SOME CONJECTURES ON ENDOSCOPIC REPRESENTATIONS IN ODD
ORTHOGONAL GROUPS

DAVID GINZBURG AND DIHUA JIANG

In memory of Hiroshi Saito

1. INTRODUCTION

Let 7 denote an irreducible generic cuspidal automorphic representation of SOsq,,11(A).
Here A is the ring of adeles of a number field F'. We say that 7 is an endoscopic representation
with respect to SOgy11 X SOs(m—ry+1 if there are generic cuspidal automorphic representations
o1 and oy of SOy41(A) and SOsim—r)+1(A), respectively, such that m is the Langlands
functorial lift of 07 ® go. This functorial lift corresponds to the L-group homomorphism
Spar(C) X Spom—r)(C) — Spam(C), which is given by the direct sum embedding. More
generally, we say that 7 is an endoscopic representation with respect to SOg, 11 X -+ X
SOy, +1 if there exists a generic cuspidal automorphic representation o; of each SOsqy,1+1(A),
such that 7 is the Langlands functorial lift of 01 ®- - -®0. Here 1 < ¢ < kand ri+...+ry = m.

As above this lift corresponds to the L-group homomorphism
Spgrl (C) X e X Sp2rk<C) —> Sme(C)

If an irreducible generic cuspidal automorphic representation m of SOsy,41(A) is not en-
doscopic, we say that m is stable. It follows from the Langlands conjecture that for any
irreducible generic cuspidal automorphic representation 7 of SOs,,11(A), there exists a par-
tition m = Zle r; and there exists an irreducible, stable, generic cuspidal automorphic
representation o; of each SOs,,,1(A), such that 7 is an endoscopy lift from 01 ® -+ ® 0y In
this case, we say that 7 has a stable endoscopy type (o1, -+ ,0%). Hence if 7 has a stable
endoscopy type (o1, -, 0%), then 7 is also endoscopic with respect to SOar11 X SOs(m—p)41
for a suitable values of r.

The Langlands conjectures suggest two important problems regarding this setup.

(1) Existence. Given a set of irreducible cuspidal automorphic representations o; defined
on SOg,41(A), with i = 1,2,--- |k, prove the existence of an endoscopic representation 7
of SOgp1+1(A) with respect to SOgpy 1 X -+ X SOqp, 11.
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(2) Characterization. Characterize the image of this lift. In other words, given an ir-
reducible generic cuspidal automorphic representation m of SOsy,41(A), determine when it
is an endoscopic representation. This characterization can be given in terms of poles of
L-functions, or in terms of nonvanishing of certain period integrals, or both.

For Problem (1), there are currently constructive methods to prove the existence of such
lifts. The first construction is the so called descent method. This method uses a Fourier
coefficient of a certain residue of an Eisenstein series defined on the even orthogonal groups.
See [S] for some details. Another construction of endoscopic representation is given in [G],
using an extension of the descent method. We should mention that both constructions
use the functorial lift from odd orthogonal group to GL, as established in [CKPSS]. The
existence of such endoscopy lifts is in general expected to follow from the method of the
Trace Formula.

For the characterization of the image, that is, Problem (2), some partial results are known.
First, regarding poles of L-functions, the result of [J] gives a relation between this lifting
and the order of the pole of the partial L-function attached to the second fundamental
representation of Spy, (C). Regarding the characterization of the image of the lift in terms

of period integrals, we have

Theorem 1 ([G], Theorem 6). An irreducible generic cuspidal automorphic representation
7 of SOgpmy1(A) has a stable endoscopy type (o1, -+ ,0%), with o; being an irreducible stable
generic cuspidal automorphic representation of SOsp.1(A), i = 1,2,--- k, if and only if
there exist k cuspidal representations 7; of GLa,,(A), respectively, such that all the period

integrals P(m,;), defined in [G], are nonzero for some choice of data.

Even though the above theorem does give a characterization of the image, there are two
problems with it. First, it requires a set of period integrals and not just one. Second, the
period integral is not defined using the representation 7 only, but rather is defined also in
terms of cuspidal representations of the group GL,(A).

In this paper we introduce a family of period integrals which we conjecture to give a certain

characterization of the image of the lift. Our main conjecture is

Conjecture 1. Assume that 2r < m. An irreducible generic cuspidal automorphic rep-
resentation w is endoscopic with respect to SOgzpq1 X SOgam—r)4+1 if and only if the period

integral

(1) Q,(m) = / / o (uh), (u)dudh
Spar (F)\Spar(A) Ur(F)\Ur(A)

s not zero for some choice of data.



The precise definition of the integrals Q,.(7) will be given in the next section. The difference
between Conjecture 1 and Theorem 1 is that in Conjecture 1, the period integral involves
only the representation 7 and only one period integral. On the other hand, Theorem 1 is
more general, and also gives the stable endoscopy type of .

The main result related to this conjecture is,
Theorem 2. Conjecture 1 holds for r = 1.

We prove this theorem in the next section.

In the third section we state a conjecture involving a period integral, which characterizes
when the representation 7 is an endoscopic functorial lift from SOz x SOg,41 X SOs(m—ry41.-
Clearly, Theorem 1 covers this case. However, it requires more than one period integral.
Our conjecture characterizes the image of this lift in terms of one period integral. However,
in contrast to Conjecture 1, this period integral does not involve the representation 7 only,
but also a cuspidal representation of SO3(A). The main result of that section is that this
conjecture holds when r = 1, and for an arbitrary r, it holds if we assume Conjecture 1.

The last section is an appendix where we collect some known results which we use mainly

in the third section.

2. ON THE MAIN CONJECTURE

We keep the notation of the introduction. Let m denote an irreducible generic cuspidal
automorphic representation of SOy,,11(A). The orthogonal group is realized as the group
of all matrices g € G Loy, 41 such that g*.Jg = J. Here J is the 2m + 1 matrix which has ones
on the other diagonal and zeros elsewhere.

