FOUR POSITIVE FORMULAE FOR TYPE A QUIVER POLYNOMIALS
ALLEN KNUTSON, EZRA MILLER, AND MARK SHIMOZONO

Abstra ct. We give four positive formulae for the (equioriented type A) quiver polyno-
mials of Buch and Fulton [BF99]. All four formulae are combinatorial, in the sensethat
they are expressedin terms of combinatorial objects of certain types: Zelevinsky permuta-
tions, lacing diagrams, Young tableaux, and pip e dreams (also known asrc-graphs). Three
of our formulae are multiplicit y-free and geometric, meaning that their summands have
coecien t 1 and correspond bijectiv ely to components of a torus-invariant scheme. The
remaining (presertly non-geometric) formula is a variant of the conjecture of Buch and
Fulton in terms of factor sequencesof Young tableaux [BF99]; our proof of it proceeds
by way of a new characterization of the tableaux counted by quiver constants. All four
formulae come naturally in \doubled" versions, two for double quiver polynomials, and
the other two for their stable limits, the double quiver functions, where setting half the
variables equal to the other half specializesto the ordinary case.

Our method begins by identifying quiver polynomials as multidegrees [BB82, Jos84
BB85, Ros89 via equivariant Chow groups [EG98]. Then we make use of Zelevinsky's
map from quiver loci to open subvarieties of Schubert varieties in partial ag manifolds
[zel85]. Interpreted in equivariant cohomology; this lets uswrite double quiver polynomials
asratios of double Schubert polynomials [LS82] assaiated to Zelevinsky permutations; this
is our rst formula. In the process,we provide a simple argument that Zelevinsky maps
are scheme-theoretic isomorphisms (originally provedin [LM98]). Writing double Schubert
polynomials in terms of pipe dreams [FK96] then provides another geometric formula for
double quiver polynomials, via [KM03a]. The combinatorics of pipe dreams for Zelevinsky
permutations implies an expression for limits of double quiver polynomials in terms of
products of Stanley symmetric functions [Sta84]. A degeneration of quiver loci (orbit
closuresof GL on quiver represertations) to unions of products of matrix Schubert varieties
[Ful92, KM03a] identi es the summands in our Stanley function formula combinatorially ,
as lacing diagrams that we construct based on the strands of Abeasisand Del Fra in
the represertation theory of quivers [AD80]. Finally, we apply the combinatorial theory
of key polynomials to passfrom our lacing diagram formula to a double Schur function
formula in terms of peelable tableaux [RS953 RS98], and from there to our formula of
Buch{F ulton type.
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In tro duction

Overview. Universal formulae for cohomology classesappear in a number of dierent
guises.In topology, classeswith attached namesof Pontrjagin, Chern, and Stiefel{Whitney
arise as obstructions to vector bundles having linearly independert sections. Universality
of formulae for theseand other more generalclassescan be traced, for our purposes,to the
fact that they|the formulae aswell asthe classes|liv e canonically on classifying spaces,
from which they are pulled bad to arbitrary spacesalong classifying maps.

In algebra,cohomologyclasseson certain kinds of varieties (projective space,for example)
are called "degrees'and many universalformulae show up in degreecalculations for classical
ideals, such as those generatedby minors of xed sizein generic matrices [Gia04] (or see
[Ful98, Chapter 14]).

In geometry, pioneeringwork of R. Thom [Tho55] ass@iated cohomologyclassedo setsof
critic al points of genericmaps between manifolds, where the di erential drops rank. Using
slightly di erent language,the set of critical points can be characterized as the degeneacy
locus for the assaiated morphism of tangent bundles. Subsequetly there have appeared
numerous extensionsof Thom's notion of degeneracylocus, such asto maps between pairs
of arbitrary vector bundles.

The cohomologyclassesPoincare dual to degeneracyloci for (certain collections of) mor-
phisms of complex vector bundles are expressibleas polynomials in the Chern roots of the
given vector bundles. It seemsto be a general principle that coe cien ts in universal such
expressionsas sums of simpler polynomials always seemto be governed by combinatorial
rules. This occurs, for example, in [Ful92, BucOlb, BKTY02]. Howewer, even when it is
possibleto prove an explicit conmbinatorial formula, it has usually been unclear how the
geometry of degeneracyloci re ects the conmbinatorics directly.

Our original motivation for this work wasto closethis gap, by bringing the combinatorics
of universal formulae for conomologyclassesof degeneracyloci into the realm of geometry,
continuing the point of view set forth in [KM03a]. To do so, we reduce the degeneracy
locus problem in [BF99] to the algebraic perspective mentioned above in terms of degrees
of determinantal ideals, by way of the topological perspective merntioned above in terms
of classifying spaces,asin [Kaz97, FR02b, KM03a]. This reduction allows us to manufac-
ture formulae that are simultaneously geometric as well as conbinatorial, by applying at
degenerationsof subvarieties inside torus represenations. The cohomology classremains
unchangedin the degenerationand is given by summing the classesof all componerts of
the special b er.

The degenerationswe employ result from one-parameterlinear torus actions, and hence
have Grobner basesas their natural language. Our theorems on orbit closuresand their
combinatorics explicitly generalizeresults from the theory of ideals generatedby minors of
xed sizein generic matrices, where the prototypical result is Giambelli's degreeformula
[Gia04]. The idealsthat interest us here are generatedby minors in products of genericma-
trices. It is intriguing that our combinatorial analysis of these generaldeterminantal ideals
proceeds(using the "Zelevinsky map") via Schubert determinantal ideals [Ful92, KM03a],
which are generatedby minors of varying sizesin a single matrix of variables. Arbitrary
Scubert conditions may seem,consequetly, to be in somesensemore general; but while
this may be true, the special form taken by the Schubert rank conditions on single matri-
ceshere give rise to a substartially richer combinatorial structure. This richnessis fully
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borne out only by combining methods basedon Schubert determinantal idealswith an ap-
proach in terms of minors in products of genericmatrices, which is rooted more directly in
represenation theory of quivers.

Our technique of orbit degenerationautomatically producespositive geometric formulae
that are universal, since they essetially live on classifying spaces. Howevwer, there still
remains the elucidation of what combinatorics most naturally describes these formulae,
or indexesits componerts. Well over half of our exposition in this paper is dedicated to
unearthing rich and often surprising interconnections between a number of combinatorial
objects, someknown and somenew. Combinatorics|of objects including Zelevinsky per-
mutations, lacing diagrams, Young tableaux, and pipe dreams(also known as rc-graphs)|
forms the bridge between positive geometric formulae and the explicit algebra of sewral
families of polynomials, including Sdur functions, Schubert polynomials, Stanley symmet-
ric functions, and now quiver polynomials. Working in the broader cortext of double quiver
polynomials and their stable versions,the double quiver functions, allows the extra exi-
bility required for the proof of our variant of the Buch{Fulton conjecture [BF99]. Special
casesof this conjecture are proved in [BucOlb, BKTY02].

Acknowledgmen ts. We would like to thank Anders Buch and Bill Fulton for suggesting
the problem that concernsus here, and for patiently listening, with SergeyFomin, Richard
Stanley, and Alex Yong, to endlesshours of us preseriing potential and actual methods
toward its solution. We are indebted to Frank Sottile and Chris Woodward for inviting

us to their superb AMS Special Sessionon Modern Schubert Calculus at Northeastern
University in October 2002;that meeting gave us the opportunity to presen our positivity
proof for the quiver constarts (which consistedof Corollary 4.9 plus Remark 4.15) and our
conjectural componert formula, as well asto learn of [BKTY02 ] for the rst time. We are
grateful to the Ban International Researt Station (BIRS), aswell asthe organizersof the
May 2003 meeting on Algebraic Combinatorics there, for bringing the three of us together
into the sameroom for the rst time, thereby allowing us to complete the initial version
of this paper. Commerts that improved the exposition were provided by Anders Buch,

Bill Fulton, Peter Magyar, Richard Rimanyi, and Frank Sottile. In particular, thanks are
due to Anders Buch for pointing out how our main results imply that what we call double
quiver functions are specializations of the power seriesin [BucOlb, Section 2], and coincide
with the lowest degreeterms of the K -theoretic seriesde ned in [Buc02, Section4]. Finally,

Laura Matusevich suggestedhe term “lacing diagrams' for their resenblanceto tied shoes.

The four form ulae. In this paper we considerformulae for cohomologyclassesof degen-
eracy loci for type A equiorierted quivers of vector bundles. This simply meansthat we
start with sequencefy! E;! I E, of vector bundle morphisms over a xed base.
Sincewe immediately reducein Theorem 1.20to consideringthe equivariant classesof uni-
versal degeneracyloci, or quiver loci (to be de ned shortly), we presern our exposition in
that context, referring the reader to [BF99] for an introduction in the language of vector
bundles. We work over an arbitrary eld | .

Considerthe vector spaceHom of sequenced/y ' V; P

"V, 1 "V, oflinear

of row vectors. An elemert 2 Hom is called a quiver representation which we view as
a sequenceof r; 1 r;j matrices. Each matrix list determinesits rank array r( ) =
(rij ¢ ))i j,» whererj () fori < | equalsthe rank of the composite map V; ! V,, and
ri = dim(V;). The data of a rank array determines a quiver locus , de ned as the
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subshiemeof matrix lists 2 Hom with rank array dominated by r entrywise: rjj ()  rjj
foralli j. Thus  is the zero stcheme of the ideal |, in the coordinate ring of Hom
generatedby all minors of size (1 + rj; ) in the product of the appropriate j i matrices of
variables, for all i < j (De nition 1.1).

We assumethroughout that r = r( ) for somematrix list 2 . This is a nontrivial
condition equivalent to the irr@lucibilit y of . Alternativ ely, it meansthat | is an orbit
closure for the group GL = ~ L, GL(V) that acts on Hom by change of basisin eath
vector spaceV;. In particular | is stable under the action of any torus in GL. Picking a
maximal torus T, we de ne the quiver polynomial asthe T-multidegree of . We shaw
in Proposition 1.19 that this polynomial coincideswith the T-equivariant classof | in
the Chow ring A (Hom), or alternatively in cohomologywhen | = C. This Chow ring
is a polynomial ring Z[x,] over the integersin an alphabet x, of sizerg + + rp, the

stable under GL and not just the torus T, its equivariant classis symmetric in ead of the
alphabets x'. More naturally, this is preciselythe statemert that the quiver polynomial lies
inside A; (Hom) A (Hom), and in this sensedoesnot depend on our choice of T. We
expressthe quiver polynomial determined by the rank array r asQ,(x x) for reasonsthat
becomeclear in the ratio formula and double versions.

Next we presen our four positive combinatorial formulae for quiver polynomials, in the
sameorder that we will prove them in the main body of the text: the ratio formula, the pipe
formula, the componert formula, and the tableau formula. Besidesmaking the overview of
their proofs more coheren, this choice will serve to emphasizean important point that is
worth bearingin mind beforeseeingthe statemerts: while ead formula standswell enough
on its own, this paper is hot merely a catalog of four di erent perspectiveson quiver loci.
Connectionsamong the formulae lend added insight to ead), and transformations between
them often form crucial parts of proofs.

Before going into any sort of detail about the formulae, let us put them briey in per-
spective (cross-referencesan be found in the more detailed subsectionsto come). The ratio
formula writes Q, as a ratio of double Schubert polynomials. It arisesgeometrically from
a comparisonbetweenthe quiver locus  and a related matrix Schubert variety. The pipe
formula expresse€Q,; asa sum over combinatorial gadgetscalled pipe dreams. It is an easy
consequencef the ratio formula, given that double Schubert polynomials expand as sums
over the samegadgets. The component formula breaksQ, into a sum of products of double
Schubert polynomials. It arisesgeometrically becausethe quiver locus | degeneratego a
limit scheme [ (0) that is usually reducible; eady componert is a product of matrix Scu-
bert varieties, so its multidegree is a product of double Schubert polynomials. The pipe
formula showns up here to provide a combinatorial upper bound on which componerts can
occurin (0). Finally, the tableau formula recovers the decomposition of Q; into sumsof
products of Schur polynomials from [BF99]. The positive conmbinatorial properties of the
coe cien ts in this decomposition derive principally from the ratio formula, by expanding
the numerator Schubert polynomial asa sum of Demazurecharacters. However, the Scur-
product decomposition of Q. also results by expressing(certain limits of) the summands
in the componert formula in terms of Schur functions, and it is this transformation that
provides the bridge to the quiver constarts from [BF99].

For ead formula, we shall give here a precise statemert, although many details of def-
initions will be left for later. Each formula will be preserted along with a pointer to its
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location in the text, and an example using the following n = 3 rank array r = (rjj ).

3210]i]j

11 0

() r = 31| 1
3 21| 2

1 110| 3

We use a priori in nite alphabets a = x°, b = x!, ¢ = x2, and d = x2 in the examples,
keeping in mind that for the above ranks r, the only variables actually appearing are a;
from the a alphabet, by; by; by from the b alphabet, ¢;;c;; c3 from the ¢ alphabet, and d;
from the d alphabet. With thesecorvertions the quiver polynomial is

Qr=0Qr(x x)=(p+bp+b3 ¢ Cc c3)(ar dy):

In the general setting we distinguish between the symbol x, which denotesa sequence

x%:::;x" of innite alphabets x' = xi;xb;x4;:::, and x,, which denotes a sequence
x%; .., xM of nite alphabets, with x! having cardinality r;. In the notation Q(x x) for

quiver polynomials, only the nitely many variablesx, x actually appear, even though
we view Q, astaking a sequenceof in nite alphabets asinput.

Ratio formula (Zelevinsky permutation). Asscciated to ead rank array r is a permutation
v(r) in the symmetric group Sq ford= ro+  + r,. This Zelevinskypermutation v(r) hasa
block structure determined by r. Proposition 1.6 givesa complete characterization. Given

length. It is assaiated to the denseGL-orbit in Hom, that is, the maximal rank array,
whoseij ertry is the maximum possiblerank for amap V; ! V; that factors through Vy for
ik j. The diagram of v(Hom), asde ned after Proposition 1.6, is particularly simple.

The last ingredients for our rst formula are the double Schulert polynomials of Lascoux
and Scutzenberger [LS82] (Section 2.1). These represen torus-equivariant cohomology
classesof Schubert varieties in ag manifolds and are characterized geometrically as the
multidegrees of matrix Schubert varieties [FR02a, KM03a]. The double Schubert polyno-
mials Sy (X Y) are indexed by permutations w 2 Sy and take asinput two alphabets X
and Y of sized. View x; asan alphabet of sized by concatenatingits n + 1 alphabets, and

Svin(Xr  Xr)
Sv(Hom)(Xr X,—)

This result is proved in Theorem 2.9. It is geometric in the sensethat it interprets
in equivariant cohomology the Zelevinsky map (Section 1.3), which takes quiver loci
isomorphically to open subvarieties of Schubert varieties in partial ag manifolds. The
geometry of the Zelevinsky map explains why Schubert polynomials appear.

Example. The rank array r in ( ) hasthe assaiated Zelevinsky permutations

Theorem (Ratio formula). Q,(x x) =

v(r) =

and v(Hom) =

NOoOR~PFPOWNO
ONOF, P~WNO
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The numbersrunning down the left sidesconstitute one-line notation for v(r) and v(Hom);
v(r) takes1 7! 5, 27! 2,37! 3,47! 6, and soon. We have replacedall 1 entries in the
permutation matricesfor v(r) and v(Hom) with  ertries becauset is sometimescorveniert
(asin Section 8.1) to useintegersin thesearrays for other purposes.The boxes denote
cellsin the diagram of v(r), whereasthe entries denote cells in the diagram of v(Hom).
That v(Hom) hassud a simple diagram meansthat the denominator in the formula

0, = Ssase148d@; b;c;d  d;c;b;a)
r Ssaza1678(a; b;c;d  d;c;b;a)

equalsthe product (a1 c3)(a1 C)(ar c¢)(ar  di)(br  di)(bp di)(bs di) of linear
factors corresponding to the locations of the entries.

Pipe formula. One of many elemertary ways to seethat the denominator in the ratio for-
mula is always the corresponding product of linear factors, and divides the numerator, is
through our next combinatorial formula. It is in fact little more than an application of the
Fomin{Kirillo v double version [FK96] of the Billey{Jo ckusch{Stanley formula for Schubert
polynomials [BJS93, FS94.

For a permutation v 2 Sg, denoteby RP (v) its set of reduced pipe dreams (also known as
planar histories or rc-graphs). Theseare certain llings the d d grid with squaretiles of
the form Jr or - : -, in which two pipeseither crossor avoid ead other (Section 5.1). For
example, the permutation v(Hom) has only one reduced pipe dream Dyon, With crossing
tiles + in the diagram of v(Hom) and elbow tiles - : - elsewhere. For Zelevinsky permu-
tations v(r), we have D Dpom Whenewer D 2 RP (v(r)) is a reduced pipe dream. We
identify pipe dreamswith their setsof crossingtiles as subsetsof the d d grid.

Label the rows of the grid from top to bottom with the ordered alphabet x,, and label
the columns from left to right with x,. Given a pipe dream D, dene (x, ;)P asthe
product of linear binomials (Xyow+)  Xcol(+) ) 0)?6 for eadh crossingtile + in D.

Theorem (Pip e formula). Q,(x x) = (X;  X;)P" Drom
D2RP (v(r))

This follows from Theorem 5.5. It is geometricin the sensethat summandson the right-
hand side are equivariant classesof coordinate subspacedn a at (Grobner) degeneration
[KM03a, Theorem B] of the matrix Schubert variety for v(r) (Section 2.1). This is the
largest matrix Schubert variety whosequotient modulo the appropriate parabolic subgroup
contains the Zelevinsky image of , asan open densesubvariety.

Example. Here is a typical pipe dream for the Zelevinsky permutation v(r) from the
previous Example, drawn in two ways.

dicicoca bbby ag
a [+ + + ¥

+
+ +
+

&

C1
C2
C3
dy

The right-hand diagram depicts the + and —:— tiles, but it omits those parts of pipes
below the main antidiagonal, sincethe \sea" of - : - tiles there can be confusingto look at.

NOoOR~PFPOWNO
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The elbows have beenentirely omitted from the left-hand diagram, but its row and column
labels are presen. The pipe dream Dyom haer tiles preciselyin the diagram of v(Hom),
wherethe eriries are in the ratio formula example. The expression(x,  x,)P" Prom for
the above pipedream D is simply (a1  b3)(lp ).

For this permutation v(r), moving the "+' in the bc block to either of the two remaining
available cells on the antidiagonal of the bc block producesanother reduced pipe dream
for v(r). Independerily, the other "+ can move freely along the antidiagonal on which it
sits. None of the "+' ertries in Dyom can move. Therefore the right-hand side of the pipe
formula becomesa product of two linear forms, namely the sums

(ar )+ (b bp)+ (b by)+ (3 )+ (c1 C2)+ (C2 c1)+ (C3 dy)
and (b c3)+ (b )+ (bs c1)

of the binomials assaiated to cellson the corresponding antidiagonals. Cancellation occurs
in the longer of thesetwo linear forms to give (a; di1), sothe product of thesetwo forms
returns Qr = (p+bp+ by ¢ ¢ c3)(ar dy) again.

Component formula (lacing diagrams). Double Schubert polynomials are not symmetric in
general. Stanley introduced certain symmetrized versions [Sta84 which are now called
double Stanley symmetric functions or stable double Schulert polynomials and denoted
by Fw(X Y). They are indexed by permutations w and take as argumerts a pair of
in nite alphabets X and Y. When we evaluate such a symmetric function on a nite alpha-
bet, we meanto set all remaining variablesto zero. Stanley functions are produced by an
algebraic limiting procedure (Proposition 6.5) from Sdcubert polynomials; hencethe term
“stable polynomial'. In general, if a double Schubert polynomial S, and double Stanley
function F,, are evaluated on the samepair of nite alphabets, the polynomial F,, which
is symmetric separatelyin ead of the two alphabets, will tend to have many more terms.
Schubert polynomials and Stanley functions canbe de ned for any partial permutation w,
by which we mean a rectangular matrix lled with zerosexceptfor at most one 1 in eadh
row and column, by canonically extending w to a permutation (Section 2.1). Partial per-
mutations are matrices with ertries in the eld |, soit makes senseto say that a list
w = (wy;:::;wy) of partial permutations lies in Hom, if ead w; hassizer; ;1 rj. Sud
lists of partial permutation matrices can be identied with nonenmbeddedgraphs drawn in
the plane, called lacing diagrams, that we de ne in Section 3. The vertex set of w consists
of n + 1 columns of dots, where column i hasr; dots. An edgeof w connectsthe dot at
height in columni 1 to the dot at height in column i if the ertry of w; is 1.
Lacing diagramscomewith a natural notion of length derived from the Bruhat order. The
minimum possiblelength for a lacing diagram with rank array r is the codimension of the
quiver locus (, which is the total degreeof Q,;(x x). Denote by W(r) the set of minimal
length lacing diagramswith rank array r (characterized combinatorially in Theorem 3.8).
Since Schubert polynomials can be indexed by partial permutations, we write

Sw(x X) = Sw (X} X7)  Sw,(x] ' x)
for products of double Schubert polynomials indexed by the partial permutations in w.
Similarly, we have the product notation

Fu(x %) = Fu(x® x1)  Fp,(x" 1 x")
for double Stanley symmetric functions. Again, S\, and F,, take sequencesof in nite

alphabets as input, but only nitely many variables appear in S,,(x x), and we are
allowed to write Fy (X X;) if we want to evaluate F,, on sequence®f nite alphabets.



FOUR POSITIVE FORMULAE FOR TYPE A QUIVER POLYNOMIALS 9

X
Theorem (Comp onent formula). Q,(x x) = Sw(x Xx)
w2W (r)
X
= Fow(Xr  X¢):
w2W (r)

The two versionsare Corollary 6.17 and Corollary 6.23. The theorem implies, in partic-
ular, that all the extra terms in the Stanley version cancel.

The rst sumin this theorem is conmbinatorially positive in a manner that most directly
re ects the geometry of quiver loci. The basicideais to atly degeneratethe group action
of GL under which the quiver locus , is an orbit closure (Section 4). As GL degenerates,
sodo its orbits, and the at limits of the orbits are stable under the action of the limiting
group. (The generalversion of this statemert is Proposition 4.1; the speci ¢ caseof interest
to us is Proposition 4.5.) The limit neednot be irreducible; its componenrs are precisely
the closuresof orbits (under the limiting group) through minimal length lacing diagrams,
which are matrix lists in Hom. This, together with the statemert that the componerts in
the degeneratelimit of  are generically reduced,is preciselythe cortent of Theorem 6.16.
It is our main geometric theorem concerning quiver loci and it immediately implies the
Sdhubert version of the componert formula.

Example. Continuing with r from ( ), the setW (r) consistsof the following three minimal
length lacing diagrams, with their partial permutation lists underneath:

—\ X A

[1o0]; ; g [100];

or o
[oNaN
o oo
[oNaN

0
1
0

[eNeoNa]

1 1
;0 [o10]; ;0
0 0

[oNaN

0
1
0

[eNeoNa]

The two versions(Schubert and Stanley) of the componert formula read

Qr = Sia(b ¢) Soai(c d) + Sows(b c) + Saz(@a b) Sizas(b ¢

= Faoa3(bs  c3)F213(C3  di) + Fouas(bs  c3) + Foiz(ar  bs)Fiaaz(bs  C3)
In the bottom line above, we have written a; = faig, bg = fhby;by;bzg, c3 = fcp;¢; Caq,
and dq, = d; for the nite alphabets corresponding to a, b, ¢, and d. We have indexed the

Scubert polynomials and Stanley functions by permutations instead of partial permutations
by completing ead partial permutation w to a permutation .

Tableau formula (peelable tableaux and factor sequenes). Our previous formulae write
quiver polynomials in terms of binomials, double Schubert polynomials (in two completely
di erent ways), and double Stanley symmetric functions. Now we turn to Schur functions.

s(x x) = s,x° xbh s, (x"1 xM
to denote the corresponding product of double Schur functions in in nite alphabets (Sec-

tion 1.4). Using our Theorem 1.20to identify our quiver polynomials with thosein [BF99],
the Main Theorem of Buch and Fulton statesthat there exist unique integersc_(r) satisfying

X
Qr(x x) = c (r)s (xr Xr);
and exhibits an explicit way to generatethem. Although this procedureinvolves negative
integers, Buch and Fulton conjectured the positivity of all the quiver constants ¢ (r). In
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addition, starting with arank array r, they produceda concreterecursive method for gener-
ating lists of semistandardYoung tableaux (Section 7), called factor sequenes (Section 8.1).
De ning ( r) to be the set of factor sequencexoming from the rank array r, every list
W 2 ( r) of tableaux has an assaiated list _(W) of partitions. The combinatorial conjec-
ture of [BF99] says that ¢ (r) counts the number of factor sequencesV 2 ( r) of shape _.

The direct connectionbetweenfactor sequencesnd the conbinatorial geometry of quiver
polynomials was from the beginningland still remains now|a mystery to us. It seems
that the question should come down to nding an appropriate geometric explanation for
Scr-positivity of Stanley symmetric functions, which is known both combinatorially and
algebraically from various points of view. Although we lack a geometric framework, one of
these other points of view, namely that of Demazue characters (Section 7.1), still allows
us to deducea combinatorial formula for the quiver constarts c _(r).
p The argumert is basedon the fact that every Stanley function F,, expandsasa sum

wS of Sdwr functions s with nonnegative integer Stanley coe cients , (Sec-

tion 6.1). The main point, stated preciselyin Theorem 7.14,is that every quiver constart is
a Stanley coe cien t for the Zelevinsky permutation: ¢ (r) = v(r) for a certain partition

It is known that every Stanley coe cient courts a set of peelabletableaux (Section 7.4).
Our casefocuseson the setPee(D ) of peelabletableaux for the diagram D, of the Zelevin-
sky permutation v(r). A semistandardtableau P liesin Pee(D,) if it satis es a readily
cheded, mildly recursive condition. The shape of every such tableau corntains the partition
whose shape is the diagram Dyom of v(Hom), so removing Dpom leaves a skew tableau
P Duom- The connectedcomponerts of this skew tableau form alist (P) of tableaux,
read northeast to southwest (De nition 8.13), whoselist of shapeswe denote by _(P).

