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1 In tro duction

This is a written versionof the two lecturesI gave at RIMS, January, 2005,
which contains mainly the results from my joint work with David Ginzburg
and StephenRallis. I would like to thank ProfessorMasaaki Furusawa for
his warm invitation and for the wonderful conference,and thank Professor
Horish Saito for his hospitality. The work is partly supported by NSF grant
DMS-0400414.

Let us start with the simplest L-function, which is the well-known Rie-
mann zeta function

� (s) =
1X

n=1

1
ns

:
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It is known that � (s) convergesabsolutely for the real part of s greater than
one, has a meromorphic continuation to the whole complex plane C, and
satis�es a functional equation which relates s to 1 � s. Any information
about � (s) in the vertical strip 0 � Re(s) � 1 will be sensitive, mysterious,
important, etc.

More generally, we considerautomorphic L-functions attached to auto-
morphic representations.

Let G be a reductive algebraicgroup de�ned over a number �eld k. Let
L G be the Langlands dual group of G. Let � be an irreducible, unitary,
cuspidal, automorphic representation of G(A), whereA is the ring of adeles
of k and � be a �nite-dimensional complexrepresentation of L G. According
to Langlands,the automorphic L-function attached to the pair (� ; � ) is given
by the following Euler product

L(s; � ; � ) =
Y

v

L(s; � v; � )

if we write � = 
 v � v.

Theorem 1.1 (Langlands). For any given pair (� ; � ) given as above, the
automorphic L-function L(s; � ; � ) convergesabsolutelyfor the real part of s
large.

Conjecture 1.2 (Langlands). For any given pair (� ; � ) given as above,
the automorphic L-function L(s; � ; � ) has meromorphic continuation to the
wholecomplexplane C and satis�es a functional equation which related to s
to 1 � s.

It follows that there is a positive real number S0, such that L(s; � ; � ) will
be sensitive, mysterious,and important when s lies in the vertical strip

1
2

� s0 � Re(s) �
1
2

+ s0:

Remark 1.3. (1) The Langlandsconjecture hasbeen veri�e d for many cases,
by either the Langlands-Shahidimethod or by the Rankin-Selberg method. See
[GSh88] and [Bmp05] for detailed discussions.

(2) If � is generic, i.e. hasa nonzero Whittaker-Fourier coe�cient, then
it follows from the generalized Ramanujan conjecture that s0 = 1. It was
proved in [Sh88] that one can haves0 = 2 for generic cuspidalautomorphic
� . See [Sh88] for a detailed discussion.

(3) It seemsthat s = 1
2 is the most sensitivepoint for L(s; � ; � ).
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We will discussin more detail about the nonvanishing of L( 1
2; � ; � ) in

terms of the representation theory of automorphic forms. In other words, I
want to �nd how much one will be able to tell about the structure of the
representation � in terms of the nonvanishing of L( 1

2; � ; � ).

1.1 Residual represen tations

From Langlands' theory of Eisensteinseries([L76] and [MW95]), the non-
vanishing condition of certain automorphic L-functions is equivalent to the
condition for the existenceof a residueof certain Eisensteinseries.

For simplicity of discussion,we may assumethat G is quasi-split or even
split over k. Let P = M N be a standard maximal parabolic k-subgroupof
G. Let K =

Q
v K v be a standard maximal compactsubgroupof G(A) such

that
G(A) = P(A)K

is the Iwasawa decomposition of G(A).
Let � be an irreducible cuspidal automorphic representation of M (A).

ConsiderV� -valuedsmooth functions � � over G(A) satisfying following prop-
erties:

(1) for a �xed g 2 G(A),
k 7! � � (gk)

generatesa �nite-dimensional representations of K ;

(2) for a �xed g 2 G(A),
m 7! � � (mg)

is a smooth vector in V� and the function � � satis�es

� � (ng) = � � (g)

for all n 2 N (A).

