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Abstra ct. Fix nonzero ideal sheavesa1; : : : ; ar and b on a normal Q-Gorenstein
complex variety X . For any positive real numbers � and � , we construct a resolu-
tion of the multiplier ideal J ((a1 + � � � + ar )� b� ) by sheaves that are direct sums
of multiplier ideals J (a� 1

1 � � � a� r
r b� ) for various � 2 Rr

� 0 satisfying
P r

i =1 � i = � .
The resolution is cellular, in the sensethat its boundary maps are encoded by the
algebraic chain complex of a regular CW-complex. The CW-complex is naturally
expressedas a triangulation � of the simplex of nonnegative real vectors � 2 Rr

with
P r

i =1 � i = � . The acyclicity of our resolution reducesto that of a cellular free
resolution, supported on �, of a related monomial ideal. Our resolution implies the
multiplier ideal sum formula

J (X ; (a1 + � � � + ar )� b� ) =
X

� 1 + ��� + � r = �

J (X ; a� 1
1 � � � a� r

r b� );

generalizingTakagi's formula for two summands[Tak05], and recovering Howald's
multiplier ideal formula for monomial ideals [How01] as a special case.Our resolu-
tion alsoyields a new exactnessproof for the Skoda complex [Laz04, Section 9.6.C].

Intr oduction

Let X be a smooth complex algebraicvariety and let a � OX be an ideal sheaf.
Applications in algebraicgeometryof the multiplier ideal sheaves

J (a� ) = J (X ; a� ) � OX

for real numbers � > 0 have led to investigations of their behavior with respect to
natural algebraic operations. For example, Demailly, Ein, and Lazarsfeld [DEL00]
proved that given two ideal sheavesa1 and a2, onehas

J ((a1a2)� ) � J (a�
1 )J (a�

2 ):

For the subtler caseof sums,on the other hand, Mustat� �a [Mus02] showed that

J ((a1 + a2)� ) �
X

0� t � �

J (a� � t
1 )J (at

2);

and Takagi [Tak05] later re�ned this to

(1) J ((a1 + a2)� ) =
X

0� t � �

J (a� � t
1 at

2);
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wherehe proved it more generallywhen X is normal and Q-Gorenstein.
Takagi usedcharacteristicp methodsto deduce(1), which makeshis work distinctly

di�erent from [DEL00] and [Mus02], wherethe arguments proceedby geometrictech-
niques such as log resolutions and sheafcohomology. Our purposeis to show that
such geometrictechniques,combined with combinatorial methods from topology and
commutativ e algebra,can recover Takagi's equality (1) and generalizeit. As a conse-
quence,we derive a new proof (Corollary 3) of Howald's formula for multiplier ideals
of monomial ideals[How01], and demonstratehow it can be reformulated to hold for
all ideals. In addition, we obtain a new \cellular" exactnessproof (Corollary 4.4) for
the Skoda complex [Laz04, Section 9.6.C] via the contractibilit y of simplices. Our
main results center around the following, which constitutes part of Theorem3.6.

Theorem 1. Fix nonzero ideal sheavesa1; : : : ; ar ; b on a normal Q-Gorensteincom-
plex variety X and � ; � > 0. There is a resolution 0 ! J r � 1 ! � � � ! J 0 ! 0 of
the multiplier ideal J ((a1 + � � � + ar )� b� ) by sheavesJ i that are �nite direct sums
of multiplier ideals of the form J (a� 1

1 � � � a� r
r b� ) for various nonnegative � 2 Rr withP r

i =1 � i = � . Every distinct ideal sheaf of that form appears as a summandof J 0.

Part of the �nal claim of Theorem 1 is that there are only �nitely many distinct
multiplier ideals of the form J (X ; a� 1

1 � � � a� r
r b� ) for � 1 + � � � + � r = � . (This fact

alone is not very hard to seefrom the de�nition of multiplier ideals.) In particular,
the surjection J 0 � J (X ; (a1 + � � � + ar )� b� ) in our resolution implies the following
(�nite) summation formula; seealsoSection4 for re�nements.

Corollary 2. J (X ; (a1 + � � � + ar )� b� ) =
X

� 1+ ��� + � r = �

J (X ; a� 1
1 � � � a� r

r b� ).

Corollary 2 reducesthe calculation of the multiplier ideals of arbitrary polyno-
mial ideals to those of principal ideals. In the special caseof a monomial ideal
a = hx 
 1 ; : : : ; x 
 r i , generatedby the monomials in the polynomial ring C[x1; : : : ; xd]
with exponent vectors 
 1; : : : ; 
 r 2 Nd, the summation formula becomesparticularly
explicit. For a subset� � Rd, let conv � denote its convex hull. By the integer part
of a vector � = (� 1; : : : ; � d) 2 Rd, we mean the vector (b� 1c; : : : ; b� dc) 2 Zd whose
entries are the greatestintegerslessthan or equal to the coordinatesof � .

