NONVANISHING OF THE CENTRAL CRITICAL VALUE OF THE
THIRD SYMMETRIC POWER L-FUNCTION
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ABSTRACT. We characterize in this paper the nonvanishing of the central critical
value of the third symmetric power L-functions of irreducible cuspidal automorphic
representations m of GL2(A) in terms of the occurrence of 7 in the spectral de-
composition of the tensor product of two automorphic theta representations on the
cubic cover of GLy(A), which was constructed by Kazhdan and Patterson in [KP].

1. Introduction

Let 7 be an irreducible cuspidal automorphic representation of GLy(A) and n be a
positive integer. One can define, following Langlands, the n-th symmetric power L-
function L(s,m, Sym™). For the significance of this family of automorphic L-functions,
we refer to [Sh], for instance.

The symmetric cube L-functions, L(s,m, Sym?®), was first studied by F. Shahidi
in [Sh1] using the Langlands-Shahidi method to establishing the analytic properties
as conjectured by Langlands (meromorphic continuation and functional equation,
-++). In a recent work of D. Bump, D. Ginzburg and J. Hoffstein [BGH], an integral
representation was found for the symmetric cube L-functions, by which they can prove
that the partial symmetric cube L-function is holomorphic for Re(s) > 2 except for
s = 1. By using a very interesting local-global argument, Kim and Shahidi proved
in a recent preprint [KS] that the symmetric cube L-function is entire unless the
automorphic representation 7 is monomial.

The objective of this paper is to characterize in terms of co-period integral the
nonvanishing of the complete symmetric cube L-function L(s, 7, Sym?) at the central
critical value (i.e. at s = 3).

It is well known that if an automorphic representation is related by the Langlands
reciprocity principle to a motive, then the Deligne’s conjecture claims that the central
critical value of the L-functions of 7 should be related to certain period associated to
7. For more detail discussion on this aspect, we refer to [D], [Gr] and [H].

The recent study of the central critical value of automorphic L-functions was stim-
ulated by the relative trace formula approach to Langlands functoriality lifting prob-
lem. In general, it is believed that the nonvanishing of the central critical value of
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automorphic L-functions should be related to the nonvanishing of certain period in-
tegral of the automorphic representation 7. As discussed in [H], such period integrals
may not be the right period in the sense of Deligne. However, it seems natural from
the spectral theory of automorphic representations that the (generalized) period inte-
grals should be basic objects which may have intrinsic relations with special values of
automorphic L-functions in general. The recent work on this aspect are [HK], [JR],
[GP], [Jng], [Jngl], [GIng], [GRS1], etc.

In this paper, we use the method developed in [JR] and [Jng] to characterize the
nonvanishing of central critical value of the symmetric cube L-function L(s, 7, Sym?)
in terms of the occurrence of the irreducible cuspidal automorphic representation
7" (the contragredient of 7) in the spectral decomposition of OcLaa)e @ 0Ly (a),e
restricted to GLy(A). To be more precise for the notations, we consider the cubic
cover of GLy(A),

1 — ps — GLy(A) — GLy(A) — 1,

where p3 is the group of the third roots of unity contained in the given number field F'.
The representations 0y,  and O¢y, (s > are the automorphic theta representations

)

of the cubic cover G'Ly(A), constructed by Kazhdan and Patterson in [KP], associated
to the character ¢, €2, respectively, of the group 3. Since the tensor product 0G~L2( 2),e®

01, (a2 18 trivial on diagonal embedding of the group ys3 into GLy(A) x GLy(A), it
makes sense to consider the spectral decomposition of the tensor product Oy, ®
01, (a),e2 Testricted to GLy(A). Our main result (part (2) of Theorem 3.2) is

Main Theorem. If the co-period

CPaL, (9, 9., ol2) = d(h) . (h) @z (h)dh (1.1)

~/GL2 (F)\GL» (A)l

does not vanish for a choice of data ¢ € 7, ¢, € Oy, p) s Pz € Ogry(a)25 then the
third symmetric power L-function L(s,m, Sym3) does not vanish at s = %

The idea to prove this result is based on the facts that (1) the nonvanishing of the
symmetric cube L-function at % is closely related to the nonvanishing of a residual
representation of certain cuspidal Eisenstein series of Gy(A), the exceptional group
of type G2 (following the Langlands-Shahidi theory [KS]) and (2) the part (1) of

Theorem 3.2 in this paper, which says that the residual representation E% (g, ) of
G2(A) occurs in the spectral decomposition of the tensor product 0, ) ® 0, 2
restricted to Go(A) if and only if the cuspidal data 7V of GLy(A) (the Levi subgroup
of G5 generated by the long root) occurs in the spectral decomposition of the tensor
product Oz, ) ® Oz, restricted to GLy(A). The proof of this equivalence is
based on the Arthur’s truncation of the residual representations, the technique in the

Rankin-Selberg method and the comparison principle of the ‘outer’ period and the
‘inner’ period ([JR] and [Jng]).
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We remark that the method we are applying in this paper (as well as [JR] and
[Jng]) proves the existence of distinguished residual representation of the Eisenstein
series provided the nonvanishing of the co-period, without using the conjecture on
the normalization of intertwining operators by means of an appropriate product of
L-functions, which detects the possible poles of of the Eisenstein series. This key
observation should be important to the formulation of the relative trace formula
approach to study the distinguished residual spectrum ([JMR]).

