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THE KODAIRA DIMENSION OF LEFSCHETZ
FIBRATIONS

JOSEF DORFMEISTER AND WEIYI ZHANG

ABSTRACT. In this note, we verify that the complex Kodaira dimension
k" equals the symplectic Kodaira dimension x° for smooth 4—manifolds
with complex and symplectic structures. We also calculate the Kodaira
dimension for many Lefschetz fibrations.
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1. INTRODUCTION

Let M be a smooth 4-manifold. The manifold M can be endowed with
different structures: complex, symplectic, Lefschetz fibration, etc. If given
a complex structure, the (complex) Kodaira dimension x"(M,.J) is defined
within the framework of birational classification of complex manifolds. This
notion has proven to be very useful, at least in complex dimension 2, in which
we have a detailed birational classification. Similarly, given a symplectic
structure, there is the concept of a (symplectic) Kodaira dimension x*(M, w)
(see [24],[15] and [I8]). One would like to achieve a similar classification
as in the complex case for symplectic manifolds. Such a classification is
very clear when the symplectic Kodaira dimension is —oco. Moreover, in
symplectic Kodaira dimension 0, T.-J. Li ( [18] and [I9] ) gives a classification
of symplectic 4 manifolds up to their rational homology groups (See also [26]
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for a similar result). In Section [Bl (Prop. [(.6]), we will give some evidence to
support his conjecture, that the classification in [19] is complete.

The main goal of this paper is to show the relationship between " (M, .J)
and k*(M,w) on manifolds admitting complex and symplectic structures and
the role they play in the classification of Lefschetz fibrations (and pencils).

In section 2, we state the definitions of the Kodaira dimension in the
complex and symplectic cases including some useful background information.
We then define the Kodaira dimension x!(g,h,n) for Lefschetz fibrations
with h = g(base) > 1.

In Section 3, we show that the symplectic Kodaira dimension x*(M,w) as
defined in [I§] is the same as the complex Kodaira dimension for all smooth
4-manifolds admitting complex and symplectic structures. That is, we have
the following theorem:

Theorem 1.1. Let M be a smooth 4-manifold which admits a symplectic
structure as well as a complex structure in such a manner that k*(M,w) and
kMM, J) are defined. Then r*(M,w) = &"(M, J).

The symplectic structure is not necessarily compatible with or even tamed
by the complex structure. In the Kéahler case, this result is known to T.-J.
Li ([18]). This allows us to give the Kodaira dimension of a complex or
symplectic 4-manifold without ambiguity, we denote it simply as x(M).

In the following, we address the equivalence of k(M) and the Lefschetz
Kodaira dimension #!(g, h,n). This is broken into three cases: Excluding the
exceptional case (g,h,n) = (> 2,1,> 1), we first prove that on a complex
manifold M the Kodaira dimension «!(g, h,n) coincides with the complex
Kodaira dimension " (M, J):

Theorem 1.2. (See Theorem [3.7) If the complex manifold M admits a
relatively minimal (g, h,n) Lefschetz fibration with h > 1 and excluding the
exceptional case, then k"(M,J) = k'(g, h,n).

In Section B3] we address the issue of equivalence on a symplectic Lef-
schetz fibration. This differs very little from the complex case, the main
result is

Theorem 1.3. Let M be a smooth symplectic manifold admitting the struc-
ture of a relative minimal (g, h,n) Lefschetz fibration with h > 1 and exclud-
ing the exceptional case. Then r*(M) = kl(g, h,n).

Finally, we conjecture the equivalence of the dimensions in the exceptional
case, providing some evidence for the conjecture. This also has interesting
connections to work by Amoros, et. al. [1].

As a Corollary of the results of Gompf and Matsumoto, a 4-dimensional
Lefschetz fibration either has a symplectic structure or a complex structure.
Therefore Lefschetz fibrations are a nice structure to research, especially
as we hope that this will lead to a general definition of Kodaira dimension
for a much larger class of smooth 4-manifolds, and ultimately hopefully
to a definition for broken Lefschetz fibrations. Additionally, this may give
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insight into a possible extension of the symplectic Kodaira dimension to
higher dimensions.

It is worth noting at this juncture, that LeBrun has researched the connec-
tion between the Yamabe invariant of a smooth four manifold and Kodaira
dimension on complex compact manifolds (see [15], [16] and [I7]). This pro-
vides a possible generalization of Kodaira dimension to smooth 4-manifolds.
We should mention that the equivalence of this “Yamabe Kodaira dimen-
sion” and symplectic Kodaira dimension is still not clear.

The flavor of Section [0l is somewhat different from the previous Sections.
Here we attempt to give a combinatorial definition of Kodaira dimension
in the h = 0 case, i.e. when the base is P!. Less is known in this (most
interesting, see Theorem [2.I0]) case. However, this kind of combinatorial
definition may be generalized to more complicated fibration structures.

The authors hope to draw attention to the various possible generalizations
of Kodaira dimension in 4-dimensions. They furthermore hope this will
lead to a deeper understanding of the concept of Kodaira dimension and
lead to useful definitions for smooth four-manifolds and manifolds of higher
dimension.