We now describe the groups used to define the period integral Q,(m) as given in integral
(1). Here 2r < m. Let U/ denote the unipotent radical of the parabolic subgroup of SOgy, 11
whose Levi part is GL"™®" x GLy,.. Let U, be the subgroup of U/ which consists of all
u = (u; ;) € U] such that w; ;41 = 0 for all m —2r +1 <i < m. Let ¢ denote a nontrivial
additive character of F'\A. The character ¢y, is defined as follows

wUr (u) = 7vzj(ul,Q + U2.3 +---+ Um—2r—1,m—2r + Um—2r,m+1 +

+um72r+1,m+2 + Um—2r4+2,m+3 + -+ umfr,m+r+1>-

Then Spy, embedded inside G Lo, stabilizes the character ¢y, .
Proof of Theorem 2. Assume first that 7 is endoscopic with respect to SOz x SOs,,_1.
Thus 7 is the functorial lift of an irreducible generic cuspidal automorphic representation 7

of SO3(A) and an irreducible generic cuspidal automorphic representation o of SOq,,—1(A).
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We view 7 as an irreducible representation of GLy(A) with a trivial central character. Then,

as stated in Theorem 1, it follows from [G] that the integral

2 [ edtoun@E s
SO4(F)\SO4(A) Vi(F)\V1(A)

is not zero for some choice of data. Here V; is the unipotent radical of the parabolic subgroup
of SOy, 11 whose Levi part is GL’I“_2 x SOs5. Notice that V] is a subgroup of Uy, and we view
Yy, as a character of Vi by restriction. Also, E.(g) denotes the residue of the Eisenstein
defined on SO, which is induced from 7. More precisely, let E,(g,s) denote the Eisenstein
series of SO4(A) associated with the induced representation [ ndSO4 7‘5532. Here P, is the
maximal parabolic subgroup of SO4 whose Levi part is GLs. Smce 7 has a trivial central
character, then this Eisenstein series has a simple pole at s = 1. we denote the residue
representation by E.(g).

Restricting E,(g) as a function to SLy(A) x SLy(A), it follows from integral (2) that the

integral

Pr(v(91,92))¥0, (V)r (91)dvdgrdgs
(SLa(F)xSLa(F))\(SL2(A)xSLa(A)) Vi (F)\Vi(A)
is not zero for some choice of data. This implies that as a function of g, € SLy(A), the

function

(3 for = [ [ etelon g, ©)duds,

SLa(F)\SLa(A) Vi(F)\Vi(A)
is not zero, and moreover it is not the identity function. Therefore, it has a nonzero Fourier
coefficient. Thus, there is a € F* such that the integral

/ / / ( Qf) 91, 92) )¢ (ax)Yr, (v)dadvdgs

SLa(F)\SL2(A) F\A Vi (F)\Vi(A
is not zero for some choice of data. HOWGVGI‘, conjugating by the torus element of SOs,, 1
given by diag(l,,,, a, I3, ™1, I,,_5) we deduce that when a = 1, the above integral is not zero
for some choice of data. By definition the unipotent group we integrate over in the above
integral is the group Uj. Also, the character defined on this group is exactly v¢y,. Thus, we
conclude that integral (1) with » = 1 is not zero for some choice of data.
To prove the converse, we start with integral (1), and arguing backward we deduce that

integral (3), is not zero for some choice of data. Changing variables in the g, variable in
integral (3) we obtain that f(<a 1) g1) = f(g1) for all @« € F*, and that f((a a) g1) =

f(g1) for all @ € A*. Hence, the function f(g;) defined in integral (3) defines a nonzero

automorphic function of GLy(A). Let 7" denote the representation of GLo(A) generated by
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the space of functions f(g;) given by (3). It follows from the above that 7" has a trivial
central character. We claim that 7’ is a cuspidal representation. Assuming that, let 7 denote

an irreducible summand of 7/. From the above we deduce that the integral

[ entolon v @)er (o) dvdgadg,
Z(A)GLa(F)\GL2(A) SLy(F)\SLa(A) Vi(F)\Vi(A)
is not zero for some choice of data, which implies that the integral (2) is not zero for some
choice of data. Thus, it follows from [G] that 7 is endoscopic.

It remains to prove that the representation 7’ is cuspidal. Thus, we need to prove that

/f((l :16) g1)dx

the integral

F\A
is zero for all choice of data. Let
I
Im—2
w = 1
Im—2
I
Conjugating the argument of ¢, by w, we need to prove that the integral
I z ) I I g
(4) /9071- IQm,:), l'* v z 12m73 [meg wv(v)d()
IQ [2 Z* [2 g*

is zero for all choice of data. Here, x € M atg’f(‘

Matgfgnll_?j)(F)\Matgfz;%_g) (A), where f,m — 1 indicate that the first m — 1 columns are

zero. Also, y is a 2 X 2 matrix such that the first matrix in the argument of ¢, in integral

;7711_3) is integrated over the group of matrices

(4) is a matrix in SOg,4+1. Let V denote the maximal unipotent subgroup of SOs,,_3.
We embed it inside SOs,, 11 as in the second matrix in integral (4). Then, v is integrated
over V(F)\V(A). The character ¢y is the Whittaker character of V. In other words, if
v = (v;;) €V, then ¥y (v) = Y(vi2 + vo3+ -+ + Up_2m-1). Next, z is integrated over
M at;’;”(;;_?))(F)\M atlz’:l(;}n_g) (A), where [, m — 1 indicate that the last m — 1 rows are zero.
Finally, ¢ is integrated over SLo(F)\SLo(A).