Theorem (T ableau form ula; Buc h{F uIto)r(l factor sequence conjecture).

Qr(x x)

s py(Xr  Xr)
P2Peel(r)
X

S w)(Xr  Xr):
W2 (r)

The two formulae in this theorem come from Theorem 7.21 and Corollary 8.23 (see
Theorem 7.10, as well, which says that our ¢ (r) agreewith thosein [BF99]). In cortrast
to the Schubert and Stanley versions of the componernt formula, the peelableand factor
sequencerersionsof the tableau formula are equal summandby summand;this is immediate
from Theorem 8.22, which says simply that P 7! (P) is a bijection from peelabletableaux
to factor sequencesWe shall mertion more about the proof of the tableau formula later in
the Introduction.

Example. The setPee(D,) of peelabletableaux for D, consistsof four tableaux:

1[1[1]1]7] 1[1[1]1] 1[1[1]1] 1/1]1/1]
24 2|47 24 2.4
3 3 37 3
4 4 4 4
— — — 7]

Hence,under the bijection ; that acts by removing entries whoselocations lie in the dia-
gram of v(Hom) (the ertries in the ratio formula example), there are four factor sequences:

(7];[4];2 ?,;14]7];? ?;;? ?;14];[7]
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Using nite alphabets asin the componert formula example, the tableau formula for Q. is
Qr = suy(ar bg)sy(bs c3)+ sy(bs  c3) + sg(cs  di) + su(bs  c3)su(cs  di):

Pro ofs via double versions and limits. The formulae we preseried above are all for
ordinary quiver polynomials. One of the innovations in this paper is the idea of working
with certain doubleversionsof quiver polynomials, de ned via the ratio formula. We clarify
their combinatorics by applying limits that combine the way Stanley symmetric functions
comefrom Sdubert polynomials with the way Buch's seriesP, comefrom quiver K -classes
[Buc02, Section4]. Our needfor theselimits arisesbecausewe require a componert formula
with symmetric summands. Our needfor double versionsarisesbecauseat a key stage we
must set the x variablesto zerowithout a ecting the x variables.

The doubling construction simply replacesthe sequencex of alphabets with a new se-
quencey consisting of variables independert of the x variables. All of the de nitions go
through verbatim after replacing eadh symbol x or x! that hasa minus signin front of it by
the correspondingy symbol. For example,we de ne the doublequiver polynomial Q(x vy)
by making this replacemen in the ratio formula (De nition 2.5). Given this de nition, the
cortent of the ratio formula for ordinary quiver polynomials is that specializingy = X in
the ratio Q;(x vy) of double Schubert polynomials yields the multidegree of the quiver
locus | inside Hom. Interpreting the numerator and denominator of Q,(x y) as multi-
degreesof matrix Schubert varieties (Section 2.1), this is accomplishedin Section 2.3 using
the Zelevinskymap from Section 1.3, which takesthe quiver locus  isomorphically to the
intersection of the matrix Scubert variety 7\,(,) with an appropriate \opp osite big cell".

The Zelevinsky map was introduced in a slightly dierent form in [Zel85. The fact that
it is a scheme-theoreticisomorphism s equivalert to the main result in [LM98]. Howewer,
sincewe needadditionally the explicit combinatorial connectionto Zelevinsky permutations,
we derive a new proof (Theorem 1.14), which happensto be quite elemertary. It doesnot
even rely on the primenessof the ideal I, de ning  asa substiemeof Hom.

The double version of the pipe formula, Theorem 5.5, is automatic from the formula for
double Schubert polynomials in [FK96], as we explain in Section5.1.

Unlike the ratio and pipe formulae, simply replacing x by y in the componert formula
almost always yields a provably false statemernt (Remark 6.26). On the other hand, it turns
out not to be usefulto have a double componert formula in which the summandsare not
symmetric, since (as we shall explain shortly) the point is to decomposethe summandsin
terms of Schur polynomials. To rectify both the symmetry problem and the obstruction to
doubling the variables, we resort to algebraic limits (reviewed in Section 6.1) of the sort
usedto construct Stanley functions from Schubert polynomials. The essetial point is that
when a rank array r is replacedby rank array m + r, in which ead rj is increasedby m,
nothing fundamertal changesabout the geometry, algebra, or conmbinatorics of the quiver
locus . The dewelopmen of this idea culminates in the following master componert
formula (Theorem 6.20), which is arguably the single most important result in the paper.

Theorem (Stable double comp onent form ula).

X
Fr(x y) = lim Qmer(x y) = Fw(x y):
w2W (r)

The most important stability result on the way to this formula is Proposition 4.13: the
lacing diagrams indexing the componerts of the quiver degenerationsfor the rank arrays r
and m + r arein canonicalbijection, and furthermore the multiplicities of the corresponding
componerts are equal. Taking multidegrees, this immediately implies the positivity part
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of the Buch{Fulton conjecture for quiver constarts geometrically, using none of the four
formulae (Remark 4.15). Further expository details concerningthe geometric, algebraic,
and conbinatorial rolesof limits and stability in this paper, especially the mannerin which
they enter into the proof of the above formula, are included in the intro duction to Section6.
Why do we needdouble and stable versions? At a crucial point in our derivation of the
peelabletableau formula from a componert formula (seeRemark 7.15), we needcertain key
polynomialsto equalthe products of Schur polynomialsthat they a priori only approximate.
We ched this by applying the theory of Demazurecharactersvia isobaric divided di erences
(Section 7.2). But in the literature, these have only been deweloped for ordinary (not
double) Schubert polynomials, so we must work with ratios S ) (X)=S yom)(X) = Qr(X)
of ordinary Schubert polynomials obtained from double quiver polynomials by settingy = 0.
To be more precise,considerthe two sidesof the equation

Svin(x)  _ X

Fw (Xr);
Sv(Hom)(X) e

w2W (r)

which we prove in Proposition 7.13 from the stable double componert formula. Both sides
expand into sums of products s (x;) of ordinary Schur polynomials, the left side by De-
mazure characters, and the right side by using the fact that eadch summandis a product of
symmetric polynomials in the sequencex,. This formula simultaneously explains our need
for doubled alphabets aswell as for stabilization: Sdur-expansion of the left-hand side de-
mands double versionsbecauseit requiresy = 0, while Schur-expansion of the right-hand
side demandsstability becauseit requiresthe summandsto be symmetric functions.

We shaw in Theorem 7.10that the coe cien ts in the Scur-expansion of the right-hand
side are the quiver constarts from [BF99], while the above Demazure character argumert
implies that the coe cien ts on the left-hand side are Stanley coe cien ts (Theorem 7.14).
These count peelabletableaux, proving the peelabletableau formula. The factor sequence
conjecture follows from the peelabletableau formula via the bijection . The proof of this
bijection in Section 8 is a complex but essetially elemeriary computation. It works by
breaking the diagram D, into piecessmall enoughso that putting them badk together in
di erent ways yields peelabletableaux on the one hand, and factor sequence®n the other.

Related notions and extensions. Quiver loci have beenstudied by a number of authors
in their roles as universal degeneracyloci for vector bundle morphisms, as generalizations
of Schubert varieties, and in represertation theory of quivers; see[AD80, ADK81, LM98,
FP98, Ful99, BF99, FRO2b], for a sample. The particular rank conditions we consider
here appeared rst in [BF99] as the culmination of an increasingly general progressionof
degeneracyloci. Snapshotsfrom this progressioninclude the following; for more on the
history, see[FP98§].
The caseof two vector bundles and a xed map required to have rank bounded
by a given integer is known as the Giambelli{Thom{P orteous formula; see[Ful98,
Chapter 14.4]. In this caseboth the ratio formula and the componert formula
reducedirectly to the Giambelli{Thom{P orteous formula: the denominator in the
ratio formula equalsl, while its numerator is the appropriate Schur polynomial; and
there is just one lacing diagram with no crossinglaces.
Giventwo ltered vector bundles,there are degeneracyloci de ned by Scubert con-
ditions bounding the ranks of induced morphisms from subbundlesin the lItration
of the sourceto quotients by those in the target. The resulting universal formulae
are double Schubert polynomials [Ful92].
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The sameSdubert conditions can be placed on a quiver like those consideredhere,
with 2n bundles of ranks increasing from 1 up to n and then decreasingfrom n
down to 1. The degeneracylocus formula producespolynomials that Fulton called
“universal Schubert polynomials' [Ful99], becausethey specializeto quantum and
double Schubert polynomials. We proposeto call them Fulton polynomials. Results
similar to the oneswe prove here have beenobtained independertly for the special
caseof Fulton polynomialsin [BKTYO02].

One can considereven more generalquiver loci and degeneracyloci, for arbitrary quivers
and arbitrary rank conditions. We expect that the resulting quiver polynomials should have
interesting combinatorial descriptions, at least for nite type quivers. Some indications
of this come from [FRO2b], where the same general idea of reducing to the equivariant
study of quiver loci also appears (but the specics dier in what kinds of statemerts are
made concerningquiver polynomials), along with Rimanyi's Thom polynomial proof of the
componert formula [BFRO3], which he producedin responseto seeingthe formula.

For nilp otent cyclic quiversthe orbit degenerationworks just asfor the type An+1 quiver
consideredin this paper, and the Zelevinsky map can be replacedby Lusztig's embedding
of a nilpotent cyclic quiver into a partial ag variety [Lus90]. The technique of orbit
degeneration might also extend to arbitrary nite type quivers, but Zelevinsky maps do
not extend in any straightforward way. One of the advantages of orbit degenerationis
that it not only implies existenceof a combinatorial formula, but provides strong hints
(Proposition 4.11) asto the format of such a formula. Thus, in cortrast to [BF99, p. 668],
where much of the work lay in \discovering the shape of the formula", the geometry of
degenerationprovides a blueprint automatically.

Among the cohomologicalstatemerts in this paper lurks a singleresult in K -theory: The-
orem 2.7 givesa combinatorial formula for quiver K -classesasratios of double Grothendiedk
polynomials. This K -theoretic analogueof the ratio formula (which is cohomological)im-
mediately implies the K -theoretic analogue of our pipe formula by [FK94] (see [KMO03b,
Section 5]). There is also a K -theoretic generalization of our componert formula, proved
independerily in two paperssubsequento this one[Buc03, Mil03]. It implies Buch's conjec-
ture [Buc0Z] that the K -theoretic analoguesof the quiver constarts ¢ (r) exhibit a certain
sign alternation, generalizingthe positivity of ¢ (r).

It is an interesting problemto nd a K -theoretic analogueof the factor sequencdableau
formula. Substartial work in this direction has already been done by Buch [Buc02Z. In
analogy with our proof of the cohomological Buch{Fulton factor sequenceconjecture, a
complete combinatorial description of its K -theoretic analogue will involve a better un-
derstanding of how stable Grothendiedk polynomials indexed by permutations expand into
stable Grothendied polynomials indexed by partitions. Lascouxhasgiven an algorithm for
this expansionbasedon a transition formula for Grothendied polynomials [Las01]].

A note on the eld |. Although to simplify the exposition we uselanguageat times as
if the eld | werealgebraically closed,all of our results hold for an arbitrary eld | . In fact
the schemeswe considerare all de ned over the integersZ, and our geometric statemerts
concerning at (Greobner) degenerationswork in that context.
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Section 1. Geometry of quiv er loci

1.1. Quiver loci and ideals

Hom the variety Hom(Vp; V1) Hom(V, 1;Vn) of type Ap+1 Qquiv er represen tations
onV. That is, Hom equalsthe vector spaceof sequences

Vo vy P LI VA VA

of linear transformations. By corvertion, setV 1 = 0= V41, and o= 0= 4. Once
and for all x a basis' for eah vector spaceV;, and expresselemerts of V; as row vectors
of length r;. Doing soidenties eat map ; in a quiver represenation  with a matrix
of sizer; 1 rij. Thusthe coordinate ring | [Hom] becomesa polynomial ring in variables
(f1)::::;(F™), wherethe i index and the (i + 1)St index run from 1to r;. Let be
the generic quiver represenation, in which the entries in the matrices ; :V; 1! V; are
the variablesf

De nition  1.1. Givenanarray r = (rij)o i j n Of nonnegative integers,the quiv er locus
¢ is the zero stheme of the quiv er ideal I, | [Hom] generatedby the union over all
I < j of the minors of size (1 + rj ) in the product 41 j of matrices:

Iy = hminorsof size(1+ rj)in 41 j fori<ji:

Thus the quiver locus | givesa natural scheme structure to the set of quiver represen-
tations whosecomposite mapsV; ! 'V, haverank at mostrj foralli < j.

Two quiver represettations (V; ) and (W; ) on sequencesd/ and W of n vector spaces
areisomorphicif there arelinear isomorphisms ; : V; ! W, fori = 0;:::;n commuting with

and . Also, we cantake the direct sumV W in the obvious manner. Quiver represen-
tations that cannot be expressednontrivially as direct sumsare called indecomp osable.
Whenewer0 p g n, thereis an (obviously) indecomposablerepreseration

oy | | | = = | | |
lp:q - 0! I 0! |p |q 0! 0

having copiesof the eld | in spots betweenp and g, with identity maps between them
and zeroselsewhere. Here is a standard result, c.f. [LM98, Section 1.1], generalizing the
rank{n ullity theorem from linear algebra.

Prop osition 1.2. Every indecomposablequiver representation is isomorphic to somel g,
and every quiver representation 2 Hom is isomorphic to a direct sum of these.

The spaceHom of quiver represertations carries an action of the group
(1.1) GL2 = GL(Vp)? GL(V1)? GL(Vh 1)?2 GL(Vy)?
of linear transformations. Specically, if we think of elemerts in ead V; as row vectors
and writing GL(V;)2 = GL(V;) GL(V,) fori = 0;:::;n, the f|actor GL(V;) acts by inverse
multiplication on the right of Hom(V; 1;V;), while the factor GL(V;) acts by multiplication
on the left of Hom(V;;Vi+1). The group

GL = GL(Vo) GL(Vn)
embedsdiagonally inside GL?, sothat = ( ¢;:::; n) 2 GL acts by
= (L S i el

IThis is not so bad, since we shall in due course require a maximal torus in GL(Vo) GL(Vh).
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This action of GL presenesranks, in the sensethat GL ; = , for any ranksr, because
i ! cancelswith ; when the mapsin are composed.

Lemma 1.3. The group GL has nitely many orbits on Hom, and every quiver locus ; is

supported on a union of closures of such orbits.

Proof. SinceGL [ = |, quiver loci are unions of orbit closuresfor GL, soit is enough
to prove there are nitely many orbits. Proposition 1.2 implies that given any quiver

represertation 2 Hom, we can choose new basesfor Vp;:::;V, in which is expressed
asa list of partial permutation matrices (all zero ertries, except for at most one 1 in eadh

row and column). Hence liesin the GL orbit of one of the nitely many lists of partial

permutation matrices in Hom.

De nition 1.1 makesno assumptionsabout the array r of nonnegative integers, but only
certain arrays can actually occur as ranks of quivers. More precisely assciated to eadh
quiver represettation 2 Hom is its rank array r( ), whosenonnegative integer entries
are given by the ranks of composite mapsV; ! V;:

ri( ) = rank( j+1 j+2 j) for i<j;

of a quiver locus , is irreducible if and only if r = r( ) occurs asthe rank array of some
quiver represertation 2 Hom, and this happensif and only if |, equalsthe closureof the
orbit of GL through

Convention 1.4. We make the corvertion here, once and for all, that in this paper we
consideronly rank arrays r that canoccur, sor = r( ) for some 2 ..

That being said, we remark that this assumptionis unnecessaryin the part of Section1.4
preceding Theorem 1.20, aswell asin Section4.

1.2. Rank, rect angle, and la ce arra ys

Given arank array r = r( ) that can occur, Proposition 1.2 impli(?_s that there exists a
unique array of nonnegative integerss = (sjjJo i j n suchthat = Ip:g™. In other
words, the ranks r can occur if and only if there is an assaiated array s. We call this data
the lace array; the nomenclature is explained by Lemma 3.2, and the symbol 's' recalls
that our construction is basedon the “strands' appearing in [AD80]. Taking ranks, we nd
that

X
(1.2) ri = Skm for i |

k i

j m
The (transposed) Buch{Fulton rectangle array is the array of rectangles(Rj;) for O
i <j n,sud that Rj isthe rectangleof height ri; 1 rj and width rj.; 1.

2The rectangle R of [BF99] is the transposeof ours.
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Example 1.5. Considerthe rank array r = (rj ), its lacearray s= (sj ), and its rectangle
array R = (Rjj ), which we depict as follows.

321 0]i ] 321 0]i j .

2|o o|o 2 1 0Ji]

r = 3 2|1 s = 01| 1 R = >
4 2 1| 2 10 1] 2 5?53
32103 1110]| 3

The relation (1.2) says that an entry of r is the sum of the ertries in s that are weakly
southeastof the corresponding location. The height of Rj; is obtained by subtracting the
erntry rjj from the one above it, while the width of R;j; is obtained by subtracting the entry
rij from the oneto its left.

It follows from thg}( de nition of Rj that
(1.3) height(Rix) = rij 1 Tfin  lij 1 for all i
i
%!
(1.4) width(Ry) = ris1;j  roj  Ti+1 for all j.
S

(This will be applied in Proposition 8.12.) The relation (1.2) can be inverted to obtain

(1.5) Sj = rij  fiy T+l iopj+l

fori j, wherery = 0if i andj do not both lie between0 and n. Therefore the rank
array r can occur for V if andonly if rj = r; fori = 0;:::;n and

(1.6) B o Tigss + 114 0

fori j, the left-hand side being simply sj . We shall interchangeably use a lace array s
or its corresponding rank array r to describe a given irreducible quiver locus.
It follows from (1.6) that

1.7) height(Rj; ) decreasesasi decreases.
(1.8) width (Rj; ) decreasesasj increases.

Given a rank array r or equivalertly a lace array s, we shall construct a permutation
v(r) 2 Sq, whered = ro+  + rp. In general,any matrix in the spaceMy4 ofd d matrices

may be unexpected, with the squareblocks lying along the main block anti diagonal rather
than on the diagonal as usual. With these corvertions, the i block column refersto the
block column of length r;, which sits i blocks from the right.

We draw the matrix for the permutation w with a symbol (instead of a 1) at eat
position (g;w(q)) and zeroselsewhere.

Prop osition 1.6. Givenarankarray r for V, there existsa unique elementv( ) = v(r) 2
Sy satisfying the following conditions. Consider the block in the it block column and j ™
black row.

10f i j (that is, the block sits on or below the main block antidiagonal) then the
number of  entries in that black equalssjj .

2. If i = j+ 1 (that is, the black sits on the main block sugerantidiagonal) then the number
of entriesin that block equalsrj; +1 .
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Figure 1. Zelevinsky permutation and its diagram

3. If i j+ 2(that is, the black lies strictly alovethe main black superantidiagonal) then
there are no  entries in that black.

4. Within everyblock row or black column, the  entries proceed from northwestto south-
east, that is, no  entry is northeast of another  entry.

De nition  1.7. v(r) is the Zelevinsky perm utation for the rank array r.

Proof. We must show that the number of  entries in any block row, asdictated by condi-
tions 1{3, equalsthe height of that block row (and transposedfor columns), sincecondition 4
then stipulates uniquely how to arrange the  entries within ead block. In other words
the height r; of the j th block row must equal the ngmber rj; +1 of  ertries in the superan-
tidiagonal block in that block row, plus the sum ;s; of the number of ertries in the
rest of the blocks in that block row (and a similar statemert must hold for block columns).
These statemerts follow from (1.2).

The diagram D(v) of a permutation v 2 Sg, which by de nition consistsof those cellsin
thed dgrid having no in v duenorth or duewestof it, re nes the data cortained in the
Buch{F ulton rectanglearray [BF99]. The following Lemmais a straightforward consequence
of the de nition of the Zelevinsky permutation v(r) and equation (1.5); to simplify notation,
we often write D = D (v(r)).

Lemma 1.8. In any black of the diagram D, = D (v(r)), the cells form a rectanglejustie d
in the southeast corner of the black. If the black is alove the supgerantidiagonal, this rectangle
consists of all the cells in the black. If the block is on or below the superantidiagonal, say in
the it black column and j 1 bleck row, this rectangleis the Buch{Fulton rectangle R; Lj+1-

Example 1.9. Letr;s;R beasin Example 1.5. The Zelevinsky permutation is

V(r)—123456789101112'
- 894511126 12 3 7 10"

whose permutation matrix is indicated by  entries in Fig. 1, and whosediagram D, =
D(v(r)) is indicated by the union of the and ertries there.

De nition  1.10. Consider a xed dimension vector (ro;ry;:::;rn) and a varying rank
array r with that dimension vector.
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1. The diagram Dyom := D(v(Hom)) for the quiver locusHom consistsof all cells above
the block superantidiagonal. ThusD, Dgem for all occurring rank arrays r. De ne
the (skew) diagram D, for r asthe dierence

Dl’ = Dr r DHom

In our depictionsof D, ead cellof D, isindicated by abox , while ead cell of Dyom
is indicated by an asterisk (seeFig. 1, for example).

2. For the zero quiver (o, whoserank array rq is zero except for the rji ertries, the
diagram D( o) consistsof all locations strictly above the antidiagonal.

1.3. The Zelevinsky map
Let GL4 be the invertible d d matrices. Denote by P GL 4 the parabolic subgroup

B+ bethe group of upper triangular matrices.

The group P acts by multiplication on the left of GL 4, and the quotient PnGL 4 is the
manifold of partial ags with dimensionjumps ro;:::;rn. Scubert varieties X, in PnGL4
are orbit closuresfor the (left) action of B, by inverseright multiplication. In writing
Xy PnGL4 we shall always assumethat the permutation v 2 Sy has minimal length
in its right coset (S, Sr,)v, which meansthat v has no descems within a block.
Graphically, this condition is re ected in the permutation matrix for v by saying that
no ernry is northeast of another in the sameblock row. Obsene that this condition holds
by de nition for Zelevinsky permutations v(r).

The preimagein GL4 of a Schubert variety X, PnGLg4 is the closurein GLq4 of the
doublecosetPvB ., . The closurePvB. ofthat inside M q is the “matrix Schubert variety' X,
whosede nition we now recall. Sincewe shall needmatrix Schubert varieties in the slightly
more generalsetting of partial permutations later on, we uselanguagehere compatible with
that level of generality.

De nition  1.11 ([Ful92]). Let w be a partial permutation of sizek °, meaningthat w
is a matrix with k rows and * columns having all ertries equalto 0 exceptfor at most one
entry equalto 1in ead row and column. Let M- be the vector spaceof k ~ matrices.
The matrix Schubert variety X, is the subvariety

Xw = fZ2Mgj rank(Zq p) rank(wq p) for all g and pg
inside My, where Zy , consistsof the top ¢ rows and left p columnsof Z.

If v 2 Sy is a permutation, we do not require v to be a minimal elemert in its cosetof
S, Sr, whenwe write X, (asopposedto X ); however, the matrix Schubert variety
will fail to bea P B4 orbit closurein My unlessv is minimal.

Let Yy be the variety of all matrices in GL 4 whose antidiagonal blocks are all identity
matrices, and whoseother blocks below the antidiagonal are zero. Thus Yy is obtained from
the unipotent radical U(P. ) of the block upper-triangular subgroup P by a global left-to-
right re ection followed by block left-to-right re ection. This hasthe net e ect of reversing
the order of the block columnsof U(P+ ). If wp isthe long element in Sy, represerted asthe
antidiagonal permutation matrix, and wg is the block long element, with antidiagonal
permutation matrices in ead diagonal block, then Yo = U(Ps)wowg. The variety Yq
maps isomorphically (scheme-theoretically) to the opp osite big cell Uy in PnGLy4 under
projection modulo P. In other words, Ug ! Yy is a sectionof the projection GLq! PnGLg4
over the open set Up.
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Using the isomorphismUg = Yy, the intersection X, \ Ug of a Schubert variety in PnGL 4
with the opposite big cell is a closed subvariety Y, of Yy (we assumev is minimal in its
cosetwhen we write Y,). It will be important for Theorem 1.14 to make the (standard)
comparison between the equations de ning Y, inside Yo and the equations de ning the
corresponding matrix Schubert variety X, inside M.

Lemma 1.12. The ideal of Y, as a subschemeof Y; is obtained from the ideal of X, as
a subschemeof My by setting all variableson the diagonal of each antidiagonal block equal
to 1 and all other variablesin or below the block antidiagonal to zer.

Proof. The statemert is equivalert to its geometric version, which says that Y, equalsthe
scheme-theoretic intersection of X, with Yp. To prove this version, note that X, \ Yy =
(X'v\ GLg)\ Yo, andthat X ,\ GL4 projectsto X, asa b erbundle over X, with b erP. The
intersection of X\ GL 4 with the image Yy of the sectionUg ! GL 4 is sheme-theoretically
the image Y, of the sectionrestricted to X, \ Up.

De nition  1.13. The Zelevinsky map Z 2takes 2 Hom to the glock matrix

0 0 1 1

0 > 1 0
(1.9) (15 25000 ) 7Z O -1 0 04:

n - 0 0 O

1 0O 0 O

Zelevinsky's original map [Zel89 sert ead 2 Hom to the matrix (Z( )wowg) 1, which
is obtained from Z( ) by reversingthe block columns and taking the inverse. Zelevinsky
proved that it was bijective. The following theorem is therefore equivalent to the main
theorem in [LM98], which proved using the primality of ideals of Plucker relations that
Zelevinsky'soriginal map is an isomorphismof schemes. The simpler form Z of Zelevinsky's
map allows us to prove that the relevant ideals are equal without assumingthat either is
prime; more importantly, it connects quiver loci to the explicit combinatorics of matrix
Scubert varieties for Zelevinsky permutations, as we require later.

Theorem 1.14. The Zelevinsky map Z induces a schemeisomorphism from each quiver
locus  to the closal subvariety Y, inside the Schulert subvariety X, of the partial
ag manifold PnGL 4. In other words, Z( r) = Yy() as subscheme®f Y.