De�ne
�( g; s; � � ) := � � (g) exp < s + � P ; HP (g) >

where� P is the half of the sumof all positive roots with respect to the center
of M , the parameter s is normalized as in [Sh88], and HP is the Harish-
Chandra map with respect to P. Then we de�ne Eisensteinseriesof G(A)
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attached to the cuspidal datum (P; � ) as

(1.1) E(g; s; � � ) :=
X


 2 P (k)nG(k)

�( 
 g; s; � � ):

Theorem 1.4 (Langlands ([L76] and [MW95 ]). For any given cuspi-
dal datum (P; � ), the Eisenstein series E(g; s; � � ) convergesabsolutelyfor
the real part of s large, has meromorphic continuation to the wholecomplex
plane C (with �nitely many polesat the positive real line after suitablenor-
malization), and satis�es a functional equation relating the value s to the
value � s.

Remark 1.5. It is expected that the structure of the residual representa-
tions of E(g; s; � � ) at a real number s0 > 0 shouldhavedirect relations with
the structure of the cuspidal datum (P; � ). However, this is not completely
known.

From the Langlandstheory of the constant terms of Eisensteinseries,the
polesof Eisensteinseriescanbedetectedin termsof explicit calculationof the
constant terms of the Eisensteinseries.The constant term of the Eisenstein
seriesE(g; s; � � ) alonga standardparabolic subgroupP 0 is always zerounless
P0 = P ([MW95], I I.1.7). In this casethe constant term can be expressedas

EP (g; s; � � ) =
Z

N (k)nN (A)
E(ug; s; � � )dn(1.2)

= �( g; s; � � ) + M (w0; s)(�( �; s; � � ))( g)

wherew0 the longestWeyl element in the representativ esof the doublecoset
decomposition WM nWG=WM of the Weyl groups.

It follows from the Langlandstheory of Eisensteinseriesthat E(g; s; � � )
has a pole at s = s0 if and only if the term M (w0; s)(�( �; s; � � )) above has
a pole at s = s0 for someholomorphic (or standard) section �( g; s; � � ) as
de�ned before. Following the standard argument, if we considerfactorizable
sections

�( �; s; � � ) = 
 v � v(�; s; � � v );

then we have

M (w0; s)(�( �; s; � � )) =
Y

v

M v(w0; s)(� v(�; s; � � v )) :
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By the Langlands-Shahiditheory ([L71], [Sh88])we have

(1.3) M (w0; s) =
Q

l L(ls; � ; r l )Q
l L(ls + 1; � ; r l )

�
Y

v

N v(w0; s);

whereN v(w0; s) is the normalizedintertwining operator

N v(w0; s) =
1

r (s; � v; � v; w0)
� M v(w0; s):

Here the function r (s; � v; � v; w0) is equal to
Q

l L(ls; � v; r l )Q
l L(ls + 1; � v; r l )

Q
l � (ls; � v ; r l ;  v)

:

By a conjectureof Shahidi[Sh90],it is expectedthat N v(w0; s)(� v(�; s; � � v ))
is holomorphic and nonzero for Re(s) � 0 if � v is tempered. It has been
checked for many caseswhen � v is tempered and generic,and when G is a
classicalgroup ([CKPSS04]).

By assumingShahidi's conjecture on N v(w0; s)(� v(�; s; � � v )), we know
that the existenceof a pole at s = s0 of E(g; s; � � ) is equivalent to the
existenceof a pole at s = s0 of the product of L-functions

Y

l

L(ls; � ; r l ):

Following from Shahidi ([Sh88]), if � is generic, then the L-function
L(s; � ; r l ) is holomorphic for Re(s) > 1. If we write

Y

l

L(ls; � ; r l ) = L(s; � ; r 1)L(2s; � ; r 2)
Y

l � 3

L(ls; � ; r l ):

It follows that
Q

l � 3 L(ls; � ; r l ) is holomorphic for Re(s) � 1
2. Then the

existenceof a pole at s = s0 of the product of L-functions
Y

l

L(ls; � ; r l )

is equivalent to either that L(s; � ; r 1) has a pole at s = 1 (Case(1))or that
L(s; � ; r1) doesnot vanish at s = 1

2 and L(s; � ; r 2) hasa pole at s = 1 (Case
( 1

2)).
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Remark 1.6. One expects that Case(1) and Case( 1
2) shouldnot occur at

the sametime, but it is possiblefor both not to occur. For classical groups
and generic� , this followsfrom the explicit Langlandsfunctorial lifting from
classical groupsto the general linear group. In particular, the structuresof �
related to thesetwo casesare essentially di�er ent.