Next we preform a sequence of Fourier expansions. We start by expanding integral (4)
along the unipotent group (r1,72) = Iomi1+7r1(€1m+1 — €ms12mt1) +T5€12m+1 +72(€2.m11 —
€m+1.2m) + r5€2.2,. Here, for all 4, j, we denote by e; ; the (2m+ 1) x (2m + 1) matrix which

has one in the (7, j) entry and zero elsewhere. Thus, integral (4) is equal to

Z /gpﬂ(l(rl, ro) (T, Y, v, 2, 9)) Uy (V) (arry + agrg)d(...).

ay,a2€l”
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Here, r; and 75 are integrated over F'\ A, and all other variables as before. For fixed oy, g €
F consider the matrix s(aq, a2) = Iomi1 + @1(€m1 — €2mr1.m+2) + @2(€m2 — €ammy2). Use
the left invariant property of ¢, under matrices in SOs,,+1(F'), to write in the above integral
or(h) = or(s(ai,az)h). Conjugating s(aq,as) to the right, changing variables in v, we

obtain that the above integral is equal to

/ ox (9,0, 2, 9) by (0)d(..)

where now z is integrated over MatZ™ 2 , (F)\\Mat!™. 2 . (A) and z is integrated over

2x(2m—3) 2% (2m—3)
M até’T(;i_?))(F M atlz’;”(;:n_g) (A). All other variables are integrated as before. We continue
this process and deduce that the following integral
L oy I g
/SOW Iops a” v Loy Yy (v)d(...)
I I g

is an inner integration to the integral (4). Here, x is integrated over the group of matrices
M atg’xl(me?))(F N\M atg’xl(zm%) (A), and all other variables as before. Thus it is enough to
show that this integral is zero for all choice of data. To do that we expand it along the group
l(r1,72) = Iomy1 +711(€13— €2m—12m+1) +72(€23 — €2m—1.2m). Thus the above integral is equal
to

Z /gow(l(rhm)(x,y,v,g))wv(v)zb(alrl + agrg)d(...).

a1,a0€F

Recall that g is integrated along SLy(F)\SLy(A). From the embedding of this group inside
SOam+1, as described in integral (4), it follows that this group acts on the above expansion
with two orbits. The trivial orbit contributes zero to the above integral. Indeed, in this case
the integration over the x and y variable produces the integral of ¢, along the unipotent
radical of the maximal parabolic subgroup of SOs,,.1 whose Levi part is GLy X SOg,,_3. By
the cuspidality of 7, it follows that it is zero. When considering the second orbit of the above
expansion, the stabilizer inside SLs is the group N which consists of all upper unipotent
matrices inside SLs. If we combine this group with the x and y integration, we obtain as
inner integration, an integration over a unipotent radical of a parabolic subgroup of SOs,, 1.
This time it is the parabolic subgroup whose Levi part is GL; X SOs,,_1. Thus it is also
zero. Thus integral (4) is zero which implies that the representation 7’ is cuspidal.

The proof of Theorem 2 is complete.

3. ON THE LIFT FROM THREE ORTHOGONAL GROUPS

Let 1 < r and assume that m > 2r 4+ 1. In this section we state our conjecture on when

an irreducible generic cuspidal automorphic representation 7 of SOs,,41(A) is an endoscopic
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representation with respect to SOz x SOg,41 X SOg(—ry—1. Notice that since m > 2r + 1
then 2(m —r) — 1> 2r + 1.

To state the conjecture we first fix some notation. Let E(g,s) denote the Eisenstein
series on SOy(41) associated with the induced representation I ndi?j)””(A)éfg. Here P is
the maximal parabolic subgroup of SOy(41) whose Levi part is GLy(41). For Re(s) > 1/2,

the poles of this Eisenstein series were studied in [KR]. Let ©Operi4) denote the residual

r+1
2r+1°

attached to this residual representation is [2271%].

representation of E(g, s) at the point sy =

Then one can show that the unipotent orbit

With the above data, we define the following family of period integrals. First, if m = 2r+1,
define
Pr(m,7) = / P (9)0r.a(41) (9) 022191 (9)dyg.

SOu4r43(F)\SO4r13(A)
Here 0p2r14) is a vector in the representation ©pperi4), and 0,441y is a vector in the residual

representation ©; 4,41, as defined in [G].
When m > 2r + 1, we define P,.(m, 7) to be equal to

pr(vg) Py, (0)0rair41)(9)0)22101 (9)dvdy.
SO4(r4+1) (FNSOs(r41) (A) Vg o (FN\V 5, _o(A)
Here, for 1 < k < m, we denote by V" the unipotent subgroup of SOs,,+1 defined as follows.
Consider the standard parabolic subgroup of SOs,, .1 whose Levi part is GLY x SOqy,_op11.
We denote its unipotent radical by V;™. To define ¢ym, let v = (v;;) € V™. Then we set
Yy, (V) = P(v12+ vag + ... F Vg1 + Vgms1). We have

Conjecture 2. With the above notation, the representation m is endoscopic with respect to
SO3 x SO2p11 X SOg(m—y)—1 if and only if the period integral P,(m,7) is not zero for some

choice of data.

The relation between the two conjectures is
Theorem 3. Conjecture 1 implies Conjecture 2.
Corollary 1. Conjecture 2 holds for r = 1.

3.1. Proof of Theorem 3. Assume first that 7 is endoscopic with respect to SO3x .SOq, 41 X
SOs(m—r)—1- Thus there exist irreducible generic cuspidal automorphic representations 7, p,
and € of SO3(A), SO211(A), and SOy(m—ry—1(A), respectively, such that 7 is endoscopic
with respect to (7, u, €).

Consider the automorphic function on SOsy,—1(A) defined by integral (26), and let o

denote the representation of SOq,,,_1(A) generated by these functions. Since 7 is endoscopic
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with respect to (7, u,€), it follows from Theorem 1 that integral (2) is not zero for some
choice of data. Applying Theorem 5 in the Appendix, we deduce that ¢ is a nonzero generic
cuspidal representation. Moreover, it is endoscopic with respect to (u,€) as defined above.

Since we assume Conjecture 1, we deduce that the integral

) o= [ eatuigp

Sp2r (F)\Sp2r (A) Um—L(F\UM1(A)
is not zero for some choice of data. Notice that in integral (1), the representation 7 is defined
on SOs,,11, and in integral (5) the representation o is defined on SOy, 1. Also, we wrote
U™ ! in integral (5) instead of U, as written in integral (1). This means that here we view
the groups Spo, and U™ ! as subgroups of SOy, ;. Plugging integral (26) in integral (5)
we deduce that the integral

Spar (F)\Spar (&) UF = (F)\UF ! (A) SO2m+1(F)\SO2m+1(A)
is not zero for some choice of data. This integral converges, but not absolutely. In fact,

because o is a cuspidal representation, it follows that the integral

/ / [ ool ub)) s (w)dgdu|
Spar (F)\Sp2r(A) | UMY (F)\UT~(A) SO2m+1(F)\SO2m+1(A)
converges. Thus, as long as we dont change the order of integration involving the h variable,
we can preform a series of Fourier expansions.