Corollary 3. If a = hx 
 1 ; : : : ; x 
 r i is a monomial ideal in C[x1; : : : ; xd], then J (a� )
is generated by the monomialsin C[x1; : : : ; xd] whoseexponent vectors are the integer
parts of the vectors in convf � � 
 1; : : : ; � � 
 r g � Rd.

Proof. UsingCorollary 2 with aj = hx 
 j i , it su�ces to note that the divisor of a single
monomial hassimple normal crossings,sono log resolution is necessary. �

It is easyto check that for � = 1, the vectors in the conclusionof Corollary 3 are
precisely those from Howald's result [How01], namely the vectors 
 2 Nd such that

 + (1; : : : ; 1) lies in the interior of the convex hull of all exponents of monomialsin a.
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Our approach to Theorem 1 is to construct a speci�c resolution satisfying the
hypotheses,including the part about J 0. The resolution we construct is cellular, in a
sensegeneralizingthe manner in which resolutionsof monomial idealscan be cellular
[BS98]; see[MS05, Chapter 4] for an introduction. In general, a complex in any
abelian category could be called cellular if each homologicaldegreeis a direct sum
indexedby the facesof a CW-complex, and the boundary mapsare determined in a
natural way from thoseof the CW-complex. An elementary way to phrasethis in the
present context is asfollows. (Theorem3.6 is moreprecise:a speci�c triangulation �
is constructedin Section2, and the sheavesJ � are speci�ed in Remark 3.3.)

Theorem 4. Resumethe notation from Theorem 1. There is a triangulation � of
the simplexf � 2 Rr j

P r
i =1 � i = � and � � 0g suchthat

J i =
M

� 2 � i

J �

can be takento be a direct sumindexed by the set � i of i -dimensionalfaces� 2 � , and
the di�er ential of J . is induced by natural mapsbetween ideal sheaves,using the signs
from the boundary mapsof � . If � 2 � 0 is a vertex, then J � = J (X ; a� 1

1 � � � a� r
r b� ).

Comparing the �nal sentences of Theorems 1 and 4, a key point is that every
possiblemultiplier ideal of the form J (X ; a� 1

1 � � � a� r
r b� ) occursat somevertex � 2 � 0.

Writing down what it meansfor two such multiplier idealsto coincide,this stipulation
provides strong hints as to potential choicesfor triangulations; seeSection2.

The proof of exactnessfor the cellular resolution in Theorem4 proceedsby lifting
the problem to an appropriate log resolution X 0 ! X ; seethe proof of Theorem3.6.
Over X 0, we resolve the lifted ideal sheaf by a complex (of locally principal ideal
sheavesin OX 0) that is, analytically locally at each point of X 0, a cellular freecomplex
over a polynomial ring. This cellular free complex turns out to be a cellular free
resolution of an appropriate monomial ideal; its construction and proof of acyclicity
occupy Section2, particularly Proposition 2.2. Having cellularly resolved the lifted
sheafover X 0, the desiredcellular resolution over OX is obtained by pushing forward
to X and usinglocal vanishing;again,seethe proof of Theorem3.6. ThusTheorems1
and 4 constitute a certain globalversionof cellular freeresolutionsof monomial ideals.

The acyclicity of the cellular free resolutionsin Proposition 2.2 reduceto a simpli-
cial homologyvanishing statement, Corollary 1.7, for simplicial complexesobtained
by deleting boundary facesfrom certain contractible manifolds-with-boundary. We
deduceCorollary 1.7 from the following more generalstatement, which is of indepen-
dent interest. Its rimmed hypothesisis satis�ed by the barycentric subdivision of any
polyhedral homology-manifold-with-boundary. In what follows, to deletea simplex �
from a simplicial complexM meansto remove from M every simplex containing � .
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Prop osition 5. Fix a simplicial complex M whosegeometric realization jM j is a
homology-manifold with boundary @M . Assumethat M is rimmed, meaning that

(2) if � is a face of M , then � \ j@M j is a face of M .

Then deleting any collection of boundary simplices from M results in a simplicial
subcomplexwhose(reduced) homology is canonically isomorphic to that of M .

Ac knowledgemen ts. We are grateful to Rob Lazarsfeld for valuable discussions,
and to Shunsuke Takagi for the suggestionto work with singular varieties. EM was
supported by NSF CAREER grant DMS-0449102and a University of Minnesota
McKnight Land-Grant Professorship.The latter funded his visit to the University of
Michigan, which he wishesto thank for its hospitality while this work wascompleted.

1. Combina torial topological preliminaries

In this sectionwe collect someelementary results from simplicial topology. For ad-
ditional background, see[Mun84], especially x63 for homology-manifolds,and [Zie95,
Section5.1] for polyhedral complexes.The reader interestedsolely in the construc-
tion of resolutions for Theorems1 and 4, as opposedto their acyclicity proofs, can
proceedto Section2 after Example 1.1. The goal for the remainderof this sectionis
the proof of Proposition 5 and its immediate consequence,Corollary 1.7.

