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ABSTRACT. In this note, we introduce a global integral of Rankin-Selberg and
Shimura type, which represents the tensor L-function of a pair of irreducible,
cuspidal, automorphic representations of Spyy (A) and GL.,(A), respectively.
This construction is completely general and applies to any cuspidal represen-
tation of the symplectic group. We use this construction to characterize some
CAP representations of symplectic groups and give some information on poles
of L-functions.

1. INTRODUCTION

In this announcement, we introduce and study a family of new global integrals
of Rankin-Selberg and Shimura type, which represent the tensor L-function of a
pair of irreducible, cuspidal, automorphic representations m and 7 of the symplectic
group Spyi(A) and GL,,(A), respectively. Here A is the ring of Adeles of a number
field F.

Following Langlands, one may define (for Re(s) large) the partial tensor L-
function L® (7 x 7,s), with S being a finite set of places of F, containing those
at infinity, and outside of which, all local components of m and 7 are unramified.
In order to study further properties of the partial tensor L-function L°(m x T,s),
we introduce a global integral, which represents L (7 x 7, s) in the sense that (for
decomposable data, unramified outside S) the global integral is an Eulerian product
over all local places of F' (Theorems 3.2 and 3.3) and the partial Eulerian product
over the local places outside S yields L (7 x 7, s) (Theorem 4.3). In case 7 is generic
(i.e. 7 has a nontrivial Whittaker-Fourier coefficient), such a global construction
was introduced in [GRS98].

The Langlands conjecture on the functorial transfer from Spy; to GLaj 1 asserts
that for any irreducible, cuspidal, automorphic representation 7 of Spoj(A), there
exists an irreducible, automorphic representation IT of GLgg11(A), such that the
correspondence between the local components 7, and II, is compatible with the
local Langlands functorial transfer at every local place v of F'. This has been proved
when 7 is generic ([CKPSS04]). When 7 may not be generic, an approach has been
discussed in [S06], based on the theory of tensor L-functions discussed in this paper
and the converse theorem of Cogdell and Piatetski-Shapiro ([CPS)).
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On the other hand, it is expected that the Arthur trace formula method will
establish the Langlands conjecture on the functorial transfer from Spy; to GLag 1
in general. It is also important to note that the Langlands functorial transfer from 7
to IT obtained from the trace formula method is compatible with the local Langlands
functorial transfer only at unramified local places v of F' (i.e. where both m, and
IT, are unramified). Once we have a weak version of the global Langlands functorial
transfer, the analytic properties of the partial tensor L-functions L°(7 x 7, s) will
be deduced from the similar properties of Rankin-Selberg convolution L-functions
for general linear groups.

It is clear that in order to establish the local Langlands functorial transfer at
ramified local places and hence the complete version of global Langlands functorial
transfer from Spy, to GLogy1, one has to define and study the local L-factors,
e-factors and v-factors at ramified local places. It is well known that the Rankin-
Selberg method is one of the major methods to accomplish such a goal.

In order to illustrate the potential of such an approach to the global theory
of automorphic representations and to refined analytic properties of automorphic
L-functions, we provide two applications (Theorems 5.1, 5.2 below). The first
application (Theorem 5.1) is a characterization of certain cuspidal automorphic
representations of Spy(g,, 41 (A), whose unramified local components are equivalent
to the unramified local components of a global parabolically induced representation
of Spo(amtr)(A), with generic cuspidal data of the form

(GLaym, X Spgy, 7 - | det |% ® )

where GLa,, X Spy;, is the Levi part, which determines the standard maximal para-
bolic subgroup of Spy (g, 44, and 7 ® 7 is an irreducible generic cuspidal automor-
phic representation of GLay, (A) X Spyy(A). Such representations are called CAP
representations of Spy(g,, k) (A), With respect to the data above. The second ap-
plication (Theorem 5.2) is about location of poles of Li (7 x 7,8), where now 7 is

on a metaplectic cover éB% (A) of Spyr(A).

In Section 2, we recall the definition of Fourier-Jacobi coefficients of automorphic
forms on Spyy, (A) and on Spyy(A). In Section 3, we introduce two families of global
integrals of Fourier-Jacobi type and prove Theorems 3.2 and 3.3, which show that
these global integrals are factorized into Eulerian product of local integrals, based
the local uniqueness of Fourier-Jacobi models (Theorem A in [Su] and Theorem 4.1
in §4). In Section 4, we discuss the local theory of these global integrals briefly
in general. In particular, we sketch the proof of Theorem 4.1 which reduces the
local uniqueness of Fourier-Jacobi models in general to the spherical case of the
Fourier-Jacobi model, which is Theorem A of B.-Y. Sun ([Su]). We also outline
the proof of Theorem 4.3 on the unramified calculation of the local integrals. In
the last section (Section 5), we provide two applications of the construction of the
global integrals of Fourier-Jacobi type, which are Theorems 5.1 and 5.2.

Finally, we would like to thank Binyong Sun for sending us his recent beautiful
work ([Su]) during the preparation of this paper. We would also like to thank the
referee for valuable remarks.
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2. FOURIER-JACOBI COEFFICIENTS

In this note, the symplectic group Sps;, is written with respect to the antisym-

metric matrix
Wi
— W ’

where wy, is the k x k matrix, which has 1 on the anti-diagonal, and zero elsewhere.
Our global integrals involve Fourier-Jacobi coefficients of automorphic forms on
symplectic groups or metaplectic groups. We recall this notion now.

For 1 <r <k, let P* denote the standard maximal parabolic subgroup of Sps,
whose Levi part is GL] X Spy(;_,. Let V¥ denote its unipotent radical. Since P¥
is standard, V,* consists of upper unipotent matrices. Let ¢ denote a nontrivial
additive character of F\A. We define a character ¢y of V,¥(A) as follows. For
v = (v;;) € VF(A), when r < k, we define

(1) Yyr(v) == P(v12 o2+ Uro1,);
and when r = k, we define
(2) Y/Jka,a(U) =12+ va3+ -+ Vg—1k + AV K1)

with a € F*. It is clear that both ¢y (v) and ¥yr ,(v) are trivial on VE(F) and
ViE(F), respectively.