1.2 Mo del-comparison

In the previoussubsection,the existenceof the residual representation

(1.4) Es0 (g; � � ) := Ress= s0E(g; s; � � )

is characterizedin terms of the existenceof a pole at s = s0 of the product
of L-functions

(1.5) L(s; � ; r 1)L(2s; � ; r 2)

assumingthat � is generic. The question in this subsectionis to ask how
to describe the structure of the residual representation Es0 (g; � � ) in terms of
the structure of the cuspidalsupport � , or viseversa. From a representation-
theoreticpoint of view, structuresof representations areusually characterized
by meansof certain invariants attached to the representations. For auto-
morphic representations, it is natural to considerperiod integrals in order to
distinguish automorphic representation from each other. By reciprocity, that
an automorphic representation hasa certain nonzeroperiod is equivalent to
that the automorphic representation has a certain model. For example, it
hasa Whittak er model if the representation is generic.

When considertwo automorphic representations which are related via a
certain kind of transfers,say, Langlandsfunctorialit y, theta correspondence,
or endoscopy lifting, it is natural to expect the two automorphic represen-
tations should sharecertain compatible models. This should be viewed as
a version of the Langlands functorialit y principle. In reality, one may ex-
pect an explicit formula which relatesa certain model for onerepresentation
to a certain model for the other representation. This is what we called
Model-comparisonidentit y. Such an idea is not really new. One can �nd
such model-comparisonidentities in the constructive theory of automorphic
forms, such as the Langlands theory of constant terms of Eisensteinseries,
the Langlands-Shahidimethod and the Rankin-Selberg method to study au-
tomorphic L-functions, explicit theta correspondences,the descent method
(backward liftings) of automorphic forms, relative trace formula method, etc.
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We consider in the following the relation between the cuspidal datum
(P; � ) and the residual representation Es0 (g; � � ) of G(A). It is the simplest
caseof Langlandsfunctorialit y from (M ; � ) to (G; Es0 (g; � � )). The problem
is: for a given (M ; � ) and the value s0, to �nd a suitable sphericalsubgroup
H of G, an automorphic representation � of M \ H , and an automorphic
representation E0(h; � � ) of H (A), such that there exists an identit y which
relatesthe period (called the outer period) of Es0 (g; � � )

(1.6)
Z

H (k)nH (A)
Es0 (h; � � )E0(h; � � )dh

and the period (called the inner period) of �

(1.7)
Z

M \ H (k)nM \ H (A)
� � (x)� � (x)dx:

A Theoremonewishesto prove is

Theorem 1.7. The nonvanishingof outer period (1.6) is equivalent to the
nonvanishingof inner period (1.7).

Remark 1.8. Since the Langlandsfunctoriality from � to Es0 (g; � � ) is noth-
ing but the `parabolic induction', it is natural to �nd the data (H; � ; E0(h; � � ))
through the Frobenius reciprocity law. More precisely, one has to study the
orbital decomposition

PnG=H

and possiblequasi-invariant distributions attached to eachof the orbits. Note
that the Rankin-Selberg method for automorphicL-functions usesthe Zariski
open orbit! However,in themodel-comparison study,onepaysmore attention
to the other lower dimensionalorbits, the closed orbits in particular.

Of course,onehasto regularizethe period integral to deal with the conver-
gence problem. One can apply the Arthur's truncation method to one of the
residualautomorphicforms in the integrand. Other methodsof regularization
may also apply, see [LR04] for instance.

Remark 1.9. Somevery interestingcaseshavebeen treated by this approach
and havesomestriking consequences.

(1) The �rst case was studied by Jacquet and Rallis in [JR92]. In this
case, G = GL2n , M = GLn � GLn , H = Sp2n , and M \ H = GL �

n , the
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diagonal embedding into M . The representation � is one-dimensionaland
the representationE0(�; � � ) is the trivial representationof H (A).

(2) The following three cases was uniformly treated by the author in
[J98a], which wasfor the �rst time to connect the model-comparison method
with the Langlands-Shahidimethod and to connect the (inner) period to the
special valueof certain L-functions without helpof the Rankin-Selberg integral
formula for automorphic L-functions.