The embedding of the matrices (g, uh) inside SOy, is as follows. First we embed
(ga h) = dia’g<Im—27’—l7 h) 9, h*a Im—QT—l)'

Then, the embedding of the group U™ ! is as follows

up uy 0 wu3 0 wus us

U Uy U3 Us Us L, 0 0 O y ou

I, Y oou I, 0 0

(7) U= 1 uy | — (1,u) = I 0 uj
I, uj Is,, 0 O

uy Iy uj

ui

Here, the variables are defined as follows. First, we have u; € Z,,_»,_1 defined to be the
standard maximal unipotent subgroup of GL,, o._1. Thus, Z,,_ . 1 consists of all upper

unipotent matrices. Next, we have uy € Matl(m_2r—1)x2r and uz € Mat,—2,—1)x1. The

matrix (u:; Zi) € Mat(m—1)x(m—1) is such that the above matrix u is in SOgy,—;. Finally,
4
all u} are such that the above matrix is in SO4yy,.
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To proceed we shall apply an inductive argument. In other words, we shall relate integral
(6) for the values (m,r) when m > 2r + 1 with integral (6) for the values (m — 1,7).

Let Y7 denote the unipotent subgroup of SOy, which consists of all matrices of the form

2m+-2
(8) Y1 = Lam + Z [ri(erm+i-1 = €m+i-1.4m)] + 1" €14m-
i=1
Here r*, which depends on rq,..., 79,9, is such that the above matrix is in SOy,,. Expand

the function 6, 4,,, in integral (6) along the group Y; with points in £\ A. The group SO, +2,
embedded in SOy, as t — diag(l,,—1,t, I,—1) acts on this expansion with three type of orbits.
Each term of the expansion corresponds to a vector of size 2m+2. Consider the contribution
to the expansion from the orbits corresponding to vectors of nonzero length. For 1 < ¢ <
2m — 1, let L; denote the unipotent radical of the standard parabolic subgroup of SOy,
whose Levi part is GL} x SOg(,—s). Thus, when considering, in the above expansion, the
terms corresponding to vectors with nonzero length, we get, when combining the integration

over Y; and U™, the integral

/ O (1) (1)l

Li(F)\L1(A)

as inner integration. Here ¢, is defined as follows. For | = (l; ;) we have ¢1(l) = ¥(l12 +
l10m + aly 9m+1) for some av € F*. It follows from the description of Fourier coefficients cor-
responding to unipotent orbits as described in [G2], that this Fourier coefficient corresponds
to the unipotent orbit (31#™=3). From Proposition 1 in the Appendix, it follows that the
representation O, 4, does not support this Fourier coefficients. Thus the contribution to the
expansion from vectors of nonzero length is zero.

Similarly, the contribution to the expansion from the constant term along Y; also con-
tributes zero. To see that we further expand the integral, this time along the unipotent
group Y5 given by

2m+2

Y2 = Lyp + Z (75 (€2,m+i—1 — €mti—1,4m—1)] + 7" €2.4m—1.
i=1

Acting on this expansion by the same copy of SOs,, 12 we obtain two types of Fourier co-
efficients. The first type of Fourier coefficient corresponds to the unipotent orbit (514m?)
which contributes zero by Proposition 1 in the Appendix. In the second type of Fourier

coefficient we obtain the integral

[ @i

La(F)\L2(A)
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as inner integration. Here vy, is defined as follows. For [ = (I; ;) we have v, (1) = (2 +
lo3). Further expansions show that ©; 4, cannot support this Fourier coefficient.

Thus, in the expansion along Y; we are left with the term corresponding to nonzero vectors
of zero length. Under the action of SOy,,42(F') this is one orbit, and hence integral (6) is

equal to

/ 3 | e aninrg,uh)) i, (1) s () dgdud
YEPO(SO2m ) (F)\SO2m4-2(F) Yi(F)\Yi(A)
Here PY(S0,,,) = SO,,,S is the subgroup of the standard maximal parabolic subgroup of
SO io whose Levi part is GL; X SOsp,. The character 1y, is given by 1y, (y1) = 1¥(r1)
where we use the coordinates given in (8).
Consider the space of double cosets P°(SOq,)(F)\SOaomia(F)/SOam11(F). To choose a

set of representatives, we first denote the following Weyl elements of SOy, by

) 1 1
w; = diag(l;_1, (1 ) s Lam—2j—2, (1 ) L)

Here 1 < j < 2m — 1. With this notation, representatives of the double cosets can be
chosen as e and w,, W11 - - - Wopm_2Wap, 1t Where t is a certain torus element. We claim that
if m+ 1 > 2r + 1 then the contribution to the integral from the second representative is
zero. Indeed, consider the unipotent subgroup of SO,,,_1 given by all matrices of the form
x(r) = Iom—1+7(€1m —€mam—1)+r e1am—1. Here r* is such that z(r) is a matrix in SOgy,—;.
This is a subgroup of U™~ and assuming that m +1 > 2r + 1, the character Yym-1 18 trivial

on this subgroup. By the parametrization given in (7), we have

(17 $(7”)) = Iym + T(€1,2m — €12m+1 t €2mam — €2m+1,4m) + 7”*61,4m-

Notice that the group (1,z(r)) is a subgroup of Y;. Further more, after conjugation by
Wy Wit 1 * * * W _2Way,1t, this group is conjugated to the subgroup of Y; given by all matrices
of the form Iy, +7(e1,m — €1,3m+1 + €m.am — €3m+1,4m) + €1 4m. It follows from the definition
of 1y, that this character is not trivial on this group, and after a change of variables in Y7,

we obtain [ 1 (ar)dr as inner integration. Here v € F* is a factor which is obtained from
F\A
the torus element t. Thus, this integral is zero.