Let é\ﬁzl(A) denote the double cover of Sp,;(A). For a given nontrivial character
1 on F\A, there exists the Weil representation wy,; of the semi-direct product

§f)2l (A) - Hoi11(A), where Hoyyq is the Heisenberg group in 2] + 1 variables. The
Weil representation wy,; acts on the space S(A') of Schwartz-Bruhat functions. For
® € S(AY), one defines the corresponding theta series

05, (xg) = Y wyi(wg)d(S),

el

where € Ho41(A), g € éf)Ql(A). Following [GRS98] and [GRS03], for instance,
we write the elements of the Heisenberg group Hg11 as (v;t), where v is a row
vector of 21 coordinates. When v = 0, (0;¢) is a general element of the center of
Hoi+1. We write the group law in Hgi41 as

(v1;t1)(va; ta) = (v1 + v23t1 + t2 + (v1,v2)),

where (, ) denotes the symplectic form. (Note that we do not use 3( , ) in the
group law. It is more convenient, especially when we need to embed the Heisenberg
group in SP2(1+2)-) For a given a € F*, let ¥® denote the character of F\A given

by t +— (at).
When r < k, we define a projection map

lg—r V;k = H2(k7r)+1

by lk—r(v) = (Vpr41,Vrrt2,  * ,Ur2k—r; Ur2k—rt+1). The r-th Fourier-Jacobi coefhi-
cient attached to an automorphic representation (Vy,m) of Spy,(A), with respect
to (1, a) is defined by the following integral

N¢ ~
6 FTlyaledti= [ elohF (@) o),
VEEN\VE(A)
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where ¢, € V, and ¢ € S(A*~"). Tt is clear that the r-th Fourier-Jacobi coefficient
ﬁzvﬁ a(x)(h) is an automorphic form on §f)2(k_r) (A). When r = 0, the group
VOI‘c is just the identity group. In this case, we define the Fourier-Jacobi coefficient
]/:\‘/YZVOk (¢r) to be the product @, - gia,kv as a function on g\[/)%(A). Note here and

in (3) that the automorphic form ¢, on Spy;(A) is extended as an automorphic

form on §132k(A) trivially.
When r = k, we define the Fourier-Jacobi coefficient attached to 7 to be the
Whittaker coefficient, which is given by

Wayy (o= [ enlohiny (o)
ViE(F)\VE(A)

It follows from [GRS03], Lemma 2.2, that every (nontrivial) automorphic rep-
resentation 7 of Spyj(A) has a nonzero r-th Fourier-Jacobi coefficient, for some
r and a. We fix ¥ and let ry be the largest number such that 7 has a nonzero
ro-th Fourier-Jacobi coefficient, with respect to ¥ and some a. We refer to this
coefficient as a top Fourier-Jacobi coefficient attached to m. We also have a similar
notion when both ¢ and a are fixed.

Assume that the automorphic representation 7 of Spyy(A) is cuspidal and has
a nonzero r-th Fourier-Jacobi coefficient, for some 0 < r < k and a € F*. Then

FT ZV " (=) (h) defined in (3), when viewed as a function in the variable h, defines
a genuine, automorphic function on §f)2(kfr) (A). If, in addition, this coefficient is
a top Fourier-Jacobi coefficient, when (1, a) are fixed, then the space generated
by the automorphic functions F.7 ivg«’a(@”)(h)’ is a genuine cuspidal automorphic
representation of §f)2(k7r) (A). See [GRS03], Lemma 2.3 and [GRS99a], Theorem 8.

In this case, let (Vz,0) denote an irreducible summand of the complex conjugate
of this cuspidal representation. Then the following pairing is not identically zero.

——¢
fqu/;vrk,a(cpﬂagb;@&) = / fj¢vk,a(90W)(h)SOE(h)dh~
SPa(k—r) (F)\SP2(k—py (A)

Here, @5 is a cusp form in the space V5. It is easy to check that the Fourier-Jacobi
coefficients and Fourier-Jacobi periods above, can be obtained from the similar
integrals, with @ = 1, by outer twisting by the similitude element diag(Ix—, alx—,).
From now on, we assume, for simplicity, that a = 1, and we will denote

.7-'\7731/,‘,#,1 = .7:\777111@7
and
ﬁzvﬁvl B szw"”
Thus, the following pairing
(@) FTPuyyomrp5) = / FI,, (o) (Wgs(h)dh
SPa(k—r) (F)\SP2(k—ry (&)

is not identically zero. We call FT Py, (¢x, ¢, p5) the r-th Fourier-Jacobi period
for the pair (m,0) with 0 <7r < k.
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It follows from the above discussion that for a given irreducible, cuspidal, au-
tomorphic representation 7 of Spy,(A), it is either generic (a nonzero Whittaker-
Fourier coefficient, i.e. = k), or has a nonzero r-th (top) Fourier-Jacobi period
FIPyp,, (r, ¢, p5) for some 7 < k and some choice of data. Since the generic
cases (TT: k) were treated in [GRS98], we will concentrate on the case when r < k.
We remark that, as in the case of orthogonal groups ([GPSR97]), the generic case
and the nongeneric case can be treated uniformly. We leave the details to future
work of ours.

It is clear that the Fourier-Jacobi period can also be defined, in exactly the same
way, for a pair (7,0), where 7 is an irreducible cuspidal automorphic represen-
tation of é?)zk(A) and o is an irreducible cuspidal automorphic representation of
SPa(k—r)(A). See [GJRO4], for instance.

3. THE GLOBAL INTEGRALS OF FOURIER-JACOBI TYPE

Let m denote an irreducible, cuspidal, automorphic representation of Spy(A).
We assume that that 7 has the top Fourier-Jacobi coefficient occurring at 1 <
r < k, with respect to (¢,1). Let ¢ denote a genuine, irreducible, cuspidal, auto-
morphic representation of %Q(kﬂ,) (A), such that the (top) Fourier-Jacobi period
FIPy., (¢r, &, 05), as defined in (4), is nonzero for some choice of data. Let 7
denote an irreducible, cuspidal, automorphic representation of GL,,(A). Denote

by ET)g(h, s) an Eisenstein series on Spy(,, 1, (A), associated to a holomorphic

section fz s in the induced representation

SPa(m k- (A) 1
Indﬁ(l() I (| det P72 @ 7).
Here, P is the standard parabolic subgroup of sz(m +k—r), Whose Levi part is
isomorphic to GL,,, x Sp2(k7,’.). Denote its unipotent radical by U,, p—». The group

P(A) is the inverse image of P(A) inside §f)2(m+k7,,) (A). The induction data depend
also on 7, through the Weil factor v,. For s, with large real part, the Eisenstein
series is an absolutely convergent series

ET,E(hv 5) = Z fT,E,s(’Yh)-
’YGP(F)\sz(mJkar)(F)
Assume, first, that » > m. In this case, we have that £ > m + k — r. We define
the global integral by

I(SOTH ¢7 ﬁ',&,s) = fjpwvlt (907"7 ¢7 ET)g)

N¢ ~
(5) _ / FTy . (en)(WE,s(h.s)dh.
SP2(m+k—r) (F)\SP2(m4r—r) (A)

Next, when r < m, we have that k < m + k — r. In this case, we define the global
integral by

Wpm ¢, Jras) = FIPy ne, (Erg. 6, 0n)
N¢ ~
(©) - [ . Ea®estan

Spay (F)\Spay (A)
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The Eisenstein series ET’g(h, s) converges absolutely, for Re(s) > k —r + 1+ %,
and has meromorphic continuation to the whole complex plane C ([MW95]).