Acknowledgements We would like to thank our thesis advisor Professor
T.-J. Li for many helpful comments and discussions. We would also like to
thank M. Usher for his interest in our work.

2. THE KODAIRA DIMENSION

In this Section we will review the definitions of the Kodaira dimension for
complex and symplectic 4-manifolds. Furthermore, we define the Kodaira
dimension for Lefschetz fibrations. We begin with the classic definition
on a manifold admitting a complex structure and then consider manifolds
admitting symplectic structures and Lefschetz fibrations with positive genus
base. Throughout, we include some relevant facts in preparation for the
proofs of Theorems [T}, and [L3

2.1. Complex Kodaira dimension. If the manifold M admits a complex
structure J, then the Kodaira dimension is defined as follows (in the case
dimgpM = 4, see Def for the 2 dimensional case): The n-th plurigenus
P,(M,J) of a complex manifold is defined by P, (M,J) = hO(K$f), with
Ko the canonical bundle of (M, J).

Definition 2.1. The complex Kodaira dimension k"(M,J) is defined as

—o0  if Pp(M,J) =0 for alln > 1,
h B 0 if Po(M,J) € {0,1}, but Z0 for alln > 1,
KM, ) = 1 if Po(M,J) ~cn; c>0,
2 if Po(M,J) ~cn?; ¢ > 0.

Let (M, J) be a complex surface. Then M is called minimal if it does not
contain a nonsingular rational curve of self-intersection —1. A nonsingular
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surface M,,;, is called a minimal model of M if it is minimal and if M can
be obtained from M,,;, by blowing up a finite collection of points. It is
known, that every compact nonsingular complex surface M has a minimal
model M,,;, and, if k"(M,J) > 0, then the minimal model is unique up
to isomorphism. The classification of minimal compact complex surfaces is
called the Enriques-Kodaira classification:

Theorem 2.2. ([13] or [2]) Minimal complex surfaces can be classified into
the following seven classes:

(1) the class of algebraic surfaces with pg = 0;

2) the class of K3 surfaces;

) the class of complex tori (of dimension 2);

) the class of elliptic surfaces with by even, pg > 1,¢1 # 0;
) the class of algebraic surfaces with pg > 1,¢1 > 0, 2> 0;
) the class of elliptic surfaces with by odd, pg > 1, 2 =0;

(7) the class of surfaces with by = q =1,py = 0.

(

(3
(4
(5
(6

The first five classes admit Kéhler structures. The seventh class of sur-
faces all have by = 0 and hence admit no symplectic structures. Details can
be found in [2].

2.2. Symplectic Kodaira dimension. Let (M,w) be a symplectic mani-
fold. The symplectic Kodaira dimension of a 2-manifold is defined as follows:

Definition 2.3.

-0 if K, <0,
K (M,w) = 0 if K, =0,
1 if K, > 0.

Clearly, k(M,w) = —o0, 0 or 1 if and only if the genus is 0, 1 or > 2.
These coincide with the complex Kodaira dimension if dimgM = 2.

A similar definition can be made for 4-manifolds, the symplectic Kodaira
dimension x*(M,w) is defined by Li [I8] (see also [15], [23]) to be:

Definition 2.4. For a minimal symplectic 4—manifold M with symplectic
form w and symplectic canonical class K., defined as the first Chern class
of the cotangent bundle for any almost complex structure compatible with w,
the Kodaira dimension of (M,w) is defined in the following way:

-0 ifK, w<0orK, K,<Q0,
0 if Ky, - w=0and K, - K, =0,
1 if Ky, -w>0and K, - K, =0,
2 if K,-w>0and K, - K, > 0.
The Kodaira dimension of a non-minimal manifold is defined to be that
of any of its minimal models.
A symplectic manifold is called minimal if it does not contain a smoothly
embedded sphere with self intersection —1. A symplectic manifold (M, w)
is symplectically minimal if and only if M is smoothly minimal. If the

kS (M,w) =
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symplectic manifold has a complex structure J at the same time. Please
note the difference between the first Chern class of K; and K. If the
manifold M admits a Kéhler structure and is minimal, then the first Chern
class of the canonical bundle is given by the canonical class K, and it is
unique (see [28] and [§]). If J and w are not complatible, they don’t have
to be equal. On a non-Kéhler symplectic manifold there may be many
canonical classes K, depending on the choice of symplectic structure w,
hence also the dependence of the Kodaira dimension on this choice. The
following Theorem addresses this issue:

Theorem 2.5. (Thm 2.4, [18]) Let M be a closed oriented smooth four
manifold and w an orientation compatible symplectic form on M. Let (M,w)
be minimal.

(1) The Kodaira dimension is well defined.

(2) k*(M,w) only depends on the oriented diffeomorphism type of M,
hence k*(M,w) = k*(M).

(3) kK*(M) = —o0 if and only if M is rational or ruled.

(4) k*(M) =0 if and only if K, is a torsion class.

