Multiplier ideals Monomial ideals Log resolutions Cellular resolutions Polyhedral subdivisions References

Multiplier ideals of sums via cellular resolutions

Ezra Miller

University of Minnesota
ezra@mat h. uim. edu
http:// math. um. edu/ ~ezra

AMS Special Session on Toric Varieties
Rutgers, 6 October 2007

Report on joint work with Shin-Yao Jow (Michigan)



Multiplier ideals

Monomial ideals Log resolutions Cellular resolutions

Outline

o 0k wbd e

Multiplier ideals
Monomial ideals

Log resolutions
Cellular resolutions
Polyhedral subdivisions
References

Polyhedral subdivisions

References



. Muliplierideals ~~ Monomialideals  Logresolutions  Cellularresolutions  Polyhedral subdivisions  References
Multiplier ideals

Fix:

e smooth variety X over C,

e ideal sheaf a C O

» “weighting coefficient” & € R>g
Def: Multiplier ideal J(X,a%) = J(a®) C Ox:
f1,...,f, local generators of a =

[hf?

(fof? + - - + [fef2)>

7 "2 {n < ox

is locally integrable }

Idea: general f € a vanishes to high order
= need h to vanish sufficiently

e measures singularities common to all f € a:
worse singularity of a < deeper J(a%)

e applications: birational geometry, positivity, asymptotics, ...
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Def: Multiplier ideal J(X,a%) = J(a®) C Ox:
f1,...,f, local generators of a =

hP is locally integrable}
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Idea: general f € a vanishes to high order
= need h to vanish sufficiently

measures singularities common to all f € a:
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Monomial ideals

Example: X =C% and a = (x?) forb € N¢ = 7(a%) = (xl*P]),
where |ab| = (|abi], ..., [abg]) = integer part of ab.
Example [Howald, 2001]: X = CY and a = (xPs,... xPr) for
b1,...,by e Nd =

j(aa) = <X|_)\1b1+”'+>\rer | M4+ N = a>.

Equivalently: a; = (xP1),. <xbr> =a= al +o 4 and

T((ar+-+a)*) = ZJ NP1 ) ZJ

A= A=
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Example: X =C9 and a = (x?) for b € N4 = 7(a®) = (xloPl),
where |ab| = (|aby ], ..., |abq]) = integer part of ab.
Example [Howald, 2001]: X = C% and a = (x",..., xPr) for
bi,...,by € N =

j(a(l) . <XL)\1b1A<“+/\rer ‘ Al + -+ )\r — (¥>.

Equivalently: a; = (xP1),... ar = (XP") = a = al +Fa and

J((ag + - +a)¥) = Z T ((xAPr. . xArbry Z J(a

A=« A=«
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Example: X =C% and a = (x?) forb € N¢ = 7(a®) = (xlob]),
where |ab| = (|ab1], ..., [abg]) = integer part of ab.

bq,..., b, e N¢ =
J(a%) = (xPPrtFAD A N = a).

Equivalently: a; = (xP1), ..., ar = (XPr) = a = al +---+a, and

J((ag + - +a)*) = T ((xMPr .. xMbr) Z J(ar---a)
A=« A=«
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Monomial ideals

Example: X = CY and a = (x?) forb € N¢ = 7(a%) = (xl*P]),
where |ab| = (|ab1], ..., |abg]) = integer part of ab.
Example [Howald, 2001]: X = CY and a = (xPs,... xPr) for
bi,...,by e Nd =
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Log resolutions

Def: = : X’ — X is a log resolution of a if X’ is smooth and
a- Ox, = Ox/(—D) for an effective divisor D with normal crossings.

Def: Multiplier ideal J(a®) = 7, (wx/x ® Ox:(—|aD])).

Howald's formula: why is 7(monomial ideal) = monomial ideal?
Howald'’s proof: toric log resolutions.

More generally, let a,...,a, € Ox and Aq,..., A € Rxo. Fix
7 : X" — X, alog resolution of all of the a;, with a; - Ox, = Ox,(-D;).

Def: J(a}* -~ ) = ma (wxrjx @ Oxr(—|MD1 + -+ + ADr])).

Theorem [Takagi, 2006]. (following Demailly, Ein, Lazarsfeld,
Mustatd, ...): J((az + - +a)¥) = Z J(ar---aM).

A=
Proof: by reduction to characteristic p.

Note: sum is finite.
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Cellular resolutions

Theorem 1 [Jow-M, 2007]. There is a resolution
0—>\7r,l—>---—>jo—>j((a1+---+ar)a)—>0

by sheaves 7 that are finite direct sums of multiplier ideals of the
form J(ay® - - - aj) for various nonnegative A € R" with >, N = a.
Every distinct ideal sheaf of that form appears as a summand of 7.

Corollary [Takagi]. J((a1+---+a)*) = > J(a*--- o).

IXl=a

Theorem 2 [Jow-M, 2007]. There is a triangulation A of the
simplex {A € R" | >i_; Al = a and A > 0} such that we can choose

J=p 7
[ dSVAY]
to be a direct sum indexed by the set A; of i-dimensional faces o € A,
with the differential of 7, induced by natural maps between ideal
sheaves, using the signs from the boundary maps of A.