(2i) G = G2 (k-split), M = GL2 (attached to the short root), H = SL3

(naturally embedded in G2), andM \ H is GL1 (one-dimensionaltorus).

(2ii) G = B3 (k-split), M = A1 � B1, H = G2 (naturally embedded into B3,
and M \ H is A �

1 (diagonally embedded into M ).

(2iii) G = D4 (k-split), M = A1 � A1 � A1, H = G2 (embedded into D4

via triality), and M \ H is A �
1 (diagonally embedded into M ). This

last casegivesalternative proof of a conjecture of Jacquet for the split
period case.

(3) The case(F4; D4) wasconsidered in [GJ01].
(4) The case(Sp4n ; Sp2n � Sp2n ) wasstudied in [GRS99].

Remark 1.10. From the above arguments,it follows that the nonvanishing
of the inner period in (1.7) implies the existence of the pole at s0 of the
product of L-functions in (1.5). The converseto this statementis known as
a version of the conjecture of Gross-Prasadtype ([GP92], [GP94], [GJR04],
and [GJR]). We wil l discussthis issuein the next section.

2 Rankin-Selb erg L-functions

In this section, we discuss in more detail how to apply the general ap-
proach described in the previous section to the caseof the Rankin-Selberg
L-functions L(s; � 1 � � 2), where � 1, � 2 are irreducible cuspidal automor-
phic representations of GLn (A), GLm (A), respectively. This automorphic
L-function has beenstudied by many people in [JPSS83], [Sh84], [MW89],
and [CPS04], and the following properties have beenproved amongothers:

(1) L(s; � 1� � 2) convergesfor Re(s) > 1 andhasmeromorphiccontinuation
to the whole complexplane C;
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(2) L(s; � 1 � � 2) has a possiblesimple pole at s = 1, and it has a simple
pole at s = 1 if and only if � 2

�= � _
1 ;

(3) the functional equationof L(s; � 1 � � 2) relatesthe values to 1� s, and
if both � 1 and � 2 are self-dual, then L( 1

2; � 1 � � 2) is a real number.

We are interestedin a characterization of the nonvanishingof the central
valueL( 1

2; � 1 � � 2). We recall �rst the global integral from [CPS04].Assume
that n > m. De�ne a unipotent subgroupYn;m to be

Yn;m := f y =
�

I m+1 �
0 n

�
j n 2 Nn� m� 1g

whereNn� m� 1 is the standardmaximal upper triangular unipotent subgroup
of GLn� m� 1. De�ne a character of Yn;m by

 n;m (y) :=  0(n1;2 + � � � + nn� m� 2;n � m� 1)

where  0 is a given nontrivial additive character. For an automorphic form
' � 1 in the spaceof � 1, we de�ne the  n;m -Fourier coe�cien t of ' � 1 by

F  n;m (' � 1 )(g) :=
Z

Yn;m (k)nYn;m (A)
' � 1 (yg) � 1

n;m (y)dy:

It is clearthat F  n;m (' � 1 )(g) is automorphicover GLm (A) via the embedding

x 2 GLm 7!
�

x 0
0 I n� m

�
� GLn :

From [CPS04], oneknows
Z

GL m (k)nGL m (A)
F  n;m (' � 1 )(x)' � 2 (x)j detxjs� 1

2 dx = ZS(s; ' � 1 ; ' � 2 )�L
S(s; � 1� � 2)

whereS is the �nite subsetof local places,including the archimedeanplaces,
whereoneof � 1, � 2, and  is rami�ed. After establishingthe completelocal
theory of the Rankin-Selberg convolution, oneexpectsthat the central value
L( 1

2; � 1 � � 2) doesnot vanish if and only if the following period

(2.1)
Z

GL m (k)nGL m (A)
F  n;m (' � 1 )(x)' � 2 (x)dx
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doesnot vanish.
Whenboth � 1 and � 2 areself-dual,the Langlandsprinciple of functorialit y

assertsthat � 1 and � 2 are lifted from classicalgroups. In such a situation, the
central valueL( 1

2 ; � 1 � � 2) is expectedto haveconnectionwith period integral
over classicalgroups. Such periods may have more interesting arithmetic
meanings.

