irreducible automorphic cuspidal representation of SO,,(A), where
SO,, = SO(X) is as before. Assume that there is a place vy, such that
SO, (ky,) is ky,-quasisplit and the local vy-component, o,, of ¢ has a
nonzero local Whittaker model, i.e. o is locally generic at vy. Then,
for any quadratic character x, the representation ¢ ® x is also locally
generic at vg. It is enough to prove Theorem 1.5 for o.

We "extend” o to an irreducible, automorphic, cuspidal representa-
tion o’ of O,,(A) as follows. When m is odd, then O,, = SO,, X Z,
where Zy = {£1,,}. We choose a character p of Zo(k)\Z2(A), and ex-
tend o to o’ = 0, on O,,(A), by letting the central subgroup Z,(A) act
by . Similarly, we extend the cusp forms in the space of o to O,,(A).
It is clear that 0’}SOW(A) = 0. When m is even, we fix a € O,,(k), with

det(a) = —1. Denote Zy = {I,,,a}. Then O,, = SO,, x Zy. Consider
the map 7', on Indggﬁi)a, defined by

Tf(h) = f(hv 1) + f(Oéh, 1)7

where f is a function in the last induced representation, viewed as a
complex function on O,,(A) x SO,,(A), such that g — f(h,g) is a cusp
form in the space of o, for each h. Clearly, the image of T, Im(T) is
an automorphic, cuspidal representation of O,,(A). Fix an irreducible
summand o’ of Im(7"). Note that, for g € SO,,,(A),

Tf(g) = f(L.g9)+ fla, g%),

where g® = aga. Thus, Tf‘so w €0+ o
Assume that the (global) lowest occurrence

LOy(0) = FOy (0’ ® €) = 2jo.

Then the w-theta lifting 7 := 95){0 (0 ® €) is an irreducible, auto-

m

morphic, cuspidal representation of Mpy, (A) (see [M97b] for m even

and [JngSO07b] for m odd). Then the local 1,,-theta lift of o} ® €y,
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to Mpy;, (ky,) is nontrivial. Hence o, has a local nontriv-

vo ‘SOm(kUO)
ial 9y,-theta lift to Mpy; (ky,). In case m is odd, this means that

0

wﬁ),m vo ‘Som(kvo)
Oyys Opp, OF the direct sum of these two representations. Since oy, is
locally generic, we know that the local first occurrence of o,,, (or, in
case m is even, consider og as well; it is also generic), is greater than
or equal to Q[mT_l] When vy is finite, this is Proposition 2.1, [JngS03]
for m odd, and by the local analogue of the global results in [GRS97]
for m even. When vy is archimedean, the same result can be shown by
adapting in a simple way these proofs to the archimedean setting. We

omit the details. Hence we have

/

(0u,) # 0. In case m is even, it is clear that o is either

. m—1
250 > 2[——].

Hence,

mo_ L
2 =7 2 71k ifmis odd.

If 2 — jo > 0, then, by Theorem 7.1, the partial L-function L(s, o)
is holomorphic at Re(s) > 2 — [™-1]. Similarly, if 2 — jo < 0, then,
by Theorem 7.1, L%(s, o) is holomorphic at Re(s) > 1. This proves

2
Theorem 1.5.

m m—l]_{l, if m is even,

Remark 7.4. As in Remark 7.2, by Theorem 1.3, we conclude a
stronger result, that under the assumption of Theorem 1.5, the Fisen-
stein series E(g, 1,0, 5) is holomorphic at Re(s) > 1 if m is odd and
at Re(s) > 1 if m is even.

Here, the Eisenstein series E(g, ¢1,,,5) is defined analogously on
SOeo(A). It is easy to see that this family of Eisenstein series, on
SO,+2(A), has exactly the same set of poles as that of the family of

Eisenstein series E(g, ¢).,/,5), on Opy2(A).

7.2. Proof of Theorem 1.6. In this section, we assume that m =
2n + 1 is odd and SOg, 1 is the k-split odd orthogonal group.