If A € Ao is a vertex, then 7y = J(a;3* - --ap).
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by sheaves J; that are finite direct sums of multiplier ideals of the
form J(ai‘l ---apr) for various nonnegative A € R" with 3_, A = o
Every distinct ideal sheaf of that form appears as a summand of 7.

Corollary [Takagi]. 7((a1+---+a)*) = > J(a* - o).
A=a
There is a triangulation A of the
simplex {\ € R" | Y>/_; i = a and \ > 0} such that we can choose

J=p I

[ dSVAY]

to be a direct sum indexed by the set A; of i-dimensional faces o € A,
with the differential of 7, induced by natural maps between ideal
sheaves, using the signs from the boundary maps of A.

If A € Ao is a vertex, then 7y = J(a;3* - --ap).
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by sheaves 7 that are finite direct sums of multiplier ideals of the
form J(a}® - - - aj) for various nonnegative A € R" with >_; N = a.
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Theorem 1 [Jow-M, 2007]. There is a resolution
0—>\7r,l—>---—>jo—>j((a1+---+ar)a)—>0

by sheaves 7 that are finite direct sums of multiplier ideals of the
form J(a}® - - - aj) for various nonnegative A € R" with >_; N = a.
Every distinct ideal sheaf of that form appears as a summand of 7.

Corollary [Takagi]. J((a1+---+a)*) = > J(ap* - o).

A |=a
Theorem 2 [Jow-M, 2007]. There is a triangulation A of the
simplex {A € R" | 3>7_; \i = a and X > 0} such that we can choose

J=p I
gEN;
to be a direct sum indexed by the set A; of i-dimensional faces o € A,
with the differential of 7, induced by natural maps between ideal
sheaves, using the signs from the boundary maps of A.

If A € Ag is a vertex, then 7y = J(a3* - --ap).
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Polyhedral subdivisions

Fix 7 : X’ — X with aj Oy = Ox/(—Dj) fij =1....r.
Let Eq, ..., Ey be the prime divisors appearing in Dy, ..., D;.

j(ail~~~aF\') :W*(WX’/X ®Ox/(—L/\1D1+"'+)\rDrJ))-

Set A = first barycentric subdivision of this polyhedral complex.

Theorem [Jow-M, 2007]. For o € A setm, = xfEl(A)J x (B
where X is the barycenter of . Then A supports a cellular free
resolution of (M, | o € Ag) over C[xy, ..., Xn].

This, locally on X', plus multiplier ideal hocus-pocus = Thms 1 & 2.
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Polyhedral subdivisions

Fix m: X" — X with aj - Ox» = Ox/(=Dj) forj =1,...,r.

Let Ey, ..., E, be the prime divisors appearing in Dy, ..., D;.

j(ai1~-~a?') = Mo (wx/x @ Oxr(=[MD1+ -+ + XDy ])).

Set A = first barycentric subdivision of this polyhedral complex.

Theorem [Jow-M, 2007]. For o € A set m, = x BNy [B]
where ) is the barycenter of o. Then A supports a cellular free
resolution of (M, | o € Ag) over C[xy, ..., Xn].

This, locally on X’, plus multiplier ideal hocus-pocus = Thms 1 & 2.
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Polyhedral subdivisions

Fix 7 : X’ — X with aj - Oxr = Ox/(—Dj) forj=1,...,r.
Let Ey, ..., E, be the prime divisors appearing in Dy, ..., Dy.

j(ai‘l"'ar)‘r) =7 (wx/x ® Ox/(=[A1D1 + -+ + ADr ).

coeff. onE; =z +6
coeff,. onE; =z +5
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{NeR| N =a}: coeff. on E; =z + 3
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Set A = first barycentric subdivision of this polyhedral complex.

Theorem [Jow-M, 2007]. For o € A set m, = x B ..y BN
where ) is the barycenter of o. Then A supports a cellular free
resolution of (M, | o € Ag) over C[Xy, ..., Xn].

This, locally on X’, plus multiplier ideal hocus-pocus = Thms 1 & 2.



References

References

Dave Bayer and Bernd Sturmfels, Cellular resolutions of monomial modules, J. Reine
Angew. Math. 502 (1998), 123—140.

Jean-Pierre Demailly, Lawrence Ein, and Robert Lazarsfeld, A subadditivity property
of multiplier ideals, Michigan Math. J. 48 (2000), 137-156.

Jason Howald, Multiplier ideals of monomial ideals, Trans. Amer. Math. Soc. 353
(2001), no. 7, 2665-2671 (electronic).

Shin-Yao Jow and Ezra Miller, Multiplier ideals of sums via cellular resolutions, Math.
Res. Lett., to appear. ar Xi v: mat h. AG 0703299

Robert Lazarsfeld, Positivity in Algebraic Geometry I-Il, Ergeb. Math. Grenzgeb.,
vols. 48—-49, Berlin: Springer, 2004.

Mircea Mustata, The multiplier ideals of a sum of ideals, Trans. Amer. Math. Soc.
354 (2002), no. 1, 205-217.

Shunsuke Takagi, Formulas for multiplier ideals on singular varieties, Amer. J. Math.
128 (2006), 1345-1362. ar Xi v: mat h. AG 0410612



	Multiplier ideals
	Monomial ideals
	Log resolutions
	Cellular resolutions
	Polyhedral subdivisions
	References