As in the complex category, certain results on minimal models hold: In
the symplectic category there exist minimal models, and for surfaces with
k*(M) > 0 these are unique up to isomorphism. Moreover, if k*(M) = —o0,
then there exist at most two minimal models up to diffeomorphism.

To determine the Kodaira dimension of a symplectic manifold, it is neces-
sary to determine the value of K2. A useful tool is Wu’s theorem: Assume
M admits an almost complex structure. Let x denote the Euler charcteristic
and let o denote the signature of the manifold M. Then

(1) K? =2y +30.

Actually, what we really used in this paper for the definition of symplectic
Kodaira dimension is a combination of Definition 2.4l and Theorem

Definition 2.6. M is said to have sympletic Kodaira dimension k° = —o0
if M is rational or ruled.

Otherwise, first suppose M is minimal. Then the Kodaira dimension k°
of M 1is defined in terms of K, as follows:

0 if K, is torsion ,
K5 (M) =r*(M,w) =< 1 if K, is non-torsion but K2 = 0,
2 if K2 > 0.

For a general M, k*(M) is defined to be x°(N), where N is a minimal
model of M.

2.3. The Kodaira dimension of Lefschetz fibrations. The notion of a
Lefschetz fibration is important for both symplectic and complex manifolds.
In particular, it can be viewed as a topological characterization of symplectic



6 JOSEF DORFMEISTER AND WEIYI ZHANG

manifolds. In the following we present a definition of the Kodaira dimension
for Lefschetz fibrations when the base is not S2.

2.3.1. Lefschetz Fibrations. We begin with an overview of Lefschetz fibra-
tions and their connection to symplectic manifolds.

Definition 2.7. A (g,h) Lefschetz fibration on a compact, connected, ori-
ented smooth 4-manifold M is a map 7w : M — Xy, where ¥, is a compact,
connected, oriented genus h 2-manifold and 7=1(0%),) = OM, such that

e the set of critical points of w is isolated and lies in the interior of
M;

e for any critical point x there are local coordinates on M and Xy, such
that m(z1,22) = 22 + 22,

e T is injective on the set of critical points and

e q reqular fiber is a compact, connected, oriented genus g 2-manifold.

Let n denote the number of singular points. A singular fiber is a transver-
sally immersed surface with a single positive double point. If there are no
critical points (n = 0), then 7 : M — X, is just a surface bundle.

A (g, h) Lefschetz fibration is called relatively minimal if no fiber contains
a sphere of self intersection —1.

Lemma 2.8. ([27]) For (g,h) Lefschetz fibrations with h > 1, relatively
minimal is equivalent to M minimal.

The total space M may admit symplectic structures w, however these may
not be compatible with the fibration structure. This leads to the following
definition.

Definition 2.9. A (g,h) Lefschetz fibration is called symplectic if there ex-
ists a symplectic form w on M such that, for any p € X, w is nondegenerate
at each smooth point of the fiber F,, and at each double point, w is nonde-
generate on the two planes contained in the tangent cone.

The following two results show the intimate connection which Lefschetz
fibrations and symplectic manifolds share:

Theorem 2.10.
(1) [B] If (M,w) is a symplectic 4-manifold, then there exists a nonneg-

ative integer n such that the n-fold blowup M#nCP? admits a (9,0)
Lefschetz fibration over S2.

(2) [10) Suppose M is a 4-manifold admitting a (g, h) Lefschetz fibration
m: M — Xy. If the fiber class F € Hay(M) is nontrivial, then M
admits a symplectic Lefschetz fibration structure. In particular, if
g > 2 then this result holds.

Thus, given a (g,h) Lefschetz fibration, we can construct a symplectic
structure on the underlying smooth manifold M. This in turn allows us to
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identify M with a (k,0) Lefschetz fibration after a finite number of blow-
ups. The following question is interesting in particular from the viewpoint
of Kodaira dimension, which is invariant under blow-up:

Question 2.11. What is the connection between (g, h,n) and (k,0,n’)?

We cannot hope to obtain a precise answer to this question, as the number
of singular fibers n’ resulting from Donaldson’s construction is not bounded
above. In particular, the (k,0,n’) Lefschetz fibration structure is not unique.
However, the genus k& and the value n’ depend on each other. We will
consider this topic in Section [Bl

We note two important properties of Lefschetz fibrations: Recall the Def-
inition of the Kodaira dimension for a 2-manifold given in Def. 231

Lemma 2.12. (1) ([12]) Let M be the total space of a (g,h) Lefschetz
fibration admitting a complex structure. Then

(2) KM(M,J) > KM(S,) + KM ().