Lemma 3.1. Both integrals (5), (6) converge absolutely and uniformly in vertical
strips in C, away from poles of the Eisenstein series E; z(h, s).

The proof of convergence of the integrals (5) is entirely similar to the proof of
Lemma 2.1 in [B-AS09]. Consider the global integral (6). Let S be a Siegel domain
for Spys (F)\Sps(A). Then since ¢, is rapidly decreasing on S, it is enough to

note that j'\ji - (ET 5) is of moderate growth on Spai (A). Indeed, this follows
ymtk—r LT,

from the facts that the Eisenstein series g — Eﬂg(g, s) is of moderate growth on
SPa(mtk—r)(A), the theta series lx(v)h — 0¢ w(lk(v)h) is of moderate growth on
Hopg1(A) Spoi (A), and VP HE=T (F)\ V7 tk= T( ) is compact.

Next, we discuss the unfolding process of these global integrals. We start with
the global integral (5)

Theorem 3.2. In the notation above, assume that r > m. For Re(s) large enough,

(7)

(on 6. Frn) = [ [ FIPuy, (rwsh)pr, ollmssr @Ol plh) v, .)dodh,
R(A)

where the dh-integration is over Spy(j_,) (A)V$+k_"(A)\Sp2(m+k7T) (A). Here, w

is a certain Weyl element and R is a certain F-unipotent group, given explicitly in

(13) and (19), respectively. For a Schwartz-Bruhat function ¢' € S(A™TF=T)
;C_r denotes its restriction to A¥", embedded in A™TFTT as 0 x AFT. Fi-

nally, p(h)fwﬂgjs denotes the cusp form in o obtained by the application of the
- Whittaker coefficient to the following cusp form in the space of T, a — frz s(agh),

for fizred h, viewed as a function of g € Spyy_,)(A); a € GLy(A), naturally em-
bedded in the Adelic points of the Levi part of P.

Proof. Consider the global integral (5), I(¢x, @, f;as). For Re(s) large, we unfold
the Eisenstein series and obtain

~ /—\_/45 ~
Upm b Frzs) = [ L, eomaaman
P(F)\SP2(myk—r)(A)
= JFT,E,S(h)
P(F)\sz(m+k—r)(A)
8) . / or (OB s (i (0)R)oys (v)dudh,
[Vrkwa
where we set [VF ]:=V* (F)\VF (A). We will use this notation for other F-

algebraic groups, as well. We may repeat the proof of the last lemma, in the domain
of convergence of the series defining ET,g(h s), replacing it by its series, fT 5.5 DY
its absolute value, and similarly, for the cusp form and the theta series. Thus, this
step is justified. Write the elements of Hy (4 —y)41 in the form (vy,vs,v3; 2), where
v1,v3 are row vectors of dimension m, vq is a row vector of dimension 2(k — r) and
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z is the center of the Heisenberg group Ha (4 k—r)+1- Decompose

H2(7n+k—7‘)+1 = HQ Do Hla
where Hy = {(v1,0,0;0) € Ho(mir—r)+1}, Hz = {(0,v2,v3;2) € Hotmik—r)+1}-
Then, unfolding the theta series, we get, for v € V¥ (A), (for simplicity, we set
Wmdk—rap = Ww)

05 s (Imsk—r(v)g) = S wpllmsr—r()9)0(61, &)

£1€F'm’§2€pk—r

= z Ww((gho,o;0)lm+k—r(v)g)¢(07§2)

E1EF™ Ly Fk—T

Yo S vl (0)9)6(0, &)

YEH 1 (F) &aeFk—T

> 3 wu(mrer (0)9)(0, ),

YEH2(F)\H(F) E2€ FF—T

(9)

where we set H := Hy(yqr—r)41 for this formula. Let « denote the standard F'-
embedding of Ho(m4k—r)+1 inside V¥ . Thus, VE  =VF 3 o(Hopmik—r)+1)-
As in [GJR04], we substitute (9) into the above integral. We write the dv-integration
as an integration along [V, _,], followed by integration along [t(Ha(m+k—r)+1)]-
The proof of Lemma 3.1 remains valid also when we replace, in the theta series,
written as a convergent sum, wy (Ly4x—r(v)9)(@) by |wy (lmtr—r(v)g)(¢)|. Thus,
we may switch the order of integration along [V,¥ ] with the outer summation

. We obtain, (writing H = Ha(ym+k—r)+1, for short again)

in (9)
[Facy [ [ et X wu@h)o0. &)y (w)dvdban

Ha(F)\H(A) [VE ] Ea€Fk—T

where the dh-integration is along P(F)\Spy(,,,45_r)(A). This integral is equal to

[ ] Fauty [ [ entwtbanioon

Hy(A) [Ho] [VF ]

—m—1
D wylbabih)(0,&)bye  (v)dvdbadbydh,
EoEFk—T
where the dh-integration is as before. Next, we write the integration domain
P(F)\SPy(m4k—r) (A) as
P(F)U(A)\SPagm 1) (A) x UF)\U(A)
where we denote, for short, U = U, y—,, which is the unipotent radical of P. Let

us denote the Levi part of P by M, which is isomorphic to GLy, X Spy(,_,). For
an element of U(A)

1, a c
u = Ly d |,
I,

an element of Hq(A), by = (y1,0,0;0), and an element of Hs(A), by = (0,y2,y3; 2),
we have

t(b2by)u = (0, yo+y1a, ys+y2a'+y16; 2+ (Y2, y1a) +2(ys+y2a", y1)+ (Y1, y1¢))e(by).
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Recall that ( , ) denotes the symplectic form. Now, we can perform a series of
changes of variables in the dbs-integration by taking
Y2 = Y2 — Y14,
Ys Y3 —y2a —yic,
z = 2= (y2,y10) = 2(ys + y20',y1) — (Y1, y10).