Proof. Both schemesZ( r) and Y,( are cortained in Z (Hom): for Z( () this is by de ni-
tion, and for Y,y this is becausethe diagram of v(r) cortains the union of all blocks strictly
above the block superartidiagonal, whenceewery coordinate above the block superantidi-
agonalis zeroon Y, . Sincethe Zelevinskymap ! Z( ) is obviously anisomorphism
of schemes,we must show that Z( ) is de ned by the sameequationsin | [Z (Hom)] de n-
ing YV(I’)'

The set-theoretic description of X, in De nition 1.11 implies that the Schubert deter-
minantal ideal I (X,) | [Mq] cortains the union (over g;p = 1;:::;d) of minors with size
1+ rank(vq p) in the northwestq p submatrix ofthe d dmatrix of variables. In fact,
using Fulton's “essetial set' [Ful92, Section 3], the ideal | (X ) is generatedby those minors
arising from cells (g; p) at the southeastcorner of someblock, along with all the variables
strictly above the block superarntidiagonal.
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Consider a box (q;p) at the southeastcorner of Bj+1;; 1, the intersection of block col-
umn i+ 1andblock row j 1, sothat by de nition of Zelevinsky permutation,

X X

(1.10) rank(v(r)q p) = s + Me 1k
> k=i+1
<

P .
Lemma 1.15. The number rank(v(r)q p) in (1.10) equalsrj + Jk:ilﬂ M.

: , P , ,
Proof. The coecient on's in rj + Jk=i1+1 rq is the number of elemerts in frjg[

frisasi+1sii05rp 1 10 that are weakly northwest of r  in the rank array r (when the
array r is oriented sothat its southeastcorneris ro,). This number equalsthe number of
elemerts in frij+1;:::0r 19 that are weakly northwestof r , unlessr  happensto lie

strictly north and strictly west of rj; , in which casewe get one fewer. This one fewer is
exactly made up by the sum of entries from s in (1.10).

Resuming the proof of Theorem 1.14, we set the appropriate variables in the generic
matrix  to O or 1 by Lemma 1.12, and considerthe equations coming from the northwest
g p submatrix for (g;p) in the southeast corner of Bj+1; 1. Since Yy Z (Hom),
these equations are minors of (1.9). In particular, using Lemma 1.15, and assumingthat

in the generic(u + rj) (u2+ ri) block matrix

3
0 O 0 i+1
0O O i+2 1
(1.12) 0 o : 1 0 ;
0O 1 : O 0
i 1 0 0

P .
whereu =~ 1_1,, ry is the sum of the ranks of the subartidiagonal 1 blocks. The ideal

generatedby theseminors of sizel+ u + rj is presened under multiplication of (1.11) by
any matrzix in SLy+r; (| [Z(Hom)]). In particular, multiply (1.11) on the left 3py
1 i+1 i+1 i+2 i+1; 2 i+1; 1
1
1

1
1

where i1k = i+ k fori+ 1 k. The result agreeswith (1.11) exceptin its rst

block row, which has left block ( 1)) ' ;41 j and all other blocks zero. Therefore
the minors coming from the southeastcorner (g; p) of the block Bi+1;; 1 generatethe same
ideal in | [Z (Hom)] asthe sizel+ rjj minors of i3 j, foralli j. We concludethat
the idealsof Z( ) and Y, inside | [Z (Hom)] coincide.

The proof of Theorem 1.14 newer usesthe fact that the minors vanishing on matrix
Schubert varieties generatea prime ideal. Nonethelessthey do [Ful92, KM03a], and in fact
one can concludemuch more by citing (asin [LM98]) other properties of Schubert varieties
from [Ram85 RR85], and using Lemma 1.12.
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Corollary 1.16 ([LM98, AD80]). Irreducible quiver loci  are reduced, normal, and
Cohen{Macaulay with rational singularities. The total a)Eea

dir) = “(v(r)) “(v(Hom)) = Skij 1Si+1;m
0 k i<g m n

of the rectanglesRjj egualsthe codimension of , in Hom.

Remark 1.17. One can prove even more simply that the Zelevinsky map Z induces an
isomorphismof the reducedvariety underlying the scheme | with the opposite “cell'in some
Sdhubert variety X, inside PnGL 4, without identifying v = v(r). Indeed, Z is obviously
an isomorphism (in fact, a linear map) from Hom to Z (Hom), which is easily seento equal
YyHom)- Then one usesequivariance of Z under appropriate actions of GL to conclude
that it takesorbit closures(the reduced varieties underlying quiver loci) to orbit closures
(opposite Schubert “cells").

1.4. Quiver pol ynomials as multidegrees

In this sectionwe de ne quiver polynomials, our title characters, asmultidegreesof quiver
loci , and prove that these agreewith the polynomials appearing in [BF99]. For the
reader's corvenience,we presen the de nition of multidegree [BB82, Jos84 BB85, Ros89
and introduce related notions here; those wishing more badckground and explicit examples
can consult [KM03a, Sections1.2 and 1.7] or [MS04, Chapter 8.

Let | [f] be a polynomial ring graded by Z9. The gradings we consider here are all®
positiv e in the senseof [KM03a, Section 1.7], which implies that the graded pieces of

| [f[] have nite dimension as vector spaces. Writing X = xi;:::;¥%g for a basis of Z9,
ead variable f 2 | [f] has an ordinary weight deg(f) = u(f) :Q idzl ui(f) x; 2 29,
and the corresponding exp onential weight wt(f) = XU = <4 x4 which is a

LaurEnt monomial in the ring Z[xll; I 1. Every nitely generatedZ9-graded module
= ,2zd u over|[f] hasa nite Z9-graded free resolution
Mi
E:0 B B BE where E = [ [F1C ti)
j=1
is Z9-graded, with the j™ summand of E generatedin degreetj 2 z9. In this case,the
K -polynomial of s
X X
K(; X) = (1) Xl
i j
Given any Laurent monomial X! = x}* xgd, the rational function de=1 (I xj)¥ can
be expandedas a well-de ned (that is, corvergert in the X-adic topology) formal power
series jdzl (1 ux;+ )inX. Doingthe samefor eatc monomialin an arbitrary Laurent
polynomial K(X) results in a power seriesdenoted by K(1 X). The multidegree of a
Z9-graded| [f]-module is
C(; X) = the sumof terms of degreecodim() in K(; 1 X);

where codim() = dim(Sped] [f])) dim(). If = |[f]=I] is the coordinate ring of a
substiemeX  Spe(] [f]), then we may alsowrite [X],« or C(X;X) to meanC(; X).

3Actua|ly, a nonpositive grading appears in the proof of Proposition 2.6, but we apply no theorems to
itithe  nonpositive grading there is only a transition betweentwo positive gradings.
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In the context of quiver loci, d = rg+ + rpn, and we write x, for the alphabet X, which
is split into a sequenceof n + 1 alphabets

(1.12) xp = x%inxh
of sizesrg;:::;ry. Thusthe it" alphabet is
(1.13) Xp = XXy

The coordinate ring | [Hom] is graded by Z9, with the variable f' 2 | [Hom] having
ordinary weight deg(f' )= x' 1 x

(1.14) and exponertial weight wt(f' ) = x' =x

De nition  1.18. The (ordinary) quiv er polynomial is the multidegree

Qr(x x) = O r;xy)

of the subvariety , insideHom, under the Z9-grading in which deg(f' )= x 1 xi.

For the momernt, the argumert x x of Q, canberegardedasa formal symbol, denoting

harm be thought of as innite, asin (1.17) and (1.18), even though all but the nitely
many variablesin x, are to beignored. Later, in Section2.2, we shall de ne "double quiver
polynomials', with argumerts x vy, indicating two sequencesf alphabetsasinput; then the

Our discussionof quiver polynomials will require supersymmetric Schur functions. Given
(nite or innite) alphabets X and Y, dene for r 2 N the homogeneous symmetric
function h,(X YY) in the dierence X Y of alphabets by the generating series

1 zy) X
Q—VZY(l Sy T Zhx);
x2X r o

in which h, (X Y) = 0forr < 0. Then the Schur function s (X Y) in the dierence
X Y of alphabetsis de ned by the Jacobi{Trudi determinant
S (X Y) = det hi i+j(X Y) .
The right-hand side is the determinant of an~ ~ matrix, where " is the number of parts
in the partition
Buch and Fulton de ned polynomials in [BF99] that also desene rightly to be called
“quiver polynomials' (though they did not usethis appellation). Given a sequenceof maps

Theorem take as argumerts the Chern classesof the bundles. Here, we shall expressthese
polynomials formally as symmetric functions of the Chern roots

(1.15) xp = fx[ji=0:;nandj = 1L:irig

gersc (r) called quiv er constan tSp eat depending on arank array r and a sequence_=
1, 2;:::1, n)ofnpartitions. Let ¢ (r)s (x x) bethe corresponding sum of products
Y i1 i
(1.16) s(x x) = s, (x X')
i=1
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of Schur functions in di erences of consecutive alphabets from the sequence

(1.17) x = x%:oox™

In this notation, ead of the alphabets

(1.18) xbo= ;e

is taken to bein nite , sothat s (x x) is a power seriessymmetric in ead of n + 1 setsof
in nitely many variables. This notation allows us to evaluate s on nitg, alphabets of any
givensize,by using X, asin (1.12) and (1.13). It resultsin our notation ¢ (r)s (X  Xr)

for the polynomials appearing in the Main Theorem of [BF99]. Howewer, since the vari-
ablesx; in (1.15) are Chern roots of dual bundles, our ¢ (r) would be denoted by ¢ o(r) in

This follows becauses (X  Y)=so(Y ) (X )); seealso[BF99, Section4].

Before getting to Theorem 1.20, we must rst say more about the geometry underlying
multidegrees, which are algebraic substitutes for equivariant cohomologyclassesof sheares
on torus represenations. Here,the torus is a maximal torus T inside GL acting onHom. We

this context is the weight lattice of the torus T, and x} is the weight corresponding to the

action of the j ! diagonal ertry in the i matrix. The action of T on Hom via the inclusion
T GL inducesthe grading (1.14) on | [Hom].

The geometric data of a torus action on Hom determines an equivariant Chow ring
A;(Hom). Let usrecall briey the relevant de nitions from [EG98] in the cortext of a linear
algebraicgroup G acting on a smooth schemeM . Let W bearepresenation of G cortaining
anopensubsetU W onwhich G actsfreely. For any integerk, we can chooseW and U so
that W r U hascodimensionat leastk + 1 inside W [EG98, Lemma9 in Section 6], and the
construction is independert of our particular choicesby [EG98, De nition{Prop osition 1
and Proposition 4]. The G-equiv ariant Chow ring A5(M) hasdegreek piece

AK(M) = A¥(M U)=G)

equal to the degreek pieceof the ordinary Chow ring of the quotient of M U modulo the
diagonal action of G. We have used smoothnessof M via [EG98, Corollary 2].

The equivariant Chow rings A (M) for torus actions on vector spacesM all equal the
integral symmetric algebra Sym;(t,) of the weight lattice t,, independertly of M. Thus,

expressedasa polynomial in Z[X]. More generally every Z9-gradedmodule  (equivalertly,
T-equivariant sheaf )y determinesa polynomial [cycle()] 1, where the cycle of s the
sum of its maximal-dimensional support componerts with coe cien ts given by the generic
multiplicit y of along ead.

Prop osition 1.19. The multidegree C(; X) of a Z%-graded module  over | [f] is the class
[cycle()] T in the equivariant Chowring A (M) of M = Spec( [f]).

Proof. The function sendingead gradedmodule to its multidegree is characterizeduniquely
ashaving the "Additivit y', "Degeneration’,and "Normalization' propertiesin [KM03a, Theo-
rem 1.7.1]. Thusit su ces to shaw that the function sendingead module to the equivariant
Chow classof its cycle also has these properties. Additivit y for Chow classesis by de ni-

tion. Degenerationis the invariance of Chow classesunder rational equivalenceof cycles.
Normalization, which says that a coordinate subspacel. M hasclassequalto the product
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of the weights of the variablesin its de ning ideal, follows from [Bri97, Theorem 2.1] and
[EG98, Proposition 4] by downward induction on the dimensionof L.

Theorem 1.20. The quiverppolynomial Qr(x x) in De nition 1.18 coincides with the
degenemlcy locus polynomial ¢ (r)s (X X;) in the Main Theorem of [BF99] (although
our notation for this polynomial diers from [BF99]; see the lines after (1.18), alove).

Proof. Let Gr(r;") bethe product Gr(ro; ") Gr(rp; ") of Grassmanniansof subspaces

of dimensionsrg;:::;r, inside | for somelarge *. This variety Gr(r;’) comesendowned

with n+ 1 uniéersal vector bundlesV;:::;V of ranks rg;:::;rn. Denote by Hom the
n

vector bundle =1 Hom(V; 1;V;) over Gr(r;"). Pulling bak V; to Hom for all i yields
vector bundleswith a universal (or \tautological®) sequence

e: ¢, T8, T vte,, T oen

of maps betweenthem. Let , Hom denote the degeneracylocus of € for ranks r.
If k = d(r) is the codimensionof | from Corollary 1.16, then we can assume™ has been
chosenso large that the graded componert AkK(Hom ) of the Chow ring of Hom consistsof
all polynomials of degreek in Z[x,] symmetric in ead of the n+ 1 alphabets x| from (1.13).

Theclass[ ;]2 Ak(Hom ) is by de nition the polynomial in the Main Theorem of [BF99].
On the other hand, AX(Hom ) is by [EG98, Corollary 2] the degreek pieceA'éL (Hom) of the
GL-equivariant Chow ring of Hom, and the ordinary class[ ]2 AK(Hom ) coincideswith
the equivariant class[ (JeL 2 AgL(Hom). The result now follows from Proposition 1.19,
giventhat A (Hom) consistsof the symmetric group invariants inside A (Hom) by [EG98,
Proposition 6].

Remark 1.21. Thinking of quiver polynomials as equivariant Chow or equivariant co-
homology classesmakes sensefrom the topological viewpoint taken originally by Thom
[Tho55] in the cortext of what we now know asthe Giambelli{Thom{P orteous formula. In
the presert context, a quiver of vector bundleson a spaceY is induced by a unique homo-
topy classof mapsfrom Y to the universalbundle Homg,_ with b erHom on the classifying
spaceBGL of GL. The induced map Hg (point) = H (BGL) ! H (Y) on cohomology
simply evaluates the universal degeneracylocus polynomial for r, namely the quiver poly-
nomial, on the Chern classesof the vector bundlesin the quiver. Replacing the classifying
spacefor GL by the corresponding Artin stadk accomplishesthe samething in the Chow
ring cortext instead of cohomology

Section 2. Double quiv er polynomials

2.1. Double Schuber t pol ynomials

variables, and w 2 Sy a permutation. The double Scubert polynomial S (X YY) of
Lascoux and Schetzenberger [LS82] is de ned by downward induction on the length of w

Swo(X Y) = (Xi yj):
i+j d
If w6 wy, then chooseq sothat w(q) < w(gq+ 1), and de ne
Sw(X YY) = @Sws,(X Y):
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The operator @ is the g divided di erence acting on the Y variables, so

2.1) @P(xxa0) = P(X1;X2;::0)  P(X1;::0Xq 15 Xqe1 s Xgs Xge2 5 100)
Xqg Xg+1
for any polynomial P taking the X variables and possibly other variables for input.

In Section 6 we will require Schubert polynomials for partial permutations w (De ni-
tion 1.11). By corvertion, when we write S, for a partial permutation w of sizek °,
we shall mean S g, wherew is a minimal-length completion of w to an actual permutation.
Thus w can be be any permutation whose matrix agreeswith w in the northwest k
rectangle, and such that in the columns strictly to the right of °, as well asin the rows
strictly below k, the nonzeroertries of w proceedfrom northwest to southeast(no nonzero
entry is northeast of another). This convention is consistert with De nition 1.11,in view of
the next result, becausethe matrix Schubert varieties X ,, and X ¢ have equal multidegrees,
asthey are de ned by the same equations (though in a priori di erent polynomial rings).

The following statemert appears(in similar language)as[KM03a, Theorem A]; an equiv-
alent result over the complex numbers| = C (given the translation between equivariant
Chow and equivariant cohomology) is given in [FRO2b]. These results are now seento
be essetally equivalent to [Ful92], via equivariant Chow groups as in the argumert of
Theorem 1.20.

Theorem 2.1. Letw be a partial permutation matrix of sizek °, so X, is a subvariety
of My = Spec( [f]), whee f = (f )for = 1;:::;kand = 1;:::;". If f hasordinary
weightdegf )= x vy, then X, hasmultidegree

OXw; X;Y) = Su(X YY)

equal to the double Schulert polynomial for w. (We remind the reader that the matrix for
a partial permutation w hasa 1 in row g and column p if and only if w(q) = p.)

When the partial permutation w is an honestpermutation v 2 Sq with d= rg+  + rp,
we often write S (X Y) = Sy(X; V) and breakthe variablesinto sequencesf alphabets
(2.2) Xp = xPsinx?oand ye = ypiiinyy
(2.3) where x}=xi;iinxh and yl= vyl
On the other hand, most partial permutations w that occur in the sequelwill have size
ri 1 1 forsomej 2 f1;:::;ng. In that casewe will be interestedin S (x! 1 yl); as
with quiver polynomials, we allow the input alphabetsx! ! andy! to bein nite here,even
though only the nitely many variablesin x} ! and y} can actually appear.

2.2. Double quiver pol ynomials

The coordinate ring | [Mq] of the d  d matrices is multigraded by the group z%¢ =
(Z Z')2, which we take to have basisasin (2.2) and (2.3). In our corntext, it is
most natural to index the variablesf ! in the genericd d matrix in a slightly unusual
manner: f I 2 | [Mq] occupiesthe spot in row and column  within the rectangle at the
intersection of the i block row and the j™ block column, wherei;j = 0;:::;n and we
label block columns starting from the right. Setthe ordinary weight of f | equalto

degf 1) = x' v

More pictorially, label the rowsofthe d d grid with the x basisvectorsin the order they
are given, from top to bottom, and similarly label the columnswith y, = y[';:::; 9, from
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left to right (go left to right within ead alphabet). Under our multigrading, the ordinary
weight of a variable is its row basisvector minus its column basisvector. Therefore:

Rows in the | block from the top are labeled xbiinxd forr = rjj, starting with
x} in the highest row of that block. _ _
Columns in thejth block from the right are labeled y‘l;"'; I forr = rjj, starting

with yjl above the leftmost column of that block.
For notational clarity in examples, it is usually cornveniert to rename the alphabets

x%; x1;x?;::: using distinct Latin names,suc as
xO=a=aj;axas;::;; and x*=b=by;bpbg i and X2 = c= ¢ Calit
and so on, rather than upper indices. Then, we renamethe alphabetsy % y;y?;::: as
yO=a=ajaag:: and y'= b= bbyibgii and y2= c= ¢picpicaii

and soon, the sameasthe x's but with dots on top.
All of the notation above should be made clearer by the following example.

Example 2.2. Consider quivers on the vector spacesV = (Vo;V1;V;) with dimensions
(ro;ri;r2) = (2;3;1). The coordinate ring | [M4] has variables f ! asthey appear in the
matrices below (the f variables are the samein both):

yi yi Y: vi Yy y8 o b b bk oa a
X9 FO7(f01 F93 £03 [F 9 £09 a [ F2[FO ¢ ¢4 [¢99 ¢22
x| F97 |91 £33 193 |£30 199 ar | F92[FOF 92 £O4 (790 £29
x| fif [fH 13 £43 (F1 £49 by | 42 [f4F 43 ¢34 |30 £49
x3| £32 |3 £33 £33 |£30 €29 T | fR[fH B H
x5 £37|f32 3 £ (£330 by | f32 |f3F £33 £33 |30 £29
XP(fE (fAL f £33 (F80 €49 o | f8# (4 5 8 [f0 20

The ordinary weight of eat f variable equalsits row label minus its column label, and its
exponertial weight is the ratio instead of the di erence. For example, the variable f % has
ordinary weight xJ yi=a, s and exponertial weight x3=y3 = a,=hs.

The coordinate ring | [Yo] of the variety Yo from Section 1.3 is not naturally multigraded
by all of Z24, but only by Z9, with the variable f I 2 | [Yo] having ordinary weight x'  x' .
This corvertion is consistert with the multigrading of | Hom] in (1.14) under the homo-
morphism to | [Yo] induced by the Zelevinsky map, sincethe variable f ' %' 2 | [Yo] maps
to f' 2 | Hom], and their ordinary weights x' 1 x' agree. Our Z%-grading of | [Yo] is
positive, so every quotient of | [Yg] hasa Hilb ert series.

Example 2.3. In the situation of Example 2.2, the coordinate ring | [Yo] has only the
variablesf ! that appearin the matrices below:

X1 X% X% X% X? Xg a b a a
x| FO(FL F3 F03| 1 a| FOP|FOLE3 F3| 1
X9 £92 |£9F 9 £94 1 ay| F92 | 9% £9% 5% 1
xif fif| 1 bu| fif] 1
X312 1 T ob|f#] 1
x3| faf 1 by | 3 1
x2| 1 al 1
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In this case,the variable f 5 hasordinary weight x) x}=a, bsandexponertial weigh
Oyl — 4. —

The multigrading giving rise to the ordinary quiver polynomials in Section 1 is derived
from tt@ action of GL on Hom. In the current context of GL4 acting on My, we identify
GL = "L, GL(Vi) asthe Levi factor L, consisting of block diagonal matrices inside the
parabolic subgroupP  GLyg, by sticking GL(V;) in the it" diagonal block. This identi es
the torus T of diagonal matrices in L with the torus T from Section 1.4.

Lemma 2.4. The matrix Schulert variety X_V(,) is the closure inside My of the variety
PZ( ), by which we mean the imageof P Z( ) under multiplication.

Proof. In general,if X, is a Schubert subvariety of PnGL 4, and X\, is the preimageof X,
inside GL4 (under projection modulo P), then X, equalsthe closure of X inside M.
Theorem 1.14implies that PZ( () is denseinside the preimageof X ).

The quiver locus | has only one copy of the torus T ~ GL acting on it, as doesits
Zelevinsky image Z( ) (conjugation by T L). Multiplying by P on the left asin
Lemma 2.4 freesup the left and right-hand tori (and even the left and right-hand Levi fac-
tors), allowing them to act independenly. Consequetly, we can de ne a doubly equivariant
cohomologyclasson the smearedZelevinsky image X_V(,) of . In terms of multidegrees,
we can now usethe two sequencex and y of alphabets instead of only the x alphabets in
ordinary quiver polynomials.

De nition  2.5. The double quiv er polynomial is the ratio

Sv(r)(Xr yr)
X =
Q( 2 Sv(Hom)(Xr yr)

of double Schubert polynomialsin the concatenationsof the two sequencesf nite alphabets
described in (2.2) and (2.3).

For the purposesof results such as Theorem 1.20 as well as Corollary 4.9 and Corol-
lary 6.23,it is usefulto think of the argument x y of the double quiver polynomial on the
left side of De nition 2.5 astwo segjuen@s x and y of alphabets, even though the double
Sdubert polynomials on the right side more naturally take the argumert x, vy, thought
of simply asa pair of alphabets x, and y;. In addition, like ordinary quiver polynomials, it
doesno harm to think of double quiver polynomials as being evaluated on nite sequences
of in nite alphabets, with all but the nitely many x; and y; variablesignored.

The denominator S gom)(Xr  Yr) should be regardedasa fudge factor, being simply the
product of all weights (x  y ) of variableslying strictly above the block superarntidiagonal,
seealso Remark 2.10. Thesevariableslie in locations corresponding to  ertries in the dia-
gram of every Zelevinsky permutation, soS om) obviously divides S ;) (seeTheorem 5.3).

The simple relation betweendouble and ordinary quiver polynomials, to be preseried in
Theorem 2.9, justi es the notation Q,(x x) for the ordinary case.

2.3. Ratio formula for quiver pol ynomials

Our goalin this sectionis to expressquiver polynomials as the specializations of double
quiver polynomials obtained by setting y! = xI for all j .

More generally we shall expressthe quiver K -polynomial as a ratio of corresponding
specializeddouble Grothendiec k polynomials . These are usually de ned by “isobaric
divided di erence operators' (or ‘Demazure operators'), which we review in Section 7.1.
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Howewer, since Grothendied polynomials are tangertial to the focushere, we do not review
the badkground, which canbefound in [LS82, Las9( or [KM03a], the latter beingwell-suited
to the current applications. Readersunfamiliar with Grothendiedk polynomials will lose
nothing in the presen context by taking the rst sertenceof Proposition 2.6 as a de nition .

Double Grothendieck polynomials G,(X =Y) for permutations v 2 Sy take as argumerts
two alphabets X and Y, ead having sized. For purposesrelating to quiver loci, X and Y
are equatedwith sequencex, and y, of alphabets asin (2.2) and (2.3). Write

Xr = XXy

to meanthe alphabet obtained by block reversingthe nite list x, of alphabets from (2.2).
It will arise when calculating the K -polynomials of opposite “cells'in Schubert subvarieties
of partial ag manifolds PnGL 4, as we shall seeshortly. Note that in the caseof full ags,
where P = B is the Borel subgroup of lower-triangular matrices in GL 4, ead alphabet in
the list x; consistsof just one variable (as opposedto there being only one alphabet in the
list), sothe reversedsequencex; is really just a reversedalphabet in that case.

For notation, let Ky (X;X;Y) denote the K -polynomial of a multigraded subvariety
X Mg underthe Z%9-grading from Section2.2,and let Ky (Z; X) denotethe K -polynomial
of a multigraded subvariety Z Y, under the Z9-grading there.

Prop osition 2.6. The K -polynomial Ky (X ;X;Y) of a matrix Schulert variety Xy My
is the double Grothendieck polynomial G,(X =Y). Intersecting X ) with Yo yields the vari-
ety Z( ), whoseK -polynomial Ky (Z( ); X;) is the specialization G,y (Xr=Xr).

Proof. The rst sertence follows from [KM03a, Theorem A], one of the main results there.
For the secondsertence, obsene that Z( ) hasthe samecodimension inside Yy as does

Xy(ry inside My. Hencethe equations de ning Yo as a subvariety of Mg (namely f 1
for diagonal f in antidiagonal blocks and f O for the other variables in or belov the
main block antidiagonal) form a regular sequenceon X ). Coarseningthe Z%d_grading on

| [Mq] to the grading by Z9 in which f I hasordinary weight x'  x', by setting y/ = x! ,
makesthe equationsde ning Yo becomehomogeneouspecausethe variables set equalto 1
have weight zero. Therefore, if F. is any Z2%-graded free resolution of | [X v(ry] over | [Mgl],

then F. v | [Yol isa Z9-graded free resolution of | [Z( ;)] over | [Yo]. It follows that
Kwm (Yv(r);xr;xr) = Ky (Z( );x,), becausehe relevant Z9-gradedBetti numberscoincide.
Applying the rst sertence of the Proposition and substituting yj = x now proves the
secondsertence.