We are left with the representative e. Thus, the above integral is equal to

/ / / @ (9)0r4m (Y1 (g, uh) )y, (Y1) ym-1 (w)dy: dgdudh.

PO(SO2pm—1)(F)\SO2s+1(A) Y1(F)\Y1(A)
Here P°(SOqp,_1) = SOgp_1V{™* is the subgroup of the maximal parabolic subgroup of
SOgpmi1 whose Levi part is GL; X SOap,—1. The group V" ! was defined right after the

definition of P,(m, 7). The other variables are integrated as before.
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As subgroups of SOy, we have V" 'Y, = L; where L; was defined right after (8). Also,
V™1 is a subgroup of U™~!. Hence, if we factor the integration over that group, the above

integral is equal to

/ / [ ] o@namlite,um)it, v (w)didgdudn,
UurHFE)VTHANUTTHA) Li(F)\L1(A)

Here, the character ¢} is defined as follows. For [ = (l;;) € Ly we have ¢} (1) = ¢(l1 211 m).

Notice that V;" '\U™"! can be identified with U™ 2. Denote z; = wows. .. w17, (1)

where x.,(1) = Ly, + €2m — €3mi14m—1. Then z € SOu,(F). Hence 6, 4,(I(g,uh)) =

0 4m(z1l(g,uh)). Conjugating z; to the right, changing variables, we obtain

PO(SO2m 1) (F)\SO2m+1(A) U2 (F)\UF~*(A)

where h is integrated over Spo,(F')\Spa.-(A). Also, we denote

(10 i alg. ) = [ Oty u)) i ()
Li(F)\L1(A)
where 1), is defined as follows. For [ = (; ;) € Ly we define 91, (1) = ¥(l12). In fact we have

Orim(21(g, uh)) = 07757 (21 (g, uh))

T,4m T,4m

where the character ¢, is extended trivially from L; to Ls. Indeed, to derive this identity,
we expand integral (10) along the group L;\ L, with points in F\A. The group SOy, _4(F)
acts on this expansion with three type of orbits. In a similar way as in the expansion along
Y: and then Y5, as was done right after (8), we show that only the constant term gives a
nonzero contribution. Thus the above identity holds.

In integral (9), we conjugate the matrices (1,u), where u € U™ 2, across z; and we obtain
the matrices (1,u); given by

Iy
ur (Lu), = (1,u)
I

Here we view (1,u) as an element in SOy,,_4 embedded in SOy, as above, and is param-
eterized as in (7). In this way we see that we reduced the computations to the case with
m — 1 instead of m.

We repeat this process m — 2r — 2 times. We deduce that integral (6) is not zero for some

choice of data if and only if the integral

(11) / / / wﬂ(g)eﬁiﬁni%im’w@(g, Uh))ngwrl (u)dudgdh

PO(SO4745)(F)\SO2m+1(A) U2 THF)\UZ"TL(A)
11



is not zero for some choice of data. Here h is integrated as in integral (9), and Z is defined
as follows. For 1 < i <m —2r —2let x,,(1) = Ly + €2m+i—1 — €3m—it+2,4m—2i+1. Define
Zi = WoiWait] - - - Winti—2%~,(1). Then Z = z,,_9,_9...2021. Finally, we let 821&”72"72)’1& be
defined as in (10) where we integrate over La(n_ar—2)(F)\Lagn-2r—2)(A), and tp,,. ., . (1)

is defined as follows. For | = (I; ;) € Lagmn—2r—2) we define

VLgimogroy (1) = V(g + 134+ 156+ + lom—2r—2)-1,20m—2r-2))-

Next we expend integral (11) along the unipotent group Ys(;,—2,—2)11 defined as the group

of all matrices of the form
4r+6

*
(12) Yy = Iy + E (13 (€2m—ar—32m—2r+i-3 — €2mt2r—itd 2mtdr+d)] T T €2m—dr—3 2m-+dria-

i=1
Here r* is defined in a similar way as in (8). The group SO4.,6(F), embedded as g —
diag(lom—2r—3, g, Iom—2r—3), acts on this expansion with three types of orbits. One type of
the orbits is the constant term, the second type corresponds to nonzero vectors with zero
length, and the third type corresponds to all vectors which have nonzero length. As in the
case of the expansion of Y], we show that the contributions to the integral from the constant
term and from the nonzero length vectors, are zero. We are left with the orbit of all nonzero

vectors which have zero length. Thus, integral (11) is equal to

/ > / or(g)x

YEPO(S0ur14) (F)\SOar16(F) Yo(m—2r—2)41(F)\Yo(m—2r—2)41(A)

L2 m—2r—2 ﬂf’ ~
07,4(m ) (yz7(g, Uh)>¢y2(m72r72)+1 (y)¢U3T+1 (u)dydudgdh.

Here 9y, ,,_,, ., 18 defined as follows. In the coordinates of this group, as given in (12), we
have ¥y, ., .., (y) = ¥(r1). All other variables are integrated as in (11).

Next we consider the space of double cosets P°(SO4,44)(EF)\SOur16(F)/SO415(F). The
space contains two types of elements, and as representatives we may choose e, and the ele-
mMents Wa(m—r—1)Wam—2r—1 - - - Wom—2Wam—1h(¢). Here h(¢) = diag(lom—1,¢, (", Iop—1) where
¢ € F*. The contribution to the above integral from the identity element is zero. This follows
from the definition of the character ¢;2-+1. As for the other representatives, it also follows
from the definition of ¢;2r+1 that if ¢ # 1 then the contribution to the above integral is zero.
Indeed, conjugating the element u € U™ across wagm—r—1)Wam—2r—1 - - - Wam—2Wam—_11(C),
and then changing variables in Ya(;,_2,—2)11, we obtain the integral [ ((1 — ¢)r)dr as inner
integration. Here we integrate over F'\ A, and hence this integral is zero unless ( = 1. Thus
we are left with the Weyl element wy = wa(m—r—1)Wam—2,-1 - . . Wam—2Wam—1. The stabilizer of
wq inside SOyyy5 is SOy4r14, and hence we may collapse summation with integration in the

above integral. It follows that g is now integrated over V"' o _o(F)SOuri1)(F)\SOom+1(A).
12



We have the group identity

L2(mf2r72)+1 = L2(m72r72)yv2(m72r72)+1w0U THwo .