We therefore obtain the following integral

/fTO'S // / o (vue(b2)e(b1)h)

M(E)U(A)\SPa(m 41— ry (A) H1(A) Ul [He] VY, 1]
(10) © > wy(ubabih)$(0, &)y x  (v)dvdbadudbydh,
ngFk_"‘

It is easy to see, in the notation above, that, for by = (0, y2, y3; 2), we have

wy (u(0, Y2, y3; 2)b1h)$(0, &2) = wy ((0,y2, 05 2)b1h) (0, &2).
Note that the elements (0, y2,0; z) form the Heisenberg group Hy(x—ry+1, which we
denote, for short, by H’. We embed A*~" into A™+F=" as 0 x A*~", the last (k—r)-

coordinates and still denote the image as A*~". For a Schwartz-Bruhat function
¢’ € S(A™E=T) we denote by @), its restriction to A¥=". Then, for b’ € H'(A),

we have
> wubih)e(0.6)) = G2 ).
ExEeFk—T
Then the integral (10) becomes
(11)
[ Pty [ Qom0 )t dbran,
M(F)U(A)\SPa () (A) H1(A) (']
where
(12) / / / o (vue(0,0,ys3;0)g )z/JVk ( )dvdysdu.
(U] Fm\a™ [VE ]
Consider the Weyl element
I,
Ir—m
(13) w = Iyk—r) € Spyy-
Ir—m
I
Denote w(V,*,,_;U(H'))w™! = E. Then we can write
(14)
I,, 0 0 * * %k *
*x ( =z * * k%
1 0 0 = x
EFE=(e= Lyg—ry 0 * % | €8py|C is upper unipotent
0
0
* I,
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The character of E(F)\E(A):
e = woui(t Jw = Yy (v) = Gle),

where v € [VF 1], u € [U], and b’ € [H'] becomes, in the notation of (14), the
character

w (C T) = w(<1,2 4+ 4+ Zr—m—2,r—m—1 + mrfmfl).

Thus, (12) becomes

(15) = [ edcuginene.

E(F)\E(A)
We preform Fourier expansions along the column in E, which lies above z, in the
notation of (14), and then along the columns above (, one after one, from right to

left, and we stop at the first column above . This ”practical” description translates
into the following identity:

(16) o) = / / (€ gy (¢')de' da,

R/(A) [E]
where
L, y = * x ok ok
¢ =z * k%
1 0 0 = *
E = ¢= Iyg-ry 0 x = | €Spy
1 2 =
C N
I,
where in the matrix €/, ¢ is upper unipotent and y11 = y21 = -+ = Ym,1 = 0. For
e’ € E'(A), as above, we have the character
x
ve@)=v (¢ 7).
Finally,
I,
T Leme
R ={z= Ig(k_7.+1) S Spgk
r—m-—1
' L,

The proof of (16) is exactly as the proof of (4.17) in [S05]. We continue our Fourier
expansions, and exactly as one does, when writing a cusp form on GL,,+1(A) as a
sum of Whittaker functions (”Shalika expansion”), we get

(17) / orcgm(e)de = Y /wnwg)m(v)dv,

[E’} ’YeZm(F)\GLm(F)[VTk,l]

where, for v € GLy, (F), v = diag(7, Io(k—m), V"), and Z,, is the standard maximal
unipotent subgroup of GL,,. See, for example, the proof of Prop. 2.3 in [B-AS09],
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for a similar derivation. Substituting (15)-(17) in (11), we get

(18) / / Frz.s(h) / o (vwzh)0) ek O () )y (v)doddadh,
[

R(A) ViF]

T

where the dh-integration is over Zy,(F)Spy;_,) (F)U(A)\SPa(y4x—r)(A) and

Lm vy
I,
(19) R=w'Rwiu(H)={z= Iy(j—r) € Spyy
I Y
IT—m

Note that we(H)w™! is exactly «(Ha—r)+1). The arguments used to obtain (18)
can all be justified. The justifications are quite technical, and not suitable for this
happy occasion.

When we factor the dh integration, through [Z,,], we get the ¥-Whittaker coef-
ficient along Z,,, applied to the following cusp form in the space of 7,

@+ frz.alah),
for fixed h. Here a € GL,,(A) is naturally embedded in the Adelic points of the

Levi part of P. We denote the resulting function by fWﬁ;yS(h). The integral (18)
becomes

0 [ [ Fuas) [ pntowah)ln e OV (o) gy ()dudzdn,
R(A) [ViF]

where the dh-integration is over SpZ(k#)(F)V,ZL*’“*T(A)\SpZ(m+k7T) (A). Finally,

factoring the dh-integration through Spy .y (#)\Spas_,)(A), we obtain as an in-

ner integral the r-th Fourier-Jacobi period of the pair (¢, 5) as defined in (4).
Denote, for fixed h, by p(h)fwhg,s, the cusp form in the space of o given by

g — fwﬂg’s(gh). Then we get from (20) that the global integral I(¢,, @, ﬁ,as) is

equal to

@) [ [ FIPu, twsh)er, ol @ o) v, . dodh,
R(A)

where the dh-integration is over Spyj,_ (A)Vﬁ*k’r(A)\SpQ(m+k4) (A). We finish
the proof. 0O

We will now consider the global integral (6). Here, although we give a fair
amount of details, the proof is still a little sketchy. See also Prop. 6.6 in [GJR04],
where the unfolding process of these integrals is described.

Theorem 3.3. In the notation above, assume that r < m. For Re(s) large enough,

I(QDTH ¢a ﬁ',ays)

VE(A)SPa(i—ry (A)\SP2i (A) Vw (A)\VHFT(A)

m—r

(22)  FTPy, (m(0)r, (@ k(e (0)0)6)" ", p(woh) i, 5,6)ymsr - (v) dvdh,
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Here, w is a certain Weyl element (see (30)), and V¥ = V=" nw=1Pw. For
a Schwartz function ¢' € S(AF), (¢')*~" denotes the Schwartz-Bruhat function in
S(AF=T), defined by x — ¢'(e,, ), where e, = (0,...,0,1). Finally, p(h)fwmas is
defined as in Theorem 3.2 (except for a slight twist in the Whittaker coefficient of

7).

Proof. We first focus attention on the Fourier-Jacobi coefficient of our Eisenstein
series

(23) ﬁivﬂw(éﬁ)(h,s): / Eﬂg(vh,5)5$7k(lk(v)h)1/1v$ij(v)dv

m—r

Vil
Let H = Hok41 and denote by ¢ its embedding inside Spy(,4p—r). Now, we will

write its elements as (z;t), where x is a row vector in 2k coordinates. Denote
the center of H by C. Let NptF" = vmtk=ri(C), and denote by ¥ ymir—r

m—r—1
m—=r

the character of N"T*~"(A), obtained by extending Yy m+r—r from VR (A) to

m—r—1
m—=1r

L(C)(A) by ¥(¢(0,0;¢)) = ¥(t). Consider the Fourier coefficient

Y ymtk—r ~
E " (gos)= / E; 5 (vg, $)ymere—r(v)dv.
(N
Then
N¢ ~ ~¢N::LL1»TIY'—T ~¢
ey T Eahs = [ BT 0ohof eha.
H(F)C(A)\H(A)

We remark here, that the Adele points of unipotent groups U of Spy(,44—ry split
in the metaplectic cover of Spy(,,, 15—, (A), and so we treat U(A) as a subgroup of
the metaplectic group. Similarly Spy,, j_,y(F') splits in gf)Q(m+k7T) (A), and we

view it as a subgroup.
~¢ m+tk—r

Next, we unfold E__""" (g, s). For Re(s) large enough,

~¢N7n+k77‘ ~
B g = S By ()
[Nk YEP(F)\SPo(mr—r) (F)

m—r

Z / J?T,E,S(’va)w]v;fjf” (v)dv,
5

N (F)\NE =7 (4)