Theorem 2.7. The K -polynomial Kyom ( ;%) of  inside Hom is the ratio
Gy(ry (Xr =Xr)

G\/(Hom)(xrzxr)

of specialized double Grothendieck polynomials for v(r) and v(Hom).

Khom( r;Xr) =

Proof. The equality H( ;%) = Kgom ( r;Xr)H (Hom; x,) of Hilb ert series(which are well-
de ned by positivity of the grading of | [Hom] by Z9) follows from the de nition of K -
polynomial. For the samereason,we have H (Hom;x,;) = Ky (Z (Hom); x;)H (Yo; X;) and
alsoH ( ;xr) = Ky (Z( 1);%:)H (Yo; Xr). Therefore

Ky (Z( r)ixe)H(Yo;Xr) = Khom (1 Xr)Ky (Z (Hom); X )H (Yo; X¢):
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Canceling the factors of H (Yg; X;) and dividing by Ky (Z (Hom); X;) yields
Ky (Z( r)iXr) .

Ky (Z (Hom); x;)"

Now apply Theorem 1.14 and Proposition 2.6 to complete the proof.

Khom (3 Xr)

Remark 2.8. Here is the geometric content of Proposition 2.6. The torus T T of di-
mension2d acts on M 4, the left factor by multiplication on the left, and the right factor by
inversemultiplication on the right. Viewing G,(x=y) asan equivariant classfor this action
of T T, specializing the y variablesto x doesnot arise by restricting the T T action
to somesubtorus. Rather, it usesa dierent d-dimensional torus T ertirely. The main
point is that the opposite big cell is an orbit for an opposite parabolic group, whosetorus
has beenconjugated by the identit y-in-each-antidiagonal-block permutation wowg from the
usual one.

In more detail, the subvariety Yo  GLg4 is not stable under the usual action of T T
above, becausewe needto presene the 1sin antidiagonal blocks. Instead, it is stable under
the action of the diagonal torus T inside the copy of T T whoseleft factor acts by usual
multiplication on the left, but where a diagonal matrix  in the right factor acts as right
multiplication by wowo *wowg. Thusthe diagonal T acts with the weight on the variable
at position (; ) in block row i and block columnj (from the right) beingx’  x' .

As areality che, note that this action of the right-hand T factor is indeedthe restriction
of the \opp osite" parabolic action on PnGL 4 to its torus. Indeed, our \usual" parabolic
acting on PnGL 4 is the block upper-triangular P, GLg4 acting by inverse multiplication
on the right (wewant P P, to act via a left group action), sothe opposite parabolic is
wow oP+ Wowg acting by inversemultiplication on the right.

One might obsene that the torus in wowoP+ Wowgp acts on PnGL 4 simply by inverseright
multiplication, not by twisted conjugation. All this meansis that multiplying by a diagonal
matrix Wowo wowg movesthe cosetsin PnGL 4 correctly. However, the subvariety Yo
GL 4 consistsof speci c cosetrepresentativesfor points in the opposite big cell of PnGL 4,
and we needto know which cosetrepresertativ e correspondsto the image of a matrix after
right multiplication by wowo 1wwg. For this, we have to left-multiply by , bringing the
antidiagonal blocks badck to a list of identity matrices without altering the coset.

Next comeswhat we have beenafter from the beginning, the consequencef Theorem 2.7
on multidegrees (or equivariant cohomologyor Chow groups, by Proposition 1.19).

Theorem 2.9. The quiver polynomial Q,(x x) for a rank array r equalsthe ratio
Svin(Xr  Xr)
Sv(Hom)(Xr Xr)

of specialized double Schulert polynomials. In other words, the ordinary quiver polynomial
Qr(x x) isthey = x specialization of the doublequiver polynomial Q,(x vy).

Qr(x x)

Proof. Clear denominatorsin Theorem 2.7, substitute 1  x for ewvery occurrence of eath
variable x, take lowest degreeterms, and divide the result by S 4om)(Xr  Xr). Note that
SvHom)(Xr  Xy) is nonzero, being simply the product of the Z9-graded weights of the
variablesin | [Yp] strictly above the block superartidiagonal.

Remark 2.10. The proofs of both Proposition 2.6 and Theorem 2.7 could as well have
beenpreseried entirely in geometric language, referring to pullbacks and pushforwards in
equivariant K -theory rather than ratios of numerators of Hilb ert series. In this geometric
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language,the denominator in Theorem 2.9 results via the push-pull formula from the equi-
variant Euler classof the normal bundle to Z (Hom) in Yo, or equivalertly, the equivariant
Euler classof the normal bundle to X om) in Mg.

In view of Theorem 2.9, we consider De nition 2.5to be our rst positive formula for
double quiver polynomials, sinceit expresseshem in terms of known polynomials (Schubert
polynomials) that depend on combinatorial data (the Zelevinsky permutation) assaiated
to given ranks r. This is not so bad: we could have (without motivation) de ned double
quiver polynomials starting from the Buch{F ulton formula [BF99] by usingindependert dual
bundlesin the secondhalf of eat argumert in their Schur functions, and then De nition 2.5
would be a theorem (but not onein this paper; seeRemark 6.25). As we have chosento
presert things, the double version of the Buch{Fulton formula will come out as a theorem
instead, in Theorems7.10,7.21, and 8.22; seealso Corollary 8.23.

Section 3. Lacing diagrams
3.1. Geometr y of la cing diagrams
In this section we use diagrams derived from those in [AD80] to describe the orbits of

and this essetially amounted to xing a maximal torus T inside the group GL actingon V.
Supposethat, in this basis,the quiver represettation 2 Hom is represerned by a sequence

the dot at height  (from the bottom) in columni 1 with the dot at height in columnii
if and only if the entry of wi at (; ) is 1. A lace is a connectedcomponert of a lacing
diagram. An (i; j )-lace is onethat starts in column i and endsin column j. We shall also
identify w 2 Hom with its assaiated lacing diagram.

Example 3.1. Hereis a lacing diagram for the dimension vector (2; 3; 4; 3) and its corre-
sponding list of partial permutatiorb matrices.

, 32, 4 Bt
100 ,9100 6549

N\ ! %010;400005;§0102§
>< 1000 ¢,

This lacing diagram hasrank array r and lace array s from Example 1.5.

Lemma 3.2. Fix a rank array r that can occur for V, and let s be the lace array related
to r by (1.2). For a lacing diagram w 2 Hom, the following are equivalent:

1. w hasrank array r.

2. The quiver locus | is the closure GL w of the orbit of GL through w.

3. sj is the numkber of (i;j)-lacesin w forall0 i j n.

Proof. This is a consequencef Proposition 1.2 plus Lemma 1.3 and its proof.

Lemma 3.2 identi es orbits indexed by a collection of lacing diagrams. It will be im-
portant for us to consider another group action, for which ead lacing diagram uniquely
determinesits own orbit. As a starting point, we have the following standard result; see
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[Ful92] or [KMO3a]. As a matter of notation, we write w® w for partial permutation
matrices w and wP of the same shape if their ass@iated permutations satisfy w® w in
Bruhat order.

Lemma 3.3. Let the product B (k) B4 (*) of lower- and upper-triangular Borel groups
inside GL,  GL: act on matricesZ 2 My by (b ;b,) Z =b Zb,. The matrix Schutert
variety X, for a partial permutation matrix w is the closure in M- of the orbit of B (k)

B+ (") throughw. Moreover, X yo X, if and only if w® w.

The obsenation in Lemma 3.3 easily extendsto sequence®f partial permutations|that
is, lacing diagramsw = (wz;:::;wp)lusing the subgroup

Y
B+ B = B+(Vi) B (Vi)
i=0
of the group GL? from (1.1), where B, (Vi) and B (V;) are the upper and lower triangular
Borel groupsin GL(V;i) = GL;,, respectively. The action of By B onHom is inherited
from the GL? action after (1.1). We also needto considerthe subgroup
Y
(3.1) B+ 1B = B+ (M) Tvi)B (V) B+ B ;
i=0
whereB. (Vi) 1(v)B (Vi) consistsof thosepairs (b, ;b ) 2 B+ (Vi) B (V) in which the
diagonalsof b, and b are equal.

Prop osition 3.4. The groupsB: B andB, B havethe sameorbits on Hom, and
each orbit contains a unique lacing diagram w. The closure in Hom of the orbit through w
is the product
Y
Oo(w) = X,
j=1
of matrix Schulert varieties, with YWJ lying inside the factor Hom(V; 1;V;) of Hom.

Proof. By Lemma 3.3 the action of B, B on Hom has orbit represenativ es given by
lacing diagrams. Henceit su ces to show that every orbit of the subgroupB: 1B
B+ B acting onHom contains a lacing diagram.

Note that B, B = T U for th@ maximal torus T GL (diagonally embedded
in GL?) and the unipotent group U = ~, U+ (V) U (M), where U, (V;) B. (V) and
U (Vi) B (V) arethe unipotent radicals (unitriangular matrices). Acting on the factor
Hom(V; 1;V;) by the groupU (Vi 1) Us (V) via the action of GL? after (1.1), any matrix
can be transformed into a monomial matrix (one having at most one nonzero elemernt in
ead row and ead column) by performing downward row elimination and rightward column
elimination with no scaling of the pivot elemens. Thus ead orbit of U in Hom contains a
list of monomial matrices = ( 1;:::; n).

Let usview alist of monomial matrices asa lacing diagram whoseedgeshave beenlabeled
with nonzeroelemerts of | . The underlying lacing diagram w is determined by the list of
partial permutation matrices obtained by changing ead nonzeroertry of to a1, and if
the coordinate f ' is nonzeroon , thenits valuef' ( ) is the label on the edgeconnecting
the height  vertex in columni 1 to the height vertex in columni. It now suces to

nd 2 T with = w. We construct by setting the j ™ diagonal ertry / in its i™
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factor ; to be the product of the edgelabelsthat are to the left of column i on the lace
in  containing the height j vertex in columni.

The entry (i;j) of a partial permutation matrix is called an inversion if there is no 1
due north or due west of it, i.e., there is no 1 in position (i%]) for i%< i or (i;j9 for jO< j.
De ne the length “(w) of a partial permutation matrix w to be the number of inversions
of w. Equivalertly, this is the length of any permutation of minimal length whose matrix
cortains w asits northwest corner. Given a list w = (wy;:::;wy) of partial permutation
matrices, de ne the length of w to be "(w) = jr‘:l “(wp).

De nition  3.5. Denote by W (r) the subsetof lacing diagramsin Hom with rank array r
and length d(r) = codim( ) from Corollary 1.16.

Example 3.6. Forr asin Example 1.5, the set W (r) is given by

N A R A
V= 2 G Ko

The codimensionof this quiver locus  is 7, which will bere ected in the number of “virtual
crossings'in thesediagrams, as de ned in this next section.

3.2. Minimum length la cing diagrams

In Theorem 3.8 of this section we give a conbinatorial characterization of the lacing
diagrams W (r) from De nition 3.5.

For partial permutation matrix lists (lacing diagrams)w and w® write w® w if w® w
in Bruhat orderforall1 | n.

To compute the length of a lacing diagram we intro duce the notion of a crossing. The
vertex at height i (from the bottom) in column k is written asthe ordered pair (i; k). For
the purp osesof the following de nition onemay imagine that every (a; b)-lace is extendedso
that its left endpoint is connectedby an invisible edgeto an invisible vertex (1 ;a 1) andits
right endpoint is connectedby an invisible edgeto an invisible vertex (1 ;b+ 1). Two laces
in a lacing diagram are said to cross if one contains an edgeof the form (i; k 1) ! (j; k)
and the other an edgeof the form (i%k 1)! (j%k) sudthat i > iandj < j% Sud a
crossingshall be labeled by the triple (j; j ©k). Looking at thesetwo edges.this crossingis
classi ed as follows.

Call the crossingordinary if neither edgeis invisible; left-virtual  if the edgetouching
(j; k) is invisible but the other edgeis not; righ t-virtual if the edgetouching (j ®k) is
invisible but the other is not; and doubly virtual if both edgesare invisible. Two laces
have a doubly virtual crossing(necessarilyunique) if and only if oneis an (a;b)-lace and
the other a (b+ 1;¢)-lace for somea b< c.

For the next proposition and theorem, a crossing refersto any of the above four kinds
of crossings.

Prop osition 3.7. The numker of crossingsin any lacing diagram w 2 Hom is ~(w).

Proof. Fix 1 k n. The inversions(i; j) of wy comein four avors:
1. wy hasa 1 in positions (i; ]9 and (i%j) with j°> j andi®> i.
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2. wx hasa 1 in position (i; j 9 with j°> j but no1in the j™ column.

3. wx hasa 1 in position (i%j) with i°> i but no 1in the i row.

4. wy hasno 1in either the i™ row or j! column.
Consider the two lacesin w cortaining the vertices (i; k 1) and (j; k) respectively; they
are distinct since(i; j) is an inversion of wy. Then the four kinds of inversionscorrespond
respectively to crossings(j; j % k) of these two lacesthat are ordinary, left-virtual, right-
virtual, and doubly virtual respectively.

It is a bit dicult to usethis proposition to identify by eye the lacing diagramsin W (r),
becauseit is hard to make an accurate court of virtual crossings. The following theorem
givesa more easily cheded criterion (though it still involvesvirtual crossings).

Theorem 3.8. Supmsethe lacing diagram w hasrank array r. Then “(w)  d(r), with
equality if and only if

(C1) no pair of lacesin w crossesmore than once; and

(C2) two lacesin w haveno crossingsif both start or both end in the same column.

Theorem 3.8 follows immediately from Proposition 3.7 and the two following results,
which may be of independert interest.

Prop osition 3.9. Supmsethe lacing diagram w hasrank array r but fails to satisfy (C1)
or (C2). Then there is a lacing diagram w° with rank array r suchthat w®< w.

Proof. Suppose rst that w has a pair of lacesL and LOthat crossat least twice. Then
undoing adjacert crossingsin thesetwo lacesproducesthe desiredlacing diagram w °. More
precisely considera pair of crossings(j; j % k) and (j1;j 2 k1) of L and L°with k < k; and
ki k minimal. Let w°%be the lacing diagram obtained from w by changing the vertex sets
of L and L° by trading vertices in columns ¢ such that k ¢ < k1 (and leaving all other
lacesunchanged). It is straightforward to verify that w© hasrank array r, that WE < Wy,
that W < wy,, and that wd = wc for ¢ 6% k; kig.

Supposew hasan (a;b)-lace L and an (a;b%)-lace L°that cross(the casethat two crossing
lacesend in the samecolumn is ertirely similar). Let (j; j % k) be the crossingof L and L°
with k minimal. As beforewe may changethe vertex setsof L and L°by trading vertices
in columnsc such that a ¢ < k, resulting in the lacing diagram w® Then w© has rank
array r, with wQ < wy, andwl= w fora c< k.

Prop osition 3.10. If w hasrank array r then w hasat least d(r) crossings. Moreover if
w satis es (C1) and (C2) then w hasexactly d(r) crossings.

Proof. Consider any (a;b)-lace L and (a%b-lace L%in w such that a < a®and b< K It
is easyto ched that the lacescrossat least onceif and only if b a® 1. From this and
Corollary 1.16it follows that w hasat least d(r)-crossings. Supposew hasrank array r and
satis es (C1) and (C2). Let L bean (a;b) laceand L%an (a®)-lacewith a a° If a= a°
the lacescannot crossby (C2), sosupposea < a° If b> bPthen the lacescannot cross,for
if they did then they would have to crosstwice, violating (C1). If b= b°then again by (C2)
the lacescannot cross. Finally, for b< b the lacescrossat leastonceand only if b a% 1,
and they cannot crosstwice by (C1). This givespreciselythe desiredd(r) crossings.
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Section 4. Degeneration of quiv er loci
4.1. Orbit degenera tions

Tracing the degenerationof a group acting on a spacecan allow one to degeneratethe
orbits of the group. More precisely the next result says that under appropriate conditions,
an action of a one-dimensional at family G of groups on the general b er X of a at
family X extendsto a G-action on all of X. This implies, in particular, that the special
b er of G acts on the special b er of X.

Prop osition 4.1. Let the group scheme o act on ane n-space A" (over the integers,
say). Fix a regular schemeA of dimension 1 along with a closel point az A, and consider
the family V = A" A. SupwseG is a at closal sulgroup schemeof = o A overA.
Let V, G, and denotethe restrictions of V, G, and to schemesover A = Ar a. If
X Vs a G-subschemeat over A, then there is a unique equivariant completion of X

to a closel G-subschemeX V at overA.

Proof. The at family X V hasa unique extensionto a at family X whosetotal space
is closedinside V; this is standard, taking X to be the closureof X inside V. (The ideal
sheafl - isthus| x \ Og, the intersection taking placeinside Oy .) It remainsto show that
themap G xX ! V hasimage cortained in X (more formally, the map factors through
the inclusion X | V).

The product G A X is aclosedsubsthiemeof AV, Which is itself an open subshieme
of £ V. As suc we cantake the closureG A X inside 5 V. The composite map

G AX | — iV IV

lands inside X , because(i) removing all the overbarsin the above composite map yields a
map whoseimageis preciselythe G-scheme X , and (ii) X is closedin V. It suces to shaw
nowthat G A X = G ;X assubshemesof V.

ClearlyG AX G X becauseG —X is closedin V and contains G 5 X . Moreover,

G xXis at overA (becauseboth Gand X are) and agreeswith G o X over A. Thus

G xX andG AX both equalthe unique extensionof the family G A X ! Ato a at
famlly over A that is closedinside 5 V.

In our case,the group degenerationis a group scheme GL over Al (parametrized by the
coordinate t on A'). &L is de ned as follows via Grebner degeneration of the diagonal
embedding

:GL ) GLZ%
Let gi = (g )" -, be coordinates on GL(V;) for ead index i, sothe coordinate ring
|
[[GL(V)? = | [gi;gilidet *;det 1]

is the polynomial ring with the determinants of the left and right pointing variablesinverted.
The ideal of the i™ componert of the diagonal embedding,

| . .
I = hg o =L
simply setsthe right and left pointing coordinates equalto eah other in the i™™ componert.
Choosea weight ! on the variablesin the polynomlal ring | [a&i; a.] sothat

(g )= and !(g )=
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Using this weight we get a family

B, = hg g 12 2 i+ hg 22 g | i

of ideals over A1, whosecoordinate we call t.

Lemma 4.2. B = [ P, denesa at groupsubschemebL of GL? Al whosespecial
beratt= 0OisthegroupGL(0) = By 1B from (3.1).

Proof. The special b er GL(0) overt = 0is de ned by I (0), which coincideswith
. X . . | . . | . .
i (1) = hg j > i+hg | < i+hg g ] =L
i=0
by de nition of the initial ideal in, for the weight ! [Eis95 Chapter 15]. Thus &L is a at
family (speci cally, a Grobner degeneration) over Al. Flatness still holds after inverting
the left and right pointing determinants.

It remainsto shaw that 6L is a subgroupschemeover A1, i.e.that b erwisemultiplication
in GL? Al presenes®L  GL? Al This can be done set-theoretically because(for
instance) all b ersof GL are geometrically reduced.

The b er GL(0) overt = O is the subgroupB, 1B GL2. On the other hand, the
union of all b erswith t 6 0 is isomorphicto GL (Alr f0g) asa group substieme of
GL?2 (Alr f0g), the isomorphism being

| |
(4.2) ( 57) 7. LR )
where .2 T hasT(Vi) componert ; with diagonal ertries 1; ; 2;:::; " 1. Indeed, the
matrices( . . 1; .1 ) arepreciselythosesatisfying the relations de ning the ideal B ,
which can be rewritten more symmetrically as
| t60) = h g t t !gi t ji=0:ni

away fromt = 0.

4.2. Quiver degenera tions

The orbits we wish to degenerateare of coursethe quiver loci. Recall the notation from
Section 1.1 regarding the indexing on variablesf' in the coordinate ring | [Hom].

De nition  4.3. For p(f) 2 | Hom] and a coordinate t on Al = |, let
pt * ')
pi(f) = ——:
asmuch t aspossible
SetB = hp(f)jp(f)2 I,i |MHom A%, andlet € Hom A? bethe zeroschemeof E .
For 2| let () Hom bethe zeroschemeof the ideal I,( ) |[Hom] obtained from
E by settingt = . The special b er (0) Hom is called the quiv er degeneration ,

and we referto €, asthe family of (0).
Lemma 4.4. The family €, Hom Alis at over Al

Proof. The polynomial p(f) is obtained from p(f) by homogenizingwith respect to the
weight function on | [Hom] that assignsweight to the variable f' . The resulting
initial ideal is I, (0), so[Eis95 Theorem 15.17]applies.

Note that 1,(0) is rarely a monomial ideal. Thus (1) r(0) is only a \partial"
Grobner degenerationof [ = (1).
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Prop osition 4.5. The group scheme®L over Al acts ( b erwise over A') on the at family
e, over AL

Proof. This will follow from Proposition 4.1 applied to

A"=V; 4=GL% A=AL y=0 G=6L; and X = €
by Lemmas4.4 and 4.2, as soon as we show that GL( 6 0) actson €,( 6 0), thesebeing
the restrictions of L and €, to families over Al r f0g.

Resumethe notation from the last paragraph of the proof of Lemma 4.2. Obserwe that
. (Alr fog)! €,( 6 0)isanisomorphism of varieties under the map

(4.2) G)=(dks) 7 (i = .t .h
Now combine Eq. (4.1) and (4.2),
I B G B B G R IP A
= sty 1un
and usethat ( ;!) 2  to getthe desiredresult.

Theorem 4.6, the main result of Section4, relatesthe quiver degeneration ,(0) to matrix
Sdhubert varieties asin Proposition 3.4.

Theorem 4.6. Eachirr educiblecomponent of | (0) is a possiblynonreduced product O(w)
of matrix Schulert varieties for a lacing diagram w 2 Hom.

Proof. By Proposition 4.5, the special b er (0) is stable under the action of GL(0) =
B. 1 B onHom, and henceis a union of orbit closuresfor this group. By Proposition 3.4
theseorbit closuresare direct products of matrix Schubert varieties.

Remark 4.7. The methods of the current and the previous sectionscan be applied with
no essetial changesto the more generalcaseof nilp otent cyclic quivers.

4.3. Mul tidegrees of quiver degenera tions
Knowing multidegrees of quiver degenerationsgives us multidegreesof quiver loci:
Lemma 4.8. The quiver degenemtion ,(0) hasthe samemultidegree as .
Proof. By Lemma 4.4 we may apply "Degeneration'in [KM03a, Theorem 1.7.1].

Now we can conclude from Theorem 4.6 that the quiver polynomial has a positive ex-
pressionin terms of products of double Schubert polynomials. This will provide a \lower
bound" on the quiver polynomial Q,(x x), in Proposition 4.11.

6orollary 4.9. Let Sy(x x) for a lacing diagram w denote the correspnding product
=1 Sw,(x) * xJ) of doubleSchulert polynomials. Then

X
Qr(x x) = G (r)Sw(x  x);

w2 Hom

where ¢, (r) is the multiplicity of the component O(w) in  (0). In particular, cy(r) O.

Proof. In light of Lemma 4.8 and the additivit y of multidegrees under taking unions of
componerts of equal dimension [KM03a, Theorem 1.7.1], the quiver polynomial Q,(x x),
which is by de nition the multidegree of the quiver locus |, breaksup asa sum over lacing
diagrams by Theorem 4.6. The summandsare products of double Schubert polynomials by
Theorem 2.1.
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To make Corollary 4.9 more explicit, it is necessaryto identify which lacing diagramsw
give componerts O(w), and to nd their multiplicities. We shall accomplish this goal in
Theorem 6.16, whose proof requires the lessprecisestatemert in Proposition 4.11, below,
as a stepping stone (in the end, it turns out to have identied all the componers, not
just someof them). First, let us obsene that the quiver degeneration ,(0) contains every
lacing diagram with rank array r.

Lemma 4.10. If the lacing diagram w hasrank array r, thenw 2 () for all 2].

Proof. Let w 2 Hom have ranks r. It suces to show that w 2 () for 2 Alr 0;
indeed, it follows that it holds for all becausethe family €, is closedin Hom Al

By Lemma3.2,w liesinside . Usingthe notation of (4.1) and (4.2), forevery 2 Alr 0
the list .w . of monomial matrices alsoliesin . Now considerthe curve

(.w.)

inside , (Alr 0). Under the map givenin (4.2), this curveis sert to the constart curve
w (Alr 0)inside €,( 6 0), proving the lemma.

Prop osition 4.11. Amongthe irr educible components of the quiver degeneation (0) are
the orbit closures O(w) for w 2 W(r) (De nition 3.5). Henae cy (r) 1 for w2 W(r).

Proof. Let w 2 W(r). Then O(w) r(0), by Lemma 4.10 along with Propositions 3.4
and 4.5. Consider a componert of (0) cortaining O(w); it must have the form O(w?9
by Theorem 4.6. But O(w) O(w9 implies that WjO w; in the strong Bruhat order for
all j, by Lemma3.3. Thus “(w) “(w9. But “(w) is the codimension of O(w) in Hom for
all w, and d(r) is the codimension of the at degeneration ,(0) of ; in Hom. It follows
that wo= w.

4.4, Rank stability of components

Later, in Section 6, it will be crucial to understand how the components of ,(0) and
their multiplicities behave when a constart m is addedto all the ranksin r.

For notation, given m 2 N and a partial permutation w, let m + w be the new partial
permutation obtained by letting w actonm+ Z.o=fm+ 1;m+ 2;:::ginstead of Z.¢ =
f1;2;:::g in the obvious manner. In particular m+ w xes 1;2;:::;m. For alist w =

integerandr = (rjj ) isarank array, let m+ r bethe newrank array obtained by adding m
to every rank rj; in the array r. This transformation is accomplishedsimply by adding m
to the bottom erntry sgn in the lace array s appearing in (1.2).