2.1 A classi�cation

In the following weassumethat both � 1 and � 2 areself-dual. We �rst classify
the tensorproduct � 1 
 � 2 in terms of the Langlandsprinciple of functorialit y.

Let � be an irreducible, unitary, self-dual, cuspidal, automorphic repre-
sentation of GLn (A). Then L(s; � 
 � _ ) has a simple pole at s = 1. Since
the tensor product L-function L(s; � 
 � _ ) can be expressedasa product of
the exterior squareL-function and the symmetric squareL-function:

L(s; � 
 � _ ) = L(s; � ; � 2)L(s; � ; S2);

oneand only of the L-functions L(s; � ; � 2) and L(s; � ; S2) hasa simple pole
at s = 1.

We call � symplectic (or orthogonal) if the exterior square L-function
L(s; � ; � 2) (or the symmetric squareL-function L(s; � ; S2), resp.) has the
pole at s = 1. This gives a classi�cation of irreducible self-dual cuspidal
automorphic representations � of GLn (A).

Theorem 2.1 (Jiang-Soudry [JS03]). If L(s; � ; � 2) has a (simple) pole
at s = 1, then each local component � v of � is symplectic, i.e. the local Lang-
lands parameter for � v factorizes throughSpn (C), the dual group of SOn+1 .
Note that in this casen must be even.

Remark 2.2. This wasa conjecture of Prasadand Ramakrishnanin [PR96].
For other classical groups, it is our work in progress.

Now weapply the aboveclassi�cation to the tensorproduct � 1 
 � 2, which
can be classi�ed as follows:

� Case (O). � 1 and � 2 are either both orthogonal or both symplectic.

� Case (S). One of the � 1 and � 2 is orthogonal and the other is sym-
plectic.
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Thesetwo casesare essentially di�erent when we considerproblemsrelated
to L( 1

2; � 1 � � 2), since� 1 
 � 2 is orthogonal (or symplectic) (conjecturally)
in Case (O) (or in Case (S) ), resp.)

In Case (O) , we understand the possiblepole of L(s; � 1 � � 2) at s = 1
and the `functorial' relation between� 1 and � 2. But, it is mysteriousto �nd
a `reasonable'period relating to L( 1

2 ; � 1 � � 2) since 1
2 may not be critical in

motivic sense.However, in Case (S) , � 1 
 � 2 is symplectic . it was proved
in [LR03] and [Lp03] that

L(
1
2

; � 1 � � 2) � 0

basedon the functorial relations betweengenericcuspidal representations of
classicalgroupsand GL ([CKPSS04],[GRS01], [K02], and [JS03]),and based
on the spectral theory of automorphic forms. It is a very interesting question
to characterizethe nonvanishing of the central value L( 1

2; � 1 � � 2) in Case
(S) .

Assume� 1 is symplectic. This implies n = 2r is even ([K00]). Then � 2

must be orthogonal. This leadstwo di�erent cases:

� Case (S1) if m = 2l; and

� Case (S2) if m = 2l + 1.

By meansof the automorphic descent construction of Ginzburg, Rallis and
Soudry, we �nd, in Case (S1) , periods de�ned over orthogonal groups,
which is of the generalizedGelfand-Graevtype, and in n Case (S2) , periods
de�ned over symplecticgroupsor metaplecticgroups, which is of the Fourier-
Jacobi type.

To de�ne the periods of the Fourier-Jacobitype (Case (S2) ) we have to
introduce Fourier-Jacobi coe�cien ts of automorphic forms. For simplicity,
I discussonly in detail the periods of the generalizedGelfand-Graev type
(Case (S1) ).

Theorem 2.3 (Ginzburg-Rallis-Soudry [GRS01 ], [S02]). If � 1 is sym-
plectic as de�ned above, there existsan irr educiblegenericcuspidalautomor-
phic representation � of SO2r +1 (A) (n = 2r ) s.t. � 1 is a weak Langlands
functorial lift from � . If � 2 is orthogonal and m = 2l as above, there ex-
ists an irr educiblegenericcuspidalautomorphic representation� of SO2l (A)
s.t. � 2 is a weak Langlandsfunctorial lift from � . If � 2 is orthogonal and

11



m = 2l + 1 as above, there existsan irr educiblegenericcuspidalautomorphic
representation � of Sp2l (A) s.t. � 2 is a weak Langlandsfunctorial lift from
� .