In general, it is expected that the nonvanishing of the co-period CPgr, (4, ¢L, ¢.)
in (1.1) should be equivalent to the nonvanishing of the third symmetric power L-
function L(s, 7, Sym?®) does not vanish at s = %, especially, in the case that the
autmorphic L-function under consideration has a Rankin-Selberg type integral repre-
sentation. In the case at hand, the integral representation for L(s,m, Sym?3) was given
in [BGH], which uses an Eisenstein series on the cubic cover of GSp(6, A). We believe
that by studying the first term identity related to the Eisenstein series at the center
of symmetry of the functional equation for the Eisenstein series, the nonvanishing of
L(%, 7, Sym?) should imply the nonvanishing of the co-period CPqr, (¢, ¢L, ¢..) for a
certain choice of data ([GJng]). Furthermore, we believe that an analogous conjecture
of the Gross-Prasad type [GP] could be formulated provided the complete establish-
ment of the regularized Siegel-Weil formula for the Eisenstein series under discussion
[KR] and [HK].

In the case of the symmetric square L-functions for irreducible cuspidal automor-
phic representations m of GLs(A), following the early work of Shimura [Shm| and
more generally of Gelbart and Jacquet [GJ], the simple pole at s = 1 of the sym-
metric square L-function L(s, 7, Sym?) is characterized by the nonvanishing of the
following co-period

Lo enann *90@)dg

for some choice of ¢ € m and certain theta function # on the double cover of GLy(A).
This statement was later generalized by Patterson and Piatetski-Shapiro to GL3 [PPS]
and by Bump and Ginzburg to GL,, [BG|. It is expected that the nonvanishing of
the co-period should imply that 7 is a functorial lift from Sp(2m) if n = 2m + 1
and from SO(2m) if n = 2m. By contrast, it is not sure in the symmetric cube case
whether the nonvanishing of the co-period for certain choice of the data yields any
lifting information on 7.

It is also very mysterious whether there is the same type statement valid for
the symmetric fourth power L-function L(s, 7, Sym?), the integral representation for
which was found in [G].

The paper is organized as follows. We recall in §2 the construction of the auto-
morphic theta representation of the cubic cover of G5(A) from [GRS] and that of the
cubic cover of GLy(A) from [KP], and the basic relation between a cuspidal Eisenstein
series of G and the symmetric cube L-functions of GLs from [KS]. The third section
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is main part of this paper, in which we first apply the truncation technique to drive
a formula (3.4) for the ‘outer’ co-period for residue Fy (g, ¢), and then by using the
technique from the Rankin-Selberg method we connect the ‘outer’ co-period to the
‘inner’ co-period, and finally by combining with the recent result form [KS| we prove
our main theorem (Theorem 3.2).

2. Preliminaries

2.1. The Split G2. We recall basic structure of G, from [GRS]. Let G be the split
exceptional group of type G, over a field F' of characteristics zero, with the long
simple root « and the short simple root 3. Then all the positive roots of G are

a,B,a+ B,a+208,a+ 303,2a + 35.

Let N be the maximal unipotent subgroup of G' generated by all the positive roots.
Then the Borel subgroup B = T'N where T is the maximal split torus 7" of G. Let
h(t1,t2) be an element of 7" such that

(ac + bB) (A(t1, 12)) = [tity"]" - 13

for a,b € Z. Let w, be the Weyl group element associated to the root 7. Then one
has

wa(h(tr,t2)) = h(ts, t1), and wg(h(t1,t2)) = h(tits, 65 ).
Let h,(t) be the one-parameter subgroup in 7 associated to the root . One has
ha(t) = h(t,t™"), and hg(t) = h(t™,1%).

Let P = MU (resp. @ = LV') be the maximal parabolic subgroup of G associated to
B (resp. «). Then both M and L are isomorphic to GL(2) as algebraic groups. To
indicate the difference, we denote

M =GLg(2) and L =GL,(2).
Specifically, one has
t 0 t 0 _
m (0 1) = h(l,t) and m (0 t_1> == h(t 17t2)a

and
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2.2. Automorphic Theta Representations of the Cubic Cover of GG;. From
now on, we assume that the ground field F' is a number field containing the group
w3 of the third roots of unit. Let A be the ring of adeles of F. According to [Ma),
for any given cocycle o € H%(Gy, u13), one may construct a cubic central extension of
(G5, unique up to isomorphism, over a p-adic field or the ring of adeles of a number
field (containing ps). The specific construction of a cubic covering group of G = G
was given in [GRS], for instance. In the following, we recall briefly from [GRS] the
construction of the automorphic theta representations of a cubic cover of Go(A).
Let o be a cocycle in H*(G(A), u3) which can be expressed as o =[], 0y, i.e.

U(Qa h) = H Oy (gva h’u):

for g = (¢,), h = (hy) € G(A) and o, is the cocycle at the local place v. Corresponding
to this cocycle, one can construct a cubic cover of G(4),

1= pus = G(A) = GA) — 1,
and the local cocycle gives rise to the cubic cover of the local group G(F,),
1 — pus = G(F,) = G(F,) — 1.
There is a canonical section
5:G(A) — G(A)

which splits over subgroups N(A), SL,(2,A) when v is a short root and G(F).
Let x,(t) be the image of z,(t) under §, where z,(¢) is the one-parameter additive
subgroup associated to the root . For t € F*,

Wy (t) = x,(t)x—,(=t7)x, (1),

hy(t) == w,(t)w, (1)
We denote by R the preimage in G(A) of a subgroup R of G(A). Let T3(A) and
T®)(A) be subtori of T'(A) defined in p.265-266, [GRS]. Then the preimage T3(A)
(resp. T®)(A)) is abelian (resp. maximal abelian) subgroup of T'(A).

Let Xs,.s, be a character of T'(A) such that X, s, (ke (t)) == [t|375" and x,, 4, (hs(t)) ==

|t/'+52. Then we define a character, which is still denoted by X, s,, of 75(A) by as-
suming its value on p3 to be € (e € F with €@ = 1). This character xs, s, can be

extended to be a character of the maximal abelian subgroup 7 (A) of T(A). Then
one forms the induced representation

G(A 1
I§(3) (81: 82) = Indfggs))(m (X51,525B)'

From p. 266, [GRS], for fs, s, € I (s1,52), the Eisenstein series

E(g, f51,52) = Z ( Z f51,52(t’7§)>

YEB(F)\G(F) (FN\T(F)
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absolutely converges in the dominant Weyl chamber shifted by (%, 1) and has mero-
morphic continuation when the section f;, s, is holomorphic. The residue at (s1, s2) =
(0,0) is the automorphic representation 6., which can also be realized as the image of
the (normalized) intertwining operator associated to the longest Weyl group element
from T ((0,0)) to Ie((—2, ~2)).

