
ON SYMPLECTIC SUPERCUSPIDAL
REPRESENTATIONS OF GL(2n) OVER P-ADIC FIELDS

DIHUA JIANG, CHUFENG NIEN, AND YUJUN QIN

Abstract. This is the second part of the authors’ work started
from [JNQ08]. In this paper, we consider the complete relations
among the local theta correspondence, local Langlands transfer,
and the local descent attached to a given irreducible symplectic
supercuspidal representation of p-adic GL2n. This is the natural
extension of the work of Ginzburg-Rallis-Soudry ([GRS99]) and of
Jiang-Soudry ([JS03]) on the local descents and the local Langlands
transfers. The approach undertaken in this paper is purely local. A
mixed approach with both local and global method, which works
for more general classical groups, has been considered by Jiang-
Soudry and was announced in [S08].

1. Introduction

Let ℱ be a p-adic local field of characteristic zero. Let � be an
irreducible unitary supercuspidal representation of GL2n(ℱ). By the
local Langlands conjecture for GL2n(ℱ), which is now a theorem of
Harris and Taylor ([HT01]) and of Henniart ([H00]), there exists an
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irreducible admissible 2n-dimensional representation � of the local Weil
group Wℱ , i.e. the local Langlands parameter

� : Wℱ → GL2n(ℂ),

corresponding to � with a set of required conditions. We say that � is
of symplectic type if the image �(Wℱ) is contained in the symplectic
subgroup Sp2n(ℂ) of the complex dual group GL2n(ℂ) of GL2n(ℱ).

Because of the deep connection with Galois representations, super-
cuspidal representations (or more importantly cuspidal automorphic
representations) of symplectic type attract a lot of attentions in recent
research (see [GJR04] and [CC09] for instance). It is desirable to un-
derstand the implications of the symplectic type of the supercuspidal
representations to the other aspects of representations and harmonic
analysis of p-adic groups. Various characterizations of the irreducible
unitary supercuspidal representations of GL2n(ℱ) to be of symplectic
type have been found from the accumulation of the earlier work of
many people ([Sh90], [Sh92], [JR96], [GRS99], [JS03], [JS04], [JQ07],
and [JNQ08], for instance), and were discussed in detail in [JNQ08],
§5. We state them as follows and the notation and terminology used
in the theorem will be defined or explained in §2.

Theorem 1.1. Let � be an irreducible unitary supercuspidal represen-
tation of GL2n(ℱ). Then the following are equivalent.

(1) � is of symplectic type.
(2) The local exterior square L-factor L(s, �,Λ2) has a pole at s = 0.
(3) The local exterior square 
-factor 
(s, �,Λ2,  ) has a pole at

s = 1.
(4) � has a nonzero Shalika model.
(5) The unitarily induced representation ISO4n(s, �) of SO4n(ℱ) is

reducible at s = 1. In this case, ISO4n(1, �) has the unique
Langlands quotient ℒSO4n(1, �), which has a nonzero generalized
Shalika model.

(6) � is a local Langlands functorial transfer from SO2n+1(ℱ).
(7) � has a nonzero linear model, i.e. GLn(ℱ)×GLn(ℱ)-invariant

functionals.
(8) The unitarily induced representation ISp4n(s, �) of Sp4n(ℱ) is

reducible at s = 1
2
. In this case, ISp4n(1

2
, �) has the unique

Langlands quotient ℒSp4n(1
2
, �), which has a nonzero symplec-

tic linear model, i.e. Sp2n(ℱ)× Sp2n(ℱ)-invariant functionals.

(9) � is a local Langlands functorial  -transfer from ÝSp2n(ℱ).

If one of the above holds for � , then � is self-dual.
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We remark that the local Langlands functorial  -transfer from an
irreducible  -generic supercuspidal representation e� of ÝSp2n(ℱ) to the
irreducible supercuspidal representation � of GL2n(ℱ) is given by the
Corollary in §1.5 of [GRS99]. Also the local exterior square L-function
and gamma factor are given by the Shahidi method.

The equivalence of the various characterizations in Theorem 1.1 can
be explained by the following diagram. Recall that the complex dual
groups of SO2n+1(ℱ) and the double metaplectic cover ÝSp2n(ℱ) of
Sp2n(ℱ) are the same, which is Sp2n(ℂ).

(1.1)

SO4n
tc←→ Sp4n

(A)
↖lq lq ↗

gg
???y (B) GL2n (C)

???yfj

↗ lt lt ↖
(D)

SO2n+1
tc←→ ÝSp2n

where the mappings are explained as follows. The mapping tc stands
for the local theta correspondence for the reductive dual pairs (SO4n, Sp4n)

and (SO2n+1,ÝSp2n), respectively. The mapping gg stands for the local
Gelfand-Graev coefficient which takes representations from SO4n to
SO2n+1 and the mapping fj stands for the local Fourier-Jacobi coeffi-

cient which takes representations from Sp4n to ÝSp2n. The mapping lq
stands for the composition of the parabolic induction from the stan-
dard parabolic subgroups with Levi subgroup isomorphic to GL2n in
SO4n and Sp4n, respectively, and taking the unique Langlands quotient
from the induced representations of SO4n and Sp4n, respectively. It
is clear that by composing of the mapping lq with the mappings gg
and fj, respectively, one obtains that gg ∘ lq and fj ∘ lq are the local
descents from from GL2n to SO2n+1 and ÝSp2n, respectively, in the sense
of Ginzburg-Rallis-Soudry. Finally the mapping lt stands for the local
Langlands functorial transfer from SO2n+1 to GL2n and from ÝSp2n to
GL2n, respectively.

For a given irreducible unitary symplectic supercuspidal represen-
tation � of GL2n(ℱ), the mappings in Diagram (1.1) can be realized
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by

(1.2)

ℒSO4n(1, �)
tc←→ ℒSp4n(1

2
, �)

(A)
↖lq lq ↗

gg
???y (B) � (C)

???yfj

↗ lt lt ↖
(D)

�
tc←→ e�

Notation in Diagram (1.2) are explained as follows. � is an irreducible
generic supercuspidal representation of SO2n+1(ℱ), which lifts to � by
the local Langlands functorial transfer from SO2n+1 to GL2n. e� is an

irreducible  -generic supercuspidal representation of ÝSp2n(ℱ), which

lifts to � by the local Langlands functorial  -transfer from ÝSp2n(ℱ) to
GL2n. Consider the maximal parabolic subgroup P of SO4n with Levi
subgroup GL2n. Then the unitarily parabolic induction ISO4n(1, �) has a
unique Langlands quotient ℒSO4n(1, �) and similarly, the unitarily par-
abolic induction ISp4n(1

2
, �) has a unique Langlands quotient ℒSp4n(1

2
, �).

Finally the local Gelfand-Graev coefficient takes ℒSO4n(1, �) from SO4n(ℱ)
back to SO2n+1(ℱ) and the local Fourier-Jacobi coefficient takes ℒSp4n(1

2
, �)

from Sp4n(ℱ) back to ÝSp2n(ℱ), respectively. The detailed discussion
of these mappings will be given in §2. The key point is

Theorem 1.2. For an irreducible unitary symplectic supercuspidal rep-
resentation � of GL2n(ℱ), Diagram (1.2) is commutative.

Now we explain the relation between Theorem 1.1 and Theorem 1.2,
or the commutative diagrams (1.1) and (1.2).

First of all, it is proved in [JS03] that for a given irreducible uni-
tary symplectic supercuspidal representation � of GL2n(ℱ), there ex-
ists uniquely an irreducible generic supercuspidal representation � of
SO2n+1(ℱ) and an irreducible  -generic supercuspidal representatione� of ÝSp2n(ℱ), respectively, such that the sub-diagram (D) is commu-
tative. The characterization of the local Langlands functorial transfer
property for � is naturally given by the existence of the pole at s = 0 of
the local exterior square L-factor L(s, �,Λ2) or equivalently by defini-
tion the pole at s = 1 of the local exterior square 
-factor 
(s, �,Λ2,  ).
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What makes it very interesting is the characterization in terms of the
existence of nonzero Shalika model (or functional) and of nonzero lin-
ear model (or functional), respectively, following the idea of relative
trace formula approach to the global Langlands functorial transfers. It
was proved in [JNQ08] that for an irreducible unitary supercuspidal
representation � of GL2n(ℱ), the existence of nonzero Shalika model
for � is equivalent to the existence of nonzero linear model for � , al-
though it was expected for a quite while. In [JR96], it was proved that
the existence of nonzero Shalika model for � implies the existence of
nonzero linear model for � .

The key point is to explain that for an irreducible unitary supercusp-
idal representation � of GL2n(ℱ), the existence of nonzero linear model

for � determines the local Langlands functorial transfer from ÝSp2n(ℱ)
to GL2n, while the existence of nonzero Shalika model for � determines
the local Langlands functorial transfer from SO2n+1 to GL2n. To this
end, Ginzburg, Rallis, and Soudry ([GRS99]) show that if an irreducible
unitary supercuspidal representation � of GL2n(ℱ) has a nonzero lin-
ear model, i.e. a nonzero GLn(ℱ)×GLn(ℱ)-invariant functional, then
the unique Langlands quotient ℒSp4n(1

2
, �) of the unitarily parabolic in-

duction ISp4n(1
2
, �) (which is reducible) has a nonzero symplectic linear

model, i.e. a nonzero Sp2n(ℱ) × Sp2n(ℱ)-invariant functional. Based
on the existence of a nonzero symplectic linear model for ℒSp4n(1

2
, �),

they show that the  -local descent (the Fourier-Jacobi  -functor in

this case) yields e� back to ÝSp2n(ℱ). This proves that the sub-diagram
(C) is commutative.

The local descent � 7→ � from GL2n(ℱ) to SO2n+1(ℱ) was first ob-
tained in [JS03] by combining the sub-diagrams (C) and (D) and by
using the local converse theorem. In a more recent work of Jiang and
Soudry, which has been announced in [S08] that the local descent � 7→ �
from GL2n(ℱ) to SO2n+1(ℱ) is obtained via the global theory of the
automorphic descent ([GRS01]). The method in [S08] works for other
classical groups.

Started in our previous work ([JQ07] and [JNQ08]), we are estab-
lishing the local descent � 7→ � from GL2n(ℱ) to SO2n+1(ℱ) by means
of the existence of a nonzero Shalika model for � of GL2n(ℱ) and
of a nonzero generalized Shalika model for the Langlands quotient
ℒSO4n(1, �) of SO4n(ℱ). We proved in [JNQ08], Theorem 3.1, that for
an irreducible unitary supercuspidal representation � of GL2n(ℱ) with
a nonzero Shalika model, the local Gelfand-Graev coefficient (a special
type of twisted Jacquet functor) of the Langlands quotient ℒSO4n(1, �)
of SO4n(ℱ), which is a representation of SO2r+1(ℱ), vanishes for all
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r < n, by means of purely local argument. In this paper, we show
also by purely local argument that for an irreducible unitary supercus-
pidal representation � of GL2n(ℱ) with a nonzero Shalika model, the
local Gelfand-Graev coefficient of the Langlands quotient ℒSO4n(1, �)
of SO4n(ℱ) to SO2n+1(ℱ) is an irreducible generic supercuspidal rep-
resentation of SO2n+1(ℱ), which is the main result of this paper (see
Theorem 2.3 in §2). The idea of proving this result was suggested by
the global argument as in [GRS01]. Our proof goes similarly to the
case of symplectic linear models in [GRS99]. However, our proof is
essentially based on the existence and uniqueness of the generalized
Shalika model for the Langlands quotient ℒSO4n(1, �) of SO4n(ℱ) and
the technical details are of interest in their own right. We leave the
detail in §3, 4 and 5.

One point remains here is to show that the local Gelfand-Graev
coefficient on SO2n+1(ℱ) from ℒSO4n(1, �) of SO4n(ℱ) lifts to � via the
local Langlands functorial transfer. In [JS03] or [S08], the first named
author and Soudry use the global argument to show that this is the case.
However, it is desirable to also have a purely local argument to handle
this point. One possibility to do this is to calculate explicitly that the
local Rankin-Selberg integral for the tensor product L-functions for
SO2n+1 × GLr by using the supercuspidal representation constructed
explicitly by the local Gelfand-Graev coefficient from ℒSO4n(1, �) of
SO4n(ℱ) to SO2n+1(ℱ). We decide to omit this point here. Hence,
by combining Theorems 2.3 with the result in [JS03] or [S08], we have
that the sub-diagram (B) is commutative.