(25)

where the summation is over v € P(F)\Sp2(m+k_r)(F)/Nf,?ff_r(F). Here, N7 =
NAkE=T =1 Py,
We first describe a set of representatives of the double coset decomposition

P(E)\Spy(n4 k) (F)/Q(F),

where @ is the standard parabolic subgroup, whose Levi part is isomorphic to
GLy—r—1 X Spy(j41)- These are determined by the pairs of integers (s, t), such that
s<mandr+1<s—t<k+ 1. The corresponding representative can be chosen
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to be ws ¢, which is equal to

(26)
0 0 Iy 0 0 0 0
0 0 0 0 0 In—s 0
T t—r1 0 0 0 0 0 0
dlag(It, 0 0 0 12(k+1—s+t) 0 0 0 ,It).
0 0 0 0 0 0 Iy rq
0 —Ip_s 0 0 0 0 0
0 0 0 0 Iy 0 0

The elements of the group Q% = QN w;tIPwS,t are the elements of Spy (41—, Of
the form

a Tr1 T2 Y1 Y2 Ys 21 2 Z3
0 b w3 0 wi ys 0 2z 2z
0 0 ¢ 0 0 y 0 0 2
d wu us yg Y5 Y3
(27) 9= 0 e w 0 vy wyf,
0 0 d 0 0
C*
0
0

where a € GL;, b€ GLy_;_,_1,c€ GL,,,_s, d € GLs_;, e € SpQ(k_sHH). For g as
in (27), we have

a Y1 z1 T1 Y2 22 —X2 Ys Z3

0 d ys 0 w yz 0 ux u

0 0 ¢ 0 0 af 0 0 xh

b ys za —x3 Ys 25

(28) We gy = 0 e y 0 wp o
0 0 b 0 0 x}

¢ Y —*

0 d* 4

0 0 a*

Now it is clear that we can take the representatives above to be of the form
Vs,t,em = Wsrdiag(e,n, €*), where € is a Weyl element in GL,,—,—1(F'), modulo the
Weyl group of GL{(F) X GLs_t—r—1(F) X GLy—s(F), from the left, and 7 can
be taken in a set of representatives of R*'(F)\Spyy41)(F)/N'(F), where N’ is the
image of C inside Spy; 11, and R*! is the standard parabolic subgroup of SPa(k+1)
whose Levi part is isomorphic to GLs—¢ X Spy(_g4441)- We claim that, if ¢ > 0,
then for any representative v = 75 4,5, We have

(29) / ]?:r,&',s('yvg)@[]]v::irf*"‘ (v)dv = 0.

NY(E)\NE T (4)

Indeed, from (27), (28), we see that if e conjugates a simple root subgroup in
Zm—r—1 into a root subgroup which corresponds to one in the block coordinates
x1,T9,x3 in (27), then v, ; ., conjugates this simple root subgroup to the unipotent
radical of P, and we get in the integral in (29) an inner integration of the character
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) ym+ks—r along this simple root subgroup, which results in zero. Ruling out all such
€, it is easy to see that we may take
I

€= Is ¢ v

Im—s

Consider the subgroup N, of N;Tnfffr, consisting of elements of the form

Im—t—r—l
I (0 Y2 ys)n  *
Isft 0 0 *
IZ(kfsnLtJrl) 0 *
Is—t *
Iy

Imftfrfl

In this matrix, the second row is the product of the ¢ x (2k + 2) matrix (0, y2, y3)
by the matrix 7 in sz(k+1)<F>3 Y2 € Mt><2(kfs+t+1)7 Ys € Mtx(sft); 7 appears in
the formation data of the representative vs¢c 5. It is easy to see that if the first
column of 7 is not zero from line m — r downwards, then t ym+t—» is nontrivial

m—r

on Ne,(A), while the conjugation of N¢, by 7st.n sends this subgroup to the
unipotent radical of P. Otherwise, we may assume that the first column of n has
coordinates 1,0, ...,0, and then s, . , conjugates ¢(C') into the unipotent radical of
P. In both these cases, this results with an inner integration in (29) of a nontrivial
character 1/)N;:,+ffr along a subgroup N ., or ¢(C) of N™FF=" and hence we get
zZero.

Denote 7s,0,e,n = Vs,n, With

_ Isfrfl
€= I, . .

Now r+1 < s < k+ 1. Let us write the representatives n following double coset
decomposition

RS’O(F)\sz(k+1) (£)/Spay, (F)YH(F).
This set contains exactly three elements, when s < k + 1. These are Iy11),

0 I 0 0 O
0 O 0 0 1
=10 0 L, 0 0f,
-1 0 0 0 O
0 0 0 I, 0
and
I
1
n = Iyp—s)
I

When s = k 4 1, there are only two representatives, and these are the first two of
the three elements above. Similar arguments show, with more work, the following
facts, which we now list briefly.
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The contribution of 7 = I5(;41) to (25) is zero, for all 7 +1 < s < k + 1, and,
similarly, the contribution of 7 is zero, for all r +1 < s < k+ 1. The reason for
these two facts is similar to the case t > 0 above.

When r +1 < s < k+1and s # m, the contribution of n; to (25) is such that
the dv-integration factors through a subgroup, X, such that wNZ;wffT is trivial on

X (A), and is conjugated by 7 to the subgroup of GL,,, embedded in the Levi part

of P as
r Tr—s Yy
z= (")),

We get, as an inner integration, the constant term of 7, along the unipotent radical
Z}, s~ Since T is cuspidal, this is zero.

When s = m, 11 does contribute to (25), but its ”end contribution” to the global
integral (6) is zero, due to the cuspidality of 7. Again, we get, as inner integration, a
constant term of 7, along the unipotent radical of the standard parabolic subgroup,
whose Levi part is isomorphic to

GLm X SpQ(k—m) .

Thus, the only nonzero contribution to (25) comes from s = r + 1 and n =
not(B)a, where o € Spy,(F') and § € H(F)/C(F). Note that in this case € =
I, —r—1. Denote

w = 7T+1;07I'm7'r717770 .

Then
0 I, 0 0 0
0 0 0 0 I,_,
(30) w = 0 0 Iyk—py O 0
—Iy s 0 0 0 0
0 0 0 I, 0

It follows that the only representatives, which contribute to (6) are wdB«a, where
§ € N(F)*\N(F), 8 € H(F)*\H(F), and a € Q“*(F)\Sp,(F). Here, N¥ =
N Nw™Pw, etc.