(2) (120]) Let M be the total space of a (g,h) Lefschetz fibration admit-
ting a symplectic structure. Then

3) (M) 2 5°(5g) + £°(Xn)-

In order to determine the Kodaira dimension of a symplectic or complex
manifold M, we need to estimate the square of the canonical class. Assume
M admits a holomorphic fibration structure, which includes manifolds M
admitting a complex structure as well as a Lefschetz fibration structure such
that the Lefschetz fibration is holomorphic. Assume moreover, that we have
a relatively minimal Lefschetz fibration (allowing h = 0 as well). Define
the holomorphic Euler characteristic x5 = XF2. Then Xiao [29] proved the
slope inequality for fibrations with fiber genus g > 2:

(4) K2 —8(g—1)(h—1) > (4 §><xh —(h—-1)(g - 1)).

Note that the assumption that the fibration is holomorphic is vital for
this result to hold. See also the discussion in Section [B.3l

2.3.2. Kodaira dimension. We present a definition of the Kodaira dimension
for Lefschetz fibrations with A > 1. The case h = 0 will be discussed
in Section Bl This definition is purely combinatorial and should thus be
extendable to more general structures on M. In the following Sections, we
proceed to show the equivalence of this definition with x*(M) or k"(M, J)
when M admits the structure of a Lefschetz fibration with A > 1 and a
complex or symplectic structure in all cases but the exceptional one.

Definition 2.13. Given a relatively minimal (g,h,n) Lefschetz fibration
with h > 1, define the Kodaira dimension '(g,h,n) as follows:
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if (g,h,n) = (1,1,0) ,
if (9,h) = (1,> 2) or (g,h,n) =(1,1,>0) or (>2,1,0) ,

kg, h,n) = )
2 if (g,h) > (2,2) or (g,h,n) =(>2,1,>1).

The Kodaira dimension of a non-minimal Lefschetz fibration with h > 1
1s defined to be that of its minimal models.

Remark: A priori, this definition does not necessaily provide a diffeomor-
phism invariant. Once Theorems and [L3] as well as Conjecture [4.1] have
been proven, this will be an invariant up to diffeomorphism. Moreover, we
will show later (Proposition B4 that &' is a diffeomorphism invariant even

if we can prove only k" = &'

3. THE KODAIRA DIMENSION ON A COMPLEX OR SYMPLECTIC MANIFOLD

We have defined three kinds of Kodaira dimension: the complex " (M, J),
symplectic £°(M) and the Lefschetz x!(g, h,n) Kodaira dimensions. In this
Section, we prove the equivalence of these definitions when M admits a
complex structure.

3.1. k(M) = K"(M, J).

Theorem 3.1. Let M be a smooth 4-manifold which admits a symplectic
structure as well as a complex structure in such a manner that k*(M) and
kMM, J) are defined. Then r*(M) = k"(M,.J).

Proof. Assume that M is not minimal. The Kodaira dimensions «*(M ) and
kM(M, J) are invariant under blow-up and blow-down. Thus we may blow
down any exceptional curves and work only with the minimal manifolds
thus obtained. We may therefore assume that M is minimal in the following
proof.

The Kéhler case was observed in [18] and communicated to us by T.-J.
Li:

Let (M, J,w) be a Kéhler surface with integrable complex structure J and
Kéhler form w. Let Cps be the canonical line bundle. Notice that the first
Chern class of KCps is just K.

Castelnuovo-Enriques proved that Kéhler surfaces with k" = —oo are
rational or ruled surfaces. So if k" (M,.J) = —co then x°(M) = &"(M, J) by
Theorem

The plurigenera P, (M, J), hence the Kodaira dimensions, do not change
under blowing down. Moreover, for a Kéhler surface with non-negative
holomorphic Kodaira dimension, if the manifold is holomorphically mini-
mal, then it is smoothly minimal, in particular it is symplectically minimal
(see [8]). Notice this is not true when (M, J) is a rational surface, e.g. the



THE KODAIRA DIMENSION OF LEFSCHETZ FIBRATIONS 9

Hirzebruch surface F3 is holomorphically minimal but not smoothly mini-
mal). Thus, to compare £"(M,.J) and x*(M) when &"(M,J) > 0, we can
assume that (M, J) is holomorphically minimal.

If (M,J) is a minimal surface with x"(M,J) = 0, then some positive
power of Ky is a trivial holomorphic line bundle. In particular, ¢1(Kys) is
a torsion class. Therefore k(M) is equal to zero as well by Theorem

If (M,J) is a minimal surface with x"(M,J) = 1, then it is a minimal
elliptic surface by the surface classification. In particular, ¢;(Kys) has zero
square. For a surface (M, .J) with x"(M,.J) = 2, if n > 2, then

~n(n—1) 1—b+b"
2 2 '

In particular, ¢ (Kps) has positive square. What remains to show is ¢1 (Kpz)-
w > 0 if k"(M, J) is equal to 1 or 2. Notice that if P,(M,J) > 2 for some
n, then there exists a holomorphic section s of which the zero set of s is a
non-empty holomorphic subvariety. So ¢1(Kpy) - w, which can be computed
as the integral of w on the zero set of s, is positive. Therefore we have
proved x*(M) = &"(M, J) if (M, .J) is equal to 1 or 2, hence the result in
the Kahler case.