Finally, we show that the sub-diagram (A) is also commutative by
using a work of G. Muic ([M06]), which shows that the Langlands quo-
tient ℒSO4n(1, �) of SO4n(ℱ) and the Langlands quotient ℒSp4n(1

2
, �) of

Sp4n(ℱ) correspond to each other via the local theta correspondence.
By combining with Theorem 1.1, one deduces that the generalized Sha-
lika model on SO4n(ℱ) and the symplectic linear model of Sp4n(ℱ) are
related by the local theta correspondence. It remains interesting to
check directly that the local theta correspondence relates the gener-
alized Shalika model on SO4n(ℱ) and the symplectic linear model of
Sp4n(ℱ) without using Theorem 1.1. This completes our explanation
of Diagrams (1.1) and (1.2) and hence the conceptual reasons for The-
orem 1.1 on the various characterizations of the symplectic property of
an irreducible unitary supercuspidal representation of GL2n(ℱ).

We remark that it is a very interesting problem to understand the
explicit relations between our Diagrams (1.1) and (1,2) and refined
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structures of the corresponding local Arthur packets. We prefer to
consider this in a further coming work.

The first named author is grateful to David Soudry for sharing ideas
and thoughts during their collaboration on the local descents for clas-
sical groups (as announced in [S08]), which stimulates his thoughts to
establish the local descent in this case based on the theory of the gen-
eralized Shalika models for SO4n. Finally we would like to thank the
referee for valuable comments.

2. Main Result

We introduce definitions of various models and of the local descent
in the case under consideration, and then state the main result for the
local descent.

2.1. Shalika models and generalized Shalika models. Let ℱ be
a finite extension of the p-adic number field ℚp for some rational prime
p. Take the maximal parabolic subgroup Pn,n = Mn,nNn,n of GL2n with

Mn,n = GLn ×GLn,

and

Nn,n = {n(X) =

�
In X
0 In

�
∈ GL2n}.

Let  be a nontrivial character of ℱ . Define a character

 Nn,n(n(X)) =  (tr(X)).

The stabilizer of  Nn,n in Mn,n is GLΔ
n , the diagonal embedding of GLn

into Mn,n. Denote by

(2.1) Sn = GLΔ
n ⋊Nn,n

the Shalika subgroup. Denote by  Sn the extension of  Nn,n from Nn,n

to the Shalika subgroup Sn, such that  Sn is trivial on GLΔ
n . The

Shalika functionals of an irreducible admissible representation (�, V� )
of GL2n(ℱ) are nonzero elements of the following space

HomSn(ℱ)(V� ,  Sn).

By Frobenius reciprocity

HomSn(ℱ)(V� ,  Sn) ∼= HomGL2n(ℱ)(V� , Ind
GL2n(ℱ)
Sn(ℱ) ( Sn)),

any nonzero Shalika functional ℓ in HomSn(ℱ)(V� ,  Sn) gives rise to an

embedding of V� into the full induction Ind
GL2n(ℱ)
Sn(ℱ) ( Sn), the image of

which is called a local Shalika model of V� . It is proved in [JR96] (and
also in [N09-1] by different argument) that the local Shalika model is
unique for any irreducible admissible representation of GL2n(ℱ).
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The generalized Shalika model for SO4n(ℱ) was first introduced in
[JQ07]. Let �1 = 1 and inductively define

(2.2) �n =

�
1

�n−1

�
, for n ≥ 2, n ∈ ℕ.

Let SO4n be the even special orthogonal group attached to the nonde-
generate 4n-dimensional quadratic vector space over ℱ with respect to
�4n. That is

SO4n = {g ∈ GL4n∣ tg ⋅ �4n ⋅ g = �4n}.
Let P2n = M2nV2n be the Siegel parabolic subgroup of SO4n consists of
elements of the following form:

(2.3) (g,X) =

�
g 0
0 g∗

��
In X

In

�
,

where g ∈ GL2n and g∗ = �2n
tg−1�2n, and X satisfies tX = −�2nX�2n.

The generalized Shalika subgroup ℋ2n of SO4n was introduced in
[JQ07], which is the subgroup of P consisting of elements (g,X) with
g ∈ Sp2n. Here the symplectic group is given by

Sp2n = {g ∈ GL2n∣ tg ⋅ J2n ⋅ g = J2n},
where J2n is given by

J2n =

�
�n

�n

�
, n ∈ ℕ.

Define a character  ℋ of ℋ2n(ℱ) (We write ℋ = ℋ2n, when n is un-
derstood) by letting

 ℋ((g,X)) =  (tr(J2nX�2n))(2.4)

=  (tr(

�
−In

In

�
X)).(2.5)

It is well defined. The generalized Shalika functional or  ℋ-functional
of an irreducible admissible representation (�, V�) of SO4n(ℱ) is a
nonzero functional in the following space

HomSO4n(ℱ)(V�, Ind
SO4n(ℱ)
ℋ2n(ℱ) ( ℋ)) = Homℋ2n(ℱ)(V�,  ℋ).

Nien has shown the uniqueness of the generalized Shalika model in
[N09-2]. Hence one can use a nonzero generalized Shalika functional to
define a generalized Shalika model for �. In order to relate the Shalika
model on GL2n and the generalized Shalika model on SO4n, we consider
the following parabolic induction.

For an irreducible, unitary, supercuspidal representation (�, V� ) of
GL2n(ℱ), we consider the unitary induced representation I(s, �) of
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SO4n(ℱ) from the Siegel parabolic subgroup P2n = M2nV2n, where
the Levi part M2n

∼= GL2n via the following bijection

a ∈ GL2n 7→ m(a) :=

�
a

a∗

�
∈M2n.

More precisely, a section ��,s in I(s, �) is a smooth function from
SO4n(ℱ) to V� , such that

��,s(m(a)ng) = ∣ det a∣
s
2

+ 2n−1
2 �(a)��,s(g),

where m(a) ∈ M2n with a ∈ GL2n(ℱ), n ∈ V2n. In other words, one
has

I(s, �) = Ind
SO4n(ℱ)
P2n(ℱ) (∣ det ∣

s
2 ⋅ �).

In the Introduction, we use notation ISO4n(s, �) for I(s, �) to indicate
that it is a representation of SO4n. From now on , we simply use the
notation I(s, �).

The relation between the Shalika model on GL2n and the generalized
Shalika model on SO4n is given by the following theorem, which is
proved in [JQ07].

Theorem 2.1 (Theorem 3.1, [JQ07]). The induced representation I(s, �)
admits no nonzero generalized Shalika functionals except when s = 1.
When s = 1, I(1, �) admits a nonzero generalized Shalika functional if
and only if the supercuspidal datum � admits a nonzero Shalika func-
tional. In this case, the generalized Shalika functionals of I(1, �) are
unique up to scalar and the nonzero generalized Shalika functionals of
I(1, �) must factor through the unique Langlands quotient ℒ(1, �).

Note that we used in the Introduction ℒSO4n(1, �) for ℒ(1, �). Again
from now on we simply use ℒ(1, �).

2.2. A family of degenerate Whittaker models. Following [MW87],
degenerate Whittaker models for a reductive group G can be defined
for any given nilpotent orbit in the Lie algebra g of G. For the pur-
pose of this paper, we consider a family of nilpotent orbits O2n,2n−k of
SO4n which correspond to a family of partitions [2(2n − k) + 1, 12k−1]
for k = 1, 2, ⋅ ⋅ ⋅ , 2n. This family of degenerate Whittaker models on
SO4n(ℱ) are considered in [GPSR97] for construction of automorphic
L-functions of orthogonal groups, and in [GRS99] for construction of
the Ginzburg-Rallis-Soudry global descents. More precisely, we take a
family of unipotent subgroups Nk of SO4n, which consists of elements
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of following type

(2.6) n = n(u, b, z) =

�
u b z

I4n−2k b′

u′

�
∈ SO4n,

where u = (ui,j) ∈ Uk, the maximal unipotent subgroup of GLk con-
sisting of all upper triangular unipotent matrices in GLk, b = (bi,j) is
of size (k) × (4n − 2k) and b′, u′ are determined by b, u such that n
belongs to SO4n. We define a character  k on Nk

(2.7)  k(n) :=  (u1,2 + ⋅ ⋅ ⋅+ uk−1,k) (bk,2n−k + bk,2n−k+1).

When k = 2n− 1, N2n−1 coincides with the unipotent radical N of the
Borel subgroup of SO4n, and  2n−1 is the generic character of N . Let �
be an irreducible admissible representation (�, V�) of SO4n(ℱ). Then
� has a nonzero  k-functional if the following space

(2.8) HomSO4n(ℱ)(V�, Ind
SO4n(ℱ)
Nk(ℱ) ( k)) ∼= HomNk(ℱ)(V�,  k) ∕= 0.

In this case, a nonzero element in HomNk(ℱ)(V�,  k) is called a  k-
functional of V�, or more precisely, a  k-degenerate Whittaker func-
tional of V�. For each  k-functional ℓ k , we define

(2.9) W k,v(g) := ℓ k(�(g)(v))

for v ∈ V�, which yields a  k-degenerate Whittaker model (also refer to
as (Nk,  k)-model) for V�. In particular, when k = 2n− 1, it produces
a Whittaker model for V�. Note that the different choices of the rep-
resentatives in the ℱ -rational points of the unipotent orbit O2n,k(ℱ)
produce different characters for Nk(ℱ), and hence different degenerate
Whittaker models. However, the centralizers are all isomorphic, which
is the ℱ -split SO4n−2k−1(ℱ). This is different from the case of odd
orthogonal groups considered in [JS07].

We recall the definition of Jacquet functor and Jacquet module.
Given a closed subgroup ÜP = fN ⋊ ÝM of SO4n with unipotent radicalfN and a character � on fN normalized by ÝM , then for a representation
(V�, �) of SO4n(ℱ), its Jacquet module with respect to (fN,�) is defined
by

J eN,�(�) = V�/Span{�(n)v − �(n)v∣n ∈ fN, v ∈ V�},
viewed as a representation of ÝM. We call J eN,� the Jacquet functor with

respect to (fN,�). We write J eN for J eN,�, when � is trivial. For the

family of  k-degenerate Whittaker models, the corresponding family of
 k-twisted Jacquet modules is abbreviated by

(2.10) J k(V�) := JNk, k(V�),
10



viewed as a representation of SO4n−2k−1(ℱ), following the definition of
the  k-twisted Jacquet module.

The following relation between the  k-twisted Jacquet modules and
generalized Shalika model for SO4n was proved in [JNQ08].

Theorem 2.2 (Theorem 3.1, [JNQ08]). Let (�, V�) be an irreducible
admissible representation of SO4n(ℱ). If � has a nonzero generalized
Shalika model, then the  k-twisted Jacquet modules J k(V�) are all zero
for n ≤ k ≤ 2n.

For an irreducible unitary supercuspidal representation � of GL2n(ℱ)
with a nonzero Shalika model, we apply the family of the  k-twisted
Jacquet functors to the Langlands quotient ℒ(1, �). By Theorem 2.2,
the first interesting representation we get from ℒ(1, �) is at k = n− 1,
i.e.

(2.11) �n−1 = �n−1(�) := J n−1(ℒ(1, �)),

which is an admissible representation of SO2n+1(ℱ). We call �n−1 to
be the local descent of � from GL2n to SO2n+1. The main result of this
paper is

Theorem 2.3. For an irreducible unitary supercuspidal representation
� of GL2n(ℱ) with a nonzero Shalika model, the local descent �n−1 is
irreducible, generic and supercuspidal representation of SO2n+1(ℱ).

The proof of Theorem 2.3 takes §3, 4, and 5 below. In §3, we prove
that the local descent �n−1 as defined in (2.11) is quasi-supercuspidal,
which means the (non-twisted) Jacquet module JN(�n−1) is trivial for
the unipotent radical N of every standard proper parabolic group of
SO2n+1, see Theorem 3.1 for details. Hence we can write the local
descent �n−1 as a direct sum

�n−1 = �1
n−1 ⊕ ⋅ ⋅ ⋅ ⊕ �rn−1 ⊕ ⋅ ⋅ ⋅ ,

with �in−1’s are irreducible supercuspidal representations of SO2n+1(ℱ).
In §4, we show that the local descent �n−1 has a nonzero Whittaker
functional, which is unique up to a scalar (Part (2) of Theorem 4.1).
Hence among the direct summands �in−1’s, there exists one and only
one irreducible summand has a nonzero Whittaker functional, i.e. it
is generic. Finally, we prove in §5 that any irreducible supercuspidal
summand in �n−1 is in fact generic (Part (2) of Theorem 5.1). This
implies that the local descent �n−1 has only one irreducible summand,
and therefore, �n−1 is irreducible, generic, supercuspidal. Theorem 2.3
is proved.