It is proved in [CKPSS04] ([JS03], [K02] for SO2n+1 ) that these weak
liftings are all strong Langlandsfunctorial liftings.

2.2 Perio ds

We may assumethat r � l . We denote that Gr := SO2r +1 and H l := SO2l .
We introducea standard unipotent subgroup

Vr ;l := f v(n; x; z) =

0

@
n x z

I 2l+1 x �

n�

1

A g � Gr

wheren 2 Nr � l , which is the standard upper triangular unipotent subgroup
of GLr � l . De�ne a character  r ;l of Vr ;l (A) by

 r ;l (v) :=  0(n1;2 + � � � + nr � l � 1;r � l ) 0(xr � l ;l +1 ):

It is clear that  r ;l is trivial on Vr ;l (k). Denotethe normalizerof Vr ;l in Gr by

M := NGr (Vr ;l ) �= GL r � l
1 � SO2l+1 :

Then the connectedcomponent of the stabilizer of  r ;l in M is isomorphicto
H l .

When r � l . similar notations canbe introduced,and weomit the details.
For ' � 2 V� and ' � 2 V� , de�ne  r ;l -Fourier coe�cien t of ' � to be

F  r ;l (' � )(h) :=
Z

Vr ;l (k)nVr ;l (A)
' � (vh) r ;l (v)� 1dv;

and the period is de�ned as follows:

(2.2) Pr ;l (' � ; ' � ;  r ;l ) :=
Z

H l (k)nH l (A)
F  r ;l (' � )(h)' � (h)dh:

Remark 2.4. This period is also called a period of generalized Gelfand-
Graev type. One can also relate the abovede�nition with the unipotent orbit
corresponding to the partition [2l + 1; 12(r � l ) ] of 2r + 1. See [JS05] for detailed
discussion,for instance.
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One of the main results related to the central value

L(
1
2

; � � � ) = L(
1
2

; � 1 � � 2)

is the following theorem.

Theorem 2.5 ([GJR04],[GJR]). If the period Pr ;l (' � ; ' � ;  r ;l ) is not iden-
tically zero on the space V� 
 V� , then L( 1

2; � 1 � � 2) is nonzero.

This theorem for Case (S1) is proved in [GJR] and for Case (S2) is
proved in [GJR04]. The proof follows the generalargument sketched in x1.
The key point is to considerthe following two Eisensteinseries:

(1) the EisensteinseriesE(g; s; � � 1
 � ) on SO4r +2 l attached to the cuspidal
data � 1 
 � of GL2r � SO2l ;

(2) the EisensteinseriesE(g; s; � � 1
 � ) on SO6r +1 attached to the cuspidal
data � 1 
 � of GL2r � SO2r +1 .

Prop osition 2.6 ([GJR04 ],[GJR]). The Eisenstein series E(g; s; � � 1 
 � )
has a possiblesimple pole at s = 1

2. The residue,denoted by E1
2
(g; � � 1 
 � ),

is nonzero if and only if L( 1
2 ; � 1 � � ) is nonzero. The Eisenstein series

E(g; s; � � 1� � ) has a simple pole at s = 1, and the residue is denoted by
E1(g; � � 1 � � ).

Then the `outer' period is given by

P3r ;2r + l (E1(�; � � 1 � � ); E1
2
(�; � � 1 
 � );  3r ;2r + l ):

The `specialization' of Theorem1.7 to this caseis the following theorem.

Theorem 2.7 ([GJR04],[GJR]). The nonvanishingof outer period

P3r ;2r + l (E1(�; � � 1 � � ); E1
2
(�; � � 1 
 � );  3r ;2r + l )

is equivalent to the nonvanishingof the inner period Pr ;l (' � ; ' � ;  r ;l ).