In dealing with stability of componerts of quiver degenerations ,(0), we take our cue
from the set W(r), whose behavior in responseto uniformly increasing ranks we deduce
immediately from Theorem 3.8.

Corollary 4.12. There is a bijection W(r) ! W(m + r) given by adding m (0; n)-laces
along the bottom.

The corresponding statemert for the componerts of (0) is also true; moreover, the
multiplicities of thesecomponerts are alsostable. In fact, the ertire geometry of the family
€mn+r is essetially the sameasthe geometry of the family €.

Prop osition 4.13. The orbit closure O(w) is a component of the quiver degenertion [ (0)
if and only if O(m + w) is a component of the quiver degeneation ,+,(0), and the mul-
tiplicities at their generic points are equal: ¢y (r) = Cn+w(m + r). Furthermore, every
component of 4+, (0) hasthe form O(m + w) for somew 2 (0).
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Proof. By induction onm, it su ces to provethe casem = 1 (the casem = 0 beingtrivial).
Fix arank array r. Let HomP denote the vector spaceof matrix lists = ( 1;:::; n)in
which | hassize(1+r; 1) (1+r;)fori= 1;:::;n. Just asGL acts onHom, let GL act
on HomP via the diagonal embedding : GL°! (GL9Y2.
Next we de ne two subgroupsR®and C°%of GL® The \row" group R consistsof matrix
lists = ( $;:::; 9) 2 GLOsuch that  § is the identity matrix, while fori 1 has1's

while %fori n 1hasl'sonits diagonal and is otherwise nonzeroonly in its rightmost
column. By conjugation as in (4.1), we get two corresponding group schemes €° and R°
over the ane line A = Al(]), just aswe get GL° from GL°
Let Hbm, B, and Hbm° denote the products of the corresponding (un-tilded) spaces
with the line A, where| = Alr f0Og is the multiplicativ e group of | . In addition, for
= (155 n)2 ()", write 2 Hom for the matrix list whosei™ componert has
i in the northwest corner and ; in the southeastcorner. Now de ne the morphism

€% AR AHOM Ad )" ! Hom®
by letting takethe b erover 2 A to its image via
(%% )y o 00y
The dots after %and ©denote the action of GL° on Hom®.
Our rst taskisto shavthat isanisomorphismonto its (open)image. This is completely

elemertary, but sinceit will be useful to know the image of precisely let us say how to
construct the inverse. Somenotation will help. For 22 RY ), write

D= g1l

where 1 is the identit y matrix of sizel+ r;. Thus, for example, ; hasat most onenonzero
row, namely its bottom row, and 1+ ; actsvia its inverse,which equalsl i. Similarly,
for 92 €4 ), write 0= (1+ 1+ '), Weidentify 2 (] )" with the matrix list
0 2 Hom® writing j ;j if we wish to refer to the solenonzeroeniry of ;. Finally, we
identify Hom with the subvariety of Hom® consisting of all matrix lists such that eah |
is zeroin its rightmost column as well asits bottom row; thus 2 Hom is identied with

\ 0" (we only de ned for nonzero ). In this notation,

| | |
@3) (% C%: )= - where ;= It iV it (it avi)

Vi i Vi

!
and  vi="j 1 i i
As in the above display, eah matrix ; in a matrix list 2 HomP can be expressedas
i = NW( )+ NE( j)+ SE( )+ SW( ;), where
_ 0 . v_ O . v_ 00 . v_ 0 0,

NW( )= 5 g5 NE(D)= o o5 SE()= o ; and SW( )= = g

The blocks agreewith  in rectanglesof size(ri 1 ri), (ri 1+ 1), (1 1),and(1 ryj),
in the order listed above. The morphism s inverted by an easysewen-step program. For
the rst v e steps,proceedfrom i = n down to i = 1; ead loop here assumeshat ; has
beende ned in the previousloop, starting from , = 0.

1. Setvi = SW( ).

2. Setli =SE()+v .

3.Set” i 1= (L(NE( )+ NW( i) i)
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4, Set | 1= izl!ijlizlif 6 0and ; 1=0if =0(;isdenedin (4.1)).

5.Set i = NW( ;) i 1v.

To complete the inversion, proceedin a loop from i = 1 up to i = n, starting with ! o= 0:

|
6. Set | = ﬁ(vi 1)

7.Set' ;= 2, 2if &0and' ;=0if =0

The conjugation in Step 7 multiplies ead entry of ; by a strictly positive power of
so the de nition of * ; is polynomial in , even near = 0; the same goes for ; 1.
Step 2 de nes the coordinates as rational functions on Hom® In fact, | i+1 nisa

the morphism on the locus in Hbm® where these polynomials are nonzero, regardlessof
which b er is being considered.The elemerary details of this veri cation are omitted.
Let | be the restriction of to the subvariety where the Hbm componert is replaced
by €;. Our next task is to provethat  hasimage €., ,, by which we meanthe intersection
of €1, with the imageof , where 1 n IS honzero. As is an isomorphism, the image
of | is Zariski closedin the image of and reduced, sinceits sourceis. Moreover, the
dimension of the sourceof , is dim(€,)+ dim(RY + dim(C9 + 1= dim(€1+,). Henceit is
enoughto show that the image of | is cortained in €41, .. Again by Zariski closednesave
needonly ched this over b ers 6 0. Finally, since wasconstructedto be equivariant for
the conjugation action de ning €,, R® €° and €1, we needonly chek the ber = 1.
This nal stepis elemenary: if 2 |, then 2 1+ by denition; our task is done
because ; spreads around inside of Hom®via the action of GL® which presenes 1.,.
Our third task is to identify the componerts (and their multiplicities) in the zero b er of
the imageof ,, which we have shovnis 4, ,(0). The isomorphismof €° AR® A€, NBL
with €,,, immediately implies that the componerts of ;. (0) arein bijection with those
of (0), and that the corresponding multiplicities are equal. To complete this task, it
therefore remains only to be more explicit about the bijection.
Let (0) bethe restriction of [ to the b erover = 0. Referring to (4.3), the fact that
i iszeroover = 0 immenselysimplies (0). Writing [v;i; ;] for the bottom row of ;
and [ ', '] for the singlecolumn ; 3 with an extra 1 at the bottom, the e ect of ,(0) isto
add the rank 1 matrix [vi; ] [ ';*]to .
Let O(w9 be the componert of 1+,(0) corresponding via ,(0) to a componert O(w)
of (0); thus O(w9 is Zariski closedin all of Hom® not just where 1 n 6 0. Sincev;,
i, and ; 1 can be chosenarbitrarily aslongas ; 6 0, the matrix Schubert variety X o
(De nition 1.11) appearing as a factor of O(w9 cortains the sum of the r; 1 r; matrix
Schubert variety X, with the variety of all (1+ r; 1) (1+ r;) matrices of rank at most 1.
But rank(Zq p) rank((1+ w;j)q p) for all matrices Z in this sum, and equality is attained
wheneer a su cien tly genericmatrix of rank 1 is addedto a full-rank matrix in X, . It
follows that O(w9 cortains O(1 + w), soO(w9 = O(1 + w) by dimension considerations.
Our nal task is to verify that no componerts of 1.,(0) have beenlost by restricting
to €,,, instead of €1,,. More precisely we needto prove that no componert of 1.,(0)
liesin the zero set of the polynomial 1 n. Our task is made easier@y the fact that the

zeroset of 1 nover =20 agree_swith that of the product f = i”:l f Lri 1141, Of
the southeastertries of the matrices f' of coordinate variables (De nition 1.1); this fact is
immediate from Step 2, above, which implies that ; = f i+, .1+, Oover = 0.

The key point in cheding the nonzerdivisor property is the following generalstatemert.
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Proof. Let A= A, An, where Aj = Spe(| [f1]). Using the homogeneiy hypothesis,
the zero stheme A of | hasa multidegree C() 2 Z[x1;:::;Xn], where x; corresponds
to ordinary total degreein the variablesf'. The zero set of eath minimal prime of in(l) is
a linear subspacel A of the samedimensionas itself [KS95], with multidegree C(L)
and multiplicit y (L) in the zero schemeof in(l). By additivit y [KM03a, Theorem 1.7.1],
C() isasumofterms (L) C(L), onefor every such L.

On the other hand, the hypotheseson | imply that it de nes a closed subvariety of
the corresponding product P = P, P, of projective spaces. Viewing the Grobner
degenerationas taking place inside of P, an irreducible componert L A of the (reduced)
zeroset of in(l) cortributes a componert to the special b erif and only if its de ning ideal

the terms (L) C(L) coming from the componerts L contributing to the projective special
b er, we concludethat every componert L must cortribute.

The special b er of any Grobner degenerationof 1.,(0) can be realized as the special
b er of a Groebner degenerationof ., itself. Therefore, Grobner degenerating 1+,(0) to

the zero scheme ©of a monomial ideal, we nd by Lemma 4.14 applied to | = |1, that
no componert of 9and henceno componert O(w9 of 1.,(0)lis de ned by an ideal
cortaining H'i. Thereforethe partial permutation w?is nonzerofor all i = 1;:::;n if O(w9

is a componert of 1.,(0). The condition w’6 0 meansthat X, hasdimension 1. The
southeastcorner variable is a nonzeradivisor on every positive-dimensionalmatrix Scubert
variety. Hencethe product f is a nonzeralivisor on every componert of 1.,(0). By the
argumernt precedingLemma 4.14, we concludethat the sameholds for 1 ne

Remark 4.15. It would be possibleat this juncture to justify replacing the double Schu-
bert polynomialsin Corollary 4.9with double Stanley symmetric functions, sinceour results
through Proposition 4.13su ce for this purpose. (Notably, the ratio formula doesnot en-
ter into these argumerts, which appear in the proofs of Theorem 6.16 and Corollary 6.23,
belowv.) Hencewe could immediately deducethe positivity of the Buch{Fulton quiver con-
stants ¢ (r) using the Scur-positivity of Stanley symmetric functions. Howewer, we post-
pone this discussionuntil after we have reviewed Stanley symmetric functions and their
Schur-positivity in Section 6, becausewe shall in any caseprove more precise statemerts
about the quiver constarts in Sections7 and 8.

Section 5. Pip e dreams for Zelevinsky perm utations
5.1. Pipe dream formula for double quiver pol ynomials

Schubert polynomials possessa beautiful combinatorial description, provedindependertly
in [BJS93 FS94],in terms of diagramsde ned in [FK96] that we call “reducedpipe dreams’,
although they have also been called ‘rc-graphs' in the literature [BB93, Len0Z. These
diagrams are the main charactersin our next combinatorial formula, Theorem 5.5, which is
little morethan a corollary of the ratio formula. Although it is also of independert interest,
Theorem 5.5 is an essetial ingredient for proving our remaining formulae. From a purely
conbinatorial perspective, we nd the direct connection betweenreduced pipe dreams for
Zelevinsky permutations and lacing diagrams particularly appealing (Section 5.2).
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Considera squaregrid of size™ °, with the box in row g and column p labeled (q; p), as
in " matrix. If ead box in the grid is covered with a squaretile cortaining either Jr
or - : -, then one can think of the tiled grid as a network of pipes.

De nition 5.1. A pip e dream is a subsetofthe = ~ grid, identi ed asthe set of crosses
in atiling by crosses + and elbow joints - : -. A pipedreamis reduced if eat pair of

pipescrossesat most once. The setRP (v) of reducedpipe dreamsfor a permutation v 2 S-

is the set of reduced pipe dreamsD sud that the pipe ertering row q o ws northeast to

exit from column v(Q).

We usually draw crossingtiles as some sort of cross, either "+' or Jr although we
shall frequertly usean asterisk to denotea + strictly above the block superantidiagonal.
We often leave elbow tiles blank or denotethem by dots, to make the diagramslesscluttered.
We shall only be interested in pipe dreams whose + ertries lie in the triangular region
strictly above the main antidiagonal (in spots (g;p) with g+ p ), with elbow joints
elsewherein the squaregrid of size".

Example 5.2. Using = 12,atypical reducedpipedream for the Zelevinsky permutation v
in Example 1.9 (v is written down the left side) looks like

8 T 8 T+ +—
; ;
: 5 R
° ' | pooo
L S it

2 2"|_ A

6 | + 6 L 1

12 12__f_JID__'

3 3 [

7 2 L1

10 104"

when the 's remain asin the diagram. Although ead represens a + in ewvery pipe
dream for v, the 's will be just asirrelevant here asthey were for the diagram.

Each pipe dream D yields a monomial (X  Y)P, de ned as the product over all
entries in D of (x+ y+), where x, sits at the left end of the row cortaining + and
Y+ Sits atop the column containing + At this level of generality, X and Y are simply
alphabets (of size™ or of in nite size;it doesnot matter). Here is the fundamental result
relating pipe dreamsto Schubert polynomials; its “single' form was proved independertly
in [BJS93 FS94],but it is the “double' form that we need.

Theorem 5.3. [FK96] The double Schutert pol))(/nomial for v equalsthe sum
Sv(X Y) = (X Y)P
D2RP (v)

of all monomials asseiated to reduced pipe dreams for v.

In pictures of pipe dreamsD for Zelevinsky permutations, we retain the notation from
Section 2 regarding block matrices of total sized. For the purposesof seeingwhere crosses
lie, we will not needthe " ' entries above the block superartidiagonal of D. In other words,
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we shall consider the crossesin the pipe dream D r Dyom instead of D, where Dyom IS
identi ed with the reducedpipe dream consistingertirely of locations (the unique reduced
pipe dream for the dominant Zelevinsky permutation of Hom).

Example 5.4. The pipe dream from Example 5.2 hasrow and column labels

oyfygyé YIVEVS VR ViYiy: Y Vs didads C1CCCs b by &
+ a1 +

+
oCFTE
+

+ Cs +
Cs
di
d>
ds

1
0
2
1
1
2
1
3
2
2
X3 C2
2
3
2
4
3
1
3
2
3

where we use alphabets a; b; c;d interchangeably with x°;x*;x?;x3, and also d; c; b;a in-
terchangeablywith y3;y2:y1:y% The monomial for the above pipe dream is

(a1 B)(b )b gk ku)(cr dg)(ca c)(cz  d);

ignoring all  entries asrequired. Removing the dots yields this pipe dream's cortribution
to the ordinary quiver polynomial.

Now we have enoughingredierts for our secondpositive combinatorial formula for double
quiver polynomials, the rst being De nition 2.5.

Theorem 5.5. The doublequiver polynomiil for ranks r equalsthe sum

Qr(x y) = (Xr Yr)DrDHom
D2RP (v(r))

over all reducd pipe dreams D for the Zelevinsky permutation v(r) of the monomials
(X y;)P' Prom made from crossesoccupying the black antidiagonal and black superantidi-
agonal(that is, ignoring entries occupying boxesstrictly abovethe block superantidiagonal).

Proof. This follows from De nition 2.5 and Theorem 5.3, using the fact that ewery pipe
dreamD 2 RP (v(r)) contains the subdiagram Dyom, and that RP (v(Hom)) consistsof the
single pipe dream Dyom -

In other words, the double quiver polynomial Q,(x vy) is the sum over monomials for
all \skew reducedpipe dreams" D r Dyom with D 2 RP (v(r)).

Sinceit will be important in Section 5.3 (and adds even more concretenessto Theo-
rem 5.3), let us provide one way of generating all reduced pipe dreamsfor v.

De nition 5.6 ([BB93]). A chutable rectangle is a connected2 k rectangle C inside
a pipe dream D such that k 2 and ewery location in C is a + except the following
three: the northwest, southwest, and southeast corners. Applying a chute move to D
is accomplishedby placing a Jr in the southwest corner of a chutable rectangle C and
removing the + from the northeast corner of the sameC.

Heuristically, a chute move therefore looks like:
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+ ]+ 1. [+]+ [+ chute + [+ ], J+]+

Prop osition 5.7. [BB93] There is a unique top reduced pipe dream Dy for v, in
which no + has any ellows - : - due north of it. Every reduced pipe dream in RP (v) can
be obtained by starting with Do, and applying some seguene of chute moves.

5.2. Pipes to la ces
Pipe dreamsfor Zelevinsky permutations give rise to lacing diagrams.

De niton  5.8. The j antidiagonal block is the block of sizer; 1 along the main
antidiagonal in the j ™ block row. Given a reducedpipe dream D for the Zelevinsky permu-
tation v(r), de ne the partial permutation w; = w; (D) sendingp to q if the pipe entering
the p column from the right of the (j 1) antidiagonal block erters the j " antidiagonal

lacing diagram determined by D.

Example 5.9. The partial permutations arising from the reduced pipe dream in Exam-
ples5.2 and 5.4 comefrom the following partial reducedpipe dreams,

s 2 1 4 3 2 1
2 1 I I I 1 T I_I
8 — Tt 4 T T o | 0 L T
(5.1) 9 I_I .“l il - |_+ 6 L NN
3 2 1 L L :|_2__I 1
4 3 2 1 —

3 2 1
where they sendead number along the top to the number along the bottom connectedto
it by a pipe (if such a pipe exists), or to nowhere. It is easyto seethe lacing diagram from
these pictures. Indeed, removing all segmeis of all pipesnot cortributing to one of the
partial permutations leaves somepipes

N
|
|

WEBONR oS ©®
|

~

10

that can be interpreted directly asthe desiredlacing diagram

7N
_ X

abcd
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by shearingto make the rightmost dots in ead row line up vertically, and then re ecting
through the diagonal line  of slope 1.

Warning: the d d “pipe’ represenation of the lacing diagram (at left above) does not
determine a reducedpipe dream uniguely, becausealthough the ordinary and singly virtual
crossingshave beenplacedin the d d grid, the doubly virtual crossingsstill needto be
placed (in the lower two superartidiagonal blocks).

Theorem 5.10. Every reduced pipe dream D 2 RP (v(r)) givesrise to a minimally crossing
lacing diagram w (D) with rank array r; that is, w(D) 2 W(r).

Proof. Each entry in the permutation matrix for v(r) correspondsto a pipein D ertering
due north of it and exiting due westofit. The permutation v(r) wasspeci cally constructed
to have exactly sj entries  (for i;j = 0;:::;n) in the intersection of the it block row and
the j ™ block column from the right.

We shall seein Corollary 6.18that in fact every minimally crossinglacing diagram arises
in this manner from a reducedpipe dream.

5.3. Rank stability of pipe dreams

Just ascomponerts in the quiver degenerationare stable for uniformly increasingranksr
(Proposition 4.13), so are the setsof pipe dreamsfor v(r). Before stating the preciseresult,
we analyzethe changesto v(r) and its diagram when 1 is addedto all ranks in r.

Lemma 5.11. The passagefromr to 1+ r enlargesevery black submatrix in the permuta-
tion matrix for v(r) by one row and one column. Similarly, the diagram of v(1 + r) hasthe
samerectangular collections of cells in the southest corners of the sameblacks as deces the
diagram of v(r). (For an example,see Fig. 2.)

10
11
12

o

(6]

O PR FRPOWNREFEPNOO

ol
o w

Figure 2. The permutation v(1+ r) and its diagram, for v(r) asin Example 1.9

Proof. The lace array giving riseto 1+ r is the sameasthe array s giving rise to r except
that sgn must be replacedby 1+ sgy. The rest is straightforward.
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SupposeD 2 RP (v(r)), and split D into horizontal strips (block rows). In ead strip,
chute every + upward (that is, apply inversechute moves) as far as possible. By Propo-
sition 5.7, this yields a top reduced pipe dream in ead horizontal strip. Sinceewvery rele-
vant + in a pipedream D 2 RP (v(r)) is con ned to the antidiagonal blocks and those
immediately to their left, we considerthe j1 horizontal strip of a pipe dream to consist
only of those two blocks, with a single vertical dividing line.

Example 5.12. For example, in our running example of a reduced pipe dream (Exam-
ples5.2,5.4,and 5.9), the top pipe dream in the second(that is, ] = 2) horizontal strip is
depicted on the left side of Fig. 3. The corresponding top pipe dream (seeProposition 5.15)

Ci C C -
hdd aea o . e
C1 + +

C +
C +

Cs
C3 Ca
Ca

Cs

Figure 3. Top pipedreamsin D 2 RP (v), for v = v(r) or v(1 + r)

in that horizontal strip for v(1 + r) is on the right.

Lemma 5.13. SupmseD 2 RP (v(r)) consists of miniatur e top reduced pipe dreamsiin its
horizontal strips. Inside the restriction of D to its superantidiagonal black in black row j,

the 2 2 con gurations and = in conseutive rows and columns never occur.

Proof. Supposethere is such a 2 2 con guration. Since the restriction of D to the su-
perantidiagonal block in block row | is a top pipe dream, all the cellsin D due north
of the 2 2 con guration are either + or , and all of these represent crossingsin D.
Therefore the southwest + in the 2 2 con guration represens the crossingof two pipes
exiting through adjacert columnsin block columnj + 1 from the right. This is impossible
becausethe transposeof D is a reduced pipe dream for the permutation v(r) 1, which is
the Zelevinsky permutation v(r9 for the transposeranks r° and hencecan have no descets
within a block row.

The easyproof of the next lemma is omitted.

Lemma 5.14. Adding a row of ellbows acrossthe top (or a column of ellowsto the left) of
any reducad pipe dream for a permutation w yields a reduced pipe dream for 1+ w.

Here is the rank stability statemert for pipe dreams,to be applied in Section 6.

Prop osition 5.15. Lettop(r) RP (v(r)) denotethe setof reduced pipe dreams D for v(r)
consisting of a miniatur e top pipe dream Dj in the | ™ horizontal strip, for j = 0;:::;n 1.
There is a canonical bijection top(r) = top(m + r) for all m 0. Moreover, correspnding
miniatur e top pipe dreams D; and D? are translates of each other, in the same relative
position to the vertical dividing line in horizontal strip j .

Proof. It suces by induction to prove the casem = 1. Starting with D 2 top(r), in ate
the blocks asin Lemma 5.11,and construct a new pipe dream D ° by placing eac miniature
top pipe dream Dj in the samelocation relative to the vertical dividing line in its in ated
strip. First we claim that D®2 RP (v(1+ r)), for then automatically D°2 top(1+ r). Then
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we claim that every reducedpipe dreamin top(1 + r) comesfrom someD 2 top(r) in this
manner.

What we show preciselyfor the rst claim is that for every in the permutation matrix
for v(1 + r), the pipe (in DY entering into its row exits through its column. Given a
entry of v(1+ r), exactly one of the following three statemerts must hold, by construction
of Zelevinsky permutations: (i) the lies in the northwest corner of some superantidiag-
onal block; (ii) the liesin the southeastcorner of the whole matrix; or (iii) there is a
corresponding  in v(r).

For an entry of type (i), the pipe erntering its row encourters precisely one elbow,
located in the sameposition as , that turns the pipenorth to exit through its column. For
the oftype(ii), obsenethat ewvery entry alongthe superantidiagonal (not the block super-
antidiagonal) is an elbow, becauseof the extra row addedinto eat block row (Lemma5.11).
Thusits pipe proceedsfrom the southwest corner to the northeast with no obstructions.

For an  entry of type (iii), we claim that the pipe P9 starting in the row of erters
the rst antidiagonal block (through which it passes)in the samelocation relative to the
block's northwest corner as doesthe pipe P for the corresponding in v(r). If the liesin
the bottom block row, then this is trivial, and if P°never erters an antidiagonal block, then
this is vacuous. Otherwise, the itself lies one row farther south from the top of its block
row, and we must shov why this di erence is recoveredby P Think of eat DjO ashaving a
blank column (no + ertries) along the westernedgeof its strip, and a blank row along the
southern edgeof its strip. The pipe P°recovers one unit of height asit passeshrough eadh
such region, and it passeghrough exactly one on the way to its rst antidiagonal block.

Supposethat both P and P9 erter an antidiagonal block at the samevertical distance
from the block's northwest corner. Since D agreeswith D in ead antidiagonal block (as
measuredfrom their northwest corners), the pipe P° exits the antidiagonal block in the
same position relative to its entry point as does P. Therefore we can use induction on
the number of antidiagonal blocks traversedby P to shaw that the pipe P° exits every
antidiagonal block in the samelocation relative to its northwest corner asdoesP. If the
lies in the rightmost block column, then P9 has already nished in the correct column.
Otherwise, P° must recover one more horizontal unit, which it doesby traversing the blank
row and column in the top horizontal strip.

For the second claim, we need only shav that for any given D% 2 top(l + r), eah
horizontal strip in D° has a column of elbows along its western edge, a row of elbows
along its southern edge,and an antidiagonal's worth of elbows on the superantidiagonal,
for then ead miniature top pipe dream DjO ts inside the de ated block matrix for v(r) to
make D 2 top(r). The antidiagonal elbows come from the pipe added to make sgn, ~ 1:
by Theorem 5.10 there is a pipe going from the southwest block to the northeast block,
and by Theorem 3.8 this pipe crossesno others. In particular, the southeastcorner of eah
superartidiagonal block in D%is an elbow. Lemma 5.13 implies the southern elbow row,
and its transpose (applied to v(1 + r) = v(1+ r9 for the transposer® of r) implies the
western elbow column.

Interpreting Proposition 5.15 on lacing diagrams for pipe dreamsyields another useful
stability statemert that we shall apply in Section 6; compare Corollary 4.12.

Corollary 5.16. Let Wrp (r) = fw(D) j D 2 RP (v(r))g be the set of lacing diagrams
obtained by decomposition of reduced pipe dreams for v(r) into horizontal strips as in De -
nition 5.8 and Theorem 5.10. Then Wgp (m+ r) = fm+ w jw 2 Wgp (r)g is obtained by
shifting each partial permutation list in Wgrp (r) up by m.
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Proof. Let D 2 top(r) correspond to D°2 top(1 + r). The miniature top pipe dream Djoin

the j ™ horizontal strip of Dis onerow farther from the bottom row of that strip than Dj
is from the bottom row in its strip, by Lemma5.11and Proposition 5.15. Reading (partial)
permutations in ead horizontal strip with the southeast corner as the origin, the result
follows from Lemma 5.14.