11



3. Supercuspidality of the Local Descent

We start with the proof of the quasi-supercuspidality of

�n−1 = �n−1(�) = J n−1(ℒ(1, �))

as defined in (2.11) for any irreducible unitary supercuspidal represen-
tation � of GL2n(ℱ) with a nonzero Shalika model.

We relate any standard Jacquet module of �n−1 to further descent �k
of ℒ(1, �) with k ≥ n in the tower of the local Gelfand-Graev models for
the Langlands quotient ℒ(1, �). Since ℒ(1, �) has a nonzero generalized
Shalika model, by Theorem 2,2, all standard Jacquet modules of �n−1

must be zero. The same proof can be used to show that the local
descents from ℒ(1, �) satisfy the local tower property as in [GRS99],
but we omit the details here.

First we have to fix notation. Consider the embedding of elements
in SO2k−1 into SO2k so that the embedding of unipotent elements are
described explicitly.

Let n = n(u, b, c) be an unipotent element of SO2k−1 of type

(3.1) n = n(u, b, c) =

�
u b c

1 b′

u∗

�
∈ SO2k−1

where u ∈ Uk−1, which is the maximal upper triangular unipotent
subgroup of GLk−1. Then the embedding of n under the embedding
from SO2k−1 into SO2k is given by

(3.2) n 7→ �(n) =

�
u b −b c

1 0 −b′
1 b′

u∗

�
∈ SO2k.

Theorem 3.1. Let � be an irreducible supercuspidal representation of
GL2n(ℱ), n ≥ 2 such that L(s, �,Λ2) has a pole at s = 0. Then �n−1 =
J n−1(ℒ(1, �)) is a quasi-supercuspidal representation of SO2n+1(ℱ).

Proof. For simplicity, we set � := ℒ(1, �), which is an admissible rep-
resentation of SO2n+1(ℱ). Denote by Un−1 be the maximal (upper
triangular) unipotent subgroup of GLn−1(ℱ). Recall that N2n is the
unipotent radical of Siegel parabolic groups of SO4n. For x ∈ ℱ , de-
note by ui,j(x) the unipotent matrix in SO4n corresponding to x(ei−ej),
the x-multiple of root ei − ej and let Ui,j = {ui,j(x)∣x ∈ ℱ}.

12



There are n unipotent radicals Qk, 1 ≤ k ≤ n corresponding to
standard maximal parabolic subgroups of SO2n+1 given by

Qk = {

�
Ik C D

I2n−2k+1 C∗

Ik

�
} ⊂ SO2n+1.

Denote by � the embedding of elements of SO2n+1 into SO2n+2 as in
(3.2).

Let H1 = �(Qk)Nn−1, and denote its elements by

w(r, x, y, A,B) =

�
r x y�

Ik A B
I2n−2k+2 A∗

Ik

�
x′

r∗

�
, r ∈ Un−1.

Write r = (ri,j), x = (xi,j), ⋅ ⋅ ⋅ , etc.. Let  H1 be the trivial extension
of  n−1 to H1, that is,

 H1(w(r, x, y, A,B)) =  (r1,2 + ⋅ ⋅ ⋅+ rn−2,n−1) (xn−1,n+1 + xn−1,n+2).

To show that J n−1(�) is supercuspidal, it suffices to show the fol-
lowing:

J�(Qk)(J n−1(�)) = 0, for all 1 ≤ k ≤ n.

We begin by assuming on the contrast that

J�(Qk)(J n−1(�)) ∕= 0, for some 1 ≤ k ≤ n.

Then there exists a non-zero functional Φ1 on V� such that

(3.3) Φ1(�(g)v) =  H1(g)Φ1(v)

holds for g ∈ H1, v ∈ V�.
Let H2 be the compliment of

Qn−1
i=1 Ui,n in H1, and define a character

 H2 on H2 by

 H2 =  H1∣H2 .

Then

(3.4) Φ1(�(g)v) =  H2(g)Φ1(v)

holds for g ∈ H2, v ∈ V�. Denote by � the permutation matrix in SO4n

corresponding to the permutation product of two cycles

(1, ⋅ ⋅ ⋅ , n− 1, n)(3n+ 1, ⋅ ⋅ ⋅ , 4n).

Let H3 = �H2�
−1 and  H3(g) =  H2(�

−1g�), g ∈ H3. Now we have a
nontrivial functional Φ3 on V� such that

(3.5) Φ3(�(g)v) =  H3(g)Φ3(v)
13



holds for g ∈ H3, v ∈ V�. Note that the functional Φ3 is given by
Φ3(v) = Φ2(�v), v ∈ V�.

Let H4 be a subgroup of H3
T
Nn, consisting of elements in the form

of

ℎ = (ℎi,j) =

0BBBBBBBB@
In (0n×(k−1)∣∗) ∗

I2n

⌢
∗
0
⌣
In

1CCCCCCCCA , with ℎ1,2n = −ℎ1,2n+1.

Let  H4 =  H3∣H4 . That is

 H4(ℎ) =  (ℎn,2n + ℎn,2n+1).

Let H5 = U1,2nH4 and  H5 be the character of H5 extending  H4

with trivial value on U1,2n. For u1,2n(x) ∈ U1,2n, the adjoint action
ad(u1,2n(x)) preserves H4 and  H4 . Therefore there exists a character
� on U1,2n and a functional Φ4 on V� such that

(3.6) Φ4(�(ug)v) = �(u) H4(g)Φ4(v)

holds for u ∈ U1,2n, g ∈ H4, v ∈ V�.
Assume that �(x) =  (ax) for some a ∈ ℱ . Note that

ad(un,1(−a))u1,2n(x) = u1,2n(x)un,2n(−ax).

Moreover, ad(un,1(−a)) preserves both H4 and  H4 . Define

Φ5(v) = Φ4(un,1(−a)v).

Then

(3.7) Φ5(�(g)v) =  H5(g)Φ5(v)

holds for g ∈ H5, v ∈ V�.
Let X0 = H5 and  (0) =  H5 . For 1 ≤ m ≤ n, let

Xm = Um,m+1 ⋅ ⋅ ⋅Um,n+k−1

and write its elements by

Xm(x⃗) =

�
r

I2

r∗

�
, r = (ri,j) ∈ U2n−1, x⃗ ∈ ℱn+k−m−1,

where the m-th row of r is (0m−1, 1, x⃗, 0n−k+1) and ri,j = �i,j, for i ∕= m.
Let  (m) be the restriction of the character  n of Nn to the subgroup

Xm ⋅ ⋅ ⋅X1H5.
14



For each 0 ≤ m ≤ n, we claim in general that there exists a functional
Φm on V� such that

(3.8) Φm(uv) =  (m)(u)Φm(v)

holds for u ∈ Xm ⋅ ⋅ ⋅X1H5, v ∈ V�.
We proceed by induction. For m = 0, the claim is true because of

Equation (3.7). Assume that the claim is true for 0 ≤ j − 1 ≤ n− 2.
Note that Xj is abelian and ad(Xj(x⃗)) preserves Xj−1 ⋅ ⋅ ⋅X1H5 and

 (j−1). Therefore there exists a character �j on Xj such that

(3.9) Φj−1(�(ug)v) = �j(u) (j−1)(g)Φj−1(v)

holds for u ∈ Xj, g ∈ Xj−1 ⋅ ⋅ ⋅X1H5, v ∈ V�.
Assume that

�j(Xj(t1, ⋅ ⋅ ⋅ , tn+k−j−1)) =  (a1t1 + ⋅ ⋅ ⋅+ an+k−j−1tn+k−j−1), ai ∈ ℱ .
If ai = 0 for all 1 ≤ i ≤ n + k − j − 1, then Equation (3.9) induces a
nontrivial functional on V� , which is invariant under �(u),

u ∈ {
�

Ij ∗
I2n−j

�
∈ ∣GL2n}.

It contradicts to the supercuspidality of � . Hence there exists nonzero
ai. Let

m0 = min{1 ≤ i ≤ n+ k − j − 1∣ai ∕= 0}.
Case (1): If m0 = 1, define Φj(v) = Φj−1(�̃v), where �̃ = diag(�, �∗) ∈
SO4n,

� =

0BBBBBBBBB@
Ij

a1

a2 1
... In+k−j−3

an+k−j−1 1
In−k

1CCCCCCCCCA ∈ GL2n.

Note that
ad(�̃)Xj(t1, ⋅ ⋅ ⋅ , tn+k−j−1) =

Xj(−a−1
1 t1 − a−1

1 a2t2 ⋅ ⋅ ⋅ − a−1
1 an+k−j−1tn+k−j−1, t2, ⋅ ⋅ ⋅ , tn+k−j−1).

Moreover, ad(�̃) preserves both Xj−1 ⋅ ⋅ ⋅X1H5 and  (j−1). Hence

(3.10) Φj(�(u)v) =  (j)(u)Φj(v), u ∈ Xj ⋅ ⋅ ⋅X1H5.

Case (2): Ifm0 > 1, take � = uj+1,m0(1) and �̃ = diag(�, �∗) ∈ SO4n,
and then define

Φ′′j (v) = Φj−1(�̃v).
15



Then, for u ∈ Xj, g ∈ Xj−1 ⋅ ⋅ ⋅X1H5, and v ∈ V�, the following

Φ′′j (�(ug)v) = �′(u) (j−1)(g)Φ′′j (v)

holds for some character �′ on Xj satisfying

�′(Xj(x1, ⋅ ⋅ ⋅ , xn+k−j−1)) =  (b1x1 + ⋅ ⋅ ⋅+ bn+k−j−1xn+k−j−1),

with b1 ∕= 0. By repeating the same procedure as in the first case, again
we reach the conclusion Equation (3.10).

By induction, we have shown that

Φn−1(�(u)v) =  (n−1)(u)Φn−1(v), u ∈ Xn−1 ⋅ ⋅ ⋅X1H5.

By similar argument, we also obtain that

Φ′n(�(ug)v) = �′′(u) (n−1)(g)Φ′n(v),

where u ∈ Xn, g ∈ Xn−1 ⋅ ⋅ ⋅X1H5, v ∈ V�, holds for some character �′′

on Xn satisfying

�′′(Xn(x1, ⋅ ⋅ ⋅ , xk−1)) =  (d1x1 + ⋅ ⋅ ⋅+ dk−1xk−1).

Finally, we take Φn(v) = Φ′n(diag(
, 
∗)v), v ∈ V�, where


 =

0BBBBBBB@
In

Ik−1

�
0, ⋅ ⋅ ⋅ , d1

...
0, ⋅ ⋅ ⋅ , dk−1

�
In−k+1

1CCCCCCCA ∈ GL2n,

and obtain that

(3.11) Φn(�(u)v) =  (n)(u)Φn(v)

holds for u ∈ Xn ⋅ ⋅ ⋅X1H5, v ∈ V�.
Since Nn = Xn ⋅ ⋅ ⋅X1H5, Equation (3.11) gives a nontrivial  n-

functional on V�. This conclusion contradicts to Theorem 2.2 that
generalized Shalika models and (Nn,  n)-models are disjoint. The as-
sumption at the beginning must be false, so

J�(Qk)(J n−1(�)) = 0, for all 1 ≤ k ≤ n

and J n−1(�) is quasi-supercuspidal. □
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4. Genericity of the Local Descent

By Theorem 3.1, the local descent

�n−1 = �n−1(�) = J n−1(ℒ(1, �))

as defined in (2.11) is a quasi-supercuspidal representation of SO2n+1(ℱ).
We may write

�n−1 = �1
n−1 ⊕ ⋅ ⋅ ⋅ ⊕ �rn−1 ⊕ ⋅ ⋅ ⋅ ,

with �in−1’s are irreducible supercuspidal representations of SO2n+1(ℱ).
Note that � is an irreducible unitary supercuspidal representation of
GL2n(ℱ) with a nonzero Shalika model. We are going to prove Theo-
rem 4.1, part (2) of which asserts that �n−1 has a nonzero Whittaker
functional, which is unique up to a scalar. In particular, �n−1 is generic.
It follows that among the summands �in−1’s, there exists one and only
one (without multiplicity) irreducible summand which is generic.

