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Abstract. We bound the first occurrence in the theta correspondence of irre-
ducible cuspidal automorphic representations σ of orthogonal groups, in terms
of their generalized Gelfand-Graev periods. We also obtain a local analog at
a finite place. As a result, we determine a range of holomorphy of LS(s, σ) in
the right half plane in terms of the local generalized Gelfand-Graev models of
σ at one finite place.

1. Introduction

In [GJS07], we characterized the first occurrence of irreducible cuspidal au-
tomorphic representations of Om(A) under the theta correspondence to Mp2n(A),
where Mp2n(A) is either S̃p2n(A) (when m is odd) or Sp2n(A) (when m is even) in
terms of the existence of poles of certain Eisenstein series (Theorem 1.3, [GJS07]).
Here, A is the ring of adeles of a number field k. As a consequence, we determined
a range of holomorphy in the right half plane for the standard partial L-functions
LS(s, σ) of irreducible cuspidal automorphic representations σ of Om(A) (Theorem
1.1 in [GJS07]). These results can be viewed as a natural extension to orthogonal
groups of the work of Kudla and Rallis on symplectic groups ([KR94]) and as a
completion to Moeglin’s work ([M97a] and [M97b]).

In this paper, we discuss the relations between the global or local theta corre-
spondence and the generalized Gelfand-Graev periods or models. As a consequence,
we determine a range of holomorphy in the right half plane of the standard partial
L-functions LS(s, σ) in terms of local generalized Gelfand-Graev models supported
by a local component σv at one finite place v. A preliminary version of such a result
was given in [GJS07] (Theorem 1.7), and some related very interesting applications
were discussed in §7 of [GJS07].

For an irreducible cuspidal automorphic representation (σ, Vσ) of Om(A), we
define in §2.2 ψt,α-Fourier coefficients of φσ ∈ Vσ in (2.14). The characters ψt,α are
parametrized by integers t and a square classes α in k. Let r be the Witt index
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of the quadratic space defining Om. We assume that r is positive, 1 ≤ t ≤ r, and
2t < m. Similarly, we define in (2.17) the notion of a ψt,α-functional in the local
setting. The main result of this paper can be formulated as follows.

Theorem 1.1 (Main). Let σ be an irreducible cuspidal automorphic represen-
tation of Om(A) and t -as above.

1. If there exists one finite local place v of k, such that the local component
σv of σ has a nonzero ψt,α-functional, then the partial L-function LS(s, σ)
is holomorphic for Re(s) > m

2 − t. In particular, if σ has a nonzero ψt,α-
Fourier coefficient, then the partial L-function LS(s, σ) is holomorphic for
Re(s) > m

2 − t.
2. Assume that σ has a nonzero ψt,α-Fourier coefficient. If either t < r− 1,

or t < r and α is represented by the quadratic form corresponding to the
anisotropic kernel of the quadratic space defining Om, then LS(s, σ) is
holomorphic for Re(s) > m

2 − t− 1.

Remark 1.2. Write m = m0 + 2r. When m0 = 1, Om is the split orthogonal
group in 2r + 1 variables. When t = r, ψt,α is a Whittaker character, and the
assertion of the first part of the main theorem is that LS(s, σ) is holomorphic when
Re(s) > 1

2 . This is Theorem 1.5 in [GJS07]. If t = r − 1, then σ has a nonzero
ψr−1,α-Fourier coefficient. This case was discussed in §7 of [GJS07].

When m0 = 0, Om is the split orthogonal group in 2r variables. If t = r − 1,
then ψr−1,α is a Whittaker character, and the assertion of the first part of the main
theorem is that LS(s, σ) is holomorphic when Re(s) > 1. This is Theorem 1.5 in
[GJS07].

We first prove in §4 that the nonvanishing of ψt,α-Fourier coefficients of σ
determines a range of the lowest occurrence LOψ(σ) (defined in §3.1) of ψ-theta
lifts of σ. Then we establish the corresponding local version of this global result.
This is done by an explicit calculation of the ψt,α-Fourier coefficient of theta lifts of
cuspidal automorphic representations from Mp2n(A) to Om(A), and an analogous
calculation in the local setting. At the first occurrence, we get a relation between
these ψt,α- Fourier coefficients (respectively, functionals in the local setting) and
Whittaker coefficients (resp. models), corresponding to ψ and α, on the symplectic
or metaplectic side. Finally, we use Theorem 1.1 in [GJS07]. Since we quote this
theorem several times in this paper, we bring it here for convenience.

Theorem 1.3 (Theorem 1.1 in [GJS07]). Let σ be an irreducible cuspidal
automorphic representation of Om(A).

1. If LS(s, σ) has a pole at s0 = m
2 − j > 0, or if m is odd and LS(s, σ) does

not vanish at s = 1
2 , and we let j = 2[m

2 ], then there is an automorphic
sign character ε of Om(A), such that the ψ-theta lift of σ ⊗ ε to Mp2j(A)
does not vanish, i.e. LOψ(σ) ≤ 2j.

2. If LOψ(σ) = 2j0 < m, then LS(s, σ) is holomorphic for Re(s) > m
2 − j0.

3. If LOψ(σ) = 2j0 ≥ m, then LS(s, σ) is holomorphic for Re(s) ≥ 1
2 .

The authors thank the referee for his comments and suggestions.

2. The Generalized Gelfand-Graev Periods

Let k be a number field and A be the ring of adeles of k. Let (Xm, (·, ·)) be a
nondegenerate quadratic vector space over k of dimension m and Witt index r. We
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assume that r ≥ 1. For any nonnegative integer a, we denote by

(2.1) Ha = `+a ⊕ `−a

the polarization of the 2a-dimensional quadratic k-vector space Ha, which is the
direct sum of a-copies of the hyperbolic plane. Then Xm can be written as

(2.2) Xm := Xm0 ⊥ (`+r ⊕ `−r ) = Xm0 ⊥ Hr,

where Xm0 (m0 = m−2r) is the m0-dimensional anisotropic quadratic vector space,
which is called the anisotropic kernel of Xm.

We may choose a basis for Xm

(2.3) {e1, · · · , er; ε1, · · · , εm0 ; e−r, · · · , e−1}
such that

(ei, ej) =

{
1 if j = −i;
0 if j 6= −i,

and (ei, εj) = 0 for all i ∈ {±1, · · · ,±r} and j ∈ {1, · · · ,m0}, where {e1, · · · , er}
is a basis for `+r , {e−r, · · · , e−1} is a basis for `−r and {ε1, · · · , εm0} is a basis for
Xm0 .

Denote the Gram matrix of {ε1, ..., εm0} by Tm0 . Then the Gram matrix of the
basis (2.3) is

Tm =




ωr

Tm0

ωr


 ,

where ωr is the r × r permutation matrix with 1 in its second main diagonal, i.e.
(ωr)i,j = δi,r+1−j .