Assume now that M admits a symplectic and a complex structure but
is not Kahler. Such manifolds exist, for example the Kodaira-Thurston
manifolds. Recall the classification given in Theorem It follows, that
the only class of interest is class (6), as class (7) is not symplectic (b = 0).

Therefore, consider elliptic surfaces in class (6). Kodaira showed, that
the complex surfaces in class (6) are torus bundles over surfaces (Theorem
11.8 and 11.9 in [14]). Surfaces in this class have p, > 1. If p, = 1, this
is just the primary Kodaira surface. It is shown in [I8] that the symplectic
Kodaira dimension of a primary Kodaira surface is 0, which coincides with its
complex Kodaira dimension. If p, > 1, these surfaces are torus bundles over
surfaces with genus g at least 2, which are called properly elliptic surfaces
with Hh(M, J) = 1. Moreover, they all have b = 2g +1 > 5. However, it
was shown in [19], that b; < 4 for all M with x*(M) = 0. Hence x*(M) > 1.

To show the equality of the Kodaira dimensions in the case p, > 1, it
suffices to show that K2 = 0. That’s because K2 = K2 = 0 which is
a topological invariant. Thus in the case p, > 1 we obtain the equality
k$(M) = 1= k"(M,J). This finishes the proof in the non-Kihler case. [

Pu(M,J) A(K) +

Remark

(1) The symplectic Kodaira dimension and complex Kodaira dimension
in dimension 4 are both diffeomorphism invariants.

(2) For projective manifolds, the above theorem is related to the abun-
dance conjecture. See [4] for example. For the Kéahler case, there
are some discussions in [23].

(3) A result of Biquard [3] shows that for x"(M,J) = 1, symplec-
tic is equivalent to Kahler. From this it follows immediately that
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kMM, J) = k*(M) when both are defined. However, this uses an
explicit calculation of Seiberg-Witten invariants, our proof above is
self contained and has thus been included.

3.2. Kl(g,h,n) = kM(M, J).
This section is devoted to the proof of Theorem We begin with some
preliminary results which hold in both the complex and symplectic cases.

Proposition 3.2. Let 7 : M — %}, be a relatively minimal (g, h) Lefschetz
fibration. Assume that M admits a complex or symplectic structure. Denote
the corresponding Kodaira dimension by x(M).

(1) If g > 2 and h > 2, then k(M) = 2.
(2) If g =0, then k(M) = —ooc.

Proof. Assume that g, h > 2, then we obtain x(X,) = k(3;) = 1 by Def 23]
The subadditivity of the Kodaira dimension for Lefschetz fibrations (Lemma

2.12) states
k(M) > k(Eg) + k(Xh).

Thus (M) > 2 if g,h > 2.

Assume g = 0. Then the Lefschetz fibration has no nontrivial vanishing
cycles, hence it has no singular points if our fibration is relatively minimal.
We obtain a S? bundle over a Riemann surface of genus h. This has k(M) =

—oo by Castelnuovo-Enriques (complex case) or Theorem (symplectic
case). O

Applying the subadditivity of the Kodaira dimension again, we obtain
the following simple corollary:

Corollary 3.3. Assume that M admits a complex or symplectic structure.
Denote the corresponding Kodaira dimension by k(M).

(1) Ifg=h=1, then k(M) > 0.

(2) Ifg=22andh>10rh>2andg>1, then k(M) > 1.

This corollary reduces the problem to the following two cases:

(1) g=1;
(2) g > 2 and h =1 (the exceptional case).

We first consider the case g = 1. The following porposition will be useful
in the discussion relating to this case, it holds in the more general framework
of a surface bundle with either base or fiber a torus, but with the genus of
the base positive: In that case x(M) = 0 by the multiplicity of the Euler
number. A theorem of Meyer [25] states that o(M) = 0 if we have a surface
bundle, such that the genus of the base is strictly positive and either the
base or the fiber is a torus. The main point of the proof is that we have a
bound on the signature in terms of g and h, but we can allow any k-fold
multiple cover of T2 by another T2. By pulling back by such a cover, we
obtain a contradiction. Thus we have:
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Proposition 3.4. For a surface bundle with components ¥4, (g9 = 2), and
T2, it follows that k(M) = 1.
Once again, we have let x denote one of x° or k", whichever is defined.

Proof. By Meyer [25], o(M) = 0, then K2 = 30(M) + 2x(M) = 0 (Eq. ).
By Cor. B3 k(M) > 1 and M must have k(M) = 1. O

We now return to the case where the fiber is a torus. There we have
the following famous result of Matsumoto ([22]): Every relatively minimal
elliptic Lefschetz fibration over a surface ¥, is either a torus bundle over X,
or E(n,h) = E(n)i{S, x T?}. Thus we have:

Proposition 3.5. If ¢ = 1, then the relatively minimal (1,h) Lefschetz
fibrations either have Kodaira dimension —oo, 0 or 1. Specifically, letting K
denote one of k° or k", whichever is defined, we have:
(1) k = —oo: T? x S?(Ruled surface), non-trivial T? bundle over S?
(Hopf surface), or E(1) (non-minimal rational surface);
(2) kK =0: E(2), T? bundles over T?;
(3) k= 1: All the other cases.