In order to consider the Whittaker functional of �n−1 = J n−1(ℒ(1, �)),
we recall from (2.6) and (2.7) that

(4.1) Nn−1 = {n(z, x, y) =

�
z x y

I2n+2 x′

z′

�
∣z ∈ Un−1} ⊂ SO4n

and the character  n−1 of Nn−1 is given by

 n−1(n(z, x, y)) =  (z1,2 + ⋅ ⋅ ⋅+ zn−2,n−1) (xn−1,n+1 + xn−1,n+2).

Recall from (2.10) that the twisted Jacquet module �n−1 = J n−1(ℒ(1, �))
is a representation of SO2n+1(ℱ). Let Zk be the standard maximal
unipotent subgroup of the split special orthogonal group SOk consist-
ing of upper-triangular matrix with 1 along the diagonal. That is

(4.2) Z2n+1 = {z(u, b, w) =

�
u b w

1 b′

u′

�
∈ SO2n+1∣ u = (ui,j) ∈ Un}.

We may write b = (b1, ⋅ ⋅ ⋅ , bn)t ∈ ℱn. The Whittaker character  Z2n+1

of Z2n+1 is defined by

(4.3)  Z2n+1(z(u, b, w)) =  (u1,2 + ⋅ ⋅ ⋅+ un−1,n − bn).

By the Frobenius reciprocity law, in order to show that �n−1 has a
nonzero Whittaker functional, it is enough to show that the following
twisted Jacquet module

JZ2n+1, Z2n+1
(�n−1) = JZ2n+1, Z2n+1

(J n−1(ℒ(1, �)))

is nonzero.
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To compose the two twisted Jacquet functors JZ2n+1, Z2n+1
and J n−1 ,

we set E1 = �̃(Z2n+1)Nn−1 and let  E1 be the character of E1 defined
by

 E1(vn) =  Z2n+1(v) n−1(n), for v ∈ Z2n+1, n ∈ Nn−1,

where �̃ : SO2k+1 ↪→ SO4n is given by

g ∈ SO2k+1 7→ �̃(g) =

�
I2n−k−1

�(g)
I2n−k−1

�
for any k = 0, 1, ⋅ ⋅ ⋅ , 2n − 1, and the embedding � is defined in (3.2).
Hence we have

JE1, E1
(V�) = JZ2n+1, Z2n+1

∘ J n−1(V�)

for any irreducible admissible representation (�, V�) of SO4n(ℱ).
We consider the maximal unipotent subgroup of SO4n as defined in

(2.6) with k = 2n, which is

(4.4) N2n = {n(z, y) =

�
z y

z′

�
∣z ∈ U2n}.

Define a degenerate character  ̃ of N2n by

 ̃(n(z, y)) =  (z1,2 + ⋅ ⋅ ⋅+ z2n−1,2n).

We define the twisted Jacquet module JN2n, ̃
(V�) for any irreducible

admissible representation (�, V�) of SO4n(ℱ).
The main result of this section is

Theorem 4.1. Let � be an irreducible smooth representation of SO4n,
admitting a nonzero generalized Shalika model. Then the following
hold.

(1) There exists an isomorphism as vector spaces between the two
twisted Jacquet modules:

JE1, E1
(V�) ≃ JN2n, ̃

(V�).

(2) The local descent �n−1 has a nonzero Whittaker functional, which
is unique up to a scalar.

Proof. The proof of Part (1) needs to use the local version of Fourier
expansion for representations, in particular, the General Lemma in
[GRS99], in many cases and will be carried out in Subsections 4.1–4.4.

We show here that Part (2) follows from Part (1). Take � to be
ℒ(1, �) and consider JN2n, ̃

(V�) = JN2n, ̃
(ℒ(1, �)). We may write
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N2n = U2n ⋉ V2n, where V2n is the unipotent radical of the Siegel par-
abolic subgroup P2n of SO4n as defined in (2.3). Then we decompose
the twisted Jacquet functor as

JN2n, ̃
= J GL2n

U2n, U2n
∘ JV2n

where J GL2n
U2n, U2n

is the Whittaker functor of GL2n and JV2n is the non-

twisted Jacquet functor (i.e. the constant term functor along V2n).
We first consider JV2n(ℒ(1, �)). By the Geometric Lemma of Bein-

stein and Zelevinsky ([BZ77]), we obtain that

JV2n(ℒ(1, �)) ≃ � ⊗ ∣ det ∣−
1
2

as representations of GL2n(ℱ). By the local uniqueness of Whittaker
model of � , we obtain that the space

J GL2n
U2n, U2n

∘ JV2n(ℒ(1, �))

is one-dimensional. Therefore, by Part (1), the space JE1, E1
(ℒ(1, �))

is one-dimensional, in particular, the local descent �n−1 has a unique
Whittaker functional. □

4.1. We start to prove Part (1) of Theorem 4.1 by constructing a few
intermediate twisted Jacquet modules relating both JE1, E1

(V�) and
JN2n, ̃

(V�). The relations are explained in terms of the local versions
of Fourier expansions for representations, which has been summarized
as a General Lemma1.

In this subsection and Subsection 4.2, we consider the general case
when (�, V�) is any smooth representation of SO4n(ℱ).

Let

C1 = {�̃(v)n∣v ∈ Z2n+1, n = n(z, x, y) such that xn−1,1 = 0}.

Denote by  C1 =  E1∣C1 . For i = 1, ⋅ ⋅ ⋅ , n, let

Xi = {

�
In−1 x 0

I2n+2 x′

In−1

�
∈ Nn−1∣xs,t ∈ �s,n−1�t,i ⋅ ℱ},

where �i,j is defined by that �i,i = 1 and �i,j = 0 if i ∕= j. For i =
1, . . . , n− 1, set

Yi = {I4n + �En+i−1,2n+1 − �E2n,3n+2−i∣� ∈ ℱ} ⊂ SO4n,

1Since the general lemma in [GRS99] appears numerous times throughout this
paper, we will refer to as ”The General Lemma” for short.
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where Ei,j = (ek,l), ek,l = �k,i�l,j, and set

Yn = {

�
I2n−2

ℎ
I2n−2

�
∣ℎ =

�
1 x 0 0

1 0 0
1 −x

1

�
} ⊂ SO4n.

Then Xi, Yi both normalize Ci and  i.
Note that X1 is the complement of C1 in E1, i.e. E1 = C1 ⋊ X1.

Let D1 = C1 ⋊ Y1 and  D1 be the trivial extension of  C1 to D1. This
forms a setting which The General Lemma of [GRS99] applies. Hence
we have

JE1, E1
(V�) ≃ JD1, D1

(V�).

For i = 2, . . . , n, define a series of subgroups Ci of Z2n+2Nn−1 by

Ci = {vn∣v =

�
u t w

�(ℎ) t′

u′

�
∈ Z2n+2, u ∈ Ui−1, ℎ ∈ Z2n+3−2i,

n = n(z, x, y) ∈ Nn−1, such that xn−1,1 = xn−1,2 = ⋅ ⋅ ⋅ = xn−1,i = 0},
where Z2n+2 is identified with its embedding in the middle diagonal
part of SO4n. Let  i be the character of Ci defined by

 i(vn) =  n−1(n) (u1,2 + ⋅ ⋅ ⋅+ ui−2,i−1 + ti−1,1) Z2n+3−2i
(ℎ).

The trivial extensions of  i to Ci⋊Xi and Ci⋊ Yi are still denoted by
 i. Let Di := Ci ⋊ Yi. Then

Di−1 ≃ Ci ⋊Xi, (i = 2, . . . n)

and the characters  i−1 and  i of Di−1 are equal. Again, this forms
the setting of The General Lemma, and we obtain

JDi−1, i−1(V�) ≃ JDi, i(V�), i = 2, . . . , n.

Hence we obtain an isomorphism of vector spaces between the following
two twisted Jacquet modules:

JE1, E1
(V�) ≃ JDn, n(V�).

Note that

Dn = {

�
z y w

ℎ y′

z′

�
∣ℎ =

�
1 f̃ −f w

1 0 f

1 −f̃
1

�
∈ Z4,

z ∈ U2n−2 with zn−1,i = 0, for i ≥ n} ⊂ Z4n.

Then we also have the following isomorphism of vector spaces:

JDn, n(V�) ≃ JDn, Dn (V�),
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where the character  Dn of Dn is given by

 Dn(v) =  (z1,2 + z2,3 + ⋅ ⋅ ⋅+ z2n−3,2n−2 + yn−1,2 + yn−1,3 − f).

4.2. Let � be the permutation matrix in GL2n given by�
1 2 . . . n− 1 n n+ 1 . . . 2n− 1 2n
2 4 . . . 2(n− 1) 1 3 . . . 2n− 1 2n

�
,

and is identified with its embedding m(�), where

m : g ∈ GL2n 7→
�
g

g∗

�
∈ SO4n.

Let E = � Dn �
−1, and define a character  E of E by

 E(n) :=  Dn(�−1 n �), for n ∈ E.

Let T (n) be the subgroup of GL2n consisting of elements t = (ti,j)
satisfying

(1) ti,i = 1, 1 ≤ i ≤ 2n;

(2) For j ≤ n− 2, t2j−1 =

0BBBBBBBBBBBBBBBBBB@

∗
0
∗
0
...
∗
0
0
0
0

1CCCCCCCCCCCCCCCCCCA
; t2n−3 =

�
0
0
0

�
; t2n−1 = 0;

(3) For j ≤ n, t2j = (0, ⋅ ⋅ ⋅ , 0)t;
(4) For i ≤ n, t2i−1 =

�
0 ∗ 0 ∗ . . . ∗ 0 ∗ ∗

�
;

(5) t2(n−1) = (0, ∗),
where tj = (tj+1,j, . . . , t2n,j)

t, ti = (ti,i+1, . . . , ti,2n) for i, j ≤ 2n− 1}.
Then

E = {n =

�
t X

t′

�
∣t ∈ T (n)}

and the character  E is given by

(4.5)  E(n) =  (t1,3+t2,4+⋅ ⋅ ⋅+t2n−3,2n−1+t2n−2,2n+x2n−2,1+x2n−1,1).
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Example 4.2. In the case of n = 4,

T (4) = {

0BBBBBBBBBBBB@
1 0 ∗ 0 ∗ 0 ∗ ∗
∗ 1 ∗ ∗ ∗ ∗ ∗ ∗
0 0 1 0 ∗ 0 ∗ ∗
∗ 0 ∗ 1 ∗ ∗ ∗ ∗
0 0 0 0 1 0 ∗ ∗
0 0 0 0 0 1 0 ∗
0 0 0 0 0 0 1 ∗
0 0 0 0 0 0 0 1

1CCCCCCCCCCCCA} ⊂ GL8.

Since  E(n) =  Dn(�−1 n �) for all n ∈ E, we have the following
isomorphism of vector spaces:

JDn, Dn (V�) ≃ JE, E(V�).

Next, we will apply The General Lemma to “fill the zeroes of t2i−1

from the right to the left, using t2i−1”. Thus “obtain E2 from E and
 E2 from  E”.

Let

Y i,1 := {m(I2n + yE2i,1)∣y ∈ ℱ}, i = 1, . . . , n− 2,

X1,j := {m(I2n + xE1,2j)∣x ∈ ℱ}, j = 2, . . . , n− 1,

Ei,1 := {n ∈ E∣nj,1 = 0,∀j > 2i} ⋅
nY

j=i+2

X1,j, i ≤ n− 3,

En−2,1 := E

Ci,1 := {n ∈ Ei,1∣n2i,1 = 0},
D1,i+1 := Ci,1X1,i+1,

A1,i+1 := D1,i+1Y i,1.

Define a series of characters

 i,1 =  E∣Ci,1 .
Extend  i,1 trivially to D1,i+1 (and Ei,1 respectively), and denote the
extension by  i,1D1,i+1 ( and  i,1Ei,1 respectively). Note that

D1,i+1 = Ei−1,1,  i,1D1,i+1∣Ci−1,1 =  i−1,1.

By The General Lemma, we conclude the following isomorphisms of
vector spaces:

JEi,1, i,1
Ei,1

(V�) ≃ JD1,i+1, i,1
D1,i+1

(V�) ≃ JEi−1,1, i−1,1

Ei−1,1
(V�),

for i = n− 2, . . . , 2. In particular, we have the following isomorphism
of vector spaces:

JE, E(V�) ≃ JD1,2, 1,1

D1,2
(V�).
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Note that the GL2n part of D1,2 looks like�
I2 ∗
0 T ′

�
with T ′ ∈ T (n− 1). Furthermore, let

Y r,s = {m(I2n + yE2r,2s−1)∣y ∈ ℱ}, for 1 ≤ r, s ≤ n− 2

and let

Xr,s = {m(I2n + xE2r−1,2s)∣x ∈ ℱ}, for 1 ≤ r ≤ n− 2, 1 ≤ s ≤ n− 1.