Section 6. Comp onent form ulae

Our goalin this sectionis to prove that stable limits of double quiver polynomials exist
for uniformly increasing ranks (Theorem 6.11), and to deducefrom it the various forms
of the componert formula (Corollary 6.17, Theorem 6.20, and Corollary 6.23). Along the
way, we completethe combinatorial characterization of the geometriccomponerts in quiver
degenerations(Theorem 6.16). Sincethe proofs gather together most of what we have done,
we begin this section with an interlude: a summary of the roles played by the results thus
far in the coming sections.

A combinatorial hierarc hy. It will be helpful to have in mind a natural ordering of
the four formulae, di erent from the order in which we presered them in the Introduction
(which was determined by our proofs). The conmbinatorial objects indexing the summands
in the four formulae can all be described in terms of the set RP (v(r)) of reduced pipe
dreams for the Zelevinsky permutation v(r). More precisely there are four partitions of
the set RP (v(r)) such that ead type of combinatorial object correspondsto an equivalence
classin one of thesepartitions. The hierarchy is as follows.

1. Pipe formula: equivalenceclassesare singletons.

2. Tableau formula: equivalenceclassesare key classes There is a bijection from pipe
dreamsin RP (v(r)) to ‘compatible pairs' (a;i) in which a is a reducedword for the
Zelevinsky permutation and i is a "compatible sequence'of positive integers [BB93].
The set of compatible pairs can be partitioned accordingto the Coxeter{Kn uth classes
of the reducedwords a. The generatingfunction of ead equivalenceclasswith respect
to the weight of the compatible sequences is known as a "key polynomial' or "De-
mazure character of type A' [RS95b]. These polynomials are crucial to our derivation
of the tableau formula (Section 7).

3. Component formula: equivalenceclassesare strip classesjndexed by lacing diagrams.
One of our favorite combinatorial results in this paper is the combination of Theo-
rem 5.10and Corollary 6.18. Thesesay that out of every reducedpipe dream for v(r)
comesa minimal length lacing diagram with rank array r. Section 5.2 describesthe
simple construction, which divides eat pipe dreaminto horizontal strips (block rows).
Two pipe dreamsare equivalert if they produce the samelacing diagram|that is, if
their pipescarry out the samepartial permutations in ead strip.

4. Ratio formula: only one equivalenceclass.

Roughly speaking, summing monomials (x  x)P" Prom gver an equivalenceclassin one
of these four partitions yields a summand in one of the four formulae. This is conent-
free for the ratio and pipe formulae. Moreover, we do not explicitly use this idea for
the tableau formula, although it is faintly evident in the proof of Proposition 7.13. That
proof is also suggestie of the essetially true statemert that key equivalencere nes lacing
equivalence,which is the fundamenal (though not explicit) principle behind our derivation
of the peelabletableau formula from the componert formula. For the componert formula
itself, summation over a lacing equivalenceclassis an essetial operation, but it only roughly
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yields a lacing diagram summand. This is the rst of many situations where stable limits
cometo the rescue.

Limits and stabilization.  There are two primary aspectsto our proof of the ordinary
componert formula: we must show that

componerts in the degeneration ,(0) have multiplicit y 1, and they are exactly the
closuresof the orbits through minimal length lacing diagrams with ranks r; and
the summandscan be taken to be products of Stanley symmetric functions rather
than products of double Schubert polynomials.

The Schubert versionfor ordinary quiver polynomials follows immediately from the rst of
the two statemerts above, by Corollary 4.9. But keepin mind that we needto prove a
componert formula for double quiver polynomials to be able to deducethe tableau formula
for quiver constarts, asoutlined at the end of the Intro duction.

The two aspects itemized above split the proof into two essetially disjoint parts: a
geometricargumert producing a lower bound, and a combinatorial argumert producing an
upper bound. The conclusioncomesby noticing that the lower bound is visibly at least as
high asthe upper bound, sothat both must be equal. Let us make this vague description
more precise,starting with the geometric lower bound.

The mere existenceof the at degenerationin Section 4.2 automatically implies that the
ordinary quiver polynomial Q,(x x) is a sum of double Schubert products S, (x  Xx),
with positive integer coe cien ts possibly greater than 1 (Corollary 4.9). This is because
the componerts in the degeneration are products of matrix Schubert varieties, possibly
nonreduceda priori (Theorem 4.6). Moreover, it is easyto verify that the orbit through
ead lacing diagram in W (r) appearswith multiplicit y at least 1 (Proposition 4.11).

One of the fundamertal obsenations in [BF99] gained by viewing quiver polynomials
as ordinary classesof degeneracyloci for vector bundle maps on arbitrary schemesis that
nothing vital changeswhen the ranks of all the bundles are increasedby 1, or by any xed
integer m. The key obsenation for us alongtheselinesis that this stability under uniformly
increasingranks can be proved directly for the total families of quiver locusdegenerations|
and hencefor componerts in the special b er, including their schemestructures|b y adirect
geometric argumert (Proposition 4.13). As a consequencethe previous paragraph, which
a priori only givesexistenceof a Schubert polynomial componert formula along with lower
boundsonits coe cien ts, in fact provesthe sameexistenceand lower boundsfor an ordinary
Stanley function componert formula, simply by taking limits (seeRemark 4.15).

The conmbinatorial argumert producing an upper bound is basedon the patrtition of the
pipe dreamsin RP (v(r)) into strip classesand it automatically works in the "double’ set-
ting, with x and y alphabets. Summing (x y)P" Prom over reduced pipe dreamsD with
strip equivalenceclassw yields a polynomial that, while not actually equalto S (x Y)
(Remark 6.26), agreeswith S,,(x vy) in all coe cien ts on monomials all of whosevari-
ablesappear \not too late" in the alphabets x0%:::::x" and yo; :::;y"; seeCorollary 6.10.
This obsenation dependssubtly on the combinatorics of reduced pipe dreams, and on the
symmetry of Q;(x y) in ead of its 2n + 2 alphabets asin Proposition 6.9.

Just as in the geometric argument, we have a stability statemert. Here, it says that
strip classesare stable under uniform increasein rank (Corollary 5.16). Consequetly,
summing over all strip classesand taking the limit asthe ranks uniformly becomein nite
yields Theorem 6.11, the \existence and upper bound theorem" for the resulting double
quiver functions F,(x y). That the sum is over strip classes,whose lacing diagrams
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automatically lie inside W(r) by Theorem 5.10, implies the upper bound: the coe cien ts
onFy,(x vy)islifw indexesa strip class,and zero otherwise.

After specializing the strip class componernt formula in Theorem 6.11to y = X, the
geometric lower bound and the combinatorial upper bound are forced to match. This
argumert comprisesthe proof of Theorem 6.16 on the combinatorics and geometry of the
componerts in quiver degenerations,and it also implies the bijection betweenstrip classes
and lacing diagrams of minimal length (Corollary 6.18). The stable double componen
formula (Theorem 6.20) is an immediate consequence.

To convey a better feelfor what limits accomplishhere, let us summarizethe fundamertal
principle that drives most of our logic. There are a number of geometric, algebraic, and
combinatorial objects that we are unable to get a precisehandle on directly. Theseobjects
include the componerts of quiver degenerations,aswell astheir multiplicities; the sum of all
monomials assaiated to pipe dreamsin a xed strip class;and the set of lacing diagrams
indexing strip classesfor a xed Zelevinsky permutation. (In an earlier draft, peelable
tableaux were on this list, aswell; seeCorollary 8.21 and the commert following it.) The
key realization is that, even though we fail to identify theseobjects precisely we can prove
their stability under uniformly increasing ranks, and in the limit it becomespossibleto
identify the desiredobjects exactly. Henceour failures occurred only becausewe xed the
ranks to begin with.

Let us note that our failures in xed nite rank are not always artifacts of our proof
technique. For example, the sum of all monomials for pipe dreamsin a xed strip classw
really isnt equalto the Stanley product F,, or the Schubert product S, ; it only becomes
soin the limit.

6.1. Double Stanley symmetric functions

Symmetric functions are formal power seriesin in nite alphabets, which may be special-
ized to polynomials in alphabets of nite size. We prepare corventions for suc specializa-
tions, sincethey will be crucial to our line of reasoning.

Convention 6.1. If a polynomial requiring r or more variables for input is evaluated on
an alphabet with rO< r letters, then the remaining r  r°variables are to be set to zero.
Conversely if a polynomial requiring no more than r variablesfor input is evaluated on an
alphabet of sizer®> r, then the last r® r variables are ignored.

Example 6.2. Consider the four bc blocks obtained from the big pipe dream in Exam-
le 5.4:
P yiVE Y3 yvi viviyi
X1 + +
X3 +

This is a reducedpipe dream for the permutation w = 1253746.The double Schubert poly-
nomial S1253746(x; X%  y?;y?) is a sum of ‘monomials' of the form (x y), onefor eat
reduced pipe dream D 2 RP (1253746). Setting x? = y! = 0in Sis37a6(x1;x2  y?;y?1)
yields S12s3746(x*  y?). In the expressionof this polynomial as a sum of “monomi-
als', reduced pipe dreams with crossesoutside the upper-left block cortribute dierently
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to Sw(x! y?) than they did to S (x*;x? y?;y1). The pipe dream depicted above, for
example, cortributes (x§  y3)(xi  y9)(x3 yD(X§ y3) to Sw(x';x* y?y?t), but only
(X1 y3(x1 yD(x)( y3) to Sw(xt  y?).

in nite alphabets. A sequencepm (X;y) of polynomials in theselists (or any in nite alpha-
bet) is said to converge to a power seriesp(x;y) if the coe cient on any xed monomial
is eventually constart asa function of m. Equivalertly, we say the limit exists, and write

dim pm(x5y) = p(x;y):

Here, p(x;y) is allowed to be an arbitrary formal sum of monomialswith integer coe cien ts
in variables from the union of alphabets in the lists x and y.

Recall from Section 4.4 the notation m + w for nonnegative integersm and partial per-
mutations w.

Prop osition 6.3. Given a partial permutation w and an in nite alphatet X, the limit
Fw(X) = rr!II!Ln Sm+w(X)

exists and is symmetric in X. (Only nitely many X variablesappear in each S 4+ w(X).)

De nition  6.4. The limit F,,(X) is called the Stanley symmetric function or stable
Schubert polynomial for w. (N.B. In the notation of [Sta84 the permutation w ! is used
for indexing instead of w).

Proof. After harmlessly extending w to an honest permutation in the minimal way (which
leavesthe Schubert polynomials unchanged), see[Mac91, Section VI 1].

Stanley's original de nition of F,, was combinatorial, and motivated by the fact that the
coe cien t of any squarefreemonomial in F, is the number of reduceddecompositions of the
permutation w. The fact that Stanley's formulation of F,, is a stable Schubert polynomial
in the above sensefollows immediately from the formula for the Schubert polynomial given
in [BJS93 Theorem 1.1].

Being a symmetric function, F,, can be Wri§en asasum

(6.1) Fw(X) = wS (X)

of Schur functions s with coecients ,, which we call Stanley coecien ts. Stanley
credits Edelman and Greene[EG87] with the rst proof that thesecoe cients , are non-
negative. There are various descriptions for ,, all combinatorial: reducedword tableaux
[LS89 EGB87], the leavesof shape in the transition tree for w [LS8Y5], certain promotion
sequence$Hai92], and peelabletableaux [RS954. The coe cien ts , are alsospecial cases
of the quiver constarts ¢ (r) from Theorem 1.20 [BucO1g. We shall prove the corversein
Theorem 7.14,below: the quiver constarts ¢ (r) are special casesof Stanley coe cien ts .

Prop osition 6.5. Given a partial permutation w and in nite alphalets X;Y, the limit
Fu(X Y) = lIm Smew(X Y)
of doubleSchutert polynomials exists and is symmetric se@rately in X and Y.

De nition  6.6. The limit Fy(X Y) is the double Stanley symmetric function or
stable double Schubert polynomial .
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Proof. Again, we may as well assumew is an honest permutation. One may reduceto the
\single" stable Schubert caseby applyingxthe coproduct formula [Mac9l, (6.3)]

Sw(X YY) = ( 1)USu(X)Sy 1(Y)
uv
where the sum runs over the pairs of permutations u;v sud that vu = w and the sum
“(u) + “(v) of the lengths of v and u equalsthe length ~(w) of w.

For a sequencew = wiy;:::;wp Of partial permutations of sizerg rqy;:::;rn 1 rn, and

Y _ ,
Sw(x y) = Sw, (x4 ! yi)
j=1
the product of double Scubert polynomials in consecutive X and y alphabets. As in
De nitions 1.18and 2.5, only nitely many variables actually appearin S\, (x y). Write

Y _ .
(6.2) Fw(x y) = ij (x! ! y')

i=1
for the corresponding product of double Stanley symmetric functions, where now all of the
alphabets are in nite. If, in (6.2), we needto specify nite alphabets (2.3), when ranks r
have beenset sothat x! and y! have sizerj, then we shall write explicitly Fy (X:  yr).

replacedby m + w for m 2 N.

6.2. Double quiver functions

Stanley symmetric functions arise in our context by taking limits of double quiver poly-
nomials via the pipe formula, Theorem 5.5. Each reducedpipe dream D for the Zelevinsky
permutation v(r) determines a polynomial Sy, py(x y) by De nition 5.8, to which D
cortributes a \monomial, asin Section 5.1. Here, in Proposition 6.9, we shall seethat
ead reduced pipe dream for v(r) can cortribute a di erent monomial by way of a crucial
symmetry, as follows.

De nition  6.7. The reverse monomial assaiatedto ad dpipedreamD isthe product
(% y+)P overall Jr ertries in D of (x+ y ), wherethe variable x, sits at the left end
of the row cortaining + after reversing ead of the n+ 1 alphabetsin x, and y. sits atop
the column containing Jr after reversing ead of the n + 1 alphabetsin vy;.

Example 6.8. Reversingead of the row and column alphabets in Example 5.4 gives

V3V YD YAVEYS YT YAV Yi YA VR dsdadi GG o bbb ey
+ as +

xX X

+ +

X X X

X
+
PLEFE L
+

C3

X X

C1
ds
d2
di

X X

x x
RPONWWWRNNNOWNANRRNRORRONO




52 ALLEN KNUTSON, EZRA MILLER, AND MARK SHIMOZONO

This reducedpipe dream cortributes the reversemonomial

(a2 k)(bs c)(bs c)(bp ks)(cs di)(ca Ca)(c2 dp)

to the double quiver polynomial Q. (a;b;c;d d;c;b;a). Rewversing the alphabets in the
argumert of this polynomial leavesit invariant, becauseby Propaosition 6.9 this polynomial
already equalsthe sum of all reversemonomials from reduced pipe dreamsfor v(r).

In conjunction with Corollary 6.10, the next obsenation will allow us to take limits of
double quiver polynomials e ectiv ely, via Proposition 6.5.

Prop osition 6.9. The doublequiver polynomial Q;(x y) is symmetric se@rately in each
of the alphatets x. aswell asin each of the;(alphatets y+. In particular,

Qr(x y) = (% ¥y )P" Prom:
D 2RP (v(r))

where (x; y;)P" Prom s the reversemonomial assaiated to the d d pipe dream D r Dyom .

Proof. Matrix Schubert varieties for Zelevinsky permutations are presened by the ac-
tion of block diagonal matrices|including block diagonal permutation matrices|on the
right and left. Now apply the symmetry to Theorem 5.5.

Next we record an important consequencef Proposition 5.15.

Corollary 6.10. There is a xed integer *, independent of m, such that setting the last °

variables to zem in every nite alphalet from the lists Xm+; and ym+, Kills the reverse
monomial for every reduced pipe dream D 2 RP (v(m+ r)) containing at least one cross+

in an antidiagonal block.

Proof. SupposeD is a reduced pipe dream for v(m + r). Divide D into horizontal strips
(block rows) asin Section 5.3, and considerthe reduced pipe dream D °in the same chute
classas D that consistsof a top pipe dreamin ead strip. The miniature top pipe dream
in horizontal strip j hasan easternhalf Din the ™ antidiagonal block. Inside the j ™ an-
tidiagonal block, consider the highest antidiagonal A; above which every + in Dj0 lies.
Thus A; bounds an isoscelesight triangular region Q (D) in the northwest corner of the
j antidiagonal block that cortains every + in Dj°.

We claim that Q (D) in fact cortains every + of D itself that liesin the j " antidiagonal
block. Indeed, supposethat D cortains a Jr in the j ™ antidiagonal block. Using (any
sequenceof) upward chute movesto get from D to D the antidiagonal + we are consid-
ering must end up inside Q (D), becausechuting any + up pushesit north and east. Our
claim follows becauseupward chutes push eat + at least asfar eastas north.

Now dene (D) to be the maximum of the leg lengths of the isoscelesright trian-
glesQ (D). Chuting up asin the previous paragraph, both the row variable x., and the
column variable y, of ead antidiagonal + in D must lie within (D) of the end of its
nite alphabet. Therefore, pick ~ to be the maximum of the numbers (D) for reducedpipe
dreamsD 2 RP (v(m + r)). The key (and nal) point is that ~ doesnot depend on m for
m 0, by Proposition 5.15.

The main result of this section concerningdouble quiver polynomials Q,(x y) says that
limits exist asthe ranks r getreplacedby m+ r form! 1 . We considerthis an algebraic
rather than a combinatorial result (the latter being Theorem 6.20), since we are unable
at this stageto identify the set Wgp (r) from Corollary 5.16 in a satisfactory way. Note
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that Wgrp (r) is a set of distinct partial permutation listsjnot a multiset|con tained in the
set W (r) of minimum length lacing diagrams with ranks r, by Theorem 5.10. We shall see
in Corollary 6.18that in fact Wgrp (r) = W (r); but until then it is important for the proofs
to distinguish Wgp (r) from W(r).

Theorem 6.11. The limit of doublequiver polynomials Qn+ (X V) for m approaching 1

exists and equals the multiplicity-fr ee sum X

Fr(x y) = lim Qmer(x y) = Fw(x y)
w2Wgp (r)

of products of double Stanley symmetric functions. The limit power seriesF,(x vy) is

De nition  6.12. F,(x vy) is called the double quiv er function for the rank array r.

Proof. For all m 0, the set Wrp (M + r) is obtained from Wgp (r) by replacing eadh
permutation list w with m + w, by Corollary 5.16. For ead partial permutation list
w 2 Wgp (r), considerthe set RP , (v(m + r)) of reduced pipe dreams D for v(m + r)
whoselacing diagramsw (D) equalm+ w. The sum of all reversemonomialsfor pipedreams
D 2 RP y (v(m+r)) is aproduct of polynomials, ead factor coming from the miniature pipe
dreamsin a single horizontal strip. The double quiver polynomial Q.+ (X V) is the sum
of these products, the sum being over lacing diagramsw 2 Wgp (r). A similar statemernt
can be made after setting the last * variablesin ead alphabet to zeroasin Corollary 6.10,
although now Q;(x y) and the polynomials for ead lacing diagram w 2 Wgp (r) have
changedalittle (but only in thoseterms involving a variable nearthe end of somealphabet).

We claim that now, after setting the last few variables in ead alphabet to zero, the
j ™ polynomial in the product for any xed diagramw equalsthe result of setting the last few
variables (at most °) to zeroin the honestdouble Sdubert polynomial S m+ (x) oy,
For this, note that every reduced pipe dream D for v(r) cortributing a nonzero reverse
monomial now has + locations only in superartidiagonal blocks. Hence we can read
the restriction of D to the j superartidiagonal block as a reduced pipe dream with its
southeastcorner asthe origin. Sincethe variablesin this one-block rectangle that we have
setto zero are far from the southeastcorner, our claim is proved.

Taking the limit asm ! 1 producesthe desiredproduct of double Stanley symmetric
functions by Proposition 6.5.

The limit in Theorem 6.11 stabilizes in the following strong sense. The analogoussta-
bilization for the limit de ning Stanley symmetric functions from Schubert polynomials
(Proposition 6.3) almost never occurs, sincethe nite variable specialization is symmetric,
while Schubert polynomials rarely are, even consideringonly variables that actually occur.

Corollary 6.13. For all m 0, the doublequiver polynomial Qn+(X Vy) actually equals
the specialization Fr(Xm+r  Ym+r) Of the doublequiver function.

Proof. The double quiver polynomial Qm+r(X Yy) has xed degreeand is symmetric in eat
of its nite alphabets for all m (Proposition 6.9). Hencewe needonly show that for any
xed monomial of degreeat most degQm+r (X V)), applying a symmetry yields a mono-
mial whosecoe cien t equalsthe coe cien t on the corresponding monomial in F.(x y).
This follows immediately from Theorem 6.11, becausefor m 0, all monomials involving
variableswhoselower indicesare at mostdeg(Qm+r (X Y)) havethe correct coe cien ts.

The previous result led us to suspect that the © ' sign may be replacedby -
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Conjecture 6.14. Qm+r(X Y)=F(Xm+r Ym+r) for allm 0.

After we made Conjecture 6.14 in the rst draft of this paper, A. Buch responded by
proving it in [Buc03. We have no need for the full strength of Conjecture 6.14 in this
paper, since Corollary 6.13 su ces; seeProposition 7.13, belon, and the last line of its
proof. We shall commen on related issuesin Remarks 6.24, 6.25, and 6.26.

We shall seelater, after a number of intermediate stepsleading to Theorem 7.10, that
Fr(x y)isequalto the power seriesobtained by replacing the secondargumert x of the
Buch{Fulton power series ¢ (r)s (x x) with y, or equivalertly by the appropriate spe-
cialization of the abstract symmetric functions P, in [BucO14 to pairs of in nite alphabets
in ead factor. As a consequencethe double quiver functions turn out to equalthe sumsof
lowest-degreeterms in the power seriesP; de ned by Buch in [Buc02, Section4]. But until
Theorem 7.10, the term “double quiver function' will refer to the limit in Theorem 6.11.

6.3. Al components are la cing diagram orbit closures

Recall from Theorem 2.9 that the quiver polynomial Q,(x Xx) is obtained from the
double quiver polynomial Q,(x y) by setting yl = x/ for all j, soy = x. Here, we
shall needto specializeproducts F,(x y) and S\, (x y) of double Schubert and Stanley
symmetric functions by setting y = x, to get F,(x x) and Sy, (x X). Note that the
alphabet x! obtained by specializingy! never interferesin a catastrophic cancelative manner
with the original alphabet x!, becauseor any lacing diagramw, the j " factors of Sy (x  x)
and Fy, (x  x) involve the distinct alphabets xI 1 and x/.

Lemma 6.15. Any nonempty positive sum of products F,,(x x) of double Stanley sym-
metric functions in di er encees of conseutive alphakets is nonzero.

Proof. Onemay usethe doubleversionof (6.1) to write ead term F, (x x) asanonnegative
sum of products of Schur functions in di erences of consecutive alphabets. Suc products
are linearly independert by the remark in [BF99, Section 2.2].

Now we can nally identify the componerts of quiver degenerations.

Theorem 6.16. The components of the quiver deggenertion (0) are exactly the orbit
closures O(w) for w 2 W (r). Furthermore, ((0) is generially reduced along each compo-
nent O(w), so its multiplicity c, (r) there equals 1.

Proof. Applying Corollary 4.9t0 Qm+ (X Xx) instead of Q,(x  x) yields

Qm+r(X  X) = Cw(NSm+w(X X)
w2Hom
by Proposition 4.13. Taking the limit as m)!( 1 in the above equation, we nd that
(6.3) Fr(x x) = Cw (NFw (X  X);
w2Hom

the right side by Proposition 6.5 and the left by specializing Theorem 6.11to y = X.

On the other hand, the right side of Theorem 6.11 becomesa subsum of (6.3) after spe-
cializing to y = x, by Theorem 5.10and Proposition 4.11. The remaining terms from (6.3)
sumto zero, sothere can be no remaining terms by Lemma 6.15. We concludethat in fact
Wrp (r) = W(r) and ¢, (r) = 1 for all w 2 W(r).
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Corollary 6.17 (Component formula for quiver polynomials|Sc hubert version).
The quiver polynomial Q,(x x) egualsthe Slﬁ(m

Qr(x x) = Sw(x x)
w2W (r)

by minimum length lacing diagrams with rank array r.

We have chosento presert this consequencef Theorem 6.16 and Corollary 4.9 now, even
though it is a specialization of the stable double componert formula in the next section, to
emphasizethat it has a direct geometric interpretation: the right-hand side is the sum of
the equivariant cohomology classesof componerts in the quiver degeneration. The double
formula to come in Theorem 6.20 currently lacks such a geometric interpretation, and
moreover the reasonwhy it implies Corollary 6.17is somewhatsubtle; seeCorollary 6.23and
Remark 6.26. The subtlety in this argumert is related to the fact, discussedn Remark 6.26,
that replacing x with y in Corollary 6.17 always yields a false statemert wheneer there is
more than oneterm on the right-hand side.

In the courseof proving Theorem 6.16, we reacdhed a notable combinatorial result.

Corollary 6.18. Every minimal length lacing diagram for a rank array r occurs as the
lacing diagram derived from a reduced pipe dream for the Zelevinsky permutation v(r):

W(r) = Wre(r):

Remark 6.19. Theorem 5.10and Corollary 6.18 give another explanation (and proof) for
Theorem 3.8. That lacesof w 2 W (r) can crossat most onceis exactly the statemert that
pipesin reducedpipe dreamsfor v(r) crossat most once. That lacesstarting or ending in
the samecolumn do not crossat all follows from the fact that Zelevinsky permutations and
their inverseshave no desceis within block rows.

6.4. Stable double component formula

Theorem 6.20. The doublequiver function cz;l(n be expressé as the sum

Fr(x y) = Fw(X y)
w2W (r)

of products of double Stanley symmetric functions indexed by minimal lacing diagrams w.

Proof. Using Corollary 6.18, we can replacethe sumin Theorem 6.11 over Wgp (r) by one
over W (r).

Remark 6.21. De nition 5.8 reads pipes as if they ow northeast to southwest (com-
pare De nition 5.1) becauseour proof of Theorem 6.11 requiresthat we read antidiagonal
blocks in Zelevinsky pipe dreamsas miniature pipe dreamswith their southeastcornersas
their origins. This method suggestsa direct combinatorial proof of Corollary 6.18, without
appealing to the geometric lower bound on multiplicities of componerts in quiver degen-
erations a orded by Corollary 4.9. This idea has since beencarried out in [Yon03. Thus
the componert formula in Theorem 6.20 can be proved in a purely combinatorial way using
Theorem 6.11, if one assumeghe ratio formula (whose proof requires geometry).