After a suitable conjugation, the above integral is equal to

(13) [ oo Galg. u)vs (wdudgdn.
UFr(F)\UZ"(A)

Here h is integrated over Spo,.(F)\Sp2-(A), and g is integrated over the quotient given by

| (F)SOur41)(F)\SOgms1(A). The element zy € SOy (F) is equal to z'Zwy where

m—2r—2

. Lo(m—2r—2)+1,% . . .. .
2 = Wopm—sr_3Wom—sr—2 - . . Wopm_2,—3. Finally, 97,4(7:; T2t s defined in a similar way as in

(10) where the character of the group Loy, —2r—2)+1 is defined as follows. If [ = (I; ;) then the

character is defined by (I 2 4++Is 44156 - - - +lom—2r—2)—1,2(m— 27« 2) Hlo(m—2r—2)41,2(m—2r—2)42)-

2(m 2r— 2)+11/’Y 0L2(m 2r— 2)+2¢

Also, in a similar way as is shown right after (10) we have ¢ 3" i :

where the character is extended trivially.
Next we factor the integration V7' o _5(F)SOu41)(F)\SO2m+1(A) into

/ /

Vi e o(A)SO04(r41) (A)\SO2m41(A)  SO4ry1y (F)\SOy(rp1y (A) Vi o H(FONV 5, 5(A)
A matrix multiplication, and a change of variables implies that for all v € V'™, ,(A) we

have
L m—ar— ’w L m—2r— 71/)
0 m " (20(vg, uh)) = Py, (0)0 50 (20(g, uh)).

We denote
SV (g) = / ox(vg)byr . (v)dv.

Vinar 2 (F)\V g, _5(A)

Using the same notation, and conjugating by zg, integral (13) is equal to

L m—2r—1 7’¢' ~ 7
(14) / / v (909) 0 2m" (5(go, ) 120(g, 1))¥ (y)dydgodgdh.
U2r =) F)\UQT ZO )

Here
1, 1,
]27‘ Yy h
y(90, h)1 = Lyry1) 90
I, h*
I, Iy

where @ = 2(m — 2r — 1) and gg € SO441). In the above integral, go is integrated over
SO4r41)(F)\SOur41)(A), the variable g over V' o (A)SOyr41)(A)\SO2mi1(A) and all

other variables as before. We also denote U?"*0 = z,U2"z; ", and define the character 1} by

V() =V(Wia + Yoo+ Yrr).
13



Consider the group SOg, 4 embedded inside SOy, as t — diag(1,,t, I,) where t € SOg; 4.
It follows from the above that the matrices ¥(go,h); are embedded inside the maximal
parabolic subgroup of SOg,.4 whose Levi part is GLg. X SO4-44. Then, the unipotent
radical of this parabolic group, which we shall denote by W, has a structure of a generalized
Heisenberg group. Its center is the group U?"*. To proceed with the computations, we
now apply the theory of Fourier Jacobi coefficients, as developed in [I]. In our context, this

theory asserts that as a function of gy and h, the space of functions

Spsr(r La(m-2r—1):% Spgr(r
(15) O o)) [ 8wl bzl DI Aw) 0 )i
Wi (F)\W; (A)

is a dense subspace inside the space of functions

Lotm—2r—1),% /1~ ~
(g0, h) > / 6L (g0, B 20(9, 1)) (y)dy

U0 (F)\UZ"*0 (A)

In (15), the function jSfr(“’” is the theta function defined on the double cover of Spg,(11)(A).
Also, ¢ and ¢; are suitable Schwartz functions in S(A?*2"+1) We denote by I the projec-
tion from W, onto the Heisenberg group with 8r(r 4 1) 4 1 variables.

Denote the integral in (15) by F'(go, h; g). Here, g is a fixed element in SOq,11(A). We

have
Lemma 1. For all h € Spo,.(A), we have F(go, h; g) = F(go,1;9).

The proof of this lemma will be given after the proof of the theorem. Assuming the lemma,

we deduce that integral (14) is not zero for some choice of data if and only if the integral

S 8r(r+1
(16) / ©r(909)0,0"" " ((g0, 1)) F (o, 1; g)dgodgdh

is not zero for some choice of data. Here all variables are integrated as before.

Next we calculate the inner integration of (16) along the variable h, which is

(1) [ e man

Spar(F)\Sp2r(A)
This integral may not converge for general function ¢ € S(A?™*20+1)), Thus we use regular-
ization by an Hecke algebra element at one unramified local place to extend the integral to
general Schwartz functions ¢ € S(A?*2+1)). This is done in [JS], Theorem 2.4. The theo-
rem states that there exists an Hecke algebra element «,, in the Hecke algebra of SOy(11)

at a finite local place 1, such that the integral
-1 SPgr(r+1)
(18) b [ ellen W)

SPQT(F)\SPZT (A)
14



converges absolutely, and is the unique extension of integral (17) to general Schwartz func-

tions ¢ in S(A?*20+1)). The second part of Theorem 2.4, [JS], states that the integral (17)

r+1
2r+1

or equivalently (19) is identified as the residue at s =
SOyr41)(A), which is denoted by Oy2rq4).