For 1 ≤ j ≤ i ≤ n− 2, we define

Ei,j = Ẽi,j
n−1Y
s=i+2

Xj,s,

where Ẽi,j = {
�
t X

t′

�
∈ SO4n}, among which t is defined by

t =

�
I2 ∗ ∗

. . .
I2 ∗

Z

�
, Z ∈ T (n− j + 1), tℓ,2j−1 = 0, ∀ℓ > 2i.

We further define

Ci,j = {n =

�
t X

t′

�
∈ Ei,j∣t2i,2j−1 = 0},

Dj,i+1 = Ci,jXj,i+1,

Aj,i+1 = Dj,i+1Y i,j.

We define that  i,j =  E∣Ci,j . Note that Dj,i+1 ≃ Ai−1,j for i ≥ j + 1
and Dj,j+1 ≃ An−1,j+1. The relations among those  i,j and their trivial
extensions (denoted by  i,jDj,i+1 and  i,jAi,j respectively) to Dj,i+1, Ai,j are
compatible in the sense of the requirement of The General Lemma. We
conclude the following isomorphisms of vector spaces:

JE, (V�) ≃ JD1,2, 1,1

D1,2
(V�) ≃ ⋅ ⋅ ⋅ ≃ JDj,j+1, j,j

Dj,j+1
(V�)

≃ ⋅ ⋅ ⋅ ≃ JDn−2,n−1, n−2,n−2

Dn−2,n−1
(V�).

Denote by Bn the standard Borel subgroup of GLn. The subgroup
Dn−2,n−1 consists of elements of the following form�

t X
t′

�
∈ SO4n, with t =

�
I2 y1 ∗ ⋅ ⋅ ⋅ ∗

I2 y2 ⋅ ⋅ ⋅ ∗
⋅ ⋅ ⋅

I2 yn−1

z

�
,
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where y1, . . . , yn−2 ∈ Mat2, yn−1 ∈ B2 and z ∈ U2. The character
 n−2,n−1
Dn−2,n−1 is given by

 n−2,n−2
Dn−2,n−1(n) =  (tr(y1 + ⋅ ⋅ ⋅+ yn−1)) (x2n−2,1 + x2n−1,1).

The detailed discussion above can be summarized as

Proposition 4.3. Let � be a smooth representation of SO4n. Then
there exists an isomorphism of vector spaces between the two twisted
Jacquet modules:

JE1, E1
(V�) ≃ JDn−2,n−1, n−2,n−1

Dn−2,n−2
(V�).

Note that so far we only assume � to be a smooth representation of
SO4n(ℱ).

4.3. The next step is to eliminate the character place x2n−2,1 appearing
in the above formula, and we need two auxiliary propositions: Propo-
sition 4.4 and 4.8. To this end, we have to assume that V� is an
irreducible admissible representation of SO4n(ℱ) with a nonzero gen-
eralized Shalika model.

We define
(4.6)

D = {
�
T X

T ′

�
∣T =

�
t1 z1 . . . . . . ∗

t2 z2 . . . ∗
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

tn−1 zn−1

tn

�
, ti ∈ U2, zi ∈ B2},

and define a character  D of D by

 D(n) =  (tr(z1 + ⋅ ⋅ ⋅+ zn−1) + x2n−2,1 + x2n−1,1).

Proposition 4.4. Let � be an irreducible smooth representation of
SO4n, admitting a nonzero generalized Shalika model. Then there exists
an isomorphism of vector spaces:

JDn−2,n−1, n−1,n−1

Dn−2,n−1
(V�) ≃ JD, D(V�).

Proof. After applying The General Lemma n − 2 times, we have the
following isomorphism of vector spaces:

JDn−2,n−1, n−1,n−1

Dn−2,n−1
(V�) ≃ JH1, H1

(V�),
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where

H1 = {
�
T X

T ′

�
∣T =

�
I2 z1 . . . . . . ∗

t2 z2 . . . ∗
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

tn−1 zn−1

tn

�
, ti ∈ U2, zi ∈ B2}

and  H1 is defined by

 H1(n) =  (tr(z1 + ⋅ ⋅ ⋅+ zn−1) + x2n−2,1 + x2n−1,1), n ∈ H1.

Note that the following group

m({

�
1 ∗ 0

1 0
I2n−2

�
}) ⊂ m(GL2n) ⊂ SO4n

normalizes H1 and  H1 .
For � ∈ ℱ∗, define a character  ′D,� of D by

 ′D,�(n) =  (tr(z1 + ⋅ ⋅ ⋅+ zn−1) + xn−2,1 + xn−1,1) (�t),

where t1 =

�
1 t

1

�
as in H1. We will show in the following lemma that

JD, ′
D,�

(V�) = 0 for all � ∈ ℱ∗.

Hence the only twisted Jacquet module remains is the one correspond-
ing to � = 0. In this case we have  ′D,0 =  D, and therefore, we
have

JE1, E1
(V�) ≃ JD, D(V�).

We reach the proof. □

Lemma 4.5. Assume that � is an irreducible representation of SO4n,
admitting a nonzero generalized Shalika model. Then

JD, ′
D,�

(V�) = 0, for all � ∈ ℱ∗.

Proof. First we consider the case of � = 1. Let  ′D :=  ′D,1. Then for

n =

�
T X

T ′

�
∈ D

we have

 ′D(n) =  (T1,2 + T1,3 +
n−2X
i=2

Ti,i+2) (x2n−2,1 + x2n−1,1).
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Denote by

z1 =

�
Z 0

I2n−3

�
∈ GL2n, with Z =

�
1

1 0
1 1

�
.

Then z1 normalizes D. Let  D,1 be the character of D defined by
(4.7)

 D,1(n) =  ′D(z1 n z
−1
1 ) =  (T1,2 +T2,4 +

n−2X
i=2

Ti,i+2) (x2n−2,1 +x2n−1,1).

It is clear that there exists an isomorphism of vector spaces between
the following two twisted Jacquet modules:

(4.8) JD, ′D(V�) ≃ JD, D,1(V�).

For i = 2, . . . , n − 1, let zi = I2n + E2i+1,2i ∈ GL2n, and  D,i be the
character of D defined by

 D,i :=  D,i−1(zinz
−1
i ).

Then we have
(4.9)

 D,i(n) =  (T1,2+T2i,2i+3+
n−2X
j=2

Tj,j+2) (x2n−2,1+x2n−1,1), 2 ≤ i ≤ n−2,

and

 D,n−1(n) =  (T1,2 +
n−2X
j=2

Tj,j+2) (x2n−1,1 + 2x2n−2,1).

It is clear that

(4.10) JD, D,i(V�) ≃ JD, D,i+1
(V�), i = 2, . . . , n− 2.

From (4.8), (4.10) we conclude that the following isomorphism of vector
spaces

JD, ′D(V�) ≃ JD, D,n−1
(V�)

holds.
Now we assume on the contrary that

(4.11) JD, D,n−1
(V�) ∕= 0.

Then by Frobenius reciprocity law, there exists a nonzero functional ℓ
on V� such that

(4.12) ℓ(�(n)v) =  D,n−1(n)ℓ(v), n ∈ D, v ∈ V�.
Note that such a functional ℓ on V� factors through the twisted Jacquet
module JD, D,n−1

(V�). Hence the nonvanishing of JD, D,n−1
(V�) is equiv-

alent to the nonvanishing of such ℓ.
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Let � be the permutation matrix in GL2n given by

�(1) = 1;

�(2i− 2) = i, i = 2, . . . , n;

�(2i− 1) = n+ i− 1, i = 2, . . . , n;

�(2n) = 2n,

and be identified with its embedding m(�) in SO4n. Denoted by Nik
the set of nilpotent elements in GLk. Then

F := � D�−1 = {
�
T X

T ′

�
∣T =

�
� �

 �

�
,

�, �, 
 ∈ Bn ∩ Nin, � ∈ Bn, and 
i,i+1 = 0, for i = 1, . . . , n− 1}.

Example 4.6. When n = 4, those T in F is of the following form:0BBBBBBBBBBBBB@
1 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 1 ∗ ∗ 0 ∗ ∗ ∗
0 0 1 ∗ 0 0 ∗ ∗
0 0 0 1 0 0 0 ∗
0 0 ∗ ∗ 1 ∗ ∗ ∗
0 0 0 ∗ 0 1 ∗ ∗
0 0 0 0 0 0 1 ∗
0 0 0 0 0 0 0 1

1CCCCCCCCCCCCCA
Let  F be the character of F defined by

 F (n) =  D,n−1(�−1 n �) =  (
2n−2X
i=1,i ∕=n

Ti,i+1 + Tn,2n + 2Xn,1 +X2n−1,1).

Define a linear functional on V� by

ℓF (v) = ℓ(�(�−1)v), v ∈ V�.

Then ℓF is a nonzero functional ℓF on V� satisfying

ℓF (�(n)v) =  F (n)ℓF (v), n ∈ F.

Since the functional ℓF factors through the twisted Jacquet module
JF, F (V�), we obtain that JF, F (V�) must be nonzero.

Again, by The General Lemma, we get

JF, F (V�) ≃ JF ′, F ′ (V�),

where

F ′ = {
�
T X

T ′

�
∣T ∈ U2n, Tn,n+i = 0 for i = 1, . . . , n− 1}
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and the character  F ′ is given by

(4.13)  F ′(n) =  (
2n−2X
i=1,i ∕=n

Ti,i+1 + Tn,2n + 2Xn,1 +X2n−1,1).

Example 4.7. Those T in F ′ is of the form0BBBBBBBBBBBBB@
1 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 1 ∗ ∗ ∗ ∗ ∗ ∗
0 0 1 ∗ ∗ ∗ ∗ ∗
0 0 0 1 0 0 0 ∗
0 0 0 0 1 ∗ ∗ ∗
0 0 0 0 0 1 ∗ ∗
0 0 0 0 0 0 1 ∗
0 0 0 0 0 0 0 1

1CCCCCCCCCCCCCA .
(Compare this form with that in Example 4.6 to see how The General
Lemma works.)

Since JF, F (V�) ≃ JF ′, F ′ (V�) ∕= 0, there is a nonzero linear func-
tional ℓF ′ on V� such that

ℓF ′(�(n) v) =  F ′(n)ℓF ′(v), n ∈ F ′.
Next, we consider the intersection F ′n := F ′ ∩Nn. Then

(4.14)

F ′n = {

�
� � x y

In 0 x′

In �′

�′

�
∣� ∈ Un, � ∈ Bn, �n,i = 0, for i = 1, . . . , n−1}.

and ℓF ′ is a nonzero linear functional on V� such that

ℓF ′(�(n) v) =  F ′(n)ℓF ′(v), n ∈ F ′n.
Note that F ′n is different from Nn on the entries of � of (4.14). (In F ′n,
�n,i = 0 for i = 1, . . . , n − 1.) Now we will apply the local version of
Fourier expansion to ”fill the zeroes of �”.

Define a series of subgroups F ′n ⊂ F ′n−1 ⊂ ⋅ ⋅ ⋅ ⊂ F ′1 = Nn as follows.
(4.15)

F ′i = {

�
� � x y

In 0 x′

In �′

�′

�
∈ Nn∣� ∈ Un, �n,j = 0, for j = 1, . . . , i− 1}.

Let  F ′i be the character of F ′i defined by the same formula of (4.13),
more explicitly

 F ′i (n) =  (�1,2 + ⋅ ⋅ ⋅+ �n−1,n + �n,2n + 2xn,1).
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Now we use induction on reversed order. The case of i = n is shown
in (4.14). Assume for some 2 ≤ i ≤ n that we have a nonzero linear
functional ℓi on V� satisfying the following quasi-invariant property:

(4.16) ℓi(�(n) v) =  F ′i (n)ℓi(v), n ∈ F ′i .
We show that the functional ℓi−1 is an extension of ℓi with i replaced
by i− 1.

Note that the root group of en − ei−1 normalizes the character  F ′i .
There are two possibilities:

(1) The ℓi with (F ′i ,  F ′i )-quasi-invariant property can be trivially
extended to ℓi−1 with (F ′i−1,  F ′i−1

)-quasi-invariant property. In
this case, we are done.