Our convention is to identify any abstract simplicial complex� with the underlying
topological spaceof any geometric realization j� j. Thus, �xing a vertex set V , we
view � as a collection of simplices (�nite subsetsof V), called faces of �, such that
any subsetof any faceof � is a faceof �. For example,we can expressthe link in �
of a face� as the subcomplex

link � (� ) = f � 2 � j � [ � 2 � and � \ � = ? g:

In what follows, all links are taken inside of the ambient simplicial complex, unless
otherwisenoted. Our motivation is the following classof simplicial complexes.

Example 1.1. Let P be a polyhedral complex,such asa polyhedral subdivision of a
polytope. (This exampleworks just aswell for any regular cell complex;see[Bj•o84]).
The barycentric subdivision of P is the simplicial complex � whosevertex set is the
set of facesof P, and whosesimplicesare the chains P1 < � � � < P` of facesPj 2 P.
Here P < Q meansthat P is a proper faceof Q. The barycentric subdivision � is
homeomorphicto (the spaceunderlying) P; one way to realize � is to let each face
P1 < � � � < P` be the convex hull of the barycenters of the facesP1; : : : ; P` .

The main idea in the proof of Proposition 5 is to deletethe boundary simplicesone
by one, in a suitable order, so that at each step the homology remains unchanged,
using the following.
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Lemma 1.2. Fix a simplicial complex� and a chain of simplicial subcomplexes

� = � 0 � � 1 � � � � � � r = � :

If the relative chain complexof each pair (� i � 1; � i ) has vanishing homology for all
i = 1; : : : ; r , then the homology of � is canonically isomorphic to that of � .

Proof. Repeatedly apply the long exact sequenceof homology. �

Throughout the rest of this section, we use M to denote a simplicial homology-
manifold-with-boundary of dimensiondim(M ) = d, de�ned as follows.

De�nition 1.3. A simplicial homology-manifold-with-boundary of dimensiond is a
simplicial complexwhosemaximal facesall have dimensiond, and such that the link
of each i -facehas the homologyof either a ball or a sphereof dimensiond � i � 1.

Remark 1.4. If the polyhedral complex P in Example 1.1 subdivides a homology-
manifold-with-boundary, then the conditions of Proposition 5, including the rimmed
condition (2), are satis�ed by the barycentric subdivision of P.

Lemma 1.5. The link of any i -face in M is a dimensiond� i � 1 simplicial homology-
manifold-with-boundary.

Proof. If � � M is a face of dimension i , then � = linkM (� ) is pure of dimen-
sion d � i � 1 becauseM is pure of dimensiond. The condition on the homologyof
the link in � of a face� 2 � holdssimply becausethe condition holdsfor link M (� [ � ),
which equalslink � (� ) by de�nition. �

The above lemma required no special hypotheseson M . Our �nal observation
beforethe proof of Proposition 5 is that the condition (2) of beingrimmed is inherited
by links of boundary faces.

Lemma 1.6. Under the hypothesesof Proposition 5, the link of any boundarysimplex
of M satis�es all of the hypotheseson M in Proposition 5, including being rimmed.

Proof. Let � be a boundary simplex of M . In view of Lemma1.5, we needonly show
that link(� ) satis�es (2). This condition is a consequenceof the equality

(3) @(link (� )) = @M \ link( � );

becausefor any simplex � in link(� ), the intersection� \ @(link (� )) is forcedto equal
� \ @M , which is a faceof � by (2).

To prove (3), we �rst show that if � 2 @(link (� )) then � 2 @M ; note that for
this implication, condition (2) is not necessary. Replacing � by a faceof @(link (� ))
containing it, if necessary, we may assumethat dim(� [ � ) = d � 1; equivalently, � is
a maximal faceof @(link (� )). In this case,there is only onemaximal faceof link(� )
containing � . But the facesof link(� ) containing � are in bijection with the faces
of M containing � [ � . Hencethere is only onemaximal faceof M containing � [ � .
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Therefore� [ � must be a boundary faceof M . We concludethat � 2 @M , because
� is a faceof � [ � .

For the reversecontainment, supposenow that � 2 @M \ link(� ), and let � 0 =
� [ � 2 M . The intersection � 0\ @M is a faceof M by condition (2), and it contains
all of the vertices of � and � , becauseboth � and � are boundary facesof M . The
only faceof � 0 containing all of the verticesof � and � is � 0 itself; hence� 0 = � 0\ @M
is a boundary faceof M . It follows that link(� 0) has the homologyof a ball (rather
than a sphere). But link(� 0) = linkM (� [ � ) = link link( � ) (� ), so � 2 @(link (� )). �

Proof of Proposition 5. Use induction on the dimension of M . For dim M = 1 the
statement is an elementary claim concerningsubdivided intervals, so assumethat
dim M = d � 2. Let S be the collection of boundary facesto be deleted. Without
lossof generality, we may assumethat S is a cocomplex inside@M , which meansthat
if � 2 S and � 2 @M such that � � � , then � 2 S.