Hence,following the argument in x1, we prove Theorem2.1. Conversely,
oneexpects to show that the nonvanishingof the central value L( 1

2; � 1 � � 2)
implies the nonvanishingof a certain period of type(1.7). This is an analogue
of the Gross-Prasadconjecture([GP92]and [GP94]). Weprovedsomespecial
casesas stated below.
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Theorem 2.8 ([GJR04],[GJR]). Assume that r � l with l � 1. If
L( 1

2; � 1� � 2) is nonzero, then there are � 0and � 0 s.t. theperiod Pr ;l (' � 0; ' � 0;  r ;l )
is not identically zero on the space V� 0 
 V� 0, where � 0 is an irr educiblecusp-
idal automorphic representationof SO0

2r +1 (an inner form of SO2r +1 ) which
is nearly equivalent to � , and � 0 is an irr educiblecuspidalautomorphic rep-
resentationof SO0

2l (an inner form of SO2l ) which is nearly equivalent to � .
Note that the pair (SO0

2r +1 ; SO0
2l ) forms a relevantpair.

Remark 2.9. A relevant pair of two nondegenerate quadratic spaces can
be de�ned as follows. Let (V; (�; �)V ) and (W; (�; �)W ) be two nondegenerate
quadratic spaces over k. The pair (V; W) is called a relev ant pair if the
following holds

(1) j dimk V � dimk Wj is odd;

(2) the quadratic space V � W with quadratic form

(�; �)V � W := (�; �)V � (�; �)W

is split; i.e. has the Witt index [dim k V +dim k W
2 ].

The pair (SO(V); SO(W)) is called a relevant pair if (V; W) is a relevant
pair. It is clear that for a relevantpair (SO(V); SO(W)), one can de�ne the
periods for automorphic forms on SO(V) and SO(W) as before.

Remark 2.10. We proved the abovetheorem for general l under the assump-
tion of the existence of a certain nontrivial Fourier coe�cient of the residue
E 1

2
(g; � � 2
 � ). More preciselyweassumethat if the residueis nonzero, it hasa

nonzero Fourier coe�cient associated to the unipotent orbit of SO4l+2 r +1 (C)
corresponding to the partition [(2l + 2r + 1)12l ]. We conjecture that the
residueE 1

2
(g; � � 2 
 � ), if nonzero, has a nonzero Fourier coe�cient associ-

ated to the unipotent orbit of SO4l+2 r +1 (C) corresponding to the partition
[(2l + 2r + 1)(2l � 1)(1)]. More details can be found in [GJR04].

Remark 2.11. The most signi�c ant lower rank case of the Gross-Prasad
conjecture is the casewhenthe relevantpair is (SO4; SO3). In this case,it is a
conjecture of Jacquet. Let � 1, � 2, and � 3 be irr educiblecuspidalautomorphic
representationsof GL2(A) with the product of the central characters being
trivial, i.e.

! � 1 � ! � 2 � ! � 3 = 1:

14



The conjecture of Jacquet assertsthat the central value of the triple product
L-function

L(
1
2

; � 1 � � 2 � � 3)

is nonzero if and only if there is a unique quaternion algebra D over k such
that the triline ar period integral

Z

ZD � (A)D � (k)nD � (A)
' � D

1
(x)' � D

2
(x)' � D

3
(x)dx

is nonzero for a certain choice of ' � D
i

, i � = 1; 2; 3, where � D
1 is the imageof

� i under the Jacquet-Langlandscorrespondence.
The conjecture of Jacquet was completelyproved in [HK04]. In [J98a],

[J98b], and [J01], a di�er ent approach has been applied to the split period
caseof Jacquet's conjecture.

Remark 2.12. More recently, Boecherer, Furusawa,andSchultze-Pillot proved
somespecial case for the relevant pair (SO5; SO4) ([BFSP04]), and Ichino
and Ikeda proved somespecial casefor the relevantpair (SO6; SO5) ([II04 ]).

Remark 2.13. The analogue for unitary groups is the work in progressof
Ginzburg and Jiang.

Remark 2.14. In [J05], a systematicaccount of general periodsof automor-
phic forms and related basic problemsand topics has be found. Someuseful
referenceshavebeen provided below. We hope theyare usefulto the interested
readers.
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