A computation shows that Q¥-* is the standard parabolic subgroup of Spy,
whose Levi part is isomorphic to GL; X Spy(j,_,y. The subgroup N consists of the
elements

z vy, y2) 0
I2(k+1) U/(yé7y/1) ,
Z*

where z € Z,,,_,_1 (i.e. upper unipotent),

v(y1,y2) = (W1, 0m—r—1)x (2k—r)> Y2, Om—r—1)xr)
with y; being a column vector and yo being an (m —r —1) x r matrix. This element
is conjugated by w into

L 0 y\" I, 0 v z

—Y2
z* z* I,
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The elements of H(F)™ have the form (Ogx—,, x;0) (x has r coordinates). Now, the
global integral (6) becomes, for Re(s) large,

ox(h)
Q@+ (F)\Spay (A) H(F)wC(A)\H(A)

(32) / Fror s (W0 (D)h) g ()0 (bh) ol
N(F)“\N(A)
Factor the dv-integration through N*(F)\N™(A). Then the conjugation (31) shows

that we get, as an inner integral, the Fourier coefficient along the subgroup of
elements of the form (31)

AN
~ I _
/fr,&,s(( s Z) wot(b)h)yp 1(yr+1,1 +z12+ 223+ Zm—r—2,m—r—1)dydz.

Now, we apply, as in the previous case, the Shalika expansion for cusp forms in
the space of 7, and obtain that the last Fourier coefficient is equal to

Yoo fwss(Ywui(bh),
YEZ (F)\GL(F)
where »' = diag(7y, Io(m—#),7*)- Note that w™'y'w = 4 lies in the GL, subgroup
of the Levi part of Q¥"*. Write ¢ as an element is the Schwartz-Bruhat space of
A" x A*=" and write the elements of H as (a, b, ¢;t), where a, ¢ have r coordinates

and b has 2(k — r) coordinates. Then H™ is the subgroup of all elements of the
form (0,0, c;0). We may choose the Whittaker coefficient on 7, such that

Jw,.5.5(we(0,0,¢:0)9) = ¥ (e1) f, .5 (w)-
We will keep the same notation, for convenience. Note that
wd),k((ov 07 c)g)¢(ac,§) = 1p(clxr +--- Crxl)ww,k(g)(b(g? {E)

These arguments show that the integral (32) is equal to
(33)
/ ¢r(h) / fw s (WoR)Pymr—r(v) Y wy (i (v)h)g(er, €)dvdh.
V(A \VIHET (h) sert
Here the dh-integration is over V,*(F)Spy;,_,) (F)\Spay,(A),
VY =w VR 0 P
and e, is the 7-th vector in the standard basis of F". Denote by ¢*~" the restriction
of ¢ to e, x A7 viewed as a function on A¥~". Then it is easy to check that

Wy (ug)er, €) = Wy p—r (ler (W) (Wy.k(9)9)* " (€),
for all u € VF(A).
Now, we factor the dh-integration through V*(F)\V,¥(A) and obtain, from (27),
(28) and the last observation, that the integral (33) becomes

oty
VE(A)SPa (i (F)\SPay (A) VE(F)\VE(A) V(A)w\VmFRE=T ()

(34) fWT 5,8 (w’l}h)'ll)vm:rk—r (v)gfp‘*:g_k?(lk (v)h)g)F" (lk_r (u))dvdudh_
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Note that the inner du-integration provides a Fourier-Jacobi coefficient for 7(h)p.
More precisely, it occurs as follows.

Recall that P* denotes the standard parabolic subgroup of Sp,;, whose Levi
part is isomorphic to GL] x Spy,_,). Let b € Spy(_,y(A), embedded in the
Levi subgroup of P¥(A). Of course, we regard Spy, as a subgroup of the Levi
part of P inside Spy(,,, 41—, Note that b commutes with w, it normalizes both

V¥ (A) and V" TFT(A), and preserves tym+x—r. Denote, as before, for fixed

m—r

g € §1;2(m+k_r) (A), by p(g)fwﬁ‘;,s the cusp form in the space of & given by

b i— fwhg,,s(l;g). Now, when we switch the order of the dv and du-integrations
n (34), let us consider the inner du-integration in (34), as a function of h. Then,
for fixed h, its value in bh is equal to

~(w v k—r
(35) / o (ubh)y ()BT @)y
VE(F)\VE(A)

—— (W, k(b Mk (v)bh)P)* ™"
which is denoted by fjl(bvtk( 1 (v)bh)¢)

of the Fourier-Jacobi coefficient as in (3).
Finally, by factoring the dh-integration in (34) through Spy ;) (F)\Spas_r (A),

we get the following ”Eulerian” expression for the integral I(p,, ¢, ﬁﬁ_ys)’ as in (6)

@r, b, frz.s)

- /

VE(A)SPa(i—ry) (A)\Spoy (A) v (A)\V;?j’f_r(A)
(36)  FTPuy, (1), ik (o))", p(w0h) Fu, .Yy e (v)dudh.
This is (22). O

(m(h)pr)(bh), following the definition

We remark that the unfolding process shows, in both cases, the compatibility of
Fourier-Jacobi models with parabolic induction. The decomposition of the integrals
in (7) and (22) into an Eulerian product depends on the local uniqueness of the
local version of the Fourier-Jacobi period, which we call the local Fourier-Jacobi
model. This will be discussed in the next section.

A similar construction is also available when we consider (genuine) irreducible,
cuspidal automorphic, representations 7 of §f>2k(A). As above, we define a family
of integrals T(gp%, &, fr.o.s). Here, o is an irreducible, cuspidal, automorphic repre-
sentation of Spy(;_,y(A), such that the corresponding Fourier-Jacobi periods are

not zero. In (5), (6), we simply switch the roles of = with 7 and o with o.

4. SOME LOCAL THEORY

In this section, we discuss the local integrals derived from the global integrals
in the unfolding process described in the previous section. The first issue is the
Eulerian factorizability of the global integrals I(p;, @, ]?T,;vé), as expressed in (7),
(22), when Re(s) is large. The key issue is the uniqueness property of the local
Fourier-Jacobi functionals or models, which correspond to the global Fourier-Jacobi
period .7:‘77311,%,6 (pm, D, 05)-
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Assume that 7 2 ®,m,, and similarly for 7 and . Here, v runs over all places of
the number field F'. For each place v, the global Fourier-Jacobi period, as defined
in (4), induces a local trilinear form 7" which satisfies the property

(37) T(ﬂ-l/ (’Ug)gﬂ'z/’ Wep (lk—T(v)g)¢V7 5(g)w5> = '(/JVT’C (’U)T(gmf y s w&)-

Here, &, is a vector in the space of 7, and wg is a vector in the space of o. Also,
¢, is a vector in the space of the Weil representation. Then we have

Theorem 4.1. Let v denote a local finite place. Denote by FJTF(m,,0,,1,) the
space of all trilinear forms which satisfy the equivariance property (37). Then

dil’n([j fjf(’fruaalhwl/) S 1.