Hence, integral (16) is not zero for some choice of data, if and only if the integral

of the Fisenstein series E(g, s) on

/ v (909)F (g0, 1; 9)0p22r14)(90) dgody
Vi (A)SO4(r41) (AN\NSO2m+1(A) SOy (r41) (F)\SOy(r41)(A)

m—2r—2

is not zero for some choice of data. By applying a standard argument, for example as in
[GS] section 7, we deduce that the above integral is nonzero for some choice of data if and

only if the integral

ox¥(90) F (g0, 1; 1)0}22r141(g90)dgo

SO4(r4+1) (F)\SOy(r41)(A)

is not zero for some choice of data. Applying Proposition 2 from Appendix, it follows from
the definitions of the group Ly(,—2,—1) and the character defined on this group, that the

above integral is not zero for some choice of data if and only if the integral

S 8r(r+1
(19) /%‘W(QO) / 9T,8r+4(w90)9¢f,¢( (1(w)(go, 1)) dwbiazr141(g0) dgo
W, (F)\Wi(A)

is not zero for some choice of data. Here gy is integrated as before. Unfolding the theta
function (for the action of the Weil representation, see [I]), and collapsing summation with

integration, the inner integral is equal to

(20) / / / B (2, 9) g0 Yoo (12, ) g0l (w) ) (0)ddyd’ =
W/(A) X(F)\X(A)Y(F)\Y(A)

/ / / 0rsr+a((7,y) gow ) (y) o1 (w')drdydu’.

Wi(A) X(FN\X(A) Y(F)\Y(A)

Here, the embedding of X and Y in SOg, .4 is given by

I Y Y2
-[r Y3 ?/ik IQT
(z,9)90 = Lpya @ do = (y1 yz) |
I. Iy, Y3 Y
I,

15



The character v, is defined by v, (y) = ¥ (try;). Since ¢; is an arbitrary Schwartz function,
it follows that integral (19) is nonzero for some choice of data if and only if the integral
(21)
[ e [ [ el 0900 )0 (o) dedyds
SOsr11) (FN\SOu(r 11 (A) X(FAX(A) Y(PO\Y(A)
is not zero for some choice of data. Next we preform the following series of Fourier expansions.
Recall that for the above matrix y to be in the orthogonal group, then we have

y = (zl Zy”) € Matd, = {A € Maty, : Jo, A+ Ay =0}
3 1

where Jy, is the matrix of size 2r which has ones on the other diagonal and zeros elsewhere.
Let Y denote the subgroup of Y which consists of all matrices y as above such that y; ; = 0

for all 7 < j. Let Z5. denote the group of all matrices of the form

- {z — (21 ;2) C W €T, mE Z;'T}.

Here Zj, consists of all upper unipotent matrices in GL,, and Z,, consists of all matrices of
size r such that J.z is lower triangular. Also, the matrix J, is defined in a similar way as
we defined J,,. We shall denote by Zj, the subgroup of Z5, which consists of all matrices
above such that the diagonal entries of J,.z9 are also zero.

We embed these groups in SOg,,4 as all matrices of the form z — diag(z, 4,14, 2%) and
continue to denote it by Z5, or Zs,.

In integral (21) we expand the function 6, s,4+4((z,¥)go) along the group Zs,. Collapsing

summation and integration over Y, integral (21) is equal to

/ / 90/ / 7—87’+4 (%yyo)go)l/)r(y)@[z?rﬂ](Qo)ddedydyodgo-

Yo A) Z2r(F \Z27"

Here gy and x are integrated as before, y is integrated over Y (F)Y?(A)\Y(A), and yq is
integrated over Y?(A).

In fact we can extend trivially the integration from Zy, to Z5 . Indeed, we identify the quo-
tient Zo,\Z5, with the group of unipotent matrices Is,+a+ Y .y 75(€i2r—it1 — €6rritasr—its)-
Thus, expending integral (22) along this quotient, we get two terms. The first term corre-
sponds to the constant term, and the second term corresponds to all other elements in the
expansion. The second term contributes zero to the expansion. Indeed, a similar argument
as follows after (8) shows that this term will contain as inner integration, a Fourier coefficient
of 6, g4 which corresponds to the unipotent orbit (31%!). Tt follows from Proposition 1

from Appendix, applied to 8r 4 4 instead of 4m, that this Fourier coefficient is zero. Thus
16



we can replace in integral (22), the integration over Zs,.(F')\Za.(A) by the integration over

Z5,(F)\Zs,(A).
Next we define the following Weyl element w of SOg,..4. For all 1 <i <1 set

W2i—1,i = W2 6r+i+4 — W8r—i+5,8r—2i+6 — W2r—i+1,8r—2i+5 — 1.

Also, for 2r+1 < i < 6r+4set w;; = 1. All other entries of w are zero. Matrix multiplication
implies that L}, = w(Z5,- X -Y°\Y)w™ is a subgroup of Lo,. The groups L; were defined as
subgroups of SOy, right after (8). In a similar way we define them as subgroups of any even
orthogonal group, in particular for SOg, 4. Similarly, we define the character 11, (I). More
precisely, for | = (; ;) € Lo, we define ¢, (1) = ¥(l12+ 134+ -+ + la,—1,2-). It follows from
the matrix multiplication, that after the conjugation by w the character 1, is conjugated to
Y, restricted to L. Thus, integral (22) is not zero for some choice of data if and only if

the integral

(23) / / o (90)05 Y (@yodo) 14y 90 dyodlgs
SO4(r41) (FI\NSOy(r41)(A) YO (A)

is not zero for some choice of data. Here 0 %;ﬁ is defined in a similar way as in (10). We
claim that 6 28;’1)4 GTL 2% . In other words, we claim that integral (23) is not zero for some

choice of data if and only if the integral

(24) / / 0r " (90)05 2%, (@Yogo) Bz 14)(90) dyodgo
SO4(r41) (FI\NSOy (1) (A) YO(A)

is not zero for some choice of data. This argument follows in a similar way as the argument
given right after (10) when we extended the integration from L; to Lo as were defined
there. In our case, we expand integral (23) along the quotient L) \Ls.. Each element in
this expansion which is not the constant term contributes zero. This follows again by using
Proposition 1 from Appendix. Indeed, all Fourier coefficients which are not the constant
term corresponds to unipotent orbits which are larger or not related to (220+1).