Totally order the simplicesin S in such a way that all of the simplicesof maximal
dimensiond� 1 come�rst, then thoseof dimensiond� 2, and soon. Let � 1; � 2; : : : be
this totally orderedsequenceof simplices. Let M i be the result of deleting � 1; : : : ; � i

from M , with M = M 0. The desiredresult will follow from Lemma1.2, with M = � ,
as soon as we show that the relative chain complexesC.(M i � 1; M i ) are all acyclic.

Let � be the simplicial complexobtained by deleting the boundary from link M (� i ),
which is acyclic by induction, via Lemma 1.6. We claim that C.(M i � 1; M i ) is (non-
canonically) isomorphicto the reducedchain complex ~C.(�). Indeed,recall the bijec-
tive correspondencebetweenthe facesof link M (� i ) and the facesof M containing � i .
Under this correspondence,� is mapped bijectively to the set

f � 2 M j � \ @M = � i g = f � 2 M i � 1 j � � � i g:

The facesof this cocomplex inside M i � 1 constitute a free basisof C.(M i � 1; M i ), and
this inducesan isomorphismfrom ~C.(�) to C.(M i � 1; M i ). �

For future reference,here is the special caseof Proposition 5 that we apply later.

Corollary 1.7. If M is a contractible rimmed simplicial manifold-with-boundary,
then deletingany collection of boundary faces from M resultsin a simplicial subcom-
plex with vanishingreduced homology.

Remark 1.8. It would bepreferableto concludein Corollary 1.7that the subcomplex
is contractible, and moregenerallythat the subcomplexin Proposition 5 is homotopy-
equivalent to M , using [Bj•o84, Lemma 10.3(i)]: if � i = � i � 1 [ � i is a union of two
simplicial subcomplexessuch that � i and � i � 1 \ � i are both contractible, then � i is
homotopy-equivalent to � i � 1. The notation hereis consistent with Lemma1.2; in our
case� i � 1 is the result of deleting a boundary simplex � i from � i , and � i is the cone
from � i over � i � 1 \ � i (thus � i is the closed star of � i in � i ). The problem is that,
while � i is always contractible (it is a cone), the subcomplex � i � 1 \ � i = link � i (� i )
neednot be simply-connected,even though it hasvanishinghomology.
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2. A cellular free resolution

Let A 2 Zn� r bean integermatrix with n rowsand r columns,and �x a real column
vector b2 Rn with coordinatesb1; : : : ; bn . (When applying theseresults in Section3,
all entries in the matrix A will be nonnegative.) Viewing the rows A1; : : : ; An as
functionalson Rr , we get an (in�nite but locally �nite) a�ne hyperplanearrangement

A =
[

z2 Zn

1� j � n

f � 2 Rr j A j � � + bj = zj g:

The arrangement A inducesa polyhedral subdivision of Rr . Fixing a nonnegative
real number � 2 R� 0, the restriction of this polyhedral subdivision to the simplex

� � = f (� 1; : : : ; � r ) 2 Rr
� 0 j � 1 + � � � + � r = � g

is a polyhedral subdivision A � of � � . Two points � and � lie in the same(relatively
open) cell of A � if and only if for each j = 1; : : : ; n, there is an integer zj such
that either

� A j � � + bj = A j � � + bj = zj , or else
� A j � � + bj and A j � � + bj both lie in the open interval (zj ; zj + 1).

For the duration of this paper, �x any polyhedral subdivision P of � � that re-
�nes A � , meaning that every face of P is contained in a face of A � . As in Exam-
ple 1.1, denote by � the barycentric subdivision of P, realized so that the vertices
of � are the barycenters of the cellsof P. We write � (P) for the vertex of � that is
the barycenter of the polytope P 2 P.

Construct a module M � C[x � 1
1 ; : : : ; x � 1

n ] generatedby (Laurent) monomialsover
the polynomial ring C[x1; : : : ; xn ], so M is a Laurent monomial module [MS05, De�-
nition 9.6], as follows. For each polytope P 2 P, set

mP = xbA 1 �� + b1c
1 � � � xbA n �� + bn c

n for any � 2 P � ;

wherebzc is the greatestinteger lessthan or equalto z, and the cell P � is the relative
interior of P; the monomial mP is well-de�ned becausethe greatest integer parts
de�ning it are equal for all vectors in the samecell of P. Now de�ne

M = hmP j P 2 Pi :

We can label each simplex in � with a monomial as follows. By virtue of the
fact that each polytope in P indexes a monomial mP in the Laurent polynomial
ring, the verticesof the simplicial complex�, which are the barycenters � (P) of the
polytopesP 2 P, are labeledwith monomials. For each such vertex � (P), let us set
m� (P ) = mP . More generally, for each simplex � 2 �,

if � = (P1 < � � � < P` ) then set m� = mP1 ;

i.e., we label � by the monomial of the smallest face in the chain. For (Laurent)
monomialsm andm0, wesay that m dividesm0 if m0=m is a monomialin C[x1; : : : ; xn ].
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Lemma 2.1. If P < Q are polytopes in P, then mQ divides mP . Consequently, if
� 2 � is a simplex,then m� is the least commonmultiple of f m� j � is a vertexof � g.