The key point here is Theorem A in [Su], which proves this theorem for the case
when r = 0. See also [AGRS], [SZ] and [JSZ] for local uniqueness of Bessel models.
In general, consider the local integrals obtained from the global integrals in the
previous section, where we replace the global Fourier-Jacobi period F 7P by a local
analogue For example, over F,,, the local integral derived from (21) is denoted by

L (&, s b0, fTV’J, s) and has the form

(38) m/" j/ (7 (w29) (x, ) W, (b e (2)9) B0k p(9) Fr 5, )l

9 R(F,)

Here, the integration fg is over Sy (F) V=" (F,)\SPym iy (F), by s
taken from FJF(m,,0,,%,), and &, is a vector in the space of 7, etc. Then the

local integral 1,(¢,, ¢u, fr, 5,.s) converges absolutely for Re(s) large enough and
is a rational function of ¢, °. We have

Lemma 4.2. Assume that b, is nonzero. Then given a complex number So, there is
a choice of data such that the local integral (defined through b,) 1, (&x,, bu, fr, 5,.5)
is holomorphic and nonzero at sqg.

This is a standard result, which was carried out in many cases. See [GRS98], for
example.
It is clear that the local integral in (38) defines an element of

SPa(m ke (Fu) s—l _ ~
-7:'-7-7:(7‘—1”1 dP(i'i )+k : (Wu 'TVldetl 2 ®0u)awu)7

and hence, we obtain an embedding

(39) FIF(my,50,10) — FIF(m,,In dffz;";*’“ D | det [ ©5,), 1)

Take, for example, m = r and 7, any irreducible generic representation of GL,, (F,).
Then, for g, ° in general position, so that

Spak (Fy s—1 _ ~
d3 ) (7| det P @ 5,)

is irreducible, Theorem A of [Su] implies that the right hand side of (39) is at most
one-dimensional. We conclude that it is one-dimensional, since it is nonzero by the
non-triviality of the local integral in (38). Hence the left hand side of (39) is at
most one-dimensional. This proves the local uniqueness of Fourier-Jacobi models
for p-adic local fields, which is Theorem 4.1. The argument reduces to the case
proved in Theorem A of [Su].
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For archimedean local fields, the local uniqueness of Fourier-Jacobi models is
expected as well, but it seems that the proof is more technically involved and no
proof is known in general, except some lower rank cases ([BPSR] and [BRO7]).

The arguments of the global unfolding, described before, have a straightforward
analog to the local setting. See, for example, [S93], Sec. 8, or [GRS99b], Sec. 1.1,
where the proof of local uniqueness runs in parallel to the unfolding process of the
global integrals in [GRS98]. Thus, locally, the analogue of unfolding (5) is that,
except for a finite set of values of ¢, °, we have embeddings

(Fv)

(40) FIF(my, Ind > P2im+k=) (Y, - 7| det \‘9_% ®0y), ) = FIF(m,,0u,1,),

P(F.)

and the analogue for (6) is that except for a finite set of values of ¢ *,

(41) FIFand 2 o det |73 ©6,),m08,) > FIF(m,5,,0).

Similar variants hold for the other cases mentioned in the end of the last section.
From (39), we conclude that these embeddings are isomorphisms. The proofs of
(40), (41) follow from a computation of the corresponding Jacquet module, with
respect to the Fourier-Jacobi character, of the parabolic induction from

Yy, Tv| det |s*% ® oy.

It runs in parallel with computing the analogous coefficient of the Eisenstein series
above. A detailed study of these Jacquet modules with respect to Fourier-Jacobi
characters (and of Gelfand-Graev characters) of classical groups will appear in a
book in preparation by Ginzburg, Rallis and Soudry. See also [GGP].

We remark that when r = 1, and when all data are unramified, the uniqueness is
proved in [MS91]. Also, in [BROO], the general uniqueness is proved for the group
Sp,. Of course, (40), (41) give rise, as usual, to local functional equations, defining
corresponding local gamma factors. See [GPSR97], [FG99], [S06], for similar cases
in classical groups.

It follows from Theorem 4.1 that the global integrals introduced in Sec. 2 are
factorizable, at least up to the archimedean places, which can be ”lumped” together.
In other words, if all vectors in the corresponding spaces of our representations are
factorizable, then we have, for Re(s) large enough,

W(r: ¢, r5.5) = Lo (9)00s O0: (Frzs)oo) « [] To(@n)vs bu (Frzs))

v<oo

where I, (- - ) takes care of all archimedean parts and for v < oo, I,,(---) denotes,
as before, the corresponding local integral at v. The local integral at every finite
local place v,

Iu((@w)w Gus (J?'F,E,S)V)

and the archimedean integral

Iw((‘ﬂﬂ)@m boo) (fr,a,s)m)

converge absolutely for Re(s) large, and continue to a meromorphic function in
the whole complex plane. In particular, at finite places v, I, ((¢x)w, du, (fﬂg’s)y) is
rational in g, °.

Next, we consider the unramified computations. We have
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Theorem 4.3. Assume that v is a finite place. Assume that all data (pr)y, G, ...
are unramified and suitably normalized. Then

(42) IV((QDW)V,gbv, (ﬁ',&,s)u)

B L(my, X T, 8)
N Ly, (0y X Ty, s+ %)L(Tl,,sme,Qs)'

We mention that in case = 1, these computations were done in [MS91]. Our
idea here is to compute the left hand side of (42) in an open dense set of unram-
ified parameters of m,, 0,, and, in this set, we prove (42), using our unramified
calculations from [GRS98]. Then we argue by rationality and prove the theorem.
The exact same idea works also for the proof of (3.4) in [S06]. Details will appear
elsewhere.

We mention that similar results to those stated in this section also apply to the

global integrals I(v#, ¢, fr..s). For example, let v be a finite place, let 7, and o, be
irreducible, unramified representations of Sp,y (F,) and SPo(r—ry (£ ), Tespectively,
such that 7, has a local Fourier-Jacobi model with respect to o,. Let 7, be an
irreducible, generic, unramified representation of GL,,(F,). Then for unramified
data, suitably normalized, we have

(43) Ty(gwya¢u7f7',/70'u;3) =

Ly, (Ty X Ty,8)
L(oy X Ty, s + 3)L(7,, A2, 25)

5. APPLICATIONS

In this section, we give two applications to our global construction. For the first
application, let m and 7 denote irreducible cuspidal automorphic representations of
SPa(2m+k)(A) and GLay, (A), respectively. Assume that O(r) = (2(m + k)(2m)).
Here, O(m) is the set of unipotent orbits of Spy(s,,1y), such that O € O(n), if 7

has a nontrivial Fourier coefficient corresponding to O, and for all o > O, 7 has
no nontrivial Fourier coefficients corresponding to O. For more details on the set
O(n), see [GRS03] Sec. 1. Then the Fourier-Jacobi coefficient