Arguing as above, in a similar way as in [GS], we deduce that integral (24) is not zero for

some choice of data if and only if the integral

[ et @t e

SO4(r41) (F)\SOy(r41)(A)

is not zero for some choice of data. From the definition of w we have wgy = gow. Applying

Proposition 2 from Appendix we deduce that the above integral is not zero for some choice
17



of data if and only if the integral

/ %‘f’w (90)‘97,4r+4(90)9[22r14] (go)dgo

SO4(r11)(F)\SO4(r41)(A)

is not zero for some choice of data. But this is integral P, (m, 7).

To complete the proof of this step we still need to prove Lemma 1, which is done in the
next subsection.

Next we need to prove the converse of Conjecture 2. In other words, we need to prove
that if P,(m, ) is not zero for some choice of data, then 7 is an endoscopic representation
with respect to SO3 x SOg41 X SOz(y—yy—1. This is done by reversing the arguments in the
first part. Indeed, starting with the fact that P.(m, 7) is not zero for some choice of data, we
obtain by applying the converse of the above computations, that the integral (6) is not zero
for some choice of data. But this implies that if we denote by o the space of representation
of SOg,—1(A), generated by the functions given by integral (26), then o is not zero and by
(5), we obtain that Q,.(o) is not zero. Also, from Theorem 4 from Appendix we deduce that
o is a cuspidal representation. Moreover, since ¢ is not zero, then integral (27) is not zero for
some choice of data, which implies that 7 is endoscopic with respect to 7 and o. Applying
Conjecture 1 we obtain that o is endoscopic with respect to SOg.41 X SOg(p—p)—1, and we
are done.

This completes the proof.

3.2. Proof of Lemma 1. Let p(k) = Iy + kejs,. Then the group generated by these
matrices is a unipotent subgroup of Spy,. which corresponds to the highest root of Sps,.
Thus, to prove the lemma it is enough to prove that F(go, p(k)h;g) = F(go, h;g) for all
k € A. To prove that it is enough to prove that the integral

(25) | Flon s g)(amyin

F\A

is zero for all choice of data, and all & € F*. To prove that, we may assume that go, h and
g are the identity elements. Thus, from the definition of the function F'(go, h;g) we need to
prove that the integral

[ [ bearaanm) e ) (1) k)b

Wr(F)\Wr(A) F\A
18



is zero for all choice of data. We unfold the theta function, and as in (20) and (21), we

deduce that it is enough to prove that the integral

/ / / rarra((2, Y)p(K))b (y)(ak)dkdrdy

Y(F)\Y(A) F\A

is zero for all choice of data.
Defining the group Zs, and Z5, as defined right before (22), it is enough to prove that the

integral

/ / / / / O s (2, 90D (k) ()0 () dzdldrdydyy

A) F\A Z5 (F)\Z5,

is zero for all choice of data. The subgroup generated by all p(k) is contained in Z,,\Z§,,
and as explained right after (22), the character v, is trivial on this quotient. Hence it is
trivial on p(k), and conjugating this matrix to the left, and changing variables, we obtain

the integral [ 4 (ak)dk as inner integration. Since o € F™*, this integral is zero. Hence
F\A
integral (25) is zero for all choice of data.

Hence this completes the proof.

4. APPENDIX

In this appendix we review the basic results regarding the construction of the endoscopic
lifting as appears in [G]. Some more details can be found also in [G1]. Since we will need
the details only for a special case, we will concentrate only on the relevant details.

Let 7 denote an irreducible cuspidal representation of G Ly with a trivial central character.
Let O, 4,,, denote the residue representation defined on SOy, (A) as constructed in [G] page
461 case 5. ( In the notations of that reference take m = 1 and n = r). The basic property

of this representation is given by
Proposition 1. We have Ogo,,, (Or4m) = (22™).

The definition of this notation and the proof of a similar proposition, for the symplectic
group, can be found in [G] Theorem 1. See also [G] page 465 case (d).
Let m denote a generic irreducible cuspidal representation of SOs,,+1(A). Following [G],

we consider the space of functions defined on SOs,,_1(A) given by

(26) f(h) = / o (@)ram((9, 1)) dg.

SO02m+1(F)\SO2m +1(A)
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Here 0, 4., is a vector in the space of the representation O 4,,,. The function f(h) defines an
automorphic function of SOy,,_1(A), and we denote by o the representation of SOs,, 1(A)

generated by the above functions. We have
Theorem 4. The representation o is a cuspidal representation of SOgp_1(A).

This is Theorem 2 in [G]. The details in that case are given for the symplectic group, but
are the same for the orthogonal group.

Next, we consider the nonvanishing of the representation o. We have

Theorem 5. The representation o is a generic representation if and only if the representa-

tion m is an endoscopic representation with respect to T and o.

This is Theorem 6 in [G]. The sketch of the proof is as follows. A computation of the
Whittaker coefficient of ¢ implies that it is not zero for some choice of data if and only if
integral (2) is not zero for some choice of data. But as argued in [G], the nonvanishing of
this period integral is equivalent to the fact that 7 is an endoscopic with respect to 7 and a

certain automorphic representation of SOs,, 1(A). If o is not zero, then the period integral

(21) / [ oo tran(a m)dndg
SO02m+1(F)\SO2m+1(A) SO2m—1(F)\SO2m—1(A)

is not zero for some choice of data. But then, a similar argument given in Sections 4 and 5
in [G], or in the last section of [G1] proves that 7 is endoscopic with respect to 7 and o.

Finally, we need to study a certain Fourier coefficient of O 4,,,. Let Ly denote the unipotent
radical of the standard parabolic subgroup of SOy, whose Levi part is GL? x SOyp,_4.
We define a character ¢z, on this unipotent group as follows. For [ = (I, ;) € L define
Y1, (1) = ¥(l12). For g € SO4,—4(A), the following functions

g / b i (19) 1 ()l

La(F)\L2(A)

are automorphic functions of SOy;,—4(A). We have

Proposition 2. The representation of SOym—4(A) generated by all the above functions is

@T,4m—4 .

The proof of this proposition follows from the definition of ©;4,, as a multi residue of a
certain Eisenstein series. See proposition 1 in [G] for some details in a similar case done for

the symplectic group.
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