(2) If ℓi can be non-trivially extended to a nonzero linear functional
ℓ′i−1 with (F ′i−1,  F ′i−1

)-quasi-invariant property, such that

ℓ′i−1(�(n) v) =  ̃F ′i−1
(n)ℓ′i−1(v), n ∈ F ′i−1,

then

 ̃F ′i (n) =  (�1,2 + ⋅ ⋅ ⋅+ �n−1,n + �n,2n + 2xn,1) (c �n,i),

for some c ∈ ℱ∗. Let

z = I2n + � En+i,2n ∈ GL2n.

Then we can choose a certain � ∈ ℱ× such that z normalizes
F ′i and changes  ̃F ′i−1

back to the character  F ′i−1
. Hence we get

(4.16) for ℓi−1.

By induction, we obtain a nonzero linear functional ℓ1 on V�, which
factors through the twisted Jacquet module JNn, n(V�).

By the assumption, the representation V� has a nonzero generalized
Shalika model. It follows from Theorem 2.2 that such a representation
V� has no nonzero twisted Jacquet module JNn, n(V�). Hence the linear
functional ℓ1 must be zero.

Therefore, the assumption (4.11) must be wrong and the twisted
Jacquet module JD, D,n−1

(V�) must be zero. The proves the case when
� = 1.

If � ∕= 1, the conjugation by m(a) with

a = diag(�−1, 1, �−1, 1, . . . , �−1, 1) ∈ GL2n

will give an isomorphism of vector spaces

JD, ′
D,�

(V�) ≃ JD, D,�(V�),

where  D,� is almost the same with the character of D defined in (4.7)
except that the coefficient of x2n−1,1 is �−1. In the proof of the case
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when � = 1, we see that the coefficients of x2n−1,1 and x2n−2,1 play no
roles and a similar argument applies. This completes the proof. □

Proposition 4.8. Let � be a smooth representation of SO4n. Then

JD, D(V�) ≃ JD, ̃D(V�),

where  ̃ is the character of D defined by (in the notation of (4.6))

 ̃D(n) =  (tr(z1 + ⋅ ⋅ ⋅+ zn−1) + x2n−1,1).

Proof. The proof of the proposition is almost the same as that of
Lemma 4.5. We only give a sketch.

(1) Let B̄n denote the opposite standard Borel subgroup of GLn.
By The General Lemma, we see the following isomorphism of vector
spaces:

JD, ̃D(V�) ≃ JD̃, ̃D̃(V�),

where
(4.17)

D̃ = {
�
T X

T ′

�
, ∣T =

0BBBBBBBBBBB@
1 ∗ ∗ . . . . . . ∗

t1 z1 ∗ . . . ∗
t2 z2 ∗ . . . ∗

...
...

tn−2 zn−2 ∗
I2 ∗

1

1CCCCCCCCCCCA , ti ∈ U2, zi ∈ B̄2}

and the character  ̃D̃ of D̃ is given by

 ̃D̃(n) =  (
2n−2X
i1

Ti,i+2) (x2n−2,1 + x2n−1,1).

(2) Let

z =

�
I2n−3 0 0 0

0 1 0 0
0 −1 1 0
0 0 0 1

�
.

It normalizes D̃ and change  ̃D̃ to  ̃′
D̃
, defined by (in the notation of

(4.17) ):

 ̃′
D̃

(n) =  (
2n−2X
i1

Ti,i+2) (x2n−1,1).

(3) Use The General Lemma to transfer B̄2 into B2 in (1), and the
proposition follows. □
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4.4. Now, we are ready to prove Part (1) of Theorem 4.1. The proof
is similar to that of Theorem 4.2.1 in [GRS99], with the help of the
local version of Fourier expansions for representations. Let � be the
permutation matrix in GL4n given by8><>:�i,2i−1 = 1, for i=1,. . . , 2n;

�2n+i,2i = 1, for i=1,. . . , 2n;

�i,j = 0, otherwise.

Let B = �D�−1, and define a character  B of B by

 B(e) =  ̃D(�−1e�), for e ∈ B.
Then the following isomorphism of vector spaces

JD, ̃D(V�) ≃ JB, B(V�)

holds. Note that

(4.18) B = {
�
� �

 �

�
∣�, � ∈ U2n, � ∈ B2n,


 ∈ B2n ∩ Ni2n and 
i,i+1 = 0, for i = 1, . . . , 2n},
and the character  B is given by

 B(e) =  (�1,2 + ⋅ ⋅ ⋅+ �n,n+1 − �n+1,n+2 − ⋅ ⋅ ⋅ − �2n−1,2n).

Example 4.9. For n = 4, elements in B are of the form0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
1 ∗ ∗ ∗ ∗ ∗ ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗

1 ∗ ∗ ∗ ∗ ∗ 0 0 ∗ ∗ ∗ ∗ ∗ ∗
1 ∗ ∗ ∗ ∗ 0 0 0 ∗ ∗ ∗ ∗ ∗

1 ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗
1 ∗ ∗ 0 0 0 0 0 ∗ ∗ ∗

1 ∗ 0 0 0 0 0 0 ∗ ∗
1 0 0 0 0 0 0 0 ∗

0 0 ∗ ∗ ∗ ∗ ∗ ∗ 1 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗ 0 1 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗ 0 0 1 ∗ ∗ ∗ ∗ ∗
0 0 0 0 0 ∗ ∗ ∗ 0 0 0 1 ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗ 0 0 0 0 1 ∗ ∗ ∗
0 0 0 0 0 0 0 ∗ 0 0 0 0 0 1 ∗ ∗
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 ∗
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

,

where the boxes indicate the nontrivial character position of  B.
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Our goal is to “fatten” � in (4.18), “using” the entries of 
, by
successive applications of The General Lemma until we transfer JB, B
into JV2n, ̃. Let

X = {x ∈ Mat2n(ℱ)∣
�

I2n x
I2n

�
∈ SO4n}.

For x ∈ X , write

�(x) =

�
I2n x

I2n

�
, �(x) =

�
I2n 0
x I2n

�
.

For a subspace S ⊂ X , define

�(S) = {�(x)∣ x ∈ S}, �(S) = {�(x)∣ x ∈ S}.
Put

X0 = {x ∈ X ∣ x ∈ B2n},
Y0 = {x ∈ X ∣ x ∈ B2n ∩ Ni2n, xi,i+1 = 0, i = 1, . . . , n− 1}.

For 1 ≤ i < j − 1, define

Yi,j = {x ∈ X0∣ xr,l = 0 for r, l < j − 1 and xr,j = 0 for r ≥ i},
Y i,j = I + ℱ(Ei,j − E2n+1−j,2n+1−i).

Then elements in B can be written in the form

(4.19) v = �(x)m(z)�(y)

with x ∈ X0, y ∈ Y0 and z ∈ U2n. Let

Y1,3 = {x ∈ X0∣x1,3 = 0}.
Let C1,3 be the subgroup of the form (4.19) such that y ∈ Y1,3. Thus

C1,3 = �(X0)m(U2n)�(Y13).

Let
Y 1,3 = �(Y1,3).

Denote by X2,1 = �(X 2,1), where X 2,1 = ℱ(e2,1 − e2n,2n−1). Let

 1,3
B =  B∣C1,3 , B1,3 = B, D1,3 = C1,3X2,1

Put
X2,1 = X0 ⊕X 2,1.

Then
D1,3 = �(X2,1)m(U2n)�(Y1,3).

By The General Lemma, we conclude that

JB1,3, 1,3

B1,3
(V�) ≃ JD1,3, 1,3

D1,3
(V�),

where  1,3
D1,3 is the character of D1,3 which is trivial on �(X2,1) ⋅ Y1,3.
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Define

X r,s = I + ℱ(Er,s − E2n+1−s,2n+1−r), for 1 ≤ s < r ≤ 2n.

Let

Xr,s = X0 ⊕ (
M

q<l≤r−1

X l,q)⊕ (
r−1M
q=s

X r,q), for 1 ≤ s < r ≤ n.

For 1 ≤ i < j − 1, j ≤ n+ 1, let

Ci,j = �(Xj−1,i+1)m(U2n)�(Yi,j), if i+ 1 ≤ j − 1.

For 1 ≤ i < j ≤ n+ 1, we define Y i,j = �(Y i,j) and Xj,i = �(X j,i), and
also define

Bi,j = Ci,jY i,j, Di,j = Ci,jXj−1,i, Ai,j = Di,jY i,j.

Let  i,j be the character of Ci,j, which is trivial on �(Xj−1,i+1) ⋅ �(Yi,j).
Then by The General Lemma, we have the following isomorphism of
vector spaces:

JBi,j , i,j
Bi,j

(V�) ≃ JDi,j , i,j
Di,j

(V�).

for all 1 ≤ i < j − 1, j ≤ n+ 1.
Note that for 2 ≤ i < j − 1, j ≤ n+ 1, we have

Di,j = Bi−1,j and  i,jDi,j =  i−1,j
Bi−1,j ,

and for j = 3, . . . , n+ 1, we have

D1,j = Bj−1,j+1 and  1,j
D1,j =  j−1,j+1

Bj−1,j+1 .

We conclude by The General Lemma again that

(4.20) JB1,3, 1,3

B1,3
(V�) ≃ JD1,n+1, 1,n+1

D1,n+1
(V�)

as vector spaces. Note that

D1,n+1 = �(Xn,1)m(U2n)�(Y1,n+1).

We remark that so far in this proof, we have not used any particular
property of V�. In the following we are going to use the property that
V� has a nonzero generalized Shalika model.

For n+ 1 ≤ r ≤ 2n− 1 and 1 ≤ s ≤ 2n− r, define

Xr,s = Xn,1 ⊕ (
M

n+1≤l≤r−1,1≤q≤2n−l
Xl,q)⊕ (

2n−rM
q=s

X r,q).

Then Xn+1,n−1 normalizes D1,n+1 and  1,n+1
D1,n+1 . We consider the ac-

tion of Xn+1,n−1 on the right hand side of (4.20), and claim that for
any nontrivial character � of Xn+1,n−1,

JXn+1,n−1,�(JD1,n+1, 1,n+1

D1,n+1
(V�)) = 0.
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Hence we must have the trivial character when Xn+1,n−1 acts on the
right hand side of (4.20).

To justify our claim, we assume on the contrary, by the Frobenius
reciprocity law, that there exists ℓ a non-zero linear functional on V�
such that

ℓ(�(xn)v) =  1,n+1
1,n+1(n)�(x)ℓ(v),

for all x ∈ Xn+1,n−1, n ∈ D1,n+1 and v ∈ V�.
We may assume that there is a � ∈ ℱ∗ such that

�(x(t)) =  (� t),

where x(t) = I4n + t(En+1,3n−1 − En+2,3n). Then ℓ is a nonzero linear
functional on V� such that

ℓ(�(n)v) =  1,n+1
D1,n+1(n)ℓ(v),

for n ∈ Xn+1,n−1D1,n+1 ∩ Nn+1. Note that Xn+1,n−1D1,n+1 ∩ Nn+1

consists of elements of the following form

(4.21)

�
z y w

I2n−2 y′

z′

�
∈ SO4n,

with z ∈ Un+1, y ∈ Matn+1,2n−2 such that yn+1,n+i = 0 for i = 1, . . . , n−
1.

Now the situation is similar to that of (4.14). The same argument
shows that ℓ can be extended trivially to Nn+1 such that

ℓ(�(n)v) =  1,n+1
Nn+1

(n)ℓ(v), for n ∈ Nn+1,

where  1,n+1
Nn+1

is the trivially extension of restriction of  1,n+1
D1,n+1 onD1,n+1∩

Nn+1.
Note that for element n ∈ Nn+1 of the form (4.21)

 1,n+1
D1,n+1(n) =  (z1,2 + ⋅ ⋅ ⋅+ zn,n+1) (yn+1,1 + yn+1,2n−2)

Let � ′ be the permutation matrix in GL2n defined by8><>:� ′(i) = i, i = 1, . . . , n+ 1,

� ′(n+ 2) = 2n,

� ′(n+ 2 + i) = n+ 1 + i, i = 1, . . . , n− 2,

which is identified with its embedding m(� ′) in SO4n. Then � ′ normal-
izes Nn+1 and transfer  1,n+1

Nn+1
into  n+1. Hence we obtain a nonzero

linear functional which factors through the twisted Jacquet module
J n+1(V�). In particular, we have

J n+1(V�) ∕= 0.
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On the other hand, V� has a nonzero generalized Shalika model by as-
sumption. Following Theorem 2.2, the twisted Jacquet module J n+1(V�)
must be zero. We get a contradiction. Hence Xn+1,n−1 must act triv-
ially on JD1,n+1, 1,n+1

D1,n+1
(V�).