Proof. Consider first torus bundles over >p:
(1) h = 0: All such bundles are complex and have kK = —oo. More
precisely, they are the following: The ruled surface 72 x S? or the
Hopf surface which is the non-trivial 72 bundle over S2.
(2) h = 1: The bundles in this case are symplectic ([9]) and have k =0
(IIS)).
(3) h > 2: Then k(M) =1 due to the result of Prop. B4l
Consider now the case E(n,h) = E(n)t;{Z, x T?}. When h = 0, these are
just the elliptic surfaces E(n) which, by the classification of elliptic surfaces,
have

—00 E(l)v
k=<0 E(2),
1 E(n)n> 2.

When h > 1, then x(X), x T?) > 0. Furthermore, we can check that
the fiber sum E(n,h) is relatively minimal. For example, given E(1,h),
then ¥;, x T? is already minimal, and in the E(1) part, the fiber class is
3h—2?:1 e;, which pairs positively with any exceptional class e;. For general
E(n,h), we can add E(1) step by step. Then it follows (Theorem 4.2, [21]),
that k(E(n,h)) = 1.

O

Remark:

(1) Note that Prop. gives information also for the case in which the
base is S?, a case which we have excluded in our Definition of the
Kodaira dimension k(g,h,n). In particular, this result as well as
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Prop include relatively minimal Lefschetz fibrations with base
S2.
(2) Part 2 of Prop. can also be found in [26].
The previous results lead to the following interesting Corollary:

Corollary 3.6. Any (g,h) Lefschetz fibration admits a symplectic or com-
plex structure.

Proof. This is essentially a Corollary of Gompf’s result (Theorem 2.I0]) and
a result of Matsumoto (Prop. B.3)).

If g = 1, by virtue of Matsumoto’s classification ([22]), and proved case
by case in Proposition B.5] any (1,h) Lefschetz fibration admits a complex
or symplectic structure.

If g # 1, every (g, h) Lefschetz fibration admits a symplectic structure by
Gompf’s result (Theorem 2.10] (2)). O

Thus we have proved the main result of this section:

Theorem 3.7. Let M admit a relatively minimal (g, h,n) Lefschetz fibration
with h > 1 and a complex structure. If (g,h,n) # (> 2,1,> 1), then
KM, J) = K(g, h, ).

Remark.

(1) The case (g,h,n) = (2,1,> 0) follows from Prop. 43
(2) Assume that M admits a (g, 1) holomorphic Lefschetz fibration. Ap-
plying Xiao’s result (Eq. [) provides the estimate

4
K? > (4—=)xn
g
which leads to the estimate

(5) o> 0D
2g+1

This estimate is particularly interesting when compared to the sig-
nature result in the hyperelliptic case, see Eq. [0l It would be of
great interest in the purely symplectic case as well (For example,
our Conjecture [4.1] follows then), however it is an open question:
Question 5.10 posed in [I] in the symplectic setting would lead to
this inequality if it is answered in the affirmative.

3.3. K(g,h,n) = K*(M).

Theorem 3.8. Let M be a smooth symplectic manifold admitting the struc-
ture of a (g,h) Lefschetz fibration. Then k*(M) = &!(g, h,n) if (g, h,n) #
(>2,1,>0).

Proof. This follows from Prop. B2, Cor. 3.3l Prop. and Prop. B4 as
well as Prop. 3] which addresses the (g, h,n) = (2,1,> 0) case.
U
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Remark. Notice that by Definition 2.13] Theorem and Theorem [[.3] we
actually have the following additivity relations

KA(M) = KM(Z,) + R (4)

k(M) = k*(2,) + £*(Zp)
for the Kodaira dimension of a Lefschetz fibration if the fibration is a bundle.

4. THE EXCEPTIONAL CASE: CONJECTURES AND RESULTS

Conjecture 4.1. The equalities r'(g,h,n) = x"(M,J) and x'(g,h,n) =
k*(M) hold also in the case (g,h,n) = (> 2,1,> 0).

By Cor. B3] the only possible values are k*(M) = 1 or k*(M) = 2. In
other words, we only need to determine if K2 = 0 or not by the definition of
the symplectic Kodaira dimension. We know that K? = 30(M) + 2x(M).
Moreover, given a (g, 1) Lefschetz fibration, the Euler number is determined
by the number of vanishing cycles. In fact,

X(M) = x(2,) - x(T?) + t{vanishing cycles} = #{vanishing cycles}.

Hence x =n > 0. Thus, if Eq. [l held, the result would follow.
In the following two Propositions, we provide some evidence for the va-
lidity of this conjecture:

Proposition 4.2. Given a (g,1) Lefschetz fibration (g > 2) with a nonsep-
arating and s separating vanishing cycles, assume that

X(M)=a+s#0 mod 3.
Then k*(M) = 2.