Example 6.22. In the caseof Fulton rank conditions, the ranks rg;rq;ro;rs;::: equal
1,2,3:::;n Lin;nyn L1;:::;3;2,1andr = ry, is speci ed by a permutation w in Sy .
Theorem 6.20 contains a combinatorial formula found independertly in [BKTY02]. This
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is becausethe Zelevinsky permutation v(r,,) has as many diagonal entries aswill t in
superartidiagonal blocks, and the southeastcorner (last n+ 1 block rows and block columns)
is a block version of the permutation w itself (rotated by 180 ). See[Yon03 for details.

Corollary 6.23 (Componert formula for quiver polynomials|Stanley version). The quiver
polynomial can be expressél as the specialization

X
Qr(x x) = Fe(Xr Xx¢) = Faw(Xr  Xr)
w2W (r)
of the quiver function F,(x x) to a sggquen® X, of nite alphakets of sizerg;:::;rm.

Proof. Since Theorem 1.20 holds for any ranks r, it holds in particular for m + r when
m 0. Moreover, it is shavn in [BF99] that

(6.4) c(m+r) = c(r)

[_Qr all _andm 0. Specializing Theorem 6.11to y = x, we may take the limit there with
Cc (r)s Xm+r Xm+r) in placeof Qm+¢(x Xx), by Theorem 2.9 and Theorem 1.20. We
concludethat X

(6.5) Fr(x x) = c(rs (x x)

as power seriesin the ring of functions that are symmetric in ead of the in nite sets

Qr(x x) by Theorem 1.20,and it yields waw (r) Fw (Xr  Xr) by Theorem 6.20.

Remark 6.24. As aconsequenc®f Corollary 6.23,there is no needto de ne “stable quiver
polynomials', just as there is no needto de ne ‘stable Schur polynomials'. The fact that
Conjecture 6.14 is actually true, as proved in [Buc03], meansthat we are correct to avoid
the term “stable double quiver polynomial' in favor of the more apt “double quiver function'.

Remark 6.25. We choseour de nition of the double quiver polynomial Q,(x y) via
the ratio formula from among four possibilities that we considered,three of which turned
out to be pairwise distinct. In hindsight we couIdFequaIIy well have chosenthe candidate
obtained by replacing x with y in the ex$ession c (r)s (xr xr) from Theorem 1.20,
or equivalertly by (6.5), in the expression F,,(x; X;) from Corollary 6.23. Howe\er, it
was the algebraic and combinatorial properties derived from the ratio formula that made
Qr(x y) useful to us. Moreover, our methods did not prove the fact that this other
candidate is equal to our double quiver polynomials; this is the content of Conjecture 6.14,
which we now know to hold only becauseof its subsequeh proof by Buch [Buc03].

One of our other two candidatesfor double quiver polynomial wasobtained by replacing x
with y on the right-hand side of Corollary 6.17. As we explain in Remark 6.26, below, this
turned out to belessnatural than we had expectedfrom seeingthe geometric degeneration
of quiver loci to unions of products of matrix Schubert varieties.

The remaining candidate for double quiver polynomial was actually an ordinary quiver
polynomial, but for a quiver of twice the length asthe original. Given a lacing diagram w
with rank array r, the \doubled" ranks r? were de ned as the rank array of a \doubled"
lacing diagram w?. To getw? from w, elongateead column of dots in w to a\ladder" with
two adjacert columns(of the sameheight) and horizontal rungs connectingthem. Replacing
the even-indexedalphabetsin Q,2(x x) with y alphabets yielded our nal candidate.

It is readily veried that the three candidatesfor double quiver polynomial di er when
n = 3, the dimension vector is (1; 2; 1), and the Zelevinsky permutation is 21432 S,.
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Remark 6.26. We now have formulae for quiver polynomials Q,(x x) in terms of

Stanley symmetric functions Fy, (X  X;) in nite alphabets, and
Schubert polynomials S, (x  x), which a priori involve nite alphabets.

We also have a formula for double quiver functions F(x y) in terms of double Stanley
symmetric functions Fy (X y), in innitg alphabets. However, the double quiver poly-
nomial Q;(x y) never equalsthe sum S, (x Yy) of double Schubert polynomials for
minimum length lacing diagramsw 2 W (r), unlessthe sum only hasoneterm, eventhough

setting y = x in this sum yields Corollary 6.17,and
taking limits for uniformly growing ranks yields Theorem 6.20.

This failure doesnot disappear by restricting to ranks m+ r for m 0, either. Indeed,
SvHom)(X  Y)Sw(Xx y) equalsthe double Schubert polynomial Sw(x y) for a certain
permutation W 2 Sy constructed from w. Hencethe linear independenceof double Schubert
polynomials prevents a direct double generalizationof Corollary 6.17, after multiplying sud
a doubled versionby Sygom)(X y). We view this as ew’dencefor the naturality of double
quiver polynomials as we de ned them (rather than as  yow()Sw(x Y), for example),
and ewven stronger evidencefor the naturality of their limits, the double quiver functions.
The naturality of double quiver functions also follows from their role in [BF99], where
the double quiver functions should be viewed as functionals on lists of bundles that take

[BucO3] cemerts our belief in the naturality of double quiver polynomials.

The permutation W is constructed as follows. Let w%bethe d d partial permutation
matrix obtained by placing ead w; in the northwest corner of the superantidiagonal block in
rowi 1. Then w9canbe completeduniquely to a permutation W 2 Sy by adding nonzero
entries in or belowv the block antidiagonal in such a way that all cellsin the diagram of W
lie in or above the block superantidiagonal.

Geometrically, S yHom)(X Y)Sw (X Y) equalsthe double Schubert polynomial Sw(X y)
becauseof a direct connection betweenthe orbit closure O(w) inside Hom and the matrix
Sdubert variety X i inside My. Moreover, it can be shovn that there is a at (but not
Grobner) degenerationof the matrix Scubert variety )Tv(r) to a generically reducedunion
Yv(r)(O) of matrix Scubert varieties for the permutations W assaiated to lacing diagrams

w 2 W(r). However, this at family is only equivariant for the multigrading by Z9, not Z2.

Section 7. Quiv er constan ts

Using the componert formula for double quiver functions, we show that the quiver con-
stants ¢ (r) ariseascoe cien ts in the expansionof the Zelevinsky Schubert polynomial S ()
into Demazurecharacters, and consequetly the quiver constarts ¢ (r) equalthe correspond-
ing Stanley coe cien ts ,. Using the interpretation of Stanley coe cien ts as enumerating
peelabletableaux [RS953 RS98], we deducea combinatorial formula for quiver constarts.

7.1. Demazure chara cters

We recall here the type A; Demazure characters [Dem74 following [Mac91]. Using
the ordinary divided di erence @ from (2.1), the Demazure operator ;, alsocalled the
isobaric divided dierence , isthe linear operator on Z[x1;X»;:::] de ned by

if = @Xif)i
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Let ; bethe transposition that exchangesx; and x;+1 . The operator ; is idempotent and,
like @, commutes with multiplication by any j-symmetric polynomial:

(7.1) @fg)=f@g and i(fg=1 i(9 if if =f:
Since 1= 1it follows that
(7.2) s if = f if f =f:

Given a permutation w2 | Sy, letw =, i. be any reduceddecomposition of w,
that is, a factorization of w into a minimum number of simple re ections ;. De ne the
operator = i, i.. It isindependen of the factorization.

Let = ( 1;:::; &) 2 NX be a sequenceof nonnegative integers, and . the sequence
obtained by sorting into weakly decreasingorder. If w 2 Sy is the shortest permutation
satisfying = w ., then de ne the Demazure character 2 Z[x1;::1;Xk] by

= WXt

For a partition 2 NX and w(()k) 2 Sk the longest permutation, we have
(7.3) = X

(7.4) wo = S (X1;X2;1111XK):

Alternativ ely one may give the re%ursive de nition

X if
(75) = T e k
It can be shown that

i _
(7.6) = co
Remark 7.1. The Demazurecharactersf j 2 NXgform a Z-basisof the polynomial

= X + terms lower in reverselexicographic order:

Demazure characters interpolate between dominant monomials and Sdur polynomials.
They have a tableau realization, due to Lascouxand Schetzenberger[LS90]. Before describ-
ing it, wereview somecorventions regardingtableaux; for more badkground and unexplained
terminology, see[Ful97].

Our (semistandard) Young tableaux will be drawn with origin at the northwest corner,
weakly increasingalong ead row, and strictly increasingdown ead column. A word is a
sequencef positive integerscalled\letters”. A column word is onethat strictly decreases.
In what follows, ead tableaut is identi ed with its column reading word tit, , where
t; is the column word obtained by reading the letters upward in the it" column of t. Given
a word u, denote by [u] the unique tableau equivalert to u under the Knuth-equivalene
relations on words: acb cabfora b< candbac bcafora< b c[Ful97, Section2.1].

The weight of a tableau t is the sequencewt(t) = ( 1; 2;:::), where j is the number
of entries equalto | in t. For ead comp osition = ( 1; 2;::%), by which we mean a
sequencef nonnegative integersthat is eventually zero,the key tableau key( ) of weight
is the unique tableau of shape .+ and weight

Supposet hasshape , sothat its j column tj haslength Jofor 1 j r= 1,where

Ojs the partition conjugate to . Givenany reordering = ( 1;:::; ) of thesecolumn
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lengths, there is a unique word u = u(t; ) with a factorization u = uju, U, into column
words u; of length j, sudh that [u] = t. Such a word is called frank in [LS9Q.

The leftmost column factor u; in the word u(t; ) actually dependsonly ont and 1.
De ne Icj(t) = uy to bethe j1 left column word of t when i equalsthe length J-Oof the

j™ column of t. Gathering together all left column words producesthe left key of t, which

Similarly, the rightmost column factor u, in u(t; ) dependsonly ont and ,. Dene
rej(t) = ur to bethe " right column word oft when , = J-O, and construct the tableau

The left and right keysof t are key tableaux of the sameshape ast.
For tableaux s and t of the sameshape, write s t to meanthat every entry of s is less
than or equalto the corresponding entry of t. In [LS90], the equation
(7.7) = x Wi
K+ (t) key( )
is given as a formula for the Demazure character. This implies two positivity properties:

(7.8) 2 N[x]  for all compositions ; and
(7.9) w v 2 N[X] if v. wand is a partition:
It is well-known that X
(7.10) s (x) = x"Wt®
tableaux t
shape(t)=

is a formula for the Schur function s in an in nite alphabet x. From (7.7) and (7.10) it
follows that

(7.11) S = lim (om; )i

* m!1

where (0™; ) is the composition obtained from by prepending m zeros.

7.2. Schuber t pol ynomials as sums of Demazure chara cters

We now recall the expansionof a Scdubert polynomial as a positive sum of Demazure
charactersand deducesomespecial properties of this expansionfor Zelevinsky permutations.

Theorem 7.2 ([LS89,[RS953 Theorem 29]). For any (partial) permutation w, there is a
multiset M (w) of compositions such that

Sw(x) =
2M (w)

The Schubert polynomial S ,(x) hereis obtained by setting y = 0 in the double Schubert
polynomial Sy (x ) from Section2.1. The multiset M (w) has beendescribed explicitly
using reducedword tableaux in [LS89] and peelabletableaux in [RS954. (We shall de ne
the latter in Section7.4.) The expansionin Theorem7.2is are nement of (6.1), in the sense
that taking limits in Theorem 7.2, expresseshe Stanley coe cient , in terms of M (w):

Corollary 7.3. The coecient , in the exmnsion of a Stanley symmetric function in
Schur functions is the number of compositions 2 M (w) suchthat . =
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Proof. By the de nition of the Stanley symmetric function and (7.11), it is enoughto show
that thereis a bijection M (w) 7! M (1+w) givenby 7! (0; ). Supposingthat w liesin Sy,

the de nition of S, in Section 2.1 says that S, (x) = @IOSW(()k)(X), where w® = w 1wék)
and Wék) 2 Sy is the longest permutation. Note that
1+w = 12 kW 2 1

and that w{*? = w9, Also, in the expression(1 + w) W™ = 1, WO
multiplying by ead re ection ; lengthensthe permutation. It follows that

Stew = @y apgen Sygen (X)
= @, , wo Swém) (x)
= @@ @@oxi X« S,w(X)
= @a@2  @X@c S wm(x)
= 1 kSw

using the de nitions, (7.1), and (2.1).
Let bea composition in M (w). Sincew lies in the symmetric group Sk on k letters,

the rst k 1 parts of can be nonzero. By (7.6), 1 k = () asazeroin the
(k + 1)t position is swapped to the rst position. Sincethe Demazure characters form a
basis(Remark 7.1), the map 7! (0; ) is a bijection M (w) 7! M (1 + w).

We now recall the dominance bounds on the shapesthat occur in the Scur function
expansion of Stanley symmetric functions. For any diagram D, by which we mean a set
of pairs of positive integers,let D" be the diagram obtained from D by top-justifying the
cellsin eat column. Similarly, let D  be obtained by left-justifying ead row of D. The
dominance partial order on partitions of the samesize,written as D , is de ned by
the condition that 1+ + 1+ +  foralli.

Prop osition 7.4 ([Sta84]). If the Stanley coe cient , is nonzeo, then
Dw) "E E DWw)"
We require two more lemmata.
Lemma 7.5. If w(i) < w(i + 1) then ; i+1 for every composition 2 M (w).

Proof. Supposew(i) < w(i+ 1). Since ; @= @, it follows from the de nition of Schubert
polynomial that Sy (x) is ginvariant. Applying ; to Theorem 7.2 and using (7.2) along

with (7.6), it follows that =,y = 2w ©o Where %= if i1 and
0= | otherwise. But o is a polynomial with nonnegative integer coe cien ts

by (7.9). It followsthat °= and hencethat | i+1 forall 2 M (w).

Lemma 7.6. Supmse is a composition suchthat x divides S, (x). Then for all

compositions 2 M (w).

Proof. Supposex divides Sy (x). Then x divides the sum of Demazurecharacters on the
right-hand side of Theorem 7.2. By (7.8) it follows that x divides every monomial of every
Demazure character for 2 M(w). By Remark 7.1 the reverse lexicographic leading
monomial in iSX , SO
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We now apply the above results to Zelevinsky permutations.

and D( o) from De nition 1.10 with partitions of thoseshapes. Let r be a rank array with
the alove dimension vector. Then for all compositions 2 M (v(r)),

(7.12) Dyom + D( o) and

(7.13) = Wo +;

wher wq is the black long permutation, reversingthe row indices within each black row.

Proof. Let 2 M (v(r)). Equation (7.13) is a consequenceof Lemma 7.5 and Proposi-
tion 1.6, as Zelevinsky permutations have no descems in ead block row.
Both of the partition diagrams D" and D, " are contained in D( g), by De ni-
tion 1.10alongwith (1.3), (1.4), (1.7), and (1.8). Proposition 7.4impliesthat + D( o).
SinceDyom Dy, the monomial x Prom divides S ;). By Lemma7.6, Dyom . But the
partition Dyom is constart in ead block row. With (7.13), it follows that Dpom +e

Finally, we obsene that ead Demazure character appearing in S ;) is the monomial
xProm times a product of Schur polynomials.

De nition  7.8. Assumethat = ., for somecomposition 2 M (v(r)). The skew shape
=D pom a orded by (7.12) consistsof a union of partition diagramsin which the partition
is cortained in the r; 1 r; rectangle comprising the it block row of D( ¢)=Dyom. In this

situation, we say that the partition list _ = ( 1; 2;:::; n) is obtained by deleting Dpom
from , and we write = Dhom -
Prop osition 7.9. Supmwsethat is a composition in M (v(r)), that = ., andthat is

obtained from by deleting Dyom . Then

= xPrm 5 (x! Yy
i=1
Proof. Break Dyom into a sequence( o;:::; n) of shapes,where ; 2 N'i is rectangular
(all of its parts areequal) and , = (0""). Let wy be the longestelemen of the symmetric
group Sy, acting on the i block of row indices. By (7.1) and (7.4) we have

= WoX
1 _
= in(XI) i+1 7t

i=0
l . .
= (x') 's 1, (X)
i=0
= xProm 5 (xI 1):
i=1
7.3. Quiver const ants are Stanley coefficients

Having an expansion of the double quiver function as a sum of products of Stanley
symmetric functions automatically producesan expansionas a sum of products of Schur
functions. Next, in Theorem 7.10, we shall seethat the coe cien ts in this expansionare
the Buch{Fulton quiver constarts. Using this result, we shav in Theorem 7.14that quiver
constarts are special casesof Stanley coe cien ts.
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For alist = ( 1 2;:::; n) of partitions and two sequencesx = (x%:::;x") and
y = (y";:::;y9 of in nite alphabets, let
Y : _
s(x y) = s,(x"*t oy

i=1
be the product of Schur functions in di erences of alphabets. This notation parallels that
with y = x in (1.16), and for products of Stanley symmetric functions in Section6.1. We
follow the corventions after (6.2) for nite alphabets.

Theorem 7.10. If ¢ (r) is the quiver constant from Theorem 1.20, then
- X

Fr(x y) = c (s (x y):
Moreover, using the Stanley coe cients , from (6.1) and writing w = Qi":l w,» We get
X
(7.14) c() = W
w2W (r)

Proof. Expanding the right-hand side of Th>f<sorer>1<1 6.20into Schwr functions yields

Fe(x y) = wS_(x )
w2W (r) _
Specializingy to x yields an expressionfor F,(x x) asa sum of Schur function products
s (x x). By Corollary 6.2|:_3>and TheBrem 1.20, uniquenessin the Main Theorem of [BF99]

implies that the coecient 5y  w Ons (x x) in this expressionis c (r).

Remark 7.11. Theorem 7.10 and Corollary 6.23 are the only results in this paper that
logically depend on the Main Theorem of [BF99], other than Theorem 1.20 (which needsthe
Main Theorem of [BF99] for its statemert). In other words, starting from the multidegree
characterization of quiver polynomialsin De nition 1.18,the statemerts and proofs of all of
our other combinatorial formulaelincluding all double and stable versions, as well as our
conbinatorial formula for the quiver constarts to comein Theorem 7.21|are independert
from [BF99]. It is only to identify the constarts on the right side of (7.14) as the quiver
constarts appearingin the Conjecture from [BF99] that we apply Theorem 1.20, and hence
the Main Theorem of [BF99].

Remark 7.12. The quiver constarts ¢ (r) may be computed fairly e cien tly using (7.14).

We needa proposition, in which our choice of notation (usingx x in argumerts of quiver
polynomials) should nally becomeclear: we useQ(x) and F;(x) to denotethe y = 0 spe-
cializations (as opposedto y = x specializations) of the double quiver polynomial Q,(x V)
and the double quiver function F.(x y). The \doubleness" of these expressionss crucial
here, becausein the ordinary single caseit is impossiblein the summation formulae to set
just the secondset of variablesin ead factor of every summandto zero.

Prop osition 7.13. If r is any rank array, then Q,(x) = F,(X,) is the nite x alphalet
specialization of the doublequiver function at y = 0.

Proof. Calculate Qn+r(x) and Q,(x) using Theorem 5.5. Consider a reduced pipe dream
D 2 RP (v(m+ r)) that happensto lie ertirely in rows indexedby X, (asopposedto Xm+ ).
Restricting attention to the (j 1) block row of D for the momert, let w; satisfy w; (D) =
m + w; using Corollary 5.16. No cross+ can be farther to the left of the vertical dividing
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line in that block row (from after Lemma 5.11) than the leftmost Jr in the upside-dovn
(rotated by 180 ) top pipe dream for w;. Therefore, the miniature pipe dreamin block row
j 1of D hasat leastm blank columnson its left. By Proposition 5.15, horizontally shifting
all crossean cellsto the left therefore inducesa canonical bijection onto RP (v(r) from the
set of pipe dreamsin RP (v(m + r)) that happen to lie ertirely in rows indexed by x..
Corresponding pipe dreamsobviously yield the samemonomial in x. Therefore setting all
variablesin the setX .+ r X, to zeroin Qm+r(X) yields Q, (x). Now useCorollary 6.13.

Theorem 7.14. The quiver constant ¢ (r) is the Stanley coe cient V() where s the
unique partition suchthat the partition list _ is obtained from by deleting Dyom -

Proof. Multiplying through by the implicit denom)i?ator in Proposition 7.13yields
(7.15) Svn(X) = Sypom)(x) ¢ (s (xr);

where c (r) is the quiver constart from Theorem 1.20 by Theorem 7.10. Proposition 7.9
shows that the Demazure character expansionof S (;)(x) hasthe sameform as the right
side of (7.15). Linear independenceof the polynomials s (x,) therefore implies that (7.15)
is the Demazure character expansion. Equate coe cien ts on eac Demazure character in
Theorem 7.2 and (7.15) and apply Corollary 7.3.

Remark 7.15. The comparisonof (7.15) with Theorem 7.2 via Proposition 7.9 occurs at
the level of ordinary Schubert polynomials (in a singlesetx of variables) rather than double
Scubert polynomials (in x and y). This restriction is forced upon us by the fact that the
Demazure character theory behind Proposition 7.9 has not beensu cien tly developed in
the double setting. (See[Las03 for the beginnings of such a "double' theory.) Sincethe
comparisonof (7.15) with Theorem 7.2is the key point in the proof of Theorem 7.14,it is our
single most important motivation for dewveloping the double version of quiver polynomials
via the ratio formula: we must be able to sety = 0 for this comparison.

7.4. Peelable tablea ux

Peelabletableaux [RS95g RS98] arosefrom Stanley's problem of counting reduced de-
compositions of permutations [Sta84], the expansionby Lascouxand Schetzenberger of the
Schubert polynomial asa sum of Demazurecharacters [LS89], and from Magyar's character
formula for the global sectionsof line bundles over Bott{Samelson varieties [Mag98]. Here
we usethem to give our rst conbinatorial formula for quiver constarts. Although other
combinatorial interpretations of Stanley coe cien ts would also produce formulae, it is the
peelabletableaux that will connectto factor sequencesn Section 8.

Let D beadiagram , meaninga nite setof pairs of positive integers. The diagram D is
north west if (i1;j2) 2 D and (i2;j1) 2 D implies (i1;j1) 2 D fori; < i andj; < j; thus,
if two cellslie in D, then so doesthe northwest corner of the smallest rectangle containing
both. Permutation diagrams are always northwest. The diagram D( ) of a partition
consistsof ; left-justied cellsin the i™ row for ead i.

For tableaux Q and P, write Q P if Q contains P in its northwest corner. Write Q P
for the skew tableau obtained by remaoving the subtableauP from Q.

A column of a diagram can be identi ed with the set of indices of rows in which it has
a cell. This subsetcan also be identied with the decreasingword consisting of these row
indices. As in Section 7.1, denote by [u] the unique tableau Knuth-equivalert to a word u.

Now considera northwest diagram D. A tableau Q is D-p eelable provided that:
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Figure 4. Peelinga peelabletableau

1. Q is the empty tableau when D is the empty diagram; or else
2.Q Cand[Q Clis(D C)-peelablewhenC isthe rst nonempty column of D.

Wereferto the map Q 7! [Q C] aspeeling, and denote by PeelD) the set of D -peelable
tableaux of partition shape.

Remark 7.16. The weight of any D-peelabletableau is the code of D, meaning the
sequencecode(D) = (c1;C;: ;) in which ¢ is the number of cellsin row i of D.

Example 7.17. The tableau in Fig. 4 is D,-peelable as exhibited, where r is the rank
array in Example 1.5, and the diagram D, is in Example 1.9. The sequence®f removed
columns C (appearing in boldface below) are given by the columns of D, after ead cell
has been labeled by its row index (this labeling of cellsin D, is depicted explicitly in
Example 8.1, below).

Remark 7.18. The set of D-peelable tableaux may be constructed by \unp eeling" as
follows. Let C be asin the de nition of D-peelability, and p the number of cellsin C.
Supposeall of the (D  C)-peelabletableaux have beenconstructed. For ead pair (T;V)
whereT isa (D C)-peelabletableau and V is a vertical p-strip (a skew shape p cells, no
two of which lie in the samerow) whoseunion with the shape of T is a partition, usethe
jeu de taquin [Ful97, Section 1.2]to slide T into the topmost cell of V, then into the next
topmost cell of V, and soon. This vacatesp cells at the top of the rst column. Place the
single-columntableau C into the vacatedcells. If the result is a (semistandard) tableau then
it is D-peelableby construction. All D-peelabletableaux can be obtained in this manner.

Theorem 7.19. [RS953 Theorem 29] For z&ny (partial) permutation w,
Sw(x) = wi(K  (Q))-
Q2Peel(D (w))

Remark 7.20. Theorem 7.19 gives a combinatorial description of the multiset M (w) in
Theorem 7.2: it is the multiset of compositions given by wt(K (Q)) for Q 2 PeelD (w)).
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Theorem 7.21. The quiver constantc (r) is the number of D, -peelabletableaux of shae
where _ is obtained from by deleting Dyom .

Proof. This follows from Theorems 7.14 and 7.19 along with Corollary 7.3, since for any
tableau Q, the partition wt(K (Q))+ is just the shape of Q.

Section 8. Factor sequences from peelable tableaux

In [BF99] it wasconjecturedthat the quiver constart ¢ (r) courts certain lists of tableaux
called r-factor sequence®f shape ' (seethe end of Section8.1 for a precisestatemert). We
already know by Theorem 7.21that the quiver constarts cournt peelabletableaux. We shall
verify a variant (Corollary 8.23) of the Buch{Fulton conjecture by establishing a bijection
from peelabletableaux to factor sequences.

8.1. Factor sequences

The tableau array T(r) = (T; (r)) for the rank array r is de ned as follows. View the
diagram D, = D(v(r)) of the Zelevinsky permutation as being lled with integers, where
ewery cell (either or )inrowk is lled with k2 Z. De ne Tj (r) to be the rectangular
tableau given by the it block column (from the right) and the j " block row (from the top),
de ned for blocks on or below the superartidiagonal. The tableau Tj; hasshape R 1;j+1
by Lemma 1.8.