Next we continue this process. Define

Bn−2,n+2 = D1,n+1Xn+1,n−1,

and extend  1,n+1
D1,n+1 to a character  n−2,n+2

Bn−2,n+2 on Bn−2,n+2 by making it
trivial on Xn+1,n−1. Thus we have

JBn−2,n+2, n−2,n+2

Bn−2,n+2
(V�) ≃ JD1,n+1, 1,n+1

D1,n+1
(V�).

Now we can repeat the argument as before, by “replacing the n − 2
coordinates of ⊕n−2

i=1 Yi,n+2 with ⊕n−2
i=1 Xn+1,i”. For 1 ≤ i ≤ n − 2 and

j ≥ n+ 2, define Ci,j = �(Xj−1,i+1)m(U2n)�(Yi,j) and

Bi,j = Ci,jY i,j, Di,j = Ci,jXj−1,i, Ai,j = Di,jY i,j.

Let  i,n+2 be the character of Ci,n+2, which is trivial on ℓ(Cn+1,i+1)ℓ(Yi,n+2).
By The General Lemma, we conclude that

(4.22) JD1,n+1, 1,n+1

D1,n+1
(V�) ≃ JD1,n+2, 1,n+2

D1,n+2
(V�)

as vector spaces. Then, by using the property that V� has a nonzero
generalized Shalika model, we show that Xn+2,n−2 acts trivially on the
right hand side of (4.22). As before, we get

JD1,n+2, 1,n+2

D1,n+2
(V�) ≃ ⋅ ⋅ ⋅ ≃ JD1,2n−1, 1,2n−1

D1,2n−1
(V�)

as vector spaces. Note that D1,2n−1 = N2n and  1,2n−1
1,2n−1 =  ̃. We

conclude that

JD1,2n−1, 1,2n−1

D1,2n−1
(V�) = JN2n, ̃

(V�).

This completes the proof of Part (1) of Theorem 4.1.

5. Irreducibility of the Local Descent

In order to finish the proof of Theorem 2.3, it remains to show that
�n−1 is irreducible. From Sections 3 and 4, we proved that the local
descent (as defined in (2.11))

�n−1 = J n−1(ℒ(1, �)),

as representation of SO2n+1(ℱ), is quasi-supercuspidal and has a unique
nonzero Whittaker functional. Hence it is enough to show that any
irreducible summand of �n−1 is generic, i.e. has a nonzero Whittaker
functional. This is proved in Part (2) of Theorem 5.1 below. The proof
of Theorem 5.1 is standard, which may be viewed as a generalization
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of the Geometric Lemma of Bernstein and Zelevinsky ([BZ77]) for the
twisted Jacquet functor J n−1 applied to ℒ(1, �). See [GRS99] for a
similar discussion for the metaplectic and symplectic groups.

For a given irreducible supercuspidal representation � of GL2n(ℱ),
recall that I(s, �) is the induced representation of SO4n(ℱ) from the
supercuspidal datum (P2n, �) as defined in Subsection 2.1. The unique
Langlands quotient of I(s, �) at s = 1 is ℒ(1, �).

Theorem 5.1. Let (V�, �) be an irreducible supercuspidal representa-
tion of SO2n+1(ℱ).

(1) If, for any s ∈ ℂ, the space

HomSO2n+1(ℱ)(J n−1(I(s, �)), V�)

is nonzero, then � is generic.
(2) If the space

HomSO2n+1(ℱ)(J n−1(ℒ(1, �)), V�)

is nonzero, then � is generic.

It is clear that in Theorem 5.1, Part (2) follows from Part (1) by the
exactness of the twisted Jacquet functors. Part (1) is proved Subsection
5.2 below.

We start with an investigation of the structure of the twisted Jacquet
module J n−1(I(s, �)) with aim at the genericity of �. We realize
the irreducible unitary supercuspidal representation � of GL2n(ℱ) in
its Whittaker model W(�,  ), and realize the induced representation
I(s, �) as I(s,W(�,  )). Then we consider the twisted Jacquet module
J n−1(I(s,W(�,  ))).

5.1. The twisted Jacquet module J n−1(I(s,W(�,  ))). We con-
sider first the orbital structure of the closed subgroup SO2n+2 ⋅ Nn−1

acting on the generalized flag variety P2n∖SO4n over the p-adic field ℱ ,
and then consider the semisimplification of the twisted Jacquet module
J n−1(I(s,W(�,  ))) as a representation of SO2n+1(ℱ).

For j = 1, . . . , 2n, let

Pj = {

�
ℎ ∗ ∗

g ∗
ℎ∗

�
∣ℎ ∈ GLj, g ∈ SO4n−2j}

be the standard maximal parabolic subgroup of SO4n. Then the gener-
alized Bruhat decomposition

P2n∖SO4n/Pn−1
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can have a complete set of representatives given by {
i ∣ i ∈ 2ℕ, n ≤
i ≤ 2n}, where for i ∈ 2ℕ, n ≤ i ≤ 2n,


i =

�
�2n−i

I2i

�2n−i

�
,

where �j is defined in (2.2). For k = 0, 1, . . . , n − 1, let Mk be the
standard maximal parabolic subgroup of GLn−1 corresponding to the
partition (k, n−k−1) of n−1 such that the Levi part is GLk×GLn−k−1

and the unipotent radical is

Lk = {
�

Ik
A In−1−k

�
∈ GLn−1 ∣A ∈ Matn−1−k,k}.

Lemma 5.2. The orbits of the closed subgroup SO2n+2 ⋅ Nn−1 acting
on the generalized flag variety P2n∖SO4n are represented by elements
of the form 
iw, where n ≤ i ≤ 2n is even and w’s are elements of
W (GLn−1) given by:8<:w ∈ [W (GL2n−i)×W (GLi−n−1)]∖W (GLn−1), if i ∕= n;

w = id, if i = n.

Here W (GLm) denotes the Weyl group of GLm.

Proof. Clearly, we have SO2n+2Nn−1 ⊂ Pn−1. Hence we can choose 
iw
to be the representative of any double cosets in P2n∖SO4n/[SO2n+2Nn−1],
for some

w ∈ [
−1
i P2n
i ∩ Pn−1]∖Pn−1/[SO2n+2Nn−1].

Since M2n−i ⊂ 
−1
i P2n
i∩Pn−1, we may choose a set of representatives

for [
−1
i P2n
i∩Pn−1]∖Pn−1/[SO2n+2Nn−1] fromM2n−i∖GLn−1/Nn−1. Then

a complete set of representatives for M2n−i∖GLn−1/Nn−1 can be chosen
from [W (GL2n−i)×W (GLi−n−1)]∖W (GLn−1). □

Let �1, . . . , �n−2 denote the simple roots of GLn−1 with respect to
Nn−1. Let

{x�j(t) = In−1 + tEj,j+1∣t ∈ ℱ}
denote the one parameter unipotent subgroup of Nn−1 corresponding
to the root �. We will take w = id to be the representative of the coset
W (GLk)×W (GLn−1−k) in W (GLn−1).

Lemma 5.3 (Lemma 4.3, [GRS99]). If a Weyl group element

w ∈ [W (GLk)×W (GLn−1−k)]∖W (GLn−1),

which is not id, then there exists a simple root �j such that wx�j(t)w
−1 ∈

Lk,∀ t ∈ ℱ .
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Next we consider the semisimplification of the twisted Jacquet mod-
ule J n−1(I(s,W(�,  ))) as a representation of SO2n+1(ℱ). It is a stan-
dard process to decompose the representation as spaces of functions on
SO4n(ℱ) according the orbital decomposition obtained in Lemma 5.2.

It is clear that among the orbits

Oi,w = [P2n]
iw[SO2n+2Nn−1],

for i ∈ 2ℕ, n ≤ i ≤ 2n, the orbit O2[n+1
2

],id is the unique open orbit.

Let E be a union of orbits Oi,!. We denote by S(E, �s) the space of
smooth functions � on E, which are compactly supported modulo P2n

and have values in the Whittaker model W(�,  ), such that

�(

�
a ∗

a∗

�
g, r) = ∣ det a∣

s
2

+n− 1
2�(g, ra),

for g ∈ SO4n, and a, r ∈ GL2n. We may arrange the orbits in a sequence

P2nSO2n+2Nn−1 = Ω1, . . . , Ωl = O2[n+1
2

],id

such that Fi = ∪ij=1Ωj is closed in SO4n. It is clear that Ωi is open in
Fi and Fi−1 is closed in Fi. We obtain the following exact sequence

(5.1) 0→ S(Ωi+1, �s)
e−→ S(Fi+1, �s)

r−→ S(Fi, �s)→ 0,

where the map e is the natural embedding and r is the restriction to Fi.
Apply the twisted Jacquet functor J n−1 to the exact sequence (5.1).
Since the Jacquet functors are exact, we obtain another exact sequence

0→ J n−1(S(Ωi+1, �s))→ J n−1(S(Fi+1, �s))→ J n−1(S(Fi, �s))→ 0.

We obtain the semisimplification of J n−1(I(s,W(�,  ))) as a represen-
tation of SO2n+1(ℱ) as

⊕li=1J n−1(S(Ωi, �s)).

In the following, we are going to study the space J n−1(S(Ωi, �s)) for
i = 1, 2, ⋅ ⋅ ⋅ , l. Also we assume, for the rest of this section, unless state
otherwise, that all inductions are un-normalized.

As SO2n+2Nn−1 module, we have

S(Oi,w, �s) ≃ c− Ind
SO2n+2Nn−1

P

i,w
2n

(�
1
2
P2n
�s)


i,w ,

where c− Ind denotes the compact induction, and

Ri,w = P

i,w
2n := (
iw)−1P2n
iw ∩ SO2n+1Nn−1.

Lemma 5.4. With notation above, the following vanishing properties
hold.
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(1) For w ∕= id,

J n−1(c− Ind
SO2n+2Nn−1

Ri,w
(�

1
2
P2n
�s)


i,w) = 0,

for i ≥ 2[n+1
2

].
(2) For w = id,

J n−1(c− Ind
SO2n+2Nn−1

Ri,id
(�

1
2
P2n
�s)


i,id) = 0

for all i > 2[n+1
2

].

Proof. When w ∕= id, by Lemma 5.3, there is a simple root subgroup
x(t) inside Nn−1 such that 
iwx(t)(
iw)−1 lies in the unipotent radical

of P2n. This shows that x(t) ∈ Ri,w ∩ Nn−1, (�
1
2
P2n
�s)


i,w(x(t)) = id,
while  n−1(x(t)) =  (t).

When w = id, if i > 2[n+1
2

], the root subgroup x�(t) of SO4n for

� = en−1 + e2n is invariant under the conjugation by 
′−1
i . Hence

x(t) ∈ Ri,w∩Nn−1 , (�
1
2
P2n
�s)


i,w(x(t)) = id, while  n−1(x(t)) =  (t). □

Therefore, we are left with J n−1(S(Ωl, �s)) for the Zariski open orbit
Ωl = O2[n+1

2
],id. We summarize what we proved as

Proposition 5.5. The following

J n−1(I(s,W(�,  ))) ≃ J n−1(S(O2[n+1
2

],id, �s))

holds for all s ∈ ℂ as representations of SO2n+1(ℱ).

5.2. Proof of Part (1) of Theorem 5.1. Keep the notation as be-
fore. By Proposition 5.5, the space

HomSO2n+1(ℱ)(J n−1(I(s, �)), V�)

is isomorphic to the space

HomSO2n+1(ℱ)(J n−1(S(O2[n+1
2

],id, �s)), V�).

This reduces to a further understanding of J n−1(S(O2[n+1
2

],id, �s)) as

representation of SO2n+1(ℱ).
It is more convenient to choose the representative �4n for the orbit

O = O2[n+1
2

],id than the original 
2[n+1
2

],id. Then

S(O, �s) ≃ c− Ind
SO2n+2Nn−1

P
�4n
2n

(�
1
2
P2n
�s)

�4n ,

where P �4n
2n = �−1

4n P2n�4n∩SO2n+2Nn−1. Let Qn+1 be the maximal stan-
dard parabolic subgroup of SO2n+2 whose Levi component is isomorphic
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to GLn+1, and Q−n+1 be the opposite parabolic subgroup. Then we have

P �4n
2n = {m(

�
z c

In+1

�
) ∈ SO4n∣z ∈ Un−1} ⋅ Qn+1

:= m(U2n,n−1) ⋅ Q−n+1,(5.2)

where U2n,j is the subgroup of the unipotent radical U2n of the standard
Borel subgroup of GL2n consisting of elements of type�

z c
0 I2n−j

�
∈ U2n

with z ∈ Uj.