Proof. We know that x°(M) > 1 by Cor. B3l Assume that K%, = 0, i.e.
that k*(M) = 1. Then

0 = 20 (M) + 30(M) < —§X — o(M) € Z.

This is a contradiction, as x(M) # 0 mod 3; thus k*(M) = 2.
O

Using similar methods, we can show that the conjecture holds for all spin
manifolds M admitting a (g,1) Lefschetz fibration if 24 { x(M). This is
essentially a result of Rokhlin’s Theorem.

If we assume that M is complex, then the conjecture holds if 12 1 x(M).

This assumption rules out the case K2 = 0, as in the complex case M would
admit the structure of a properly elliptic fibration, for which 12 divides
X(M).
Proposition 4.3. Suppose the Lefschetz fibration is hyperelliptic, i.e. the
monodromy group of every singular fiber has a conjugation to the hyperel-
liptic subgroup of the mapping class group. Then, every hyperelliptic (g,1)
Lefschetz fibration (g > 2) has k° = 2. In particular, every (2,1,> 0)
Lefschetz fibration has k° = 2.
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Proof. For every hyperelliptic (g, 1) Lefschetz fibration , we have a signature
formula in [7]:

[£]

(6) o(M) = —2ggtrlla + ;(% ~1)sp.

Here a is the number of nonseparating vanishing cycles and sj, denotes the
number of separating vanishing cycles with one of the separated components

9
a genus h surface. Denote s = 222:]1 sp to be the number of separating
vanishing cycles. Then

X(M) = #{vanishing cycles} = a + s.
Thus,

K? = 30(M)+2x(M)

g—1 6h(g —2h) +2g(h — 1) + (4gh — 1)
= a+ Sh,
29 +1 29 +1
h=1
> 0,

when g > 2 and #{singular points} = #{vanishing cycles} = a + s > 0.
Hence, every hyperelliptic (g,1) Lefschetz fibration (¢ > 2) has k° = 2.

In particular, every (2,1,> 0) Lefschetz fibration is hyperelliptic, thus has

K® = 2. O

Remark: Consider the fiber sum M = M;#Ms of two symplectic mani-
folds My, My as defined by Gompf [I1]. Results in [21I] provide an inequality
for the Kodaira dimension x*(M) with respect to x*(M;) and the surface F’
along which the sum is performed:

(7) R° (M) = max{r®(My), &*(Mz), &*(F)}

With regards to that result, we can produce more examples by taking the
symplectic fiber sum of a hyperelliptic (g, 1) Lefschetz fibration with a (g, 0)
Lefschetz fibration along the Lefschetz fiber and applying Eq. [l This will
produce a (g, 1) Lefschetz fibration with x*(M ) = 2 which generically should
no longer be hyperelliptic. The same could be done with a (g,0) Lefschetz
fibration with underlying manifold of Kodaira dimension x° = 2.

At the end of this section, we want to show that, if the first part of the
Conjecture holds, «! is a diffeomorphism invariant.

Proposition 4.4. Assume the first part of Conjecture[J1} i.e. x!'(g, h,n) =
kM(M,J). Then k' is a diffeomorphism invariant.

Proof. If Conjecture @I] holds, then the diffeomorphism invariance of &
follows by the result that x” and x° are both diffeomorphism invariant.
Hence the only case which needs consideration is the missing piece (g, h,n) =
(>2,1,>1). If a manifold M admits a (g, h,n) = (> 2,1, > 1) fibration, we
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will prove that at the same time it does not admit a (1,h,n) or (> 2,1,0)
fibration. We can rule out (> 2,1,0) because in both cases the last number
in the triple is the Euler characteristic x(M) of M. It cannot admit a
(1,h,n) Lefschetz fibration because by Proposition B3] M would be an
elliptic complex surface in this case. O

Note, that if the first part of Conjecture [4.1] holds, then we have shown
that a complex surface does not admit a (> 2,1,> 1) and a (1, h, n) Lefschetz
fibration at the same time.

5. THE KODAIRA DIMENSION OF LEFSCHETZ PENCILS

In the previous Section, we did not discuss in great detail the case when
the base is S?. The main reason is that a relatively minimal Lefschetz
fibration is no longer necessarily minimal if the base is S2. For this reason it
is interesting to consider Lefschetz pencils. In this Section, we want to give
some easy combinatorial results in this most interesting case. We begin by
stating some results in [6].

Definition 5.1. A Topological Lefschetz Pencil(TLP) on a compact smooth
oriented 4-manifold X consists of the following data.

e Finite, disjoint subsets A,B C X;

o A smooth map f : X/A — S? which is a submersion outside AU B;
such that f(b) # f(V') for distinct b,b/ € B and which is given in
suitable oriented charts by the local models f(z1,22) = z2/21 (in a
punctured neighborhood of a point in A) and f(z1,22) = 23 + 25 (in
a neighborhood of a point in B).

We shall generally also denote by A (or B) the number of points in the
respective sets.

We can define two important classes: Firstly, the “hyperplane class” h €
H?(X;Z) which is the Poincaré dual of the fiber class. Secondly, K (X, f) €
H?(X;Z) defined by

K(X, f) = —(aa(V) +2f*([S°]).

