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This is a report of our work in progress on construction of endoscopy transfers for
quasi-split classical groups.

This construction uses certain Fourier coefficients of residues of certain Eisen-
stein series as kernels of integral transforms. The formulation works for all quasi-
split classical groups. However, we discuss in this notes a particular case, which
explains the idea and the method behind the construction.

Let F be a number field, and A be the ring of adeles of F'. Let 7 be an irreducible
unitary cuspidal automorphic representation of G Ly, (A), with a positive integer
a. Assume that 7 is self-dual and with trivial central character. It is well-known
that 7 is either of symplectic type (i.e. the partial exterior square L-function
L3(s,7,A?) has a pole at s = 1) or of orthogonal type (i.e. the partial symmetric
square L-function L°(s, 7, V?) has a pole at s = 1).

For a positive integer m, consider the F-split even special orthogonal group
SO24m- Assume that if 7 is of symplectic type, take m to be even; and if 7 is of
orthogonal type, take m to be odd. When m is odd and 7 is of orthogonal type,
we denote by € the automorphic descent of 7 from GLsy, to SOs,, following the
work of Ginzburg, Rallis, and Soudry [7].

When m = 2n, take the standard parabolic subgroup P(a,)» with the Levi
part being GLQXa(n); and when m = 2n + 1, take the standard parabolic sub-
group F(aq)» with the Levi part being GL;< a(") X SOsz,. Consider the cuspidal data
(P2ayn 7®()) when m = 2n, and (P(Qa)'rL,T@(n)@f) when m = 2n+1, respectively.
Let s := (s1,82, -+ ,8,) € C". Following Langlands, there are Eisenstein series
E(g,®,0),s) when m = 2n, and E(g,® e g.,s) when m = 2n + 1, attached
to the above cuspidal data. It is not hard to check that F(g, ®,.sx) has a pole
at s = (n—3n—3... 1) when m = 2n, and E(g, ® 00 g.,s) has a pole at
s=(n,n—1,---,1) when m = 2n+1 ([8]).

We denote by £(;,,)(g) the iterated residue of this Eisenstein series at the given
point, which is a square-integrable automorphic form on SOz, (A).

In the following, we construct kernel functions for the integral transform, which
gives certain types of endoscopy transfers ([1]). In order to explain the idea and the
method of the construction, we consider the following type of endoscopy transfer

(1) SO2qp X SO21, = SO242ab,

where b is a positive integer.

The kernel functions for such a construction are given by certain Fourier co-
efficients of the residues £(; 2144)(9) on SOzqe2k4)(A). Consider the standard
parabolic subgroup Papye—1 of SOgq(2k4p) With the Levi part being GLQX,C(afl) X
SO24b+4;- The unipotent radical is denoted by V, 1. It is clear that

(2) Vara/Vari, Vari] = Mj‘;,i‘;;fgk) & M(2)x (ab+k) D M(2k)x (2k) © M(2k)x (ab+k)
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where M,,«, denotes the matrix of size m x n. The elements on the right hand
side is denoted by (X7, , X,_92;Y7,Y3,Y3). Take a non-trivial additive character
1 of F\A, and define a character of V, 1 ;(A) by

(3) Yok, (V) = Y(trace(X1 + - - Xq—2 + Y2)).

It is left Vg i i (F')-invariant. It is easy to check that the stabilizer of the character

oy in the Levi subgroup GLE "™ x SOgupar is SO X 504p42x. The
elements

hi h
(9, (h; hj)) € 5021 X SOzap2k
correspond to the elements

h1 ho .
(g2, g ) € GL3 Y % SOsaptar-
h3 ha

The Fourier coefficient defined by

(4) ory (g, h) = / Er k) (0(g, 7)Y gy (v)dv
Va ke, t (F)\Va,k,1(A)

is automorphic over SOsg(A) X SO24p12k(A). Let o and 7 be irreducible cuspidal
automorphic representations of SO (A) and SOsqp42k(A), respectively. Then the
main integral is defined as follows:

(5) Iik7l(77o;w) ::/ / @Z:Z}J(%h)cpg(g)go,rv(h)dhdg,
[SO2k] Y [SO2ab+2k]

where [Sng] = SOQk(F)\SOQk(A) and [SOgab_i_gk] = SOgab_;,_Qk(F)\SOQa(H_Qk(A).
We make the following conjecture.

Conjecture: Let o and w be irreducible cuspidal automorphic representations
of SOa1(A) and SOzapt2k(A), respectively. Assume that if T is of symplectic type,
take b to be even; and if T is of orthogonal type, take b to be odd, and assume that
the integral I:fk [(7,05m) is nonzero for some choice of oo € Vo and v € Vv,
Then o has a 7gi0bal Arthur parameter Yso,, if and only if m has a global Arthur
parameter ¥so,, ® (T,b).

Note that the global Arthur parameters are referred to [1]. The condition that
if 7 is of symplectic type, take b to be even; and if 7 is of orthogonal type, take b
to be odd is to make (7,b) a global Arthur parameter for SOqq4p.

The following special cases of our conjecture are proved in [4] and [5].

Theorem: The above conjecture holds for tempered representation o and for
either b =1 if T is orthogonal or b =2 if T is symplectic.

In [6], we explore the problem on cuspidality of the above construction for
a fixed o with b varying. This leads to the problem on the first occurrence in
such endoscopy tower, generalizing the classical theory on first occurrence in theta
correspondences.
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