For � ∈ c− Ind
SO2n+2Nn−1

P
�4n
2n

(�
1
2
P2n
�s)

�4n and for q =

�
a 0
∗ a∗

�
∈ Q−n+1,

we have

(�
1
2
P2n
�s)

�4n(

�
In−1

q
In−1

�
)(�)(g, r) = ∣ det a∣−( s

2
+n− 1

2
)�(g, r

�
In−1

a

�
),

and for

�
z c
0 In+1

�
) ∈ U2n,n−1, we have

(�
1
2
P2n
�s)

�4n(m(

�
z c

In+1

�
))(�)(g, r) = �(g, r

�
z c
0 In+1

�
).

In order to understand J n−1(S(O, �s)) as representation of SO2n+1(ℱ),
we consider the double coset decomposition

P �4n
2n ∖SO2n+2 ⋅Nn−1/SO2n+1 ⋅Nn−1,

which reduces to the computation of the following double cosets

Q−n+1∖SO2n+2/SO2n+1.

Next proposition shows that it has only one orbit.

Proposition 5.6. Over any field k of characteristic zero, the general-
ized flag variety Q−n+1(k)∖SO2n+2(k) has only one orbit under the action
of SO2n+1(k).

Proof. Let X = k2n+2 be a k-vector space, written its elements as col-
umn vector, with a quadratic form q defined by 1

2
�2n+2. Then SO(X) ≃

SO2n+2 Let e1, . . . , e2n+2 be the standard basis of X, v0 = en+1 + en+2.
Let Y = (k ⋅ v0)⊥. Then dimY = 2n + 1 and SO(Y ) = SO2n+1. Note
that Y has a basis:

(5.3) en+1 − en+2, e1, e2 . . . , en, en+3, . . . e2n+1, e2n+2.
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Then a basis of X can be chosen to be

(5.4) en+1 + en+2, en+1 − en+2, e1, e2 . . . , en, , en+3, . . . e2n+1, e2n+2

Let g ∈ SO(X) such that g(v0) = v0, then g(Y ) = Y and assume that
the matrix of g∣Y under the basis (5.3) is Ag, then g under the basis
(5.4) is �

1
Ag

�
As det g = 1, we must have det(Ag) = 1, hence g ∈ SO(Y ). That is,
the stabilizer of v0 is SO(Y ).

Note that q(v0) = 1. Let Z = {v ∈ X∣ q(v) = 1}. Then SO2n+2 acts
transitively on Z. To show the proposition, we only need to show that
Q−n+1 acts on Z transitively. In fact, if Q−n+1 acts transitively on Z, let
ℎ ∈ SO(X), then there exists t ∈ Q−n+1 such that

ℎ ⋅ v0 = t ⋅ v0.

Hence (t−1ℎ) ⋅ v0 = v0, and then t−1ℎ ∈ SO2n+1, ℎ ∈ Q−n+1SO2n+1. This
means that

SO2n+2 = Q−n+1SO2n+1.

Now we show that Q−n+1 acts transitively on Z. We only need to
show that any element of Z can be moved to v0 under the action of
some element in Q−n+1. Let v = (v1, v2) ∈ X with v1, v2 ∈ kn+1. Take
g ∈ Q−n+1 be

g =

�
a 0
b a∗

�
with a ∈ GLn+1.

Then the action of g on v is given by g ⋅ v = (av1, bv1 + a∗v2)t.
Assume now q(v) = 1. Then v1 ∕= 0, otherwise q(v) = 0. Then there

is a ∈ GLn+1 such that

av1 = (0, ⋅ ⋅ ⋅ , 0, 1)t.

For this a, there exists b ∈ Matn+1(k) such that

bv1 = (1, 0, ⋅ ⋅ ⋅ , 0)t − a∗v2, since v1 ∕= 0.

Now

g =

�
a 0
b a∗

�
∈ Q−n+1 and g ⋅ v = v0,

which completes the proof of the proposition. □

It follows that

P �4n
2n ∖SO2n+2Nn−1 = [P �4n

2n ∩ SO2n+1Nn−1]∖SO2n+1Nn−1.
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By restriction to SO2n+1Nn−1, we have

c− Ind
SO2n+2Nn−1

P
�4n
2n

((�
1
2
P2n
�s)

�4n) ≃ c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n)

as representations of SO2n+1(ℱ)⋉Nn−1(ℱ). Hence the twisted Jacquet
module

J n−1(c− Ind
SO2n+2Nn−1

P
�4n
2n

((�
1
2
P2n
�s)

�4n))

is isomorphic to the twisted Jacquet module

J n−1(c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n))

as representations of SO2n+1(ℱ).
Define  U2n,n−1(u(z, c)) :=  n−1∣U2n,n−1(u(z, c)). Then we have

Proposition 5.7. With notation above, the twisted Jacquet module

J n−1(c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n))

is isomorphic to

c− Ind
SO2n+1

P−n
(J U2n,n−1

(� ′)∣ det ∣−
s
2
− 1

2 )

as representations of SO2n+1(ℱ), where P−n := Q−n+1 ∩ SO2n+1, the
representation � ′ is obtained by restriction to P−n (ℱ) of the repre-
sentation of Q−n+1(ℱ) given by the formula right before Proposition
5.6, and J U2n,n−1

(� ′) denotes the twisted Jacquet module of � ′ along

(U2n,n−1,  U2n,n−1).

Proof. Let f be a section in c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n). Con-

sider the restriction of f to SO2n+1(ℱ). It is clear that this restriction
map factors through the twisted Jacquet module

J n−1(c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n)),

which is still denoted by f 7→ f ∣SO2n+1(ℱ). By the formulas displayed
right before Proposition 5.6, the restriction f ∣SO2n+1(ℱ) belongs to the
space

c− Ind
SO2n+1

P−n
(J U2n,n−1

(� ′)∣ det ∣−
s
2
− 1

2 ).

By using the orbital decomposition in Proposition 5.6 and the formulas
right before Proposition 5.6, it is not hard to check that f 7→ f ∣SO2n+1(ℱ)

is in fact injective. The argument is the same as in the proof of Formula
(6.5) in [GRS99] and similar to that of Lemma 5.3 in [K86]. We omit
the details.
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The surjectivity can be verified as follows. Assume that we have
a smooth J U2n,n−1

(V� ′)-valued function g on SO2n+1, compactly sup-

ported modulo P−n , satisfying

g(qy) = J U2n,n−1
(� ′)∣ det ∣−

s
2
− 1

2 (q)g(y)

for q ∈ P−n and y ∈ SO2n+1.
Since g is locally constant, we may pull back g to a smooth V� ′-valued

function g′ on SO2n+1, compactly supported modulo P−n , satisfying

g′(qy) = � ′(q)∣ det ∣−( s
2

+n− 1
2

)g′(y),

for q ∈ P−n and y ∈ SO2n+1.
Note that the unipotent subgroup Nn−1 can be written as

Nn−1 = m(U2n,n−1) ⋉N ′′

where N ′′ is the intersection of Nn−1 with the unipotent radical V2n of
P2n. Then we have

SO2n+1Nn−1 = SO2n+1U′′2n,n−1

which is in fact a homeomorphism. In fact, let z′y′x′ = zyx with
x, x′ ∈ SO2n+1, z, z′ ∈ Bn−1, y, y

′ ∈ N ′′. Then

y = (z−1z′)y′(x′x−1) ∈ N ′′

Hence x = x′, z = z′, y = y′.
Then we can pull back g to a section f in

J n−1(c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n)),

which is defined as follows.
We choose a compactly supported smooth function � on N ′′, which

has a nonzero projection under the twisted Jacquet functor with respect
to (N ′′,  n−1∣N ′′) and define

f ′(uyx, r) := �(y)g′(x, ru),

for all x ∈ SO2n+1, u ∈ U2n,n−1, y ∈ N ′′, and r ∈ GL2n. It is clear that
f ′ is a nonzero section in

c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n).

By checking the action of Nn−1 on f ′, it is clear that f ′ factors through
the twisted Jacquet module

J n−1(c− Ind
SO2n+1Nn−1

P
�4n
2n ∩SO2n+1Nn−1

((�
1
2
P2n
�s)

�4n)),

whose image f has the restriction to SO2n+1(ℱ) equal to g. The proof
is then completed. □
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Note that the elements of P−n has the form�
b
x 1 0
−x 0 1
y′ −x′ x′ b∗

�
∈ SO2n+2(ℱ),

which is identified (following the embedding we assumed as before)
with �

b
x 1
y x′ b∗

�
∈ SO2n+1(ℱ).

Following the above discussions, we deduce that the space

HomSO2n+1(ℱ)(J n−1(I(s, �)), V�)

is isomorphic to the space

HomSO2n+1(ℱ)(c− Ind
SO2n+1(ℱ)

P−n (ℱ)
(J U2n,n−1

(� ′)∣ det ∣−
s
2
− 1

2 ), V�).

By the Frobenius Reciprocity law, the last space is isomorphic to the
following space:

HomP−n (ℱ)(J U2n,n−1
(� ′)∣ det ∣−

s
2
− 1

2 , V�).

By the assumption of Theorem 5.1, the last space is nonzero. Since the
argument below only uses the genericity of � ′ and the supercuspidality
of �, and does not depend on the value s, for simplicity, we may consider
only the nonzero space

HomP−n (ℱ)(J U2n,n−1
(� ′), V�).

We take any nonzero element � in the above space, which is a P−n (ℱ)-
equivariant, linear mapping from J U2n,n−1

(� ′) to V�. In particular, for

any v ∈ V� ′ , we have

(5.5) �(

�
a
x 1
y x′ a∗

�
)(�(v)) = �(J U2n,n−1

(� ′)(

�
In−1

a
x 1

�
)(v)).

Take a = In and consider the action of the unipotent radical of
P−n (ℱ), which is denoted by V−n (ℱ) and consists of elements of the
following form

v−(x, y) :=

�
In
x 1
y x′ In

�
.

Then (5.5) implies that the center (the elements of type v−(0, y)) of
V−n (ℱ) acts on V� trivially. Since V� is supercuspidal, there is a nonzero

44



vector v ∈ J U2n,n−1
(V�̃ ) such that the unipotent radical of V−n (ℱ) acts

on �(v) by a nontrivial character. Since the GLn(ℱ) acts on the x-part
(more precisely, the quotient of V−n (ℱ) modulo the center) with two
orbits, we may assume that

�(v(x, y))(�(v)) =  V−n (v−(x, y))�(v) =  (xn)�(v),

where  (xn) is a nonzero character of V−n (ℱ). In other words, the
mapping � descents to a mapping from J U2n,n−1

(� ′) to J V−n (V�).

By (5.5), we have

�(J n−1(�
′)(

�
In−1

a
x 1

�
)(v)) =  (xn)�(v).

Now consider the subgroup B2n,n of GL2n consisting of elements of form

b(z, c, e, y, d) :=

�
z c e
0 1 y
0 0 d

�
with d ∈ GLn(ℱ) and z ∈ Un−1. Let � be the Weyl element of GL2n

corresponding to the elementary matrix�
In−1 0

0 �n+1

�
Then it is easy to obtain that

�(J n−1(�
′)(b(z, c, e, y, In))(�v)) =  Un−1(z) (cn−1) (y1)�(�v).

This means that the mapping � factors through the n-th derivative
�̃ (n) in the sense of Bernstein and Zelevinsky ([BZ76]). Therefore, we
can view � as a mapping from the n-th derivative �̃ (n) to the twisted
Jacquet module J V−n (V�), which has the following equivalent property,

for a ∈ GLn−1,

J V−n (�)(

�
a 0
x 1

�
)�(v) = �((� ′)(n)(

�
In

1 x∗

0 �n−1a�n−1

�
))(�v),

where x∗ = (xn−1, xn−2, ⋅ ⋅ ⋅ , x1) if x = (x1, ⋅ ⋅ ⋅ , xn−1).
Now we come back to the situation of (5.5) with a ∈ GLn−1. We re-

peat the same process with the supercuspidality of � and the genericity
of � . Eventually, we arrive at the 2n-th derivative of � ′, which is the
twisted Jacquet module of Whittaker type. The equivalent property in
this last case shows that V� has a nonzero Whittaker functional. Hence
it is generic. This finishes the proof of Part (1) of Theorem 5.1.
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