Recall briefly, from §2 of [JngS07al, the definition of Bessel model of
special type for cuspidal automorphic form ¢ on SOs,1(A). Define

0 1
J2n+1 = J2n—1 )
1 0

inductively, so that the quadratic vector space (X,b), and SOsg, 1 are

defined with respect to Jo,41. As in §2.2 of [JngS07al, we consider
52



the unipotent radical N"~!  consisting of the unipotent matrices of
following type

u Tz
(7.3) n(u,x,z) = I3y x* ]| € SOg41,
u*

where u € U,_1, the maximal upper triangular unipotent subgroup
of GL,_;. Note that the Levi subgroup, which normalizes N"~! is
Lr=' = GLY' x SO3. As in (2.9) of [JngS07a], we define

(7.4) Ypn—1a(n(u,z,2)) = Y(ura+ -+ Up—2,-1)0(b(x - ux, €n-1))

for each A € kX mod (k*)2. As in (2.10) of [JngS07a], the 1, 1.1
Fourier coefficient of cuspidal automorphic form ¢ is defined by

(75)  Frua(g: ) i / B(ng)ha(n)dn.
NI R)\NZT(A)

This is a Fourier coefficient attached to the subregular nilpotent orbit
in the sense of §2 of [JngS07al, which is also called a Bessel-Fourier
coefficient of ¢ attached to the subregular nilpotent orbit. Note that
the Whittaker-Fourier coefficient is the one attached to the regular
nilpotent orbit. The connected component of the stabilizer of 1, ,—1.x
in L™~ is isomorphic to a k-rational form of SO(2), which is denoted
by D, as in §2 of [JngS07a]. We say that a cuspidal automorphic form
¢ has a Bessel model of special type if the following integral

(7.6) B (g) = / Fnei (s 6)dh £ 0,
Dx(R)\Dx(A)
as in (2.11) of [JngS07a].

Let 0 = ®,0, € A°(SOg,.1/k) have a nonzero Bessel model of spe-
cial type. By Theorem 1.5, [JngS07b], o is either nearly equivalent to
an irreducible generic (globally) cuspidal automorphic representation
0o of SOg,41(A), i.e. the local components o, are isomorphic to the
local component oy, at almost all finite places v of k, or o is a CAP
automorphic representation of SOy, 1(A). In the second case, by The-
orem 1.5, [JngS07b] again, the partial L-function L®(s, 04, ® x) has a
pole at s = % for some quadratic character y.

Assume that there exists a place vy, such that o,, is generic. By
Theorem 1.5, just proved above, the partial L-function L%(s,o ® )
is holomorphic at Re(s) > 3, and, in particular, it is holomorphic
at s = %, for all quadratic characters y. This implies that o can-

not be a CAP automorphic representation of SO, ,1(A). Therefore,
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by Theorem 1.5, [JngS07b|, ¢ must be nearly equivalent to an irre-
ducible generic (globally) cuspidal automorphic representation og of
SOg,+1(A). This proves Theorem 1.6.

7.3. A sketch of the proof of Theorem 1.7. We sketch of the
proof of Theorem 1.7, in order to illustrate the idea that the Gelfand-
Graev models for irreducible cuspidal automorphic representations of
SOg,11(A) determine the structure of irreducible cuspidal automorphic
representations. This idea should work for other classical groups. The
general discussion will be included in our forthcoming work.

Assume that o € A°(SOy,41/k) has a nonzero Bessel-Fourier coeffi-
cient as defined in (7.4). First, we can prove that FO, (o) > 2n — 2.
The proof uses just one place v, and the fact that o, has a nontrivial
Jacquet module, with respect to the character at v, which defines the
Bessel-Fourier coefficient. We show that, for 2j < 2n — 2, a local theta
lift from Mpy;(k,) to SOz,41 cannot have a nontrivial such Jacquet
module. Following the same argument as in the proof of Theorem 1.5
above, we conclude that the partial L-function L%(s,o ® ) is holo-
morphic for Re(s) > %, for all quadratic characters x of £*\A*. If the
partial L-function L®(s, o ® x) has a pole at s = %, for some quadratic
character x, then the first occurrence FO, (o) must be 2n—2. Thus, the
W-theta lift to Mp,,,_5(A), 93)’7‘2;11(0) is a (nontrivial)automorphic, cus-
pidal representation. We show that this representation is also generic,
with respect to a character, determined by the Bessel-Fourier coeffi-

cient above. Let 7 be an irreducible summand of 9372311(0—). Then

o = 91211"24;11_2(7?) We calculate directly the Bessel-Fourier coefficient
above, for o, in terms of Whittaker coefficients of 7, and we get that
this Bessel-Fourier coefficient already provides a Bessel model of spe-
cial type as in (7.5). By Theorem 1.5 of [JngS07b], ¢ must be a CAP
automorphic representation of SO, (A), since L(s,0® ) has a pole
at s = %, for some quadratic character x. Now the conclusion of The-
orem 1.7 follows from Theorem 1.5 of [JngS07b]. We omit the details
here.

It is clear that Theorem 1.7 restricts the global Arthur parameters
for irreducible cuspidal automorphic representations of SOs,, 1 (A) with
nonzero Fourier coefficient attached to the subregular nilpotent orbit.
We expect that this is a general phenomenon. We will get back to this
topic in our future work.
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