Proof. Weproveonly the �rst sentence,asthe secondfollowseasily. From the perspec-
tive of the greatestintegerparts usedin constructing mP and mQ, the only di�erence
betweenthe barycenters of P and Q is that moreof the a�ne functions � 7! A j � � + bj

can take integervalueson � (P) than on � (Q). In particular, if bA j � � (Q) + bj c = zj ,
then bA j � � (P) + bj c equalseither zj or zj + 1. This being true for all j , we conclude
that mQ divides mP (in fact, mP =mQ is a squarefreemonomial in C[x1; : : : ; xn ]). �

Lemma2.1is preciselythe condition underwhich the monomiallabelsm� for � 2 �
de�ne a cellular free complex on � [BS98, Section 1] (seealso Chapters 4 and 9 in
[MS05] for background). Brie
y , this is the complex

0 !
M

� 2 � r � 1

hm� i ! � � � !
M

� 2 � i

hm� i ! � � � !
M

� 2 � 0

hm� i ! 0

of freeC[x1; : : : ; xn ]-moduleswherethe morphism hm� i ! hm� i of principal Laurent
monomial modules is, for each codimension1 face� � � , the natural inclusion times
� 1. The sign is determinedby arbitrary but �xed orientations for the simplicesin �.

Prop osition 2.2. The cellular free complexsupported on � , in which� 2 � is labeled
by m� , is a cellular free resolution of the Laurent monomial module M .

Proof. By [BS98,Proposition 1.2], we needto show that the simplicial subcomplex

� � m = f � 2 � j m� divides mg

is acyclic for all Laurent monomialsm. Let m = xe1
1 � � � xen

n . For � = (P1 < � � � < P` ),
the monomial m� divides m if and only if the barycenter � = � (P1) satis�es the
conditions A j � � + bj < ej + 1 for all j .

Compare the subcomplex � � m � � consistingof those points � 2 j� j such that
A j � � + bj � ej + 1 for all j . This subcomplex is a (compact convex) polytope, and
hence� � m is a contractible simplicial manifold-with-boundary. But � � m is obtained
from � � m by deleting those vertices � , necessarilyon the boundary of � � m , having
A j � � + bj = ej + 1 for somej . The desired result is therefore a consequenceof
Corollary 1.7, which appliesby Remark 1.4. �

3. Log resolution to cellular resolution

For the duration of this section,�x a normal Q-Gorensteincomplexvariety X and
ideal sheavesa1; : : : ; ar ; b on X . In addition, �x a log resolution � : X 0 ! X of b and
ai + aj for all i; j 2 f 1; : : : ; r g. By de�nition, this meansthat b�OX 0 and (ai + aj ) �OX 0

are locally principal ideal sheaveson X 0. The special caseai = aj implies that

ai � OX 0 = OX 0(� A i ) for i 2 f 1; : : : ; r g and

b � OX 0 = OX 0(� B )
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are the ideal sheavesassociated to e�ective divisors A i and B on X 0.
We wish to calculatethe multiplier idealsJ ((a1 + � � �+ ar )� b� ) for nonnegative real

numbers � and � . This requiresa log resolution of a = a1 + � � � + ar . Fortunately, the
morphism � : X 0 ! X is one,ascan be seenby applying the following locally on X 0.

Lemma 3.1. Let R be a local integral domain.
1. If hf 1; : : : ; f n i is a nonzero principal ideal of R, then there is an index i 2 f 1; : : : ; ng

suchthat f i divides f j for all j 2 f 1; : : : ; ng.
2. If f 1; : : : ; f r 2 R are elementssuch that hf i ; f j i is a principal ideal for all i; j 2

f 1; : : : ; r g, then there existsa permutation � 2 Sr suchthat f � (1) jf � (2) j � � � jf � (r ) . In
particular hf 1; : : : ; f r i = hf � (1) i is a principal ideal.