For each t ∈ {1, 2, · · · , r}, we have the following partial polarization

(2.4) Xm = `+t ⊕Xm−2t ⊕ `−t

where `+t (resp. `−t ) is the totally isotropic subspace of dimension t of `+r (resp. `−r ),
generated by {e1, · · · , et} (resp. by {e−t, · · · , e−1}). We will write the elements of
Om as matrices according to (2.4) and (2.3). Denote by Tm−2t the Gram matrix of
the basis {et+1, ..., er, ε1, ..., εm0 , e−r, ..., e−t−1} of Xm−2t;

Tm−2t =




ωr−t

T0

ωr−t


 .

Assume that m − 2t ≥ 1. Let Qt = LtVt be the standard parabolic subgroup
of Om such that

(2.5) Lt = GLt
1 ×Om−2t ⊂ Om

and

(2.6) Vt = {v = v′(u, x, z) =




u x∗ z
Im−2t x

u∗


 ∈ Om},

where u ∈ Ut, the maximal standard (upper-triangular) unipotent subgroup of GLt.
Denote the first column of x by x1. Then the vectors

(2.7) x1 = t(x1,1, · · · , xm−2t,1)
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form a k-vector space which is isomorphic to Xm−2t. Consider the action of GL1×
Om−2t on Xm−2t by

(2.8) (a, h) ◦ x1 := ahx1.

By the Witt theorem, the space Xm−2t decomposes into the following disjoint union
of k-rational GL1 ×Om−2t-orbits:

(2.9) Xm−2t = {0} ∪ O0 ∪ (∪α∈k×/(k×)2Oα),

where O0 consists of all (nonzero) isotropic vectors in Xm−2t and Oα consists of
all vectors x1 in Xm−2t with (x1, x1) ≡ α mod (k×)2. It is clear that the disjoint
union ∪α∈k×/(k×)2Oα is k-stable.

2.1. Global periods. Let ψ be a nontrivial character of A/k. Take µα in Oα

and define a character ψt,α of Vt(A) as follows. For v = v′(u, x, z) ∈ Vt(A), we
define

(2.10) ψt,α(v) := ψ(u1,2 + · · ·+ ut−1,1t)ψ−1((µα, x1)).

It is clear that the character ψt,α is trivial when restricted to Vt(k). Since the Levi
subgroup Lt = GLt

1 × Om−2t normalizes Vt, the group of k-rational points Lt(k)
also acts on the characters ψt,α, as α runs through a square class in k×. Consider
the following decomposition

(2.11) Xm−2t = (k · µα) ⊥ (k · µα)⊥.

Since µα is anisotropic, the orthogonal complement (k · µα)⊥ is a nondegenerate
quadratic k-vector space of dimension m− 2t− 1 with respect to the restriction of
the bilinear form (·, ·) on Xm. The stabilizer of ψt,α in Om−2t is

(2.12) Dt,α := O((k · µα)⊥)

We want to calculate the Witt index of (k · µα)⊥. Recall that m − 2t ≥ 1. If
t = r, then Xm−2t = Xm0 is anisotropic, and hence the Witt index of (k · µα)⊥ is
zero. If t < r, then the Witt index of Xm−2t is r − t and we have

(2.13) Xm−2t = `+r−t ⊕Xm0 ⊕ `−r−t.

If α is representable by Xm0 , then the Witt index of (k · µα)⊥ is r − t. If α is not
representable by Xm0 , then the Witt index of (k · µα)⊥ is r − t− 1.

For an automorphic form φ on Om(A), we define the ψt,α-Fourier coefficient of
ϕ by the following integral

(2.14) Fψt,α(φ)(g) :=
∫

Vt(k)\Vt(A)

φ(vg)ψ−1
t,α(v)dv.

It is clear that the restriction of Fψt,α(φ) to Dt,α(A) is left Dt,α(k)-invariant. We
note that when Om is quasi-split, or split over k, and t = [m−1

2 ], then the ψt,α-
Fourier coefficient is a Whittaker-Fourier coefficient.

Let φ′ be an automorphic form on Dt,α(A). Then we define the generalized
Gelfand-Graev period (or Bessel period) of φ of type (Dt,α, ψt,α, φ′), or simply the
(Dt,α, ψt,α, φ)-period of φ, by the following integral

(2.15) PDt,α;ψt,α(φ, φ′) = PDt,α(φ, φ′) :=
∫

Dt,α(k)\Dt,α(A)

Fψt,α(φ)(h)φ′(h)dh,

if the last integral converges. We refer to [GPSR97] for applications of such periods
to the theory of automorphic L-functions.
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2.2. Local models. Let v be a finite local place of k and kv be the local field
of k at v. Let ψv be a nontrivial character of kv. We define the v-analogue of ψt,α

for Vt(kv) by

(2.16) ψt,α;v(v′(u, x, z)) = ψv(u1,2 + · · ·+ ut−1,1t)ψ−1((µα,v, x1))

where α ∈ k×v and µα,v ∈ Xm−2t(kv) is such that (µα,v, µα,v) = α. Let (σv, Vσv
) be

an irreducible admissible representation of Om(kv). We say that σv has a nontrivial
ψt,α;v-functional if the following space

(2.17) HomVt(kv)(Vσv , ψt,α;v)

is nonzero. It is clear that in case Om(kv) is quasi-split or split over kv, and
t = [m−1

2 ], then a ψt,α-functional is a Whittaker functional.
Let τv be an irreducible admissible representation of Dt,α(kv). Then τv⊗ψt,α;v

is a representation of the semi-direct product

(2.18) Jt,α(kv) = Dt,α(kv)o Vt(kv).

We say that σv has a nontrivial generalized Gelfand-Graev model (or Bessel model)
of type (Jt,α, τv ⊗ ψt,α;v), or a nontrivial (Jt,α, τv ⊗ ψt,α;v)-model if the following
space

(2.19) HomJt,α(kv)(Vσv , τv ⊗ ψt,α;v)

is nonzero. In this case, take 0 6= `v ∈ HomJt,α(kv)(Vσv , τv ⊗ ψt,α;v). Then the
corresponding (Jt,α, τv⊗ψt,α;v)-model is the space consisting of all functions of the
following type

(2.20) Bψt,α;v
x (g) := `v(σv(g)(x)), g ∈ Om(kv)

when x runs through Vσv .

3. Global and Local Theta Correspondences

In this section we recall the global and local theta correspondences for Om and
then study the global and local first occurrences of theta correspondences in terms
of the periods or models defined in the previous sections.