FI . (o)) = [ e, o)y o

TZJ 2m+k 3
Vm+k a m+k

Vil FO\VEIER (A)

as in (3) is not identically zero, for some a € F*, and defines an automorphic func-
tion on %Qm(A). By an appropriate conjugation of v in ¢, by a certain rational
diagonal element, we may assume, after replacing v by ¥, in the definition of
'(/Jvirjrz;rk7 that a = 1. Let & denote the automorphic representation of Spy,, (A) gen-

erated by the above functions, as ¢, and ¢ vary. It follows from [GRS03] Lemma

2.3 and Lemma 2.6 that ¢’ is a (nontrivial) generic cuspidal automorphic repre-

sentation. Let o denote an irreducible generic summand of the complex conjugate

of ¢’. From this we deduce that the Fourier-Jacobi period FIP s (pr, D, 95)
k

m+

is not zero for some choice of data. Therefore, we can write, as in (5), the global
integral I(¢x, @, ﬁ—,g’s) for this case.

Let € denote an irreducible cuspidal automorphic representation of Spy;(A). We
will say that 7 is a CAP representation with respect to the pair (7,¢), if for al-
most all places v, the representation , is isomorphic to the unramified constituent

of IndZIE?fT)"M)(FV)(TA |2 x ¢,). Here Q is the maximal parabolic subgroup of

SPa(2m-+k), Whose Levi part is GLay, X Spyy,. We prove
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Theorem 5.1. With the above notations and assumptions on 7, the following are
equivalent.

(1) The partial L-function L° (7 x 7, s) has a right most simple pole at s = 3/2.
Here, S is a finite set of places, including the archimedean places, such that
outside S all data are unramified.

(2) There exist data, such that the global integral I(gpﬂ,¢,ﬁ7g7s) has a simple
pole at s = %

(3) The partial exterior square L-function L°(7,A2%,s) has a simple pole at
s = 1, and there exists an irreducible, generic, cuspidal, automorphic rep-
resentation € of Spyy,(A), such that w is a CAP representation with respect

to the pair (7,€).

To prove that Part (1) implies Part (2), we use the global integrals I(¢, ¢, fﬁ;ys).
Indeed, using the local results stated in Sec. 3, this implication follows.
That Part (3) implies Part (1) follows from the facts that

L¥(m x7,8) = L5(1 x 7,5 —1/2)L% (7 x 7,5 + 1/2) L (7 x €, 5),

and that the partial exterior square L-function L%(7,A?,s) has a simple pole at
s = 1. Indeed, we know that L°(7 x 7,5 + 1/2) is holomorphic and nonzero at
5= %, since 7 is unitary. Also, L°(7 x ¢, s) is holomorphic and nonzero at s = 3/2,
due to the fact that e is generic. (For example, by [CKPSS04], and [S05], € lifts to
an irreducible automorphic representation of GLag41(A), which is an isobaric sum
of certain unitary cuspidal representations.) Now, since L%(7 x 7,5 — %) has a pole
at s = %, it follows that L° (7 x 7, s) has a pole at s = % The same reasoning also
shows that this is the rightmost possible pole.

To prove that Part (2) implies Part (3), we first notice that since the global
integral has a simple pole at s = %, this implies that the Eisenstein series ET,g(g, s)
has a simple pole at that point. Since we induce from a maximal parabolic subgroup,
and since all data are generic, it follows from an analogue of Lemma 2.4 in [K99],
that Li (1 x 7, ) has a simple pole at s = 1. By [GRS99a], [GRS99b], and [S05], it
follows that L° (7, A2, s) has a simple pole at s = 1, and that 7 is the (¢-) functorial
lift of & (and also that L9(r, 1) # 0). To prove that 7 is a CAP representation, we
use the construction of such CAP representations, described in [GO03]. From that
construction, our result will follow, if we can prove that the integral

SP22m+k) (F)\SP2(2m4k) (A) U(F)\U(A)

is not zero for some choice of data. Here @, is a vector in a certain residual represen-
tation depending on 7 only. Also, the group U is a certain F-unipotent group. See
[GO3] for details. Using certain Fourier expansions, and a study of Fourier-Jacobi
coeflicients of residual representations, the non-vanishing of the above integral fol-
lows from the non-vanishing of ResS:%I(go,r, &, frz.5)-

We make some remarks on the theorem and its proof. We do not know a direct
proof in general, in the framework of global integrals, which shows that Part (2)
implies Part (1); for this it seems that one needs a complete theory of the corre-
sponding local integrals at ramified local places. By using Part (3), we are able to
do so for the current case. The result characterizes a family of CAP representations
in terms of periods and poles of tensor product L-functions. Since the cuspidal data
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are generic, it confirms for the current cases the general CAP conjecture as stated
in [JS]

The second application is the following theorem, which is proved by similar
reasoning.

Theorem 5.2. Let T and o be irreducible cuspidal automorphic representations of
S\I/)Qk(A) and Spy(,_py(A) (1 < k) respectively. Assume that o is globally generic,
and that the Fourier-Jacobi period for the pair (7,0), FIPy,x (o5, 0, 05), is not
identically zero. Let T be an irreducible unitary cuspidal automo;’phic representation
of GL (A). Let so > 3 be a (real) pole of the partial L-function Li(% X T,s). Then
either so = 1, in which case L°(7,\2,s) has a pole at s = 1, or so = 3

5, in which
case, L (1, sym?,s) has a pole at s = 1.

The proof uses (43). Note that L% (o x 7, s+ 2)L%(7, A%, 2s) is nonzero at so. By

the genericity of o, we conclude that the global integral T(go% ¢, fr.s,s) has a pole
at sg, for some choice of data. Hence the corresponding Eisenstein series E. ; s,
on Spo(m4k—r) (A) has a pole at sg. By taking constant terms, this implies that

the corresponding intertwining operator has a pole at sg. Note that sg — % > 0.
Using Theorem 11.1 in [CKPSS04], we get that L(o X 7,s — 3)L(7, A% 25 — 1) has

a pole at sg. Thus, either 2sg — 1 = 1, or sg — % = 1, and the assertion of the
theorem follows. Note that in the second case L(o x 7, s) has a pole at s = 1, and
we conclude that L°(7, sym?, s) has a pole at s = 1. See [S05].

This theorem gives an information on the location of poles of the tensor product
L-function Li (7 x 7,s). It implies that 7 is of symplectic type or of orthogonal
type. This is compatible with Arthur’s conjecture on the discrete spectrum.

We remark that the same proof works for the similar theorem for orthogonal
groups and cuspidal representations having global Gelfand-Graev models with re-
spect to generic data. See [S06].
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