For later use, we de ne tableaux Y; and K; as follows. Let Y be the tableau given by
restricting the lling of D, to the blocks above the superarntidiagonal, and set Y; equal to
the part of Y in the i block column. Let K; be the tableau obtained by stacing (left-
justi ed) the tableaux in the i™ column of the tableau array, with Tii 1 ontop, Tii belov
it, and soon. Equivalertly,

(8.1) Ki = [Tin 1Tin 2 TiiTii al:

Let A; be the interval of row indices occurring in the i block row, and then setB; =
Al Aia [ . Givena setA, let A* denotethe set of words in the alphabet A. Then
(8.2) Yi2 (Aol [ A 2)"

Example 8.1. For the ranks r in Example 1.5, with diagram D, in Example 1.9, Fig. 5
depictsthe lling of D¢, the tableau array T = T(r), and the tableaux Y; and K;.

We now recall the recursive structure underlying the de nition of an r-factor sequence.
Let b be the rank array obtained by removing the entries rij for 0 i n. Using notation
from De nition 1.10,obsenethat D, is obtained from D, by remaving the superartidiago-
nal cellsand someempty rows and columns. Hencewe may identify D, with a subdiagram

of D, by reindexing the nonempty rows. Under this identi cation the tableau array T (b)
is obtained from T(r) by removing the superartidiagonal tableaux.

Example 8.2. Continuing with Example 8.1, we get b, R, Dy, and T(b) asin Fig. 6.
Returning to the generalcase,let T; = T;; 1 forl i n.

De nition  8.3. The notion of r-factor sequence is de ned recursively, as follows.
1. If n = 1 then there is a unique r-factor sequencenamely (T1).
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111(1111
2222222
333
4 4 4 3 2 1]
555 55 5 ? 0
"edDr= T = 1
8 8
9 9 9 9] 91| 2
A, = 16;7;8,9 A1 = f3;4,59 Ag = 1,29
1/1/1
2122
Ys = |3|3|3 Y, = %%%% Y1 = ?
41414
5/5|5
8] 5/5 5
K3: E KZ: 9| K1=

Figure 5. Tableauarray and other data from Example 8.1

2
b = - R = ]
2 10 (][]
5
D, = ol o T(b) =
9] [9]

an b-factor sequencgUs;:::;U, 1) (for the tableau array T(b) asde ned above) and
factorizations

(8.3) U = [PiQi] forl i n 1
sud that

(8.4) Wi [QiTi P; 1] for 1 i n,
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Figure 7. Computation of a factor sequence

where by convertion
(8.5) Qn = Py = ?2:

The global computation of a factor sequenceproceedsas follows. Index the block antidi-

agonalshy their distance (going northwest) to the main superanidiagonal.

1. Initialize Wj == T foralln j+1 i 1.

2. Setk:=n 1

3. At this point the k" antidiagonal of W is an r (¥ -factor sequencewherer () is obtained
from r by removing the 0" through (k 1)St antidiagonals. Factor ead tableau
Wj = [Pj Qj] on the k™ antidiagonal. Now move the left factor P to the west and
the right factor Qj; to the north.

4. At this point W = Tj onthe (k 1) antidiagonal. For every position onthe (k 1)
antidiagonal, multiply the current entry T;; on the left with the tableau Q;; +1 coming
from the south and on the right with the tableau P; 1; coming from the east. That
is, set Wi = [Qij +1 Tij Pi 1]

5. Setk:= k 1.If k=0, stop. Otherwise goto step 3.

Example 8.4. In Fig. 7 we compute a factor sequenceasabove, exceptthat after a tableau
is factored and its factors moved, its position is vacated. Compare Example 8.14.

Remark 8.5. It is clear from the global computation that for any r-factor sequence

south and eastof the it block columnand (i 1)t block row (that is, for *+ 1 i k).

We now recall the original de nition of factor sequenceand the assaiated conjecture in
[BF99]. The tableau we index by Tj isindexedasTn 1 jn+1 i in [BF99].

Let (Tjj ) beany array of semistandardtableaux with Tj; of shapeR; 1;j+1 (which in turn
is de ned in terms of r in Section 1.2). Say that a (Tjj )-factor sequences any sequenceof
tableaux obtained from the factor-move-multiply algorithm described above, but starting
from the array (Tj; ) rather than our canonicalarray (Tj (r)) of semistandardtableaux. Say
that (Tj ) satis es the factor sequencecondition if the number of (Tj )-factor sequencesf
shape _ is equal to the quiver constart ¢ (r). The Buch{Fulton factor sequenceconjec-
ture assertsthat the factor sequencecondition holds for tableau arrays (Tj; ) sudh that the
tableaux collectively have no repeatedertries and that ead ertry of Tj; is larger than ead
entry of Tij 1 and of Titq .

Corollary 8.23statesthat the factor sequencecondition holds for the canonical semistan-
dard tableau array (Tj; (r)). This result is not a special caseof the Buch{Fulton conjecture,
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nor doesthe former immediately imply the latter, although it doesrather easilyimply that
the factor sequencecondition holds for a number of tableau arrays encompasseddy the
Buch{Fulton conjecture. It is an interesting and purely combinatorial problemto nd the
largest classof tableau arrays (Tj ) which satisfy the factor sequencecondition.

8.2. Zelevinsky peelable tablea ux

This section contains some scattered but essetial results regarding peelable tableaux.
Our discussion culminates in De nition 8.13, which says how to construct sequencesof
tableaux from peelabletableaux assaiated to the diagram of a Zelevinsky permutation.

The following lemma generalizesthe dominance bounds for D (w)-peelabletableaux im-
plied by Proposition 7.4 to the caseof peelableswith respect to any northwest diagram.
This added generality will be usedin the proof of Proposition 8.17. Recall the de nitions
of E,D",and D givenjust before Proposition 7.4.

Lemma 8.6. If a D-peelabletableau for a northwest diagram D hasshag , then

D "E ED"
Proof. If a tableau hasshape and weight , then . E [Ful97, Section 2.2]. Noting
that D " = code(D)+, the rst dominance condition holds by Remark 7.16. The second

condition is a consequencef the rst, using the following facts.

1. The transposing of shapesgivesan anti-isomorphism of the poset of partitions under

the dominance partial order.

2. There is a shape-transposingbijection Pee(D) ! Pee(D!), whereD! is the transpose

diagram of D [RS98, De nition{Prop osition 31].

There are a number of operations D ! D®one may perform on diagrams that induce
mapsPee(D) ! Pee(DY on the corresponding setsof peelabletableaux. For notation, let
s,D be the diagram obtained by exchanging the rt" and (r + 1)t rows of D, and similarly
for Ds, exdhanging columns. Given a diagram D and a set| of row indices, let Dj, bethe
diagram obtained by taking only the rows of D indexed by |. If u is a word or a tableau,
let uj, be the word obtained from u by erasingall letters not in I, and set [u]; = [uj;].

Prop osition 8.7. Let D be a northwest diagram.

1. [RS98 De nition{Prop osition 13] If s,D is also northwest, then there is a shape-
preserving bijection s, : Pee(D) ! Peels,D). (It is given by the action of the \rt
type A crystal re ection operator”; see [RS98, Section 2] for the de nition of s;.)

2. [RS98 Lemma51] If both D and Ds; are northwestthen Pee(Ds,;) = Peel(D).

3. [RS98 Lemmata 54 and 56] There is a surjective map Pee(D) ! PeelDj,) given by

Q7! [Qlr.

Lemma 8.8. Let D be a northwest diagram suchthat D D( ) for a partition . Then
Q key( ) for all tableaux Q 2 PeelD).

Proof. Suppose hasi nonempty rows. By Proposition 8.7.3 with | = f1;2;:::;ig, we
may assumethat D hasi rows. SinceD D( ), the rst coumnC of D isC =i 321.
Let =(1 1, 2 1;:::; i 1). The rst column of Q cortains C and cortains only

letters in |, soit must be equalto C. Then [Q C] is merely Q with its rst column
erased.By de nition [Q C]is(D C)-peelable.By induction Q C key( ). But then

Q Ckey( )= key( ).
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We sa&y that a diagram D is -partitionlik e for the partition if D is northwest and
D ( ) can be obtained from D by repeatedly exchanging adjacert rows or columns, staying
within the family of northwest shapes.

Lemma 8.9. Peel(D) consists of one tableau, namely key(code(D)), if D is partitionlike.

Proof. Using parts 1 and 2 of Proposition 8.7 to passfrom D to D( ), there is a shape-
preserving bijection from Pee(D) to Pee(D( )). Lemma 8.8 and Remark 7.16 imply that
key( ) is the unique D( )-peelabletableau. Thus Peel(D) consistsof a single tableau of
shape (sincekey( ) hasshape ) andweight code(D) (by Remark7.16). But key(code(D))
is the unique such tableau.

Lemma 8.10. SupmseD is a northwest diagram suchthat its r" row (viewed as a subset
of integers given by the column indices of its cells) either contains or is contained in its

(r + 1) row. Supmsethat rowsr and r + 1 have a and b cells, resgctively. If Q is a

D-peelabletableau, then [Qlfyr+14 = [(r + 1)°re].

Proof. Proposition 8.7.3with | = fr;r + 1g implies [Q], is Dj, -peelable. By Lemma 8.9
there is a unique Dj, -peelabletableau, namely [(r + 1)°r3].

In light of Remark 7.20, the following two results are restatemeris of Lemma 7.5 and
Proposition 7.7.

Lemma 8.11. Let w be a permutation suchthat w(i) < w(i + 1). If Q 2 PeelD(w)) and
= wi(K (Q)), then | 1.

Prop osition 8.12. For a xed dimension vector (ro;ri;:::;rn), identify Dyom and D( o)
with partitions of those shages. Let r be a rank array with the atove dimension vector,
Q 2 PeelD;), and = shape(Q). Then Dyom D( o).

Let Q 2 Peel(D,) and = shape(Q). By Lemma8.8Q key(Dpom). The skew tableau
Q key(Hom) has shape =D yom D( 0)=Dyom. The skew shape D( ¢)=Dyom is a
disjoint union of rj ; rj rectanglesfor 1 i nin whichther; ; r; rectangleresidesin
the (i 1)3 block row and i block column, where the indexing of block rows and columns
is the sameas in Section 1.2. Proposition 8.12 and Lemma 8.8 imply that the following
map  from PeelD,) to length n sequence®f tableaux is well-de ned. It is the peelable
tableau analogueof De nition 7.8.

De nition  8.13. Let Q beaD,-peelabletableau. The sequence (Q) = (W1;Wo;:::; W)
of tableaux is obtained by deleting Dpom from Q if W; is the subtableau of the skew
tableau Q key(Dpom) sitting insidethe r; 1 r; rectangle.

Example 8.14. The image under | of the D,-peelabletableau in Example 7.17 is the
sequencgWq; W»; W3) depicted in Fig. 8.

8.3. Bijection to factor sequences

Next we give a condition for a tableau list to be obtained by deleting Dyom from a D, -
peelabletableau. This will beindispensablefor proving the bijection from peelabletableaux
to factor sequencesthe aim of this section. The ideais to perform seeral peelingstogether,
soasto remove one block column at a time. The "code of D' is de ned in Remark 7.16.

Lemma 8.15. Let D be a northwest diagram, divided by a vertical line into diagrams DY
(\ D-west") and D€ (\ D-east"), where D" is the rst seveanl columnsof D. AssumeDVY is
-partitionlike, and setY = key(code(D%)).
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Figure 8. Peelabletableau to factor sequenceunder

1. If Q2 PeelD) thenQ Y.
2.1f Q Y,thenQ 2 PeelD) if andonly if [Q Y]2 PeelD°*®).

Proof. By Proposition 8.7.2we assumethat the columnsof D" are decreasingwith respect
to cortainment. Supposethe rows of DY are not decreasingwith respect to cortainment.
Then somerow r of D% is a proper subsetof row r + 1. SinceD is northwest, row r of D €
is empty. This given, apply Proposition 8.7.1. It is straightforward to ched that the above
conditions for D and Q are equivalert to those for s;D and s,Q. Hencewe may assume
that DY = D( ) for a partition

Now item 1 follows from Lemma 8.8. For item 2 we usethe jeu de taquin [Ful97, Sec-
tion 1.2]. Let Cj bethe column word that givesthe (decreasing)set of row indices for the
elemerts in columnj of D. The result [Q C1] of one peeling step can be computed by
sliding the skewtableau Q C; into the cellsoccupiedby C;. Repeating this processfor the
columnsof DY, the tableau resulting from applying the corresponding peelingstepsto Q is
also obtained by remaoving the subtableau Y (which must be presert in Q by item 1) and
sliding the skew tableau Q Y into the cellsthat were occupied by Y.

Lemma 8.16. If (Wq;:::;W,) = (Q) for Q 2 PeelD,), then

(8.6) W, 2 Bi;

(8.7) height (W;) ri 1

(8.8) width (W;) ri;

and Q hasthe black column factorization

(8.9) Q = (WnYn)  (W2Y2)(W1Y1):

Proof. Statemert (8.6) follows from (8.2) and the fact that W; sits belov Y; in a block
column of the tableau Q. The rest follows by de nition, using Proposition 8.12.

tableau by deleting Dyom if and only if there exist tableaux X 1;:::; X suchthat
(8.10) Xn = Wp;

(8.11) Xi Ki for all i,

(8.12) Xi = [(Xi+1  Kis)W;] fori=1;:::;n 1,

(8.13) and X; = Ky;
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and if

(8.14) Zi = [XiWi 1 WpWilg, ,
then

(8.15) height(Z;) r 1

(8.16) width( Z;) Fi;

(8.17) « and wt(Z)) = wi(T i i 1);
where wt( T ic j) = Wt(Tk;‘).

ki
T
The proof will comeshortly.

Lemma 8.18. The conditions in Proposition 8.17 imply the following:

(8.18) Xi 2 B,

(8.19) height (X;) r 1

(8.20) width( X;) ri

(8.21) wt(Xi) wWt(T i i 1)

Proof. (8.18) can be proved by induction using (8.6). X; is a factor of Z; by (8.18) and
(8.14). The last three assertionsthen follow from (8.15), (8.16), and (8.17).

Lemma 8.19. If (8.10) through(8.13) hold, then the conditions (8.18) through (8.20) imply
(8.6) through (8.9), plus

wt(W;) wit(T i 1):

Example 8.20. The tableaux X; and Z; assaiated with the above tableaux W; are given
by

_ [8]9]9] _ 55 _ 5]
(822) X3— 9 X2— 9 9 X]_— E
_ 18]9]9] _ 15]|5]/5] _ 5]
(8.23) Z3= g Z2= 1315 Z1= iy

Note that the X tableaux appear at the bottom of the leftmost block columnsin the rst,
fourth, and eighth tableaux in Example 7.17.

Proof of Proposition 8.17. Set D = D, and let D; be the diagram obtained from D by
removing the n' through (i + 1)t block columns(or equivalertly the leftmost r,+  + rj41
columns). Let Dj; be obtained from D; by removing the 0" through (j 1)t block rows.
In other words, D; consistsof the block at the intersection of the i™ block column and j ™
block row, along with all blocks to its south and east.

Suppose(Wsq;:::;W,) =  (Q) for a tableau Q 2 Pee(D). Let Q; 2 PeelD;) be the
tableau obtained from Q by r, + + ri+1 peelings. We shall proceedby induction, with
hypothesis (for descendingi) being that Q; hasthe block column factorization

(8.24) Qi = XYW 1Y 1) (WaY2)(W1Y1)
and that X;;Z; have beende ned and have the desiredpropertiesforn j i.
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Suppose0 i n andthe induction hypothesisholds for indices greater than i. It must
be shown that the induction hypothesisholds for i. The tableau X; is de ned by (8.10)
wheni = n, or by (8.12) wheni < n (note that (8.11) holds for i + 1).

Apply Lemma8.15t0 Qj+1 2 Pee(Dj+1), with D%, the westblock column (the leftmost
ri+1 columns)of D, . By (8.24) for i+ 1, the rst block column of Qj+1 is Xj+1 Yj+1. Also
key(code(D}y;)) = Ki+1 Yi+1. Recalling that Q; is de ned by iterated peelingsfrom Q, we
have

Qi [(Xis1Yier  Kisa Yier )(WiYi)  (W1Y1)]
[(Xiva  Kizn)WiYi  (W1Y1)]
[(XiYD(Wi 1Yi 1) (WiY1)];

the last equality by de nition of X;. Apply Proposition 8.7.3t0 Q; 2 Pee(D;) and the
interval Bj ;. Note that (Di)js; = Dij, soin particular [Qi]s, , 2 PeelDj; 1). Thus

[Qils; , = XiWi 1 Wilg, , = Zj;
by (8.25), (8.2), and (8.14). We have proved that
(8.26) Q2 PeelD) ) Z;2Pee(Di 1):

The sum of the heights of the rectanglesin the i™ block column of Dii 1 D is at
most r; 1 by (1.3). The sum of the widths of the rectanglesin the (i 1) block row of
Dii 1 D isatmostr; by (1.4). Z; ts insidear; 1 r; rectangle,by Lemma 8.6, (1.7),
and (1.8). This proves(8.15) and (8.16). Equation (8.17) follows from Remark 7.16. By
Lemma 8.18, the corresponding properties (8.18) through (8.21) hold for the X tableaux.
The block column factorization (8.24) for j = i then follows from (8.25), (8.19), (8.20), and
(8.18).

To prove (8.11), apply Lemma 8.15with Q; 2 Pee(D;) and D}¥ given by the westmost
block column of D;. This yieldsthat Q; key(code(D")) = K;Y;. By (8.24) the rst block
column of Q; is X;Y;, from which (8.11) follows.

For the corverse (i.e. that (8.10)%(8.17) imply (Wq;:::;W,) lies in the image of ),
supposethe X; and Z; exist and have the desired properties. By Lemmas8.18 and 8.19,
conditions (8.18){(8.21) and (8.6){(8.8) all hold. Let Q; be de ned by the block column
factorization (8.24). The aforemertioned properties guarartee that Q; is a tableau. It will
be shown by induction on increasingi that Q; 2 PeelD;).

Fori = 0, Qg isempty by (8.24), and D is the empty diagram soQg 2 PeelDg). Suppose
i > 0. Apply Lemma 8.15to D; and Q; with D}" the west block column of D;. Then
Qi 2 PeelD;) if and only if Q;  key(code(D¥)) = KiY; and [Q; (K;Y;)] 2 PeelD; 1).
But Q; has rst block column X;Y; soby (8.11) it contains K;Y;. Also

Qi (KiYi)] [(Xi  K)Yi(Wi 1Yi 1) (W1Y1)]
Xi 1Yi 1(Wi 2Yi 2 (W1Yy)]
Qi 1
by (8.24) fori andi 1, and (8.12) fori 1. Sinceby induction Q; 1 2 PeelD; 1), we
concludethat Q; 2 PeelD;). Takingi = n we have Q, 2 PeelD,).
The proof is complete becauseQ, = Q and D, = D.

(8.25)

For the record, the next result is \rank stability for peelabletableaux”, which is anal-
ogousto the rank stability statemerts we proved for componerts of quiver degenerations
(Proposition 4.13) and Zelevinsky pipe dreams (Prop osition 5.15).
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Corollary 8.21. There is a bijection Pee(D,)! PeelDn+r) inducing a shape-preserving
bijection Im( ) ! Im( m+r).

Proof. With notation asin De nition 1.10,the diagramsD, andD,,, arethe sameup to
removing someempty columnsand rows. By Proposition 8.17 the imagesof  and s+
dier by atrivial relabeling of their ertries.

Corollary 8.21 could be usedinstead of Proposition 7.13 as the conduit through which
Corollary 6.13erters into the proof of Theorem 7.21.

8.4. The Buch{Ful ton conjecture

Theorem 8.22. The map | taking each D,-peelable tableau Q 2 PeelD,) to the list
r(Q) of tableaux obtained by deleting Dyom from Q is a bijection from the set of D, -
peelabletableaux to r-factor sequenes.

tion 8.17 for membership in the image of | are equivalert to the conditions de ning an
r-factor sequence. The casen = 1 is trivial, sosupposen 2. Write ®; to denote the

analogueof the tableau K forb, for1 i n 1. Identifying the tableau array of b with
that of r but with Ty = Ti; 1 removed for all i, we have

(8.27) Ki = [®T] forl i n,

where by corverntion

(8.28) R, = 2:

Suppose rst that (Wq;:::;W,y) is an r-factor sequence. Let (U1;:::;U, 1) be an b-
factor sequencewith factorizations given by (8.3) and such that (8.4) and (8.5) hold. By
induction the b-factor sequence(Uq;:::;U, 1) satis es the conditions of Proposition 8.17
with assaiated tableaux )bi for1 i n 1. For conveniencede ne
(8.29) X, = 2
The %, satisfy the following analoguesof (8.12) through (8.21):

(8.30) R = [P Ri)U]
(8.31) X 10; forl i n 1
(8.32) 0, = Wi

De ning the tableau 2; by

(8.33) 2 = PRU 1 Ui

we have

(8.34) height (2) M

(8.35) width (2,) Fii+1

(8.36) wi(B) = wi(T ;i §):

Note that the analogue)bn 1= Up 1 of (8.10) follows from (8.28), (8.29) and (8.30).
De ne X; by

(8.37) Xi = DRTP 4
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By (8.31) and (8.27) we have (8.11) and
(8.38) Xi Kil = [(R R)P 4]:
We shall shawv by descendinginduction on i that X; and Z; (the latter being de ned by
(8.14)) have the properties speci ed by Proposition 8.17.
Wehave X, = [? ThPn 1] = [QnTaPn 1] = W, by (8.29), (8.5), and (8.4), proving (8.10).
Letn>i 1. Wehave
Xi = [RTiPi 4]

= [Riv1 R )UTiP 4]

= [Ris1 Ri)PIQTP 4]

= [Rier Riv1)PiWi]

= [(Xi+1 Ki+1 )Wil

by (8.37), (8.30), (8.3), (8.4), and (8.38), proving (8.12). We have X; = [)blTlPo] =
[IblTl] = K1 by (8.37), (8.32), (8.5), and (8.27), proving (8.13).

By construction Z; satis es (8.17). To seethis, obsene rst that ', wt(W;) is the
weight of the ertire tableau array. ThenFJoy (8.10) and (8.12), wt(X;W; 1 W,) is the
weight of the entire tableau array minus j“li+1 wt(Kj), which is the part of the tableau

array strictly westof the i block column. Finally, the restriction of X;W; 1 W, to B; 1
restricts to the part of the tableau array weakly below the (i 1)St block row.

In particular, Z; has at most r; distinct letters appearing in it sincethe corresponding
part of the tableau array hasthat property (seethe proof of Proposition 8.17). SinceZ; is
a tableau, (8.15) follows.

For (8.16), we have

Zi

[RiTiPi 1)(Qi 1Ti 1P 2)  (QuTiPo)ls,
DRiTiU 1Ui 2 Uils,

by (8.14), (8.37), (8.4), (8.3), (8.5), and the fact that T; 2 Aj ;. We get

2. = R U 2 Uls ,

[0 R)U 1 Uils, ,

(BT RT)U 1 Us, ,

[T KU 1 Uils, ,

[Zi Ki]

by (8.33), (8.30), (8.27), and (8.39). Here we have used ®; K; sothat [0;T;] [RiTi] =
Ki. By (8.40) we have

(8.39)

(8.40)

width( 2, 1) width( Z;)  width (K;):
But width (K;) = width(T;) = width(R; 1) = ri ri 1;; together with (8.35) (applied to
i linstead of i), this implies (8.16).

shaw that it is an r-factor sequence.By Lemma 8.18, conditions (8.18)(8.21) hold. We
claim that

(8.41) W, T foralll i n.
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We have

(8.42) Xi T foralll i n

by (8.11) and (8.1). For i = n, (8.10) and (8.42) gives (8.41). Forn > i 1, (8.18) for
i+ 1,(8.12), and (8.42) imply (8.41).
Considerthe factorization of W; pictured below.

Ti
Pi 1

Wi=

Qi
I

By construction (8.4) holds.

Since T, hasthe largest letters, Q, = ?. To obtain Po = ? (and nish up (8.5)), note
that [R.T1] = K1 = X1 = [(X2 K2)W4] by (8.27), (8.13), and (8.12). But K1 hasthe
samewidth asT;. It follows that W, doesalso, and hencethat Pg= ?.

De ne U; by (8.3). By induction it suces to prove that there exist tableaux ¥, suc

(8.43) W = [(Xis1 Kis1)Qi] forl i n 1
We have

RTP 1] = [(Xisr Kist)QTPi 1] = [(Xisz  Kis1)Wi] = X;
by (8.43), (8.4), and (8.12), proving (8.37). This implies (8.31). We get

R = [(Xis1  Kis1)Qi]

[()bi+1Ti+1 I:)i Ibi+1Ti+1)Qi]

[0 Rivg)PiQi]

[0 Rivg)Ui]

by (8.43), by (8.37), (8.27), and (8.31) for i + 1 (which hold by induction), and (8.3), proving
(8.30). We have [R1T;] = K1 = X; = [®1T1Po] = [R1T1] by (8.27), (8.13), (8.37), and
(8.5), from which (8.32) follows.

De ne Z; by (8.14) and p] by (8.33). Note that (8.36) holds by construction. This implies
(8.34) becausei’i is a tableau in an alphabet with at most r;;j +1 distinct letters. To shaw
that (8.35) holds, note that (8.40) still holds. Let Dj; beasin the proof of Proposition 8.17.
Recall that alsothat Z; 2 Pee(D;; 1) by (8.26). Apply Lemma 8.15with D% ; given by
the west block column of Dj; ;. Note that K; = key(code(D; ,)). It follows that the

r;-fold peelingof Z; (which is none other than 2, by (8.40)) is D;; -peelable. The inequality

is an r-factor sequence.

Our nal result is an alternate combinatorial version of the formula in Theorem 7.21.
The list of shapesin a tableau list is called the shap e of the tableau list.

Corollary 8.23 (l%uch{F ulton conjecture [BF99]). The quiver constant ¢ (r) in the expres-
sion Q;(x Xx) = c (r)s (xr x) of the quiver polynomial in terms of Schur functions
(or by Theorem 7.10, in the expression of doublequiver functions in terms of double Schur
functions) equalsthe number of r-factor sequene@sof shage _.
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Proof. Theorem 8.22 and Theorem 7.21.
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