Here V is an oriented 2-plane bundle given by the tangent space to the
fibre of f. This can be extended to X and the extension is unique up to
isomorphism. We should note that if X carries a symplectic structure w
and the pencil is compatible with w, then K(w) = K(X, f). The following
topological facts can be found in [6]:

Facts:

(1) The genus k of a smooth fibre of f is $(h-h+ K (X, f) - h + 2);
(2) A=h-h;
(3) B=x(X)+h-h+2K(X,f):h.
We can now make precise the first statement of Theorem 2. 10t If a smooth
4-manifold X admits a TLP structure with hyperplane class h such that
h-h > 0, then there exists a symplectic form in class h compatible with the
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fibration structure. Moreover, blowing up X at A points gives the manifold
mentioned in Theorem [ZI0l Conversely, a symplectic manifold (X,w) ad-
mits a compatible TLP with hyperplane class 7[w] for 7 sufficiently large.
This leads to the following definition:

Definition 5.2. For any minimal symplectic J-manifold M admitting a
TLP (k,A, B) with A > 0, we can define the Kodaira dimension kP(M) of
the manifold M as follows:

—o00  if2k—2—-A<0or3c(M)+2x(M) <0,
WP (M) = 0 if2k—2—A=0 and 30(M) + 2x(M) =0,
1 if 2k —2—A>0 and 30(M) +2x(M) =0
2 if 2k —2—A >0 and 30(M) + 2x(M) > 0.
This combined with the fact that the symplectic Kodaira dimension is a
diffeomorphism invariant, leads to the following result:

Theorem 5.3. Let (X,w) be a symplectic manifold. Then x*(M) = xkP(M).
Moreover, kP(M) is well defined.

Proof. As stated above, we can find a TLP on X such that h and w are
compatible. Moreover, we can choose [w] = h without loss of generality. As
w and the TLP are compatible, we have K (X, f) = K,. Thus the definition
coincides with our original one if we know that K (X, f) - w = 2k — 2 — A.
However, this is a quick consequence of the first fact above.

The definition is independent of the choice of the TLP because the sym-
plectic Kodaira dimension is an invariant of the diffeomorphism type of the
manifold and not dependent on the choice of symplectic structure w. O

Remark:

(1) The first half of the definition consists of combinatorial values of the
TLP, the second half of topological data. Notice that, x(M) also has
a combinatorial expression in terms of (k, A, B). For hyperelliptic
TLP, we have a purely combinatorial explanation of o(M) by virtue
of Endo’s formula (@l). Thus, our definition is purely combinatorial
for hyperelliptic TLP.

(2) We have an easy Corollary from the above definition:

Corollary 5.4. Given two TLP (k,A,B) and (K',A’,B’) for the
minimal 4-manifold M, let 3c(M)+2x(M) > 0. Then 2k—2—A >0
if and only if 2k' —2 — A" > 0.

In the spirit of Question 2.11], we have the following result.

Proposition 5.5. Given a (g, h, B") Lefschetz fibration and let (k,0, A, B)
be the corresponding Lefschetz pencil. Then k = %(A—I—B —B')—gh+g+h.
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Proof. Tt follows from Fact Bl and Fact [2] above that K (X, f)-h=B — A —
X(X). Moreover, x(X) = x(B) - x(F) + B’. Thus

K(X,f)-h = %(B—A—X(B)-X(F)—B’) - %(B—A—B’—(Z—Zg)(2—2h)).
Finally,
(h-h+K(X,f) h+2)

(A+%(B—A—B’—(2—29)(2—2h))+2)

=N =N =

(A+B—-B')—gh+g+h
a

At the end of this Section, we want to say something about the possible
classification of symplectic manifolds with class x = 0. The first result gives
evidence of Li’s conjectural classification of symplectic manifolds with x = 0.
The second result gives some restrictions on such kind of manifolds.

Proposition 5.6. M is a symplectic 4-manifold. Assume (M) = 0.

o If M admits a (g,h) Lefschetz fibration with h > 1, then M must
be a K3 surfaces or a T? bundle T?. An Enriques surface does not
admit such a kind of Lefschetz fibration.

e The number of blow up points A in the TLP must always be even.
This is also true for the number of singular fibers B. Furthermore,
the fiber genus k > 2.

Proof. The first one is a Corollary of our classification. It’s a combination
of Propositions 3.2, 3.5 B.4] and [.3]

For the second one, notice that if A = h-h > 0, then by the discussion
above Definition 5.2] and Fact I, we have h-h is even. If A = 0, it’s already
an even number. Similarly, B = x(X) +h-h+2K(w)-h = x(X) + A and
it was shown in [I9] that x(X) € {0,12,24}.

The last result follows from a simple calculation using the above Defini-
tions and Prop. O

Remark: The first part can be extended to the case of S? base and S?
or T? fiber Lefschetz fibration by Proposition B.5. For the torus fiber case,
see also Theorem 4.2 in [26].
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