3.1. Global and local theta liftings. Let Sp2l be the symplectic group of k-
rank l. Then (Om, Sp2l) forms a reductive dual pair in Sp2lm in the sense of R. Howe
([H79]). We denote by Mp2l(A) the metaplectic double cover S̃p2l(A) of Sp2l(A) if
m = 2n+1 or the A-rational points Sp2l(A) of Sp2l if m = 2n. Similarly, we denote
by Mp2l(kv) the metaplectic double cover S̃p2l(kv) of Sp2l(kv) if m = 2n + 1 or the
kv-rational points Sp2l(kv) of Sp2l if m = 2n. Details about Mp2l(kv) and Mp2l(A)
and their splitting properties can be found in many references. See, for instance,
[K94] or [JngS07b].

For a non-trivial character ψ of A/k, there exists the Weil representation ωψ

of S̃p2lm(A), which is realized in the Schrödinger model S(Aml), where S(Aml) is
the space of C-valued Schwartz-Bruhat functions on Aml.

For ϕ ∈ S(Aml), we form the theta function

θψ,ϕ(x) :=
∑

ξ∈kml

ωψ(x)(ϕ)(ξ),
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on S̃p2ml(A). This series is absolutely convergent and defines a function of moderate
growth on S̃p2ml(A). There is a natural homomorphism

Om(A)×Mp2l(A) → S̃p2ml(A)

with kernel C2 = {±1}, and the center of Om(A) diagonally embedded. We pull
the Weil representation ωψ back to Om(A) × Mp2l(A). This allows us to restrict
θψ,ϕ to Om(A)×Mp2l(A). See [JngS07b], for instance.

For an irreducible cuspidal automorphic representation (σ, Vσ) of Om(A), the
following integral

(3.1) θ2l
ψ,m(h; φσ, ϕ) :=

∫

Om(k)\Om(A)

φσ(g)θψ−1,ϕ(g, h)dg

with φσ ∈ Vσ, defines an automorphic form on Mp2l(A). We denote by θ2l
ψ,m(σ)

the space generated by all θ2l
ψ,m(g; φσ, ϕ) as ϕ and φσ vary. This defines a gen-

uine automorphic representation of Mp2l(A), which we denote by θ2l
ψ,m(σ). We call

this representation the ψ-theta lifting of σ to Mp2l(A). Similarly, for a genuine
irreducible cuspidal automorphic representation (π̃, Vπ̃) of Mp2l(A), we get the au-
tomorphic representation θm

ψ,2l(π̃) of Om(A). Its space is generated by the following
automorphic forms

(3.2) θm
ψ,2l(g; φπ̃, ϕ) :=

∫

Mp2l(k)\Mp2l(A)

φπ̃(h)θψ,ϕ(g, h)dh

as ϕ and φπ̃ vary. We say that θm
ψ,2l(π̃) is the ψ-theta lifting of π̃ to Om(A). In this

paper, all representations of the metaplectic group (global or local) are assumed to
be genuine.

Recall that a basic problem in the theory of the theta correspondence is to
determine when the ψ-theta lifting θ2l

ψ,m(σ) is nonzero for a given irreducible cus-
pidal automorphic representation σ of Om(A) (similarly for θm

ψ,2l(π̃)). In [GJS07],
we introduced the notion of the lowest occurrence LOψ(σ) of σ, with respect to
all twists by automorphic sign characters of Om(A), in the tower Mp2l(A), via the
ψ-theta correspondence, namely

(3.3) LOψ(σ) := min
ε
{FOψ(σ ⊗ ε)},

where ε runs through all automorphic sign characters of Om(A). As the notation
suggests, FOψ(σ⊗ ε) denotes the first occurrence of σ⊗ ε in the tower Mp2l(A) via
the ψ-theta correspondence.

Next, we recall briefly from [MVW87] the local theta correspondence over the
local field kv, where v is a finite local place of k.

For a nontrivial character ψv of kv, let ωψv be the Weil representation of the re-
ductive dual pair Om(kv)×Mp2l(kv) acting on the local Schrödinger model S(kml

v ),
where S(kml

v ) is the space of local kv-valued Schwartz-Bruhat functions on kml
v . A

detailed discussion of the splitting of the double cover and the related the cocycles
can be found in [JngS07b], for example. See [K94] for general reductive dual
pairs.

Let (σv, Vσv ) ( (π̃v, Vπ̃v ), resp.) be an irreducible admissible representation of
Om(kv) ( Mp2l(kv), resp.). If

(3.4) HomOm(kv)×Mp2l(kv)(S(kml
v ), Vσv ⊗ Vπ̃v ) 6= 0,
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then we say that π̃v is a local ψv-theta lift of σv, and σv is a local ψv-theta lift of π̃v.
We do not assume that the local Howe duality conjecture holds for the case we are
discussing here. The local Howe duality conjecture was proved by J.-L. Waldspurger
[W90], when the residual characteristic of k is odd. In such a circumstance, the
local ψv-theta lift is the same as the local ψv-Howe lift. We refer to [MVW87] for
more detailed discussions.

We define the first occurrence for the local ψv-theta liftings based on (3.4).
More precisely, we say that the first occurrence of σv is FOψv

(σv) = 2l0 if

HomOm(kv)×Mp2l1
(kv)(S(kml1

v ), Vσv ⊗ Vπ̃v,l1
) = 0,

for all l1 < l0 and for all irreducible admissible representations π̃v,l1 of Mp2l1(kv),
but there exists at least one irreducible admissible representation π̃v,l0 of Mp2l0(kv)
such that

HomOm(kv)×Mp2l0
(kv)(S(kml0

v ), Vσv
⊗ Vπ̃v,l0

) 6= 0.

By the local tower property of ([K96], for instance), if the first occurrence of σv is
FOψv (σv) = 2l0, then for any l > l0, there always exists an irreducible admissible
representation π̃v,l of Mp2l(kv) such that the following space

HomOm(kv)×Mp2l(kv)(S(kml
v ), Vσv ⊗ Vπ̃v,l

) 6= 0.

We define the local lowest occurrence of σv by

LOψv (σv) := min{FOψv (σv), FOψv (σv ⊗ det)}.
We mention here the conservation relation conjectured by Kudla and Rallis, namely
that FOψv (σv) + FOψv (σv ⊗ det) = m. See [KR05].
The local first occurrence for π̃v can be defined in the same way.

3.2. Vanishing of theta liftings. For an irreducible cuspidal automorphic
representation σ of Om(A), we are going to relate, by doing some explicit calcula-
tions, the nonvanishing of the ψt,α-Fourier coefficient on σ to the first occurrence
FOψ(σ) of σ.

Following [MW87], [M96] and [GRS03], we say that σ has ψt,α as a top
Fourier coefficient, for given t ∈ {1, 2, · · · , r} and α ∈ k× mod (k×)2, if there is
some φσ ∈ Vσ such that the ψt,α-Fourier coefficient Fψt,α(φσ) is not identically
zero, but the ψt′,α′-Fourier coefficients Fψt′,α′ (φσ) are all identically zero, for all
φσ ∈ Vσ, α′ ∈ k× mod (k×)2, and t′ > t. Recall again that we assume that
m− 2t ≥ 1. Note that if r, the k-rank of Om, is zero, i.e. Om is k-anisotropic, then
σ has no such Fourier coefficients at all.

The first result in this paper is

Theorem 3.1. Let σ be an irreducible cuspidal automorphic representation of
Om(A). If σ has ψt,α as a top Fourier coefficient, for some t ∈ {1, 2, · · · , r},
with r = m−m0

2 ≥ 1, m − 2t ≥ 1, and some α ∈ k× mod (k×)2, then the lowest
occurrence of σ, LOψ(σ) is greater than or equal to 2t, i.e. for any automorphic
sign character ε of Om(A), the first occurrence FOψ(σ⊗ ε) is greater than or equal
to 2t.

Note that when m0 ≤ 1 and t = [m−1
2 ], ψt,α is a Whittaker character. In

these cases the theorem is well known (at least the version with special orthogonal
groups). See [W80], for m = 3, [PSS87], for m = 5, [F95], for m odd, in general,
and [GRS97], for m even.
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Here is an outline of the proof of Theorem 3.1.
It suffices to show that for any l < t, the ψ-theta lifting θ2l

ψ,m(σ ⊗ ε) is zero as
an automorphic representation of Mp2l(A), for all automorphic sign characters ε of
Om(A).

If this is not the case, then by the Rallis tower property of theta liftings ([R84]),
there is an integer l < t and an automorphic sign character ε of Om(A) such that the
ψ-theta lifting θ2l

ψ,m(σ ⊗ ε) is nonzero and cuspidal. Clearly, σ ⊗ ε has a nontrivial
ψt,α-Fourier coefficient (and this is its top Fourier coefficient). Thus, we may assume
that ε is trivial, and hence that θ2l

ψ,m(σ) is nonzero and cuspidal.
By the main theorem of [M97b] and Theorem 1.2 of [JngS07b], the ψ-theta

lifting π̃2l := θ2l
ψ,m(σ) is a nonzero irreducible cuspidal automorphic representation

of Mp2l(A) and we have

(3.5) σ = θm
ψ,2l(π̃2l) = θm

ψ,2l(θ
2l
ψ,m(σ)).

We consider the following polarizations for Xm and W2l

Xm = `+t ⊕Xm−2t ⊕ `−t ,(3.6)
W2l = Y +

l ⊕ Y −
l ,(3.7)

where W2l is the nondegenerate symplectic k-vector space defining Sp2l, and hence
Mp2l. We assume that Om acts from the left on Xm and Sp2l acts from the right
on W2l. We may take a canonical basis

(3.8) {f1, · · · , fl; f−l, · · · , f−1}
for W2l, such that Y +

l is generated by {f1, · · · , fl}, Y −
l is generated by {f−l, · · · , f−1},

and (fi, f−j)W2l
= δij .

We consider the Weil representation ωψ on the mixed Schrödinger model

(3.9) Sm⊗2l := S(`−t (A)⊗W2l(A)⊕Xm−2t(A)⊗ Y +
l (A)).

The Schwartz-Bruhat function ϕ in Sm⊗2l is written as

(3.10) ϕ(w1, · · · , wt; y1, · · · , ym−2t)

where wi ∈ W2l(A) and yj ∈ Y +
l (A) for i = 1, · · · , t and j = 1, · · · ,m− 2t.

By assumption, σ has a nonzero ψt,α-Fourier coefficient for t ≤ r and for some
α ∈ k× (see (2.14)), i.e.

(3.11) Fψt,α(φσ)(g) :=
∫

Vt(k)\Vt(A)

φσ(vg)ψ−1
t,α(v)dv

is nonzero, for some φσ ∈ Vσ and some g ∈ Om(A). By (3.5), we may take φσ to
be

(3.12) φσ(g) =
∫

Mp2l(k)\Mp2l(A)

φπ̃(h)θψ,ϕ(g, h)dh

for some φπ̃ ∈ Vπ̃. Then the ψt,α-Fourier coefficient Fψt,α(φσ) can be written as

Fψt,α(φσ)(e) =
∫

Vt(k)\Vt(A)

∫

Mp2l(k)\Mp2l(A)

φπ̃(h)θψ,ϕ(v, h)dhψ−1
t,α(v)dv

=
∫

Mp2l(k)\Mp2l(A)

φπ̃(h)
∫

Vt(k)\Vt(A)

θψ,ϕ(v, h)ψ−1
t,α(v)dvdh.

(3.13)
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The switch of order of integrations is easily justified, since Vt(k)\Vt(A) is compact,
φπ̃ is rapidly decreasing and θψ,ϕ(v, h) is of moderate growth. The inner integral
is the ψt,α-Fourier coefficient of the theta function

(3.14) Fψt,α(θψ,ϕ(·, h)) :=
∫

Vt(k)\Vt(A)

θψ,ϕ(v, h)ψ−1
t,α(v)dv

Then we have

Proposition 3.2. The ψt,α-Fourier coefficient of the theta function θψ,ϕ(g, h),
Fψt,α(θψ,ϕ(·, h)), is zero for all ϕ ∈ S(Aml), if l < t.

We postpone the proof of Proposition 3.2 to §4.1.
By Proposition 3.2, if l < t, the ψt,α-Fourier coefficient of the theta function

θψ,ϕ(g, h), Fψt,α(θψ,ϕ(·, h)), is zero for all ϕ ∈ S(Aml). It follows that the ψt,α-
Fourier coefficient Fψt,α(φσ) as in (3.11) is zero for all φσ ∈ Vσ. This contradicts
our assumption. This will prove Theorem 3.1.

By applying Theorem 3.1 above to Theorem 1.1 in [GJS07], we obtain

Corollary 3.3. Let σ be an irreducible cuspidal automorphic representation
of Om(A). If σ has ψt,α as a top Fourier coefficient, for some t ∈ {1, 2, · · · , r},
with r = m−m0

2 ≥ 1, m − 2t ≥ 1, and some α ∈ k× mod (k×)2, then the partial
L-function LS(s, σ) is holomorphic for Re(s) > m

2 − t.

4. Fourier Coefficients of Theta Functions

We shall prove Proposition 3.2 first and then develop its local version after-
wards.

4.1. Proof of Proposition 3.2. We shall use the notation in §3 for the calcu-
lation of the ψt,α-Fourier coefficient of the theta function θψ,ϕ(g, h) as in Proposition
3.2,

(4.1) Fψt,α(θψ,ϕ(·, h)) :=
∫

Vt(k)\Vt(A)

θψ,ϕ(v, h)ψ−1
t,α(v)dv.

Let us rewrite the elements (2.6) in Vt in the form

v = v(u, x, z) =




u x z
Im−2t x∗

u∗




The subgroup Zt = {v(z) = v(It, 0, z) ∈ Vt} is the center of Nt = {v(x, z) =
v(It, x, z) ∈ Vt}, and the subgroup Ut = {v(u) = v(u, 0, 0) ∈ Vt} normalizes Nt.
We may write the elements of Zt\Nt as v(x) = v(It, x, z)Zt, for any z, such that
v(It, x, z) ∈ Vt. Note that

ψt,α(v(It, x, z)) = ψ(xt · µα),

where xt is the last row of x. We have

Fψt,α(θψ,ϕ(·, h)) =
∫

Ut(k)\Ut(A)

∫

Mt×(m−2t)(k)\Mt×(m−2t)(A)

·
∫

Zt(k)\Zt(A)

θψ,ϕ(v(z)v(x)v(u), h)ψ−1
t,α(v(x)v(u))dzdxdu.(4.2)
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We first work out the dz-integration in (4.2). By the definition of the mixed
Schrödinger model as in (3.9) and (3.10), θψ,ϕ(v(z)g, h) can be written as

(4.3)
∑

wi∈W2l(k),yj∈Y +
l (k)

ωψ(v(z)g, h)ϕ(w1, · · · , wt; y1, · · · , ym−2t).

We have the following formula for the action of ωψ(v(z), 1) on the mixed Schrödinger
model,

ωψ(v(z), 1)ϕ(w1, · · · , wt; y1, · · · , ym−2t)

= ϕ(w1, · · · , wt; y1, · · · , ym−2t)ψ(
1
2
tr(Gr(w1, · · · , wt)ωtz)),

where Gr(w1, · · · , wt) is the Gram matrix of (w1, ..., wt) (see [K96], p. 37, and also
[JngS07b], p. 727). Hence the dz-integration can be expressed as∫

Zt(k)\Zt(A)

θψ,ϕ(v(z)g, h)dz =
∑

wi,yj

ωψ(g, h)ϕ(w1, · · · , wt; y1, · · · , ym−2t)

·
∫

Zt(k)\Zt(A)

ψ−1(
1
2
tr(Gr(w1, · · · , wt)ωtz))dz,

where the summation over wi, yj is the same as in (4.3). The order switch of integral
and sum is easily justified, since Zt(k)\Zt(A) is compact and the summation over
wi, yj is absolutely convergent. Note that∫

Zt(k)\Zt(A)

ψ(
1
2
tr(Gr(w1, · · · , wt)ωtz))dz

must be zero unless the Gram matrix Gr(w1, · · · , wt) is zero, i.e. (wi, wj)W2l
=

0 for all i, j = 1, 2, · · · , t. This means that the subspace of W2l generated by
w1, w2, · · · , wt is totally isotropic. Since we assume that l < t, we deduce that
w1, w2, · · · , wt must be linearly dependent in W2l. When Gr(w1, · · · , wt) is zero,∫

Zt(k)\Zt(A)

ψ(
1
2
tr(Gr(w1, · · · , wt)ωtz))dz = 1

by the choice of the Haar measure on Zt(k)\Zt(A). Therefore we have

(4.4)
∫

Zt(k)\Zt(A)

θψ,ϕ(v(z)g, h)dz =
∑

wi,yj

ωψ(g, h)ϕ(w1, · · · , wt; y1, · · · , ym−2t)

where the summation is over all y1, · · · , ym−2t ∈ Y +
l (k), and all w1, · · · , wt ∈

W2l(k) with the property that w1, w2, · · · , wt generate a totally isotropic subspace of
W2l(k). Again, since dimk Spank(w1, · · · , wt) ≤ l < t, w1, ..., wt are automatically
linearly dependent. Hence we obtain

Fψt,α(θψ,ϕ(·, h)) =
∫

Ut(k)\Ut(A)

∫

Mt×(m−2t)(k)\Mt×(m−2t)(A)

∑
wi,yj

ωψ(v(x)v(u), h)

·ϕ(w1, · · · , wt; y1, · · · , ym−2t)ψ−1
t,α(v(x)v(u))dxdu,(4.5)

with summation as above. Denote
d = dimk Spank(w1, · · · , wt),

Ed = Spank(w1, · · · , wt).

Then we can split the last integral as a sum over 0 ≤ d ≤ l, where in each sum-
mand we compute the last integral with w1, ..., wt ∈ Ed and Ed varies over all
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d-dimensional totally isotropic subspaces of W2l. Let Pd be the standard parabolic
subgroup of Sp2l, which preserves the totally isotropic subspace Y −

d generated by
{f−d, ..., f−1}. Then we may write Ed = Y −

d γ, where γ ∈ Pd(k)\Sp2l(k). Thus,

Fψt,α(θψ,ϕ(·, h)) =
l∑

d=0

∫

Ut(k)\Ut(A)

∫

Mt×(m−2t)(k)\Mt×(m−2t)(A)

∑

γ∈Pd(k)\Sp2l(k)∑

wi∈Y −d

∑

yj∈Y +
l

ωψ(v(x)v(u), γh) · ϕ(w1, · · · , wt; y1, · · · , ym−2t)

·ψ−1
t,α(v(x)v(u))dxdu.(4.6)

Here, we used the automorphy of theta series. More explicitly, if we write in (4.5),
wi = viγ, where wi ∈ Ed and vi ∈ Y −

d , then
∑

yj∈Y +
l

ωψ(g, h) · ϕ(v1γ, · · · , vtγ; y1, · · · , ym−2t)

=
∑

yj∈Y +
l

ωψ(g, γh) · ϕ(v1, · · · , vt; y1, · · · , ym−2t).

The point is that the summation over yj ∈ Y +
l defines the theta series on Om−2t(A)×

Mp2l(A). To explain this, we may assume that g = 1, and that ϕ = ϕ1⊗ϕ2, where

ϕ(w1, · · · , wt; y1, · · · , ym−2t) = ϕ1(w1, ..., wt)ϕ2(y1, ..., ym−2t).

Then∑

yj∈Y +
l

ωψ(1, h) · ϕ(w1, · · · , wt; y1, · · · , ym−2t) = ϕ1(w1h, ..., wth)θψ,ϕ2(1, h),

where θψ,ϕ2 is the corresponding theta series for Om−2t(A)×Mp2l(A). Let us use
now the action of v(x), which follows from the formulae of the Weil representation
on the mixed model. For w1, ..., wt ∈ Y −

l and y1, ..., ym−2t ∈ Y +
l ,

ωψ(v(x), 1) · ϕ(w1, · · · , wt; y1, · · · , ym−2t)

= ψ(
t∑

i=1

m−2t∑

j=1

xt+1−i,j(wi, yj))ϕ(w1, · · · , wt; y1, · · · , ym−2t).

As before, we may switch the order of summations and the dx-integration and get

Fψt,α(θψ,ϕ(·, h)) =
l∑

d=0

∫

Ut(k)\Ut(A)

∑

γ∈Pd(k)\Sp2l(k)

∑

Wα,d(k)

ωψ(v(u), γh) · ϕ(w1, · · · , wt; y1, · · · , ym−2t)ψ−1
t,α(v(u))du,(4.7)

where Wα,d is the variety of all (w1, ..., wt; y1, ..., ym−2t), such that the wi lie in Y −
d ,

the yj lie in Y +
l , (wi, yj) = 0, for all 2 ≤ i ≤ t, 1 ≤ j ≤ m− 2t, and similarly,

(w1, yj) = (µα)j .

Recall that µα is the (column) vector in Xm−2t(k), such that (µα, µα) = α, which
enters into the definition of ψt,α. The action of ωψ(v(u), 1) is linear on `−t(A) ⊗
W2l(A) and trivial on Xm−2t(A)⊗ Y +

l (A). The precise form is

ωψ(v(u), 1) · ϕ(w1, · · · , wt; y1, · · · , ym−2t) = ϕ((w1, · · · , wt) · ωtuωt; y1, · · · , ym−2t).
11



Note that

(4.8) (w1, ..., wt; y1, ..., ym−2t) 7→ ((w1, · · · , wt) · ωtuωt; y1, · · · , ym−2t)

defines a k-rational action of Ut on Wα,d. The Ut(k)-orbits in Wα,d(k) are given
by elements (w1, ..., wt; y1, ..., ym−2t) ∈ Wα,d(k), such that (w1, ..., wt) is of the
following form

(4.9) (w1, · · · , 0, wi2 , 0, · · · , 0, wi3 , 0, · · · , 0, · · · , 0, wid
, 0, · · · , 0),

where w1, wi1 , wi2 , · · · , wid
are linearly independent elements in Y −

d . Note that by
definition of Wα,d, we must have d ≥ 1 and w1 6= 0. Denote by w′(t:d) the element in
(4.9), and let w(t:d) = (w′(t:d); y1, ..., ym−2t). Denote its Ut(k)-orbit by Ow(t:d) and
its stabilizer in Ut, via the action (4.8), by Lw(t:d) , i.e.

Lw(t:d) := {u ∈ Ut(k) | w′(t:d) · ωtuωt = w′(t:d)}.
Again, in (4.7), we may switch order of summations and the du-integration. Then,
the contribution of the Ut(k)-orbit Ow(t:d) is

∫

Ut(k)\Ut(A)

∑

Ow(t:d)

ωψ(v(u), γh)ϕ(w1, · · · , wt; y1, ..., ym−2t)ψ−1
t,α(v(u))du

=
∫

Ut(k)\Ut(A)

∑

η∈Lw(t:d)(k)\Ut(k)

ωψ(v(ηu), γh)ϕ(w(t:d))ψ−1
t,α(v(u))du

=
∫

Lw(t:d) (k)\Ut(A)

ωψ(v(u), γh)ϕ(w(t:d))ψ−1
t,α(v(u))du

=
∫

Lw(t:d) (A)\Ut(A)

ωψ(v(u), γh)ϕ(w(t:d))ψ−1
t,α(v(u))du

·
∫

Lw(t:d) (k)\Lw(t:d) (A)

ψ−1
t,α(v(a))da.(4.10)

Hence, if the restriction of the character ψt,α to the stabilizer Lw(t:d)(A) is nontrivial,
then we must have

∫

Lw(t:d) (k)\Lw(t:d) (A)

ψ−1
t,α(v(a))da = 0.

This implies that for such a Ut(k)-orbit Ow(t:d) , we have
(4.11)∫

Ut(k)\Ut(A)

∑

Ow(t:d)

ωψ(v(u), γh)ϕ(w1, · · · , wt; y1, ..., ym−2t)ψ−1
t,α(v(u))du = 0.

Note again that in the orbit Ow(t:d) , y1, ..., ym−2t are fixed. Now for a Ut(k)-orbit
Ow(t:d) with representative of the form (w′(t:d); y1, ..., ym−2t), where w′(t:d) is as in
(4.9), since r ≤ l < t, it is easy to check that the stabilizer Lw(t:d) contains at least
one simple root of GLt in Ut. Recall again, that in Wα,d, we must have w1 6= 0.
Hence we must have that the restriction of the character ψt,α to the stabilizer
Lw(t:d)(A) is nontrivial. This proves Proposition 3.2.
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4.2. Genericity of theta liftings. We are going to calculate the ψt,α-Fourier
coefficient Fψt,α(φσ) of φσ ∈ Vσ, as defined in (3.12) when l = t. In other words,
we will calculate explicitly the following integral

(4.12) Fψt,α(φσ) =
∫

Mp2t(k)\Mp2t(A)

φπ̃(h)
∫

Vt(k)\Vt(A)

θψ,ϕ(v, h)ψ−1
t,α(v)dvdh

for φσ ∈ Vσ and ϕ ∈ S(Amt). For this, we simply continue our calculation in §4.1,
with l = t. What we did shows that in (4.7) only d = t may contribute a nonzero
summand. Note also that for (w1, ..., wt; y1, ..., ym−2t) ∈ Wα,t(k), w1, ..., wt form a
basis of Y −

t . Denote by S the unipotent radical of the Siegel parabolic subgroup
Pt. Then we may replace in (4.7) (l = t) the summation over γ ∈ Pt(k)\Sp2t(k)
by the summation over γ ∈ S(k)\Sp2t(k), but now (w1, ..., wt) = (f−t, ..., f−1) are
fixed to be the standard basis of Y −

t . We get

Fψt,α(θψ,ϕ(·, h)) =
∫

Ut(k)\Ut(A)

∑

γ∈S(k)\Sp2t(k)

∑

Yα(k)

ωψ(v(u), γh)ϕ(f−t, · · · , f−1; y1, · · · , ym−2t)ψ−1
t,α(v(u))du,(4.13)

where Yα is the set of all (y1, ..., ym−2t), such that the yj lie in Y +
t , satisfy (f−i, yj) =

0, for all 1 ≤ i < t and 1 ≤ j ≤ m− 2t, and similarly

(f−t, yj) = (µα)j .

This implies that Yα is a single point. Indeed, we must have yj = ajft, where
aj ∈ k, and

t(a1, ..., am−2t) = µα.

In terms of our notation (3.9), (3.10), it is now more convenient to redenote the
vector (a1ft, ..., am−2tft) by µα ⊗ ft ∈ Xm−2t(k)⊗ Y +

t (k). We conclude that

Fψt,α(θψ,ϕ(·, h)) =
∑

γ∈S(k)\Sp2t(k)

∫

Ut(k)\Ut(A)

ωψ(v(u), γh) · ϕ(f−t, · · · , f−1;µα ⊗ ft)ψ−1
t,α(v(u))du,(4.14)

Substitute this in (3.13). We get

Fψt,α(φσ)(e) =
∫

S(k)\Mp2t(A)

φπ̃(h)
∫

Ut(k)\Ut(A)

ωψ(v(u), h) · ϕ(f−t, · · · , f−1; µα ⊗ ft)ψ−1
t,α(v(u))dudh,(4.15)

In the mixed Schrödinger model (3.9), we have, for s =
(

It b
It

)
∈ S(A),

ωψ(1, s) · ϕ(f−t, · · · , f−1; µα ⊗ ft) = ψ(
1
2
αbt,1)ϕ(f−t, · · · , f−1; µα ⊗ ft).

Factoring integration in the last integral through S(A), we get

Fψt,α(φσ)(e) =
∫

S(A)\Mp2t(A)

∫

S(k)\S(A)

φπ̃(sh)ψ(
1
2
αst,t+1)ds

·
∫

Ut(k)\Ut(A)

ωψ(v(u), h) · ϕ(f−t, · · · , f−1;µα ⊗ ft)ψ−1
t,α(v(u))dudh,(4.16)
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Next, we have the following formula, for u ∈ Ut(A),

ωψ(u, 1) · ϕ(f−t, · · · , f−1; µα ⊗ ft) = ωψ(1, u−1h)ϕ(f−t, · · · , f−1;µα ⊗ ft),

Then by changing variable h 7→ uh in the last integral, we get that

Fψt,α(φσ)(e) =
∫

S(A)\Mp2t(A)

ωψ(1, h) · ϕ(f−t, · · · , f−1; µα ⊗ ft)

·
∫

Ut(k)\Ut(A)

∫

S(k)\S(A)

φπ̃(suh)ψ(
1
2
αst,t+1)ψ−1

t,α(u)dudsdh.(4.17)

It is clear that the semi-direct product Ut n S is the unipotent radical Rt of the
standard Borel subgroup of Sp2t and the product of the two characters ψt,α(u) and
ψ(− 1

2α · st,t+1) is a generic character ψRt,α of Rt. Hence the inner integrations ds

and du give a Whittaker-Fourier coefficient of φπ̃, which is denoted by WψRt,α

φπ̃
(h).

Hence Fψt,α(φσ)(e) is equal to

(4.18)
∫

S(A)\Mp2t(A)

ωψ(1, h)ϕ(f−t, · · · , f−1; µα ⊗ ft)WψRt,α

φπ̃
(h)dh.

We record the calculation above in the following proposition.

Proposition 4.1. Let π̃ be an irreducible cuspidal automorphic representation
of Mp2t(A). Let σ = θm

ψ,2t(π̃) be the theta lift of π̃ to Om(A). We assume that r ≥ t

and m > 2t. Let φσ be the element of Vσ given by (3.12), namely

φσ(g) =
∫

Mp2l(k)\Mp2l(A)

φπ̃(h)θψ,ϕ(g, h)dh.

Then the ψt,α- Fourier coefficient of σ is related to the ψRt,α-Whittaker -Fourier
coefficient of π̃ by

(4.19) Fψt,α(φσ)(e) =
∫

S(A)\Mp2t(A)

ωψ(1, h)ϕ(f−t, · · · , f−1; µα⊗ft)WψRt,α

φπ̃
(h)dh.

In particular, if π̃ is not generic, or if α is not represented by Xm−2t, then σ has
zero ψt,α-Fourier coefficients.

As a corollary, we get

Proposition 4.2. Let σ be an irreducible cuspidal automorphic representation
of Om(A). Assume that σ has a nonzero ψt,α-Fourier coefficient (1 ≤ t ≤ r, m −
2t ≥ 1). Assume that the first occurrence of σ, FOψ(σ) is 2t. Let π̃ = θ2t

ψ,m(σ)
be the ψ-theta lift of σ to Mp2t(A). Then π̃ is globally generic, with respect to
the Whittaker character ψRt,α, as above. Moreover, the formula relating the ψt,α-
Fourier coefficient of σ and the ψRt,α-Whittaker-Fourier coefficient of π̃ is given
(in the above notation) by (4.19).

Conversely, start with an irreducible, cuspidal automorphic representation π̃ of
Mp2t(A), which is globally generic with respect to a character of the form ψRt,α,
where α ∈ k×. Assume that t ≤ r and 2t < m. We use the same notation pertain-
ing to Xm (Xm−2t, the symmetric nondegenerate matrices Tm−2t etc.). Since the
quadratic form defined by Tm0+2 is not anisotropic, α is represented by Tm0+2. Let
µα ∈ Xm0+2(k) be such that (µα, µα) = α, and consider the r.h.s. of (4.19), where
we take ωψ to be the Weil representation of the dual pair Om0+2+2t(A)×Mp2t(A).
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It is easy to see that the r.h.s is not identically zero. By Proposition 4.1, we con-
clude that the ψt,α-Fourier coefficient of the ψ theta lift of π̃ to Om0+2+2t(A) is
nontrivial. In particular, the ψ-theta lift of π̃ to Om0+2+2t(A) is nonzero. Now,
let σ be an irreducible cuspidal automorphic representation of Om(A), which has
a nontrivial ψt,α-Fourier coefficient. We already proved that FOψ(σ) ≥ 2t. If
FOψ(σ) = 2t, then, by what we just explained, we must have that r ≤ t + 1. Thus,
if we assume that t < r − 1, we get that FOψ(σ) ≥ 2t + 2, and hence, by Theorem
1.1 in [GJS07], LS(s, σ) is holomorphic at Re(s) > m

2 − t− 1.
We can repeat the same considerations if α is represented by Tm0 . Let µα ∈

Xm0(k) represent α. Now we repeat the same argument with Xm0 replacing Xm0+2

and obtain that if FOψ(σ) = 2t and π̃ is the ψ-theta lift of σ to Mp2t(A), then
since π̃ is globally ψRt,α-generic, it has a nontrivial ψ-theta lift to Om0+2t(A), and
we conclude that t ≥ r. Thus, if we assume, in this case, that t < r, then we get, as
before, that FOψ(σ) ≥ 2t+2, and that LS(s, σ) is holomorphic at Re(s) > m

2 −t−1.
Let us summarize this.

Theorem 4.3. Let σ be an irreducible cuspidal automorphic representation of
Om(A). Assume that σ has a nonzero ψt,α-Fourier coefficient (1 ≤ t ≤ r, m−2t ≥
1).

1. Assume that t < r − 1. Then the partial L-function LS(s, σ) is holomor-
phic for Re(s) > m

2 − t− 1.

2. Assume that α is represented by the quadratic form corresponding to Tm0 ,
and that t < r. Then the partial L-function LS(s, σ) is holomorphic for
Re(s) > m

2 − t− 1.

5. Completion of the Proof of Theorem 1.1

The proof of Part (1) of Theorem 1.1 is completely analogous to the one in
§4.1. We will use the same notation as before, adapted to the local setting.

5.1. Local models and theta lifts. We determine the vanishing of local
theta lifts in terms of the local ψt,α-functional. Here is the result.

Theorem 5.1. Let F be a finite extension of the p-adic field Qp. Let σ be
an irreducible admissible representation of Om(F ). Assume that σ has a nonzero
ψt,α-functional as defined in (2.17) for some t ≤ r, the Witt index of the quadratic
space Xm defining Om(F ). Then LOψ(σ) ≥ 2t.

This is the local analogue of Theorem 3.1. The proof uses the local version
of the global arguments used in the proof of Theorem 3.1 and is modeled after
the proof of Proposition 2.1, [JngS03] and of Theorem 4.2, [JngS07a]. Here is a
sketch.

It is enough to show that the local ψ-theta lift θ2l
ψ,m(σ) of σ to Mp2l(F ) is zero

for all l < t. Assume that this is not the case. Then there is a integer l < t such
that the ψ-theta lift θ2l

ψ,m(σ) of σ to Mp2l(F ) is nonzero. This means by (3.4) that
there is an irreducible admissible representation π̃ of Mp2l(F ) such that

(5.1) HomOm(F )×Mp2l(F )(ωψ, σ ⊗ π̃) 6= 0
15



or equivalently,

(5.2) HomOm(F )(ωψ ⊗ π̃∨, σ) 6= 0

where ωψ is the local Weil representation of Mp2lm(F ), restricted to the dual pair
(Om(F ),Mp2l(F )).

Following §3, we consider the analogous polarizations for Xm and W2l

Xm = `+t ⊕Xm−2t ⊕ `−t ,(5.3)
W2l = Y +

l ⊕ Y −
l .(5.4)

We consider the local Weil representation ωψ on the mixed Schrödinger model

(5.5) Sm⊗2l := S(`−t ⊗W2l ⊕Xm−2t ⊗ Y +
l ).

Using similar bases as in §3, we write a local Schwartz-Bruhat function ϕ in Sm⊗2l

as

(5.6) ϕ(w1, · · · , wt; y1, · · · , ym−2t)

where wi ∈ W2l and yj ∈ Y +
l for i = 1, · · · , t and j = 1, · · · ,m− 2t.

By hypothesis, σ has a nonzero ψt,α-functional `, i.e. a nonzero element in

HomVt(F )(Vσ, ψt,α).

By (5.2), the functional ` induces a nonzero functional β over Sm⊗2l ⊗ Vπ̃∨ , such
that

(5.7) β(ωψ(v, h)ϕ, ξ) = ψt,α(v)β(ϕ, ξ)

for v ∈ Vt(F ), h ∈ Mp2l(F ), ξ ∈ Vπ̃∨ , and ϕ is a function in the mixed model.
We consider the local version of the dz-integration as in (4.4), and obtain as in

[JngS03], p. 755, that for each fixed ξ, β is supported on

C0 = {(w1, · · · , wt; y1, · · · , ym−2t))|(wi, wj) = 0, ∀ 1 ≤ i, j ≤ t}.
Indeed, let i be the restriction map from S(W t

2l ⊕ (Y +
l )m−2t) to S(C0). It is

surjective. Let i∗ be the corresponding map on Jacquet modules with respect to Zt

and the trivial character. Then i∗ is an isomorphism, i.e.

JZt(S(W t
2l ⊕ (Y +

l )m−2t)) ∼= JZt(S(C0)).

Let C be the complement of C0 in W t
2l ⊕ (Y +

l )m−2t. Then it is easy to see that
JZt(S(C)) ∼= 0 and JZt(S(C0)) ∼= S(C0). We regard S(C0) as a module over
(Zt(F )\Vt(F ))×Mp2l(F ). Denote U ′

t(F ) = Zt(F )\Vt(F ). We identify U ′
t(F ) with

Ut(F )Mt×(m−2t)(F ) and regard ψt,α as a character of U ′
t(F ). Thus, we have to

prove that JU ′t(F ),ψt,α
(S(C0)) = 0, when l < t. Write C0 as the disjoint union, over

0 ≤ d ≤ l, of the varieties

Cd
0 = {(w1, · · · , wt; y1, · · · , ym−2t) ∈ C0 | dimF Span{w1, ..., wt} = d}.

Then it is enough to prove that JU ′t(F ),ψt,α
(S(Cd

0 )) = 0, for all 0 ≤ d ≤ l. We can

embed S(Cd
0 ) inside ind

U ′t(F )×Mp2l(F )

U ′t(F )×P̄d(F )
S(Cd,−

0 ), where

Cd,−
0 = {(w1, · · · , wt; y1, · · · , ym−2t) ∈ Cd

0 | w1, ..., wd ∈ Y −
d },

and P̄d(F ) is the inverse image of Pd(F ) inside Mp2l(F ). Thus, we have an embed-
ding

JU ′t(F ),ψt,α
(S(Cd

0 )) ↪→ ind
Mp2l(F )

P̄d(F )
JU ′t(F ),ψt,α

(S(Cd,−
0 )),
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and so it is enough to show that JU ′t(F ),ψt,α
(S(Cd,−

0 )) = 0, when l < t. Using the
action of Mt×(m−2t)(F ) on S(Cd,−

0 ) through the formulae of the Weil representation,
we conclude, as above, and as in §4.1 that

JU ′t(F ),ψt,α
(S(Cd,−

0 )) ∼= JUt(F ),ψt,α
(S(Wα,d)),

where Wα,d is defined exactly by the same relations as in the global case. Finally, it
remains to show that JUt(F ),ψt,α

(Ow(t:d)) = 0, for every Ut(F )-orbit Ow(t:d) of Wα,d

(same definition as in the global case). This follows, as in the global case, from the
fact that since d ≤ l < t, there is a simple root subgroup in Ut(F ), which lies in
the stabilizer of the representative wt:d. This proves Theorem 5.1.

5.2. Proof of part (1) of Theorem 1.1. Let σ be an irreducible cuspidal
automorphic representation of Om(A). Assume that there is a finite local place v
of the number field k such that the local v-component σv of σ has a nonzero local
ψt,α-functional. Then by Theorem 5.1, the local ψ-theta lift of σv to Mp2l(kv) is
zero for all l < t. Hence the global ψ-theta lift of σ to Mp2l(A) must be zero for all
l < t. This property holds also for all twists of σ by automorphic sign characters,
since the twist of σv by any sign character also has a nonzero local ψt,α-functional.
Hence the lowest occurrence of σ in the global ψ-theta liftings, LOψ(σ), must be
greater than or equal to 2t. By Theorem 1.1 of [GJS07], the partial L-function
LS(s, σ) must be holomorphic for Re(s) > m

2 − t. This completes the proof of
Theorem 1.1.
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