Proof. Supposehf 1; : : : ; f n i is generatedby f 2 R. Then each f j = f 0
j � f is a multiple

of f . On the other hand, f =
P

cj f j = f �
P

cj f 0
j with cj 2 R. SinceR is a domain,

this implies that 1 =
P

cj f 0
j . SinceR is local, we concludethat somef 0

i is a unit.
This provesthe �rst claim. The secondis an immediate consequenceof the �rst. �

Similar to ai and b from before, the ideal sheafa � OX 0 = OX 0(� C) is determined
by an e�ective divisor C on X 0. Let D1; : : : ; Dn be the setof prime divisorsappearing
in A1; : : : ; Ar , B , C, and the relative canonicaldivisor K X 0=X . Thus

A j =
nX

i =1

aij D i for j 2 f 1; : : : ; r g;

� B � K X 0=X =
nX

i =1

bi D i ; and

C =
nX

i =1


 i D i

in terms of D1; : : : ; Dn , where the coe�cien ts aij and 
 i are integers,but bi can be
real numbers. Recall that the multiplier ideal of a with weighting coe�cien t � is

J (a� ) = � � OX 0(�b � C � K X 0=X c) � OX ;

whereb
P n

i=1 � i D i c =
P n

i=1 b� i cD i is the greatestinteger divisor lessthan or equal toP n
i=1 � i D i . More generally, for � 2 Rr

� 0 and � � 0, set

J (a� 1
1 � � � a� r

r b� ) = � � OX 0(�b � 1A1 + � � � + � r Ar + � B � K X 0=X c) � OX :

How do thesemultiplier idealsdepend on the choicesof � 2 Rr and � � 0? Given
the decompositions into prime divisors D1; : : : ; Dn with integer coe�cien t matrix
A = (aij ) and real vector b = (bi ), we are verbatim in the situation from Section2,
whosenotation we assumehenceforth.

Lemma 3.2. For each polytope P 2 P, there is a single ideal sheaf J P � OX that
coincideswith the multiplier ideals J (a� 1

1 � � � a� r
r b� ) for all � 2 P � in the interior of P.
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Proof. In fact, the greatestintegerdivisorsb� 1A1 + � � � + � r Ar + � B � K X 0=X c on X 0

all coincidefor � 2 P � , by construction. Thereforewe can de�ne

I P = OX 0(�b � 1A1 + � � � + � r Ar + � B � K X 0=X c)

for any � 2 P � , and J P = � � I P doesnot depend on � 2 P � . �

As we did for monomialsin Section2 (beforeLemma 2.1), having de�ned objects
I P and J P indexed by polytopes in P, we can de�ne objects I � and J � indexed by
simplicesin �:

if � = (P1 < � � � < P` ) then set I � = I P1 ;

and set J � = � � I � .

Remark 3.3. Unwinding the de�nitions, we �nd that

J � = J (a� 1
1 � � � a� r

r b� );

where � is the barycenter of the smallest polytope P1 in the chain P1 < � � � < P`

corresponding to the simplex � 2 �. (Recall that � is the barycentric subdivision of
the polyhedral complexP from the beginningof Section2.)

The analogueof Lemma 2.1 holds here,as well.

Lemma 3.4. If P < Q are polytopes in P, then I Q � I P . Consequently, if � 2 � ,
then I � =

T
fI � j � is a vertex of � g. The sameis true with J in place of I .

Proof. The argument is essentially the sameas the proof of Lemma 2.1. �

Lemma 3.5. Resumethe notation involving a = a1 + � � � + ar from after Lemma3.1,
so a � OX 0 = OX 0(� C). Then, as ideal sheavesover X 0,

OX 0(�b � C + � B � K X 0=X c) =
X

P 2P

I P :

Proof. Let p 2 X 0 be an arbitrary point. By Lemma 3.1, there is an open neigh-
borhood U of p and a permutation � 2 Sr such that after restricting to U, we have
A � (1) � � � � � A � (r ) , whereE � F for divisors E and F meansthat F � E is e�ective.
It follows that on U we have C = A � (1) , and also

� A � (1) � � 1A1 + � � � + � r Ar

whenever � 1 + : : : + � r = � . Henceboth sidesof the desiredequality are equal to
OX 0(�b � A � (1) + � B � K X 0=X c) on U. Equality holdson X 0becausep is arbitrary. �

We have arrived at our main result. For notational purposes,choosean arbitrary
but �xed collection of orientations for the simplicesin �. There results an incidence
function that assignsto each codimension1 face� of each simplex � a sign (� 1)� ;� .
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Theorem 3.6. With J � as in Remark 3.3, there is an exact sequence

0 !
M

� 2 � r � 1

J � ! � � � !
M

� 2 � i

J � ! � � � !
M

� 2 � 0

J � ! J ((a1 + � � � + ar )� b� ) ! 0

of sheaveson X , in which the morphism J � ! J � is inclusion times (� 1)� ;� . Here,
� i = f � 2 � j dim(� ) = ig is the set of i -dimensional simplices in � .

Proof. We shall �rst verify the exactnessof the complex

0 !
M

� 2 � r � 1

I � ! � � � !
M

� 2 � i

I � ! � � � !
M

� 2 � 0

I � !
X

� 2 � 0

I � ! 0

on X 0, whereit shouldbe noted that the sumat the far right is not a direct sum. It is
enoughto verify exactnessat the stalk of an arbitrary point p 2 X 0. Reorderingthe
prime divisors D1; : : : ; Dn appearing in A1; : : : ; Ar , B , and K X 0=X if necessary, we as-
sumethat only D1; : : : ; Dk passthrough p. SinceD1; : : : ; Dn intersecttransversally, if
we passto an analytic neighborhood or completion at p, then we can chooselocal co-
ordinatesx1; : : : ; xk sothat D i is givenby the vanishingof x i for i = 1; : : : ; k. In these
coordinates, I � becomesthe principal Laurent monomial module in C[x � 1

1 ; : : : ; x � 1
k ]

generatedby the monomial m� from beforeLemma 2.1, except that all of the vari-
ablesxk+1 ; : : : ; xn have beenset equal to 1 in m� . The exactnessthus follows from
Proposition 2.2, given that our polyhedral complexP re�nes the subdivision induced
by the linear functionals A j � � + bj for j = 1; : : : ; k, insteadof j = 1; : : : ; n. (Another
reasonthe exactnessfollows from Proposition 2.2 is that setting the variablesequal
to 1 is the exact operation of \homogeneouslocalization"; see[Mil00, Section 3.6],
particularly Proposition 3.31.2there.)

Pushing forward under � completesthe proof. Indeed,Lemma 3.5 implies that

X

� 2 � 0

I � =
X

P 2P

I P = OX 0(�b � C + � B � K X 0=X c)

pushesforward to yield J ((a1 + � � � + ar )� b� ), while local vanishing [Laz04, Theo-
rem 9.4.17(i)] guaranteesthat the higher direct imagesvanish on all I � . �

Remark 3.7. In the special casewhereX = SpecC[x1; : : : ; xn ] and a1; : : : ; ar ; b are
all principal monomial ideals, all of the J � are principal monomial ideals as well,
so the exact sequencein Theorem 3.6 becomesa cellular resolution of the monomial
ideal J ((a1 + � � � + ar )� b� ) in the senseof [MS05,De�nition 4.3].

Example 3.8. Let us illustrate Theorem3.6 by an example. Take X = SpecC[x; y],
r = � = 2, a1 = hxyi , a2 = hx + yi , and b = OX . A direct computation shows that
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on the doubled1-simplexf (� 1; � 2) 2 R� 0 j � 1 + � 2 = 2g, we have

J (a� 1
1 a� 2

2 ) =

8
>>>>><

>>>>>:

hx2y2i if � 2 = 0
hxyi if 0 < � 2 < 1
hxy(x + y)i if � 2 = 1
hx + yi if 1 < � 2 < 2
h(x + y)2i if � 2 = 2:

TheseregionswhereJ (a� 1
1 a� 2

2 ) stays constant yield a polyhedral subdivision P of the
doubled 1-simplex, and we let � be the barycentric subdivision of P. Explicitly , �
consistsof �v e vertices

v1 = (2; 0); v2 = ( 3
2; 1

2); v3 = (1; 1); v4 = ( 1
2; 3

2); v5 = (0; 2)

and four edges

l i = the line segment betweenvi and vi +1 ; for i = 1; 2; 3; 4:

The verticesin � are naturally labeledwith the multiplier ideals

J v1 = J (a2
1a

0
2) = hx2y2i ;

J v2 = J (a3=2
1 a1=2

2 ) = hxyi ;

J v3 = J (a1
1a

1
2) = hxy(x + y)i ;

J v4 = J (a1=2
1 a3=2

2 ) = hx + yi ;

J v5 = J (a0
1a

2
2) = h(x + y)2i :

The edgesof � are labeled by J l i , which for i = 1; 2; 3; 4 is de�ned to be the least
commonmultiple of J vi and J vi +1 . It is easilyveri�ed that J l i equalsthe smallerone
of J vi and J vi +1 . The exact sequenceof Theorem3.6 is

0 !
4M

i =1

J l i !
5M

i =1

J vi ! J ((a1 + a2)2) ! 0;

or more explicitly,

0 !

hx2y2i
� hxy(x + y)i
� hxy(x + y)i
� h(x + y)2i

!

hx2y2i
� hxyi
� hxy(x + y)i
� hx + yi
� h(x + y)2i

! J (hxy; x + yi 2) ! 0:

After cancelingredundant terms, this is essentially a Koszul resolution

0 ! hxy(x + y)i ! hxyi � hx + yi ! J (hxy; x + yi 2) ! 0:
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4. Applica tions

The Introduction already contains someimmediate applications of Theorem 3.6,
namely the Takagi-style summation formula in Corollary 2 and the derivation of
Howald's monomial multiplier ideal formula in Corollary 3. In this section,we collect
further applications: a new exactnessproof for the Skoda complex, and additional
summation formulas for multiplier ideals, including the gradedsystemcase.

We begin with the summation formulas. First, we note the following.

Remark 4.1. Theorem 3.6 still holds when b� is replacedby b� 1
1 � � � b� s

s , since the
contants � k merely translate the a�ne hyperplanearrangement A in Section2.

Corollary 4.2. Let a1; : : : ; ar ; b1; : : : ; bs � OX be nonzero ideal sheaveson a normal
Q-Gorenstein variety X and let � ; � 1; : : : ; � s be positive real numbers. Then

J (X ; (a1 + � � � + ar )� b� 1
1 � � � b� s

s ) =
X

� 1+ ��� + � r = �

J (X ; a� 1
1 � � � a� r

r b� 1
1 � � � b� s

s ):

Proof. This follows immediately from the surjectivity on the right of the exact se-
quencein Theorem3.6. �

Our next result concernsthe notion of graded systemof ideals. For the de�nition
of this and the multiplier ideal associated to it, see[Laz04,Section11.1.B].A special
casehasalready appearedin [Tak05,Proposition 4.10].

Corollary 4.3. Corollary 4.2 stil l holds when the ideal sheaves ai and bj are all
replaced by graded systemsof ideals.

Proof. The formula for r > 2 can be obtained by repeatedly applying the formula for
r = 2, so it su�ces to prove this case,i.e.,

J (X ; (a. + b.)� c� 1
1;. � � � c� s

s;.) =
X

0� t � �

J (X ; a� � t. bt. � c� 1
1;. � � � c� s

s;.):

First let usverify � , i.e., J (X ; a� � t. bt. �c� 1
1;. � � � c� s

s;.) � J (X ; (a.+ b.)� c� 1
1;. � � � c� s

s;.) for any

�xed t 2 [0; � ]. By de�nition, the left-hand side is equal to J (X ; a
� � t

p
p b

t
p
p � c

� 1
p

1;p � � � c
� s
p

s;p)
for somelarge p, and we seethat

J (X ; a
� � t

p
p b

t
p
p � c

� 1
p

1;p � � � c
� s
p

s;p) � J (X ; (ap + bp)
�
p c

� 1
p

1;p � � � c
� s
p

s;p) (by Corollary 4.2)

� J (X ; (a. + b.)
�
p
p c

� 1
p

1;p � � � c
� s
p

s;p)

� J (X ; (a. + b.)� c� 1
1;. � � � c� s

s;.) (by de�nition).

To prove the reverseinclusion, �rst by de�nition there existssomelargep such that

J (X ; (a. + b.)� c� 1
1;. � � � c� s

s;.) = J (X ; (
pX

i =0

ai bp� i )
�
p c

� 1
p

1;p � � � c
� s
p

s;p);
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and by Corollary 4.2 this right-hand sidecan be expressedas

X

� 0+ ��� + � p = �
p

J (X ; (
pY

i =1

a� i
i )(

p� 1Y

i =0

b� i
p� i ) � c

� 1
p

1;p � � � c
� s
p

s;p):

Now take a positive integer m which is divisible by 1; 2; : : : ; p. Sincea., b. and cj; .
are gradedsystems,we have

a� i
i = a

m
i

i� i
m

i � a
i� i
m

m ; b� i
p� i = b

m
p� i

( p� i ) � i
m

p� i � b
( p� i ) � i

m
m ; c

� j
p

j;p = c
m
p

� j
m

j;p � c
� j
m
j;m ;

so

(
pY

i =1

a� i
i )(

p� 1Y

i =0

b� i
p� i ) � c

� 1
p

1;p � � � c
� s
p

s;p � a

pP

i =1

i� i
m

m b

p� 1P

i =0

( p� i ) � i
m

m � c
� 1
m
1;m � � � c

� s
m
s;m ;

and since� 0 + � � � + � p = �
p , if we let t :=

p� 1P

i =0
(p � i )� i , then

pP

i =1
i� i = � � t, hence

J (X ; (
pY

i =1

a� i
i )(

p� 1Y

i =0

b� i
p� i ) � c

� 1
p

1;p � � � c
� s
p

s;p) � J (X ; a
� � t

m
m b

t
m
m � c

� 1
m
1;m � � � c

� s
m
s;m )

� J (X ; a� � t. bt. � c� 1
1;. � � � c� s

s;.): �

All of the corollariesof Theorem3.6wehavegivensofar areTakagi-style summation
formulas which may also be obtained by straightforwardly generalizing the proof
of Takagi's original formula (1) (see[Tak05, Theorem 3.2]). However, in our �nal
application we want to demonstratethat Theorem3.6may be potentially moreuseful
than (1) by deriving the exactnessof the Skoda complex from the former. For this
we assumethat the ideal sheavesa1; : : : ; ar are locally principal on the Q-Gorenstein
variety X . For every nonnegative integer � < r , the inclusion ai ! OX inducesa
natural map ai J (a� b� ) ! J (a� +1 b� ). Writing a� =

Q
i 2 � ai for � 2 f 0; 1gr � Rr ,

the Skoda complex is the cellular complex

0 ! a1 � � � ar J (b� ) ! � � � !
M

j � j= r � �

a� J (a� b� ) ! � � � !
rM

i =1

ai J (ar � 1b� ) ! J (ar b� ) ! 0

supported on a simplex whosefacesare in bijection with the vectors � 