Since the restriction of the cubic cover to the Levi subgroup L(A) = GL,(2, A)
does not split, it gives rise to a cubic cover of GL,(2,A). By induction on stages, one

has
s1+2s9+3

g (s1,52) = Indgy) 0§ IndSis 00 (6517

. . . 5 GLa(2,4) [ c5+3+3
From [KP], the inner induced representation of GL,(2,A), Ind. 55 ) (05, ) has
a unique irreducible quotient at s; = 0, which is realized as thei image of the (normal-

ized) intertwining operator from / ndG(L?j((i)A (0, it 2)to In dG(L;)‘ (iA) (65 5 2) and also as

the residue at s; = 0 of the Eisenstein series

E(iL, ¢51) = Z ( Z ¢51(t7§)>

YEB(F)\GLu(2,F) \teT3(F)\T(F)

GLa(2,4)
B (4)
tation of GLa(Q,A) is denoted by 6, ,, which is called the exceptional automorphic
representation of GL,(2, A).

1,811
for holomorphic sections ¢,, in Ind (0 ﬁj 2 +2). This automorphic represen-

Proposition 2.1. The automorphic theta representation 0. of G(A) can be realized
as the residue at so = 0 of the FEisenstein series

E(g, st,Ha,g) = Z f82,0a,€ (f}/g)a
Y€Qr\G(F)
2s59+3

G(A) (Oae ®52+ 10 ), which can also be realized

Q(A)

1,3
as the image of the normalized intertwining operator from IndQEA) (Op,e ® 562;’ ) to
3

In dQEA) (ea,€®5Q 1),

for holomorphic sections fs, g, . 1 Ind:

Proof. The automorphic theta representation 8, of G(A) is equal to
7‘6852:0[7‘6851:0E(§, fsl,sz)] = 7‘6832:0E(§, f32=0a,5)'
0

The following gives the structure of the constant term of the automorphic theta
representation of 6 along the maximal parabolic subgroup Q.
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Theorem 2.1. After restricted to the Levi subgroup GL,(2), the constant term of
the automorphic theta representation along the mazimal parabolic subgroup @, 6Y, is
equal to the exceptional automorphic representation

0) = |det| ® 0,

of the cubic cover of the Levi subgroup G Ly (2, A).

Proof. By Proposition 2.1, the automorphic theta representation

O = 7€S5,=0E(7, fs3,00.)

. . . é(&) 1+M
for holomorphic sections fs, g, . in IndQ(A) (Oae®65 ™ ).
To study the constant term 6 of 6, along the maximal parabolic subgroup @,
we collect the following data, which is needed to determine the structure of 6 as a
representation of the Levi subgroup GL,(2, A).

It is easy to see that

1, 25943
3T 10

G(A G(A 1
IndQEAg (ea,e ® 5Q ) - Indggs))(A) (st ) 6B)

where x, (h(a, b)) := |a|*>*3 - |b|*>*5. Then one has

1
<Xs2aav> - 3 <Xs27ﬂv> = 32+2a

3
< Xepy (@+0)Y > = s2+1, < Xspr (@+2B)Y > = 259 +3,
< Xss, (@ +36)Y > S9 + %, < Xsy, 2+ 38)Y > = so+ %. (2.1)

The constant term of the Eisenstein series £(§, fs,,0..) along the maximal parabolic
subgroup () can be expressed as follows:

Ev(gafsmea,e) = f52;0a,5(§)+Mwﬁaﬁaﬂ(82)(f32;9a,s)(g)
+ Y Muy(s2)(f2000)(9)

YEB,\GLq(2)

+ Z Mwﬂaﬂ (82)(f82,00¢,6)(g)'

YEB,\GLq(2)
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An easy calculation yields the ¢,-functions:

C(s2+1)C(252+ 3)((3s2 + 4)
Cwponen (%2) = TB)C (25 1 A)C (352 1 0)
Con(53) ((s2 +2)¢(2s2 + 3)¢(3s2 + 5)
s C(s2 4+ 3)¢(2s2 + 4)¢(3s2 + 6)
S9 + 2
cup (52) = gng T 3;
Co(53) = ((s2 4+ 2)¢(3s2 +5)
s ((s2 + 3)¢(3s2 + 6)
. (52) ((s2 +2)¢(2s2 + 3)¢(3s2 + 4).
Haes ((s2+ 3)¢ (252 + 4)((352 + 6)
It follows that fs, g, .(9), Muw,(52)(fss,0a.)(9), and My, ,(52)(fss6..)(g) are holo-
morphic at s, = 0 and My, ,(52)(fs,0..)(g) has a simple pole at s, = 0. By

computing the constant term along the root a, we know that both

Yo Muy(52)(frapa.) (@)

¥€Ba\GLa(2)

and

Z Mwﬁaﬁ (82)(f52,0a,e)(§)
YEBa\GLa(2)

are holomorphic at s, = 0. Hence the constant term 6! is included, as representation
of GL,(2,4A), in the exceptional automorphic representation Hé,e. They are actually
equal to each other because 6, is irreducible and [Y]] o) 18 MONZETO. O
2.3. Eisenstein Series and the Symmetric Cube L-functions. In this subsec-
tion, we recall some basic facts about the FEisenstein series of G9 associated to the
cuspidal data (L, ).

More precisely, let X (L) be the group of F-rational characters of L. Then one has

0" = X(L) ® R = R(a + 283).

Asin [Shl] and [KS], one takes & = a+2/ and identifies C with af. by sending s to s-@.
Let 7 be an irreducible cuspidal automorphic representation of L(A) with the trivial
central character, realizing in the space of square integrable cuspidal automorphic
functions, L?(Z(A)L(F)\L(A)). For a K-finite automorphic function ¢ in 7, one
follows [Sh1] to extend ¢ to a function ¢ on G(A). Let Hg be the Harish-Chandra
map from L to a (a = Hom(X (L), R)), which can be extended to a map from G(A)
by the Iwasawa decomposition. Then one defines

D,(g) == d(g)exp < s+ po; Holg) >
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for g € G(A). In this case, one notice that
exp < 5+ po; Holg) >= | detl(g)|*"

where ¢ = vlk € G(A) = V(A)L(A)K. The Eisenstein series associated to the
cuspidal data (L, 7) is defined by

E(g;s,0) = ). ®s(v9). (2.2)
1EQ\G
The basic analytic properties (meromorphic continuation, - - - ) of this Eisenstein series

is known from general theory of Eisenstein series, [La] and [MW]. The following
important result is known from the Langlands-Shahidi theory, a recent work of Kim-
Shahidi [KS] and a work of Ikeda [I].

Theorem 2.2. Let E(g; s, ¢) be the Eisenstein series associated to the cuspidal data
(L,m) as defined in (2.2). Then E(g; s, ¢) is analytic for Re(s) > 0 except for s = 1, 1.
E(g;s,¢) has a simple pole at s = % if and only if the completed symmetric cube L-
function L(s,m, Sym?®) does not vanish at s = 5; and E(g;s,¢) has a simple pole at

s =1 if and only if ™ is monomial.

3. Co-Period over G,

Let E%(-, ) be the residue of the Eisenstein series E(g; s, ¢) at s = 1. For ¢, € 0c .
and e € 0 >, we shall study an integral of following type

(5 8)s Pe, pe2) i= /G E

CP(E 1
(FNG() 2

! (9, 0)pc(9)pe2(9)dyg. (3.1)
The formulation of this type of integral makes sense by means of the truncation of
the Eisenstein series, which we do in the next subsection.

3.1. Truncation of Eisenstein Series. We shall use Arthur’s truncation method
to obtain a formula for the co-period C’P(E% (-,0), e, pe2). As we mentioned in the

Introduction, we shall consider the residue E; (g, ¢) at s = so > 0 of the Eisenstein
series E(g; s, ¢) without assuming sy = 5. Then our method shows that the residue
has nonzero co-period only if s; = % In this way, we obtain the existence of the
residue at s = 3 without using the theory of L-functions.

We identity ag with R and then a regular 7' € ag will correspond to a real number
¢ € R., the real numbers greater than one. We set H(g) := exp < 1; Hp(g) >. Then

we have

H(g) = |deti(g)| (3.2)

for g = vlk € G(A). Let 7. (¢ € Rs1) be the characteristic function over Ry of the
subset Rs..
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Following [Ar], the truncation of the Eisenstein series is defined as follows:

AcE(g;s,¢) = E(g;s,0) — > Eq(v9;5,0)7(H(v9)) (3.3)
1EQ\G

where Eg(g;s, ) is the constant term of the Eisenstein series E(g;s, ¢) along the
maximal parabolic subgroup @, which can be written as

Fo(g:3,6)= [ B(ng;s,6)dn = ®,(g) + M(s)(®)(0)

where M (s) is the relevant intertwining operator. It follows that the Eisenstein series
E(g; s, ¢) has a simple pole at s = s if and only if the intertwining operator M (s) has
a simple pole at s = sy. Since the Eisenstein series is concentrated on the maximal
parabolic subgroup @, the constant term has only two terms left. We remark that
the summation in (3.3) has only finitely many terms and converges. Then we can
rewrite the truncated Eisenstein series as follows

AcE(g;s,¢) = Z\ D, (v9)(1 — 7(H(vg))) — Z\ M (s)(®,)(vg)T(H(v9))
yeQ\G YeQ\G

= &i(g) — &)
where we denote
Eilg) = Z% D, (79)(1 = 7.(H(79)))
YEQ\G

&(9) = Z\ M(s)(®s)(vg)7e(H (79))-
YEQ\G

Hence the truncation of the residue is

AcEy(9,0) = Es(9,9) — Z\ ress—s | M(s)(®s)(v9)|7(H (79))
YEQ\G

= Ey(9,6) — &l9).

We have the following formula for the co-period:

CP(ESO('a ¢)a De, @62) = CP(535 De, (1062) + CP(ACESO('a ¢)a Pe, (p€2)
= CP(€37 (p€7 (p€2) + 7"685:50 [CP(ED g067 @52) - CP(527 g067 ()062)]'
)

Since both A.E(g;s,®) and A.E,,(g,#) rapidly decay in the usual sense, the co-
periods CP(A.E(g; s, 0), e, e2) and CP(AcFEs, (g, @), e, pe2) absolutely converge. As-
suming that both CP(&1, ¢, ) and CP (&2, ¢, ¢e2) absolutely converge for Re(s)
large and have meromorphic continuation to the whole complex plane, one can easily
see that

7‘685230673(52, Pe, @62) = Cp(gfia Pe> @62),
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since the summation in both & and &; is finite. In other words, by the next Proposi-
tion, the formula above for the co-period CP(Fj, (-, @), ¢, ¢.2) makes sense and finally
we have

CP(ESO(" ¢)’ Pe; (1062) = T€Ss5=5, [Cp(gl’ Pes 9062)]' (34)
Proposition 3.1. The following co-periods

CP (52: De, ()062)

for i = 1,2, absolutely converge for Re(s) large and have meromorphic continuation
to the whole complex plane.

Proof. We consider CP (€1, ¢, pe2). By definition, one has
CP(& y Per Pe = / & (g)pe (g d
(€1(9), @e; pe2) e 1(9)¢c(9)pe(9)dg

= / > 2(v9) (1 = 7e(H(79)))9e(9)pe2(5)dg
GIF\GW) 5

Lo 2O = T (H@) @) @)ds.
By Iwasawa decomposition G(A) = V(A)L(A)K, we get
CPE(e) gepe) = [ [ @(BR)(L T (H()g(h)

/ Vh,k)goe (viik)dvdhdk.
F)\V(A

Since the inner integral
Pe vhK) e (Vhk)dv

gives rise to an automorphic function over L(A) and ®,(hk) is cuspidal in h for a
fixed k, the whole integral absolutely converges for Re(s) large.

The same argument applies to the other case.

The meromorphic continuation of both co-periods will follow from the explicit
calculation in the next subsection. O

3.2. Comparison of Co-Periods over two groups. We shall compute here the
co-periods explicitly and relate them to similar co-periods over the Levi subgroup
L =GL4(2).

We first consider the co-period CP (€1, ¢, pez). To simplify the notations, we denote
by Tij = Tiatjs and Xij = Xia1jp-

One notice that the two dimensional vector space generated by x13 and o3 (resp. by
x13 and Xa3) is stable under the adjoint action of the Levi subgroup G'L1o(2) = GL4(2)
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and decomposes into two orbits, which have representatives 0 and x5 (resp. Xi3),
respectively. Then any ¢, in 6, has the following Fourier expansion:

Pe(g) = /[F\] Pe(X13X939) dX130X23 (3.5)

/ X13X235g)¢(X13)dX13dX23;
JeBgO\GLlo [F\AJ?

where B, = {(8 Z{)} in GL1y(2).

By this formula, one has

Cpgv € Pe? = / (I)s 1_TCH (g 62~d
Enpore) = [ o0 @01 = 7e(H9)e@)pe (@)dg
= L+l (3.6)

where

1:/ ®,(9)(1 — 7o(H / ) N dsond

T o (9)( — 7(H(g)))ee(9) P47 Pe(X13X239) dX130X23dg
and
T2 = ®s(9)(1-7e(H(9))) 0 / 5 dx15dxz3dg.
* Jawnaw U=l 9))els )aero\GLm [F\4] (x15%2300) 1 (x13) dx130%3g

It will be proven in Proposition 3.2 that integral I vanishes for all the choices of
D, v and @.2.

To further study integral I, one observes that under the adjoint action of GL14(2),
the one-dimensional vector space generated by the x5 is stable and has two orbits 0
and x12. Hence one has

e (9) = R Pe(x129)dx12 (3.7)

Z / e(x1207)1p(x12)dX15.

(5€SL10( )\GLl()(Q

+ S

Applying this formula to integral I;, one has

I = Iy + Ly, (3.8)
where
= 0,(9)(1 - 7(H(9))0(@) [ o oo d
11 QNG (9)(1 = 7(H(9)))pe2(9) A Pe(X12X13X239) dX12dX13dX23dg
and
]12 = /QO(F)\G(A) Qs(g)(l—Tc(H(g)))()pez(g) v/[F\A]l" SOC(X12X13X23g)1/}(X12)dx12dxl3dx23dg’

where QO = SL10(2)V
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We shall show in Proposition 3.2 that integral ;5 vanishes for all the choices of @,
©we and 2. It reduces to study integral I1;. Similarly, one has

ec(9) = /[F\] Pe(X01%119)dX01dX 11 (3.9)

/F\ X01X1159)¢(X01)dX01dX117

(5EB° \GL10

where B, = {(8 I{)} in GL1(2). Applying this formula to integral I 1, we get

Iy = L + Lo, (3.10)
where
I =/ ®,(g)(1 — 7.(H / (v§)dvdg
111 QUFNG(A) (9)( (H(9)))pe(9) V(F)\V(A)%O( )
and
Lis = / ®,(9)(1 — 7(H(9)))pe( /
112 P (9)(1 — 7e(H(9)))pe2(9) -

/ , <Pe(X01X115X12X13X23§)lb(X01)dX01dX11dX12dX13dX23dg-
§€BY,\GLio(2) * F\A

It will follows from Proposition 3.2 that integral /1,5 vanishes for all the choices of
®,, e and 2.
Hence we obtain by assuming Proposition 3.2 in the next subsection that

C'P(Ela@ea@é) = I
-/ @,(9)(1 = e(H(9)))pe(9) Y (3)dg,
QUPM\G(A)
where
Vig) = (vi)dv.
¢V (9) /V v PV

It is easy to see that

2) = (P 1 - H V2 g ¢ (7 ’
CP(51,Q057(P6) /GLIO(Q’F)V(A)\G(A) s(g)( Tc( (g)))goe (g)(pe (g)dg (311)

By the Iwasawa decomposition G(A) = V(A)L(A)K, we obtain
CPE,powa) = [ | B(hk) (17 (H (1)) 0¥ (Rk) Y (k) et (k)| dh:.
K JGLy(2,F)\GLa(A)

Using the decomposition

GLy(A) = GL,(A)' - A
where GL,(A)! is the kernel of |det,|s and A} is the connected component of the
R-points in the C-points of the center of GL,(2) at one archimedean place.
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Then the inner integral can be computed as follows:

b(hk)(1 — To(H (h))) 0% (hk) Y (hk)|deto (h)]* 3 dh

/GLa(Q,F)\GLa(A) ¢( )( T( ()))9062( )(,06( )‘ e ()| 2

= b(hk)pl (hk Vﬁkdh,/ 1= (Idet, (@)]))[det, (a) [ $+2d
/GLa@,F)\GLa(A)l ¢(hk)pe(hk)g, (hk) Ai( 7.(|deto(a)]))|deta (a) 5 2da
2s—1

c ~ ~ ~
- ‘ hk) Y (hk) @Y (hk)dh.
2s —1 JGLa(2,F)\GLa(A)! ¢(hk)pe (hk) . (hk)

One notice that the elements in Af are in GL,(2,C) for one complex archimedean
place and the cubic cover splits, so that for a € A}, the element a = (a, &) comes out
from O, (¢)xps ¢ as |detq (a)]-€ and from O, (c)x s 2 as |dety(a)|-€2. We remark that this
final formula shows that the co-period CP (&1, ¢, ¢e2) has meromorphic continuation
to the whole complex plane and has the only simple pole at s = % Therefore, we
obtain that if sy # %, then the co-period CP (&1, e, ¢e2) is holomorphic at s = s,
and if so = %, then the co-period CP (&1, ¢, ¢.2) has a simple pole at s = 5 and its

residue is

res, jCP(Ep0pa) = [ S(hk)ks (k)Y (k) dhdk.
2 K GLQ(Z,F \GLQ(A)I (3.12)

The same calculation can be applied to the case

C,P((‘:Qa De, (1062)'

It turns out that
—25 1

o
CP(E 00 90) = 5t e fon ooy MBI (K)o (k).

2s+1
This formula also shows that the co-period CP(&;, ¢, ¢e2) has meromorphic continu-
ation to the whole complex plane and when Re(s) > 0, the possible poles come only
from those of the intertwining operator M(s).

We conclude from formula (3.4) and the above calculation that

Theorem 3.1. The nonvanishing of the co-period CP(Es (-, ), pe, @e2) for some choice
of data ¢, e, pe2 tmplies that sq = % In particular, the Eisenstein series E(g;s, ¢)
has a possible simple pole at s = The co-period of the residue at s = % has the
following formula

E, 5 % (hk) Y (hk :
CPBY (0 pepe) = [ [ SRIE(RR) Y (k) dhk

1
5

(3.13)

The following theorem states the comparison principle of the ‘outer’ period with
the ‘inner’ period.
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Theorem 3.2. The nonvanishing of the co-period CP(E% (;B), e, @e2) for some choice
of data ¢, e, pe 1s equivalent to the nonvanishing of the following integral

‘/GL (2,F)\GLa (A é(h)@y(ﬁ)wg(ﬁ)dh

for the corresponding data.

Proof. Tt is easy to see from (3.13) that if CP(E
some choice of data ¢, ¢, .2, then

(-, ®), pe, pe2) does not vanish for

1
2

o(h) ! (h)pe (h)dh

does not vanish for the corresponding data.
We are going to prove the opposite as follows. Define

d(h)p! (h)pk (h)dh.

It is easy to see that P is a continuous functional with respect to the topology of
smooth vectors in the space of 7 ® Y ® 6, since 7 is cuspidal. Then define

1(®) := / P(0(k))dk
K
for smooth functions ® on K with values in the space of 7 ® 87 ® 0% satisfying
O(pk) = (1 ® 0, ® 022) () D (k)

for p € P(A) N K. Tt follows that for a given ¢ ® ¢V @ ¢% in 7 ® Y ® 0Y, there is a
smooth function ® such that

10) = [ P(@(k)dk
J— - Vi Vi3
- /K /GLa(Q’F)\GLa(Z,A)l ¢(hk)pe(hk) e, (hk)dhdk.

It suffices to show that if the functional P is not identically zero, so is I(®).
_ Without loss of generality, we may assume that there is a factorizable function
PR ¢! @ phinT Q0 ® 0%, such that

P ® ¢! ® o) #0.

/GLa (2,F)\GLa(A)!

Po® ! ®ph) = /
(¢ Pe 9052) GLa(2,F)\GLq (A)!

Of course, we can write

PR ¢! ®ph=Tsg® 5
where Uy is a finite tensor product of the local components of ¢ ® oY @ % over the
infinite places and the finite places where one of the local components of @, ¢!, ¥l

is ramified, and U¥ is the infinite tensor product of all unramified local components
of g ® Y ® b
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If we write, for the set S,
TR0 0% =(120" 20%):® (100 @05%)°,
then there is a continuous functional Pg, P¥ of (7 ® 8Y ® 0%)s, (1 ® 6Y ® 0%)7,
respectively, such that
P(b@ ¢! ® ph) = Ps(¥s) - P5(T7).
Since ¥° is unramified, we take
(k%) := 0®
for k% € K°, where K® := [[,4¢ K,. Since S is finite, one may assume that
Ps(Vs) = I_LPU(\I’U)-
ve

By the admissibility of the local component representations of (7 ® 8) ® 0%)s, it
follows from the standard argument used in Proposition 2 of [JR] and in §5 in [Jng]
that there is a function ®g such that

I¢(®g) = /K Ps(@s(ks))dks # 0

where Kg := [],c5 Ky.
Finally, we take ® := ®¢ ® ®° and have
1(®) = Is(®s) - 1°(2%) #0.
This proves the Theorem. O

We remark that the argument used in the proof of Theorem 3.1 is much simpler than
that used in the proof of the corresponding theorems in [JR] and [Jng]. Combining
with Theorem 2.1, we have the main result of this paper.

Theorem 3.3 (Main). Let E(g,s,¢) be the Fisenstein series of Go(A) defined in
(2.1) and HGQ(A),C: 9@2(&’62 (which are denoted by 0. and 0.2, respectively, in the previ-
ous sections) be the cubic automorphic theta representations of the cubic cover ég(A)
of G2(A) defined in §2.2. Let Oy, u c» Ocrymy, (which are denoted by 0, . and 0,

Q€ €2’
respectively, in the previous sections) be the exceptional automorphic representations

of the cubic cover GLo(2,A) of G3(A) defined in §2.2.
(1) The nonvanishing of the co-period

CPo,(By(20) pope) = [ By(0,9)e()pe @)y

for some choice of data ¢ € w, ¢, € OGQ(A),U Y € 052(A)762, 15 equivalent to the
nonvanishing of the co-period

1
2

CPar. (6, ¢t 0la) = | o) (h)gia (B)dh

GLo>(F)\GL> (A)l



SYMMETRIC CUBE AT 1/2 17

for some choice of data ¢ € w, ¢. € OGL2 o P2 € HGL2 ()2~ The relation

between those two pieces of data is given by Theorem 2.1.
(2) If the co-period

CPary (6, ¢, ¢l2) = ¢ (h) .. (h) gl (h)dh

/GLQ(F)\GLQ(A)l

does not vanish for a choice of data ¢ € m, ¢l € 0L, (), ¢, € OciL,(a),e2, then

the third symmetric power L-function L(s, T, Sym?®) does not vanish at s = %

Proof. Part (1) follows from Theorem 2.1 and Theorem 3.1 and part (2) follows from
part (1) and Theorem 2.2. O

Remark 3.1. It is easy to check that for any given local place v, the co-period
CPar, (9, ¢., ¢.2) produces a nonzero G Lo (F,)-invariant linear functwnal on the space
of the tensor product m, @ Oy ep @ a2, of three local representations m,, Oy, and
02,0, where 0 ¢, and 0, 2, are the exceptional representations of the cubic cover of
GL,(2,F,) as defined in [KP] (§2 before Proposition 2.1).

3.3. Vanishing of Certain Integrals. We shall prove the vanishing of integrals Iy,
I5 and I}y, occurring in explicit calculation of co-period C”P@(E% (,8), Ve, Pe2) in
the previous subsection.

Proposition 3.2. Integral I, 115, and 1115 vanish for all the choices of @5, p. and
Pe2.

Proof. We first consider integral

I, = 2u(0) (1~ Tl H@)ee(d) [ eelxisxasdg) (xis)dxiadxasdg.

/B%(F WV(F)\G(4) [F\A]

Let Z := Xp3 be the one-parameter additive subgroup of G5(A) generated by the root
2c + 33. Then the inner integral can be written as

/[F\A]2 Ve (X13X239) Y (X13)dX13dX93 = /F\A ‘PeZ(Xliig)w(Xm)Xmg.

Since Z is the center of the Heisenberg unipotent radical U of the maximal parabolic
subgroup P, the Fourier expansion for ¢Z ((3.14) in [GRS]) is

HORFAUENEDS / W) _o(u)du,  (3.14)

YEBS\GLo1 (2 \U(A
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where B§; = {xo1 - h(t,?)}. By this formula, one has

/ ¢6Z(X13§)1/J(X13)d><13
F\A
= /F\A ‘Pg(xmg)?/)(xm)dxl?,
+ /F\A Z / U’YX139)¢ (u)dud)(xlg)d}(lg.

v€B§;\GLo1(2
It is easy to see that

/ ¥ (x139)10(x13)dx13 = 0.
P\A

To simplify the second term, one uses the Bruhat decomposition for Bg;\G Lo (2),
from which an element in B§;\G Ly (2) is equal to h(a,1) or h(a,1)woixoi(z). If
v = h(a, 1), one has

/F\A /U(F WUA 0e(uyx139)V_o (u)dur)(x13)dx13 = 0.
If v = h(a, 1)wo1 xo1(7), then
/F\A /U(F)\U(A) oe(uh(a, 1)worxo1 (7)x139)V_q (u)durp(xi3)dxi3
= /U(F)\U(A) @c(uh(a, 1)woixo1 (£)§)Y—a(u)du /F\A¢((1 — a)x13)dx3
= 0’

if a # 1. This implies that
/F\A ©Z (x139) 1 (x13)dx13 = Y PV (wo1X01(2)7)- (3.15)
3

Hence integral I can be written as follows:

I, = ®s(g)(1 —7(H Z(pr " (worxo1(7)g)dg

/B’?o(F)V(F)\G(A)
N D, (g)(1 = 7.(H(9)))pe ()01 (wo1§)dg
/100( ey 291 T TelH(9))ee(9) (w1§)

R ()

/fo(F)U(A)\G(A)
: / B, (2109)(1 — 7(H(9)))pe (ug)w(—x13)dudyg.
U(F)\U(4)
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Now applying (3.14) to ¢%, we have

/U(F)\U(A) q)s(ﬂhog)(l - TC(H(Q)))QOCQ(u?])w(—xlg)du
= /[U/z](F)\[U/Z](A) ®,(7109)(1 — 7.(H(9)))pZ(ug)(—x3)du
N - U¥=a (vii§)da.
B /[U/Z](F)\[U/z]m) Cy(x09)(1-7e(H(9))) 3. 2" "(yug)d

’)’EB(O)1 \GL01 (2)

The same argument shows that if v = h(a, 1) or h(a, 1)wexoe1(z) with a # 1, the
integral vanishes as in the case of .. We thus get

I, = =19 (w1 §)

/Tf’o(F)U(A)\G(A)
'/[F\A]3 Dy (2109)(1 — 7.(H(g))) Z (Pg’wfa(w01X01($)X10X11X12§)Xmoanqudg-

xEF
Since [xo1(t), X12(5)] = x13(3ts), one has

eog’w‘“ (wo1Xo1 (%) X10X11X129) = Y(—32X12) - @i{iw—a (wo1Xo1(Z)X10X119),

and for z € F,
/[F\A]3 (I)s(l“log)(l - Tc(H(Q)))QOg’w_a (w01X01(x)X10X11X12§)dX10dX11dX12

vanishes unless © = 0. This implies that

Uy—10

IQ = Pe

/ (w01§)
T (F)U(A\G(A)

'/[F\A]B Q4 (z109)(1 — Tc(H(Q)))@g’w_a(w01X10X11§)dX10dX11dg-

It is easy to see that

<,0€U2’¢7a (WorX10%11§) = 9052’11)704 (wo19)-

From this, we conclude that

I, = w?’¢‘1°(w01§)<ﬁg’¢‘“ (w01§) /F\A ‘I)s(l”log)(l - Tc(H(g)))dedg

/Tf’o(F)U(A)\G(A)
= 0.

The vanishingness comes from the cuspidality of ®,(z10g) in x39. This proves the
Proposition for integral I.

We remark that the above proof is based on certain Fourier expansion of the auto-
morphic theta functions and the cuspidality of the ®(x19g) on the Levi component
GL1p(2). The same argument applies to the cases of integrals I1o and Iy for the
vanishing property.

O



20

D.G., D.J. AND S.R.

REFERENCES

J. Arthur, A trace formula for reductive groups I, Duke Math. J., 45(1978), 911-952; II,
Comp. Math., 40(1980), 87-121.

D. Bump and D. Ginzburg, Symmetric square L-functions on GL(r). Ann. of Math. (2)
136 (1992), no. 1, 137-205.

D. Bump, D. Ginzburg, and J. Hoffstein, Symmetric cube L-functions Invent. Math.
125(1996), 413-449.

P. Deligne, Valeurs de fonctions L et periodes d’integrales (French) With an appendiz
by N. Koblitz and A. Ogus. Automorphic forms, representations and L-functions, Proc.
Sympos. Pure Math., XXXIII, (Corvallis, Ore., 1977), Part 2, 313-346, Amer. Math.
Soc., Providence, R.I., 1979.

S. Gelbart and H. Jacquet, A relation between automorphic representations of GL(2)
and GL(3). Ann. Sci. Ecole Norm. Sup. (4) 11 (1978), no. 4, 471-542.

D. Ginzburg, On the symmetric fourth power L-function of GLs. Israel J. Math. 92
(1995), no. 1-3, 157-184.

D. Ginzburg, S. Rallis, and D. Soudry, Cubic correspondences arising from Gz, Amer.
J. Math. 119(1997)(2), 251-335.

D. Ginzburg, S. Rallis, and D. Soudry, On explicit lifts of cusp forms from GL,, to
classical groups. Preprint 1998.

D. Ginzburg and D. Jiang, A Siegel-Weil identity for Go and poles of L-functions.
Preprint 1999.

B. Gross, L-functions at the central critical point. Motives (Seattle, WA, 1991), 527-535,
Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc., Providence, RI, 1994.

B. Gross and D. Prasad, On the decomposition of a representation of SO,, when restricted
to SO,—1. Canad. J. Math. 44 (1992), no. 5, 974-1002.

M. Harris, Hodge-de Rham structures and periods of automorphic forms. Motives (Seat-
tle, WA, 1991), 573-624, Proc. Sympos. Pure Math., 55, Part 2, Amer. Math. Soc.,
Providence, RI, 1994.

M. Harris and S. Kudla, The central critical value of a triple product L-function. Ann.
of Math. (2) 133 (1991), no. 3, 605-672.

T. Ikeda, On the location of poles of the triple L-functions, Compositio Math.
83(1992)(2), 187-237.

H. Jacquet and S. Rallis, Symplectic periods, J. reine angew. Math., 423(1992), 175-197.
D. Jiang, Ga-periods and residual representations, J. Reine Angew. Math. 497(1998),
17-46.

D. Jiang, Nonvanishing of the central critical value of the triple product L-functions.
Internat. Math. Res. Notices 1998, no. 2, 73-84.

D. Jiang, Z. Mao and S. Rallis, Relative Kuznietsov trace formulas on Ga. Preprint 1999.
D. Kazhdan and S. Patterson, Metaplectic forms, ITHES. 59(1984), 35-142.

H. Kim and F. Shahidi, Symmetric cube L-functions for GLo are entire, preprint 1998.
S. Kudla and S. Rallis, A regularized Siegel-Weil formula: the first term identity. Ann.
of Math. (2) 140 (1994), no. 1, 1-80.

R. Langlands, On the functional equation satisfied by Fisenstein series, Lecture Notes
in Math., Vol. 544, Springer-Verlag, 1976.

H. Matsumoto, Sur les sous-groupes arithmetiques des groupes semi-simples deployes
(French), Ann. Sci. Ecole Norm. Sup. 4(1969)(2), 1-62.



[MW]
[PPS]
[Sh]

[Shi]

[Shm)]

SYMMETRIC CUBE AT 1/2 21

C. Moeglin and J.-L. Waldspurger, Spectral Decomposition and Eisenstein Series, Cam-
bridge Tracts in Math. 113, 1995.

S. Patterson and I. Piatetski-Shapiro, The symmetric-square L-function attached to a
cuspidal automorphic representation of GL(3). Math. Ann. 283 (1989)(4), 551-572.

F. Shahidi, Symmetric power L-functions for GL(2), Elliptic curves and related topics,
159-182, CRM Proc. Lecture Notes, 4, Amer. Math. Soc., Providence, RI, 1994.

F. Shahidi, Third symmetric power L-functions for GL(2), Compositio Math.
70(1989)(3), 245-273.

G. Shimura, On the holomorphy of certain Dirichlet series. Proc. London Math. Soc.
(3) 31 (1975), no. 1, 79-98.

D.G.: SCHOOL OF MATHEMATICS, THE RAYMOND AND BEVERLY SACKLER FACULTY OF EX-
ACT SCIENCES, TEL Aviv UNIVERSITY, TEL AVIV 69978, ISRAEL

D.J.: ScroOoL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN 55455,

USA

S.R.: DEPARTMENT OF MATHEMATICS, THE OHIO STATE UNIVERSITY, CoLumMBUS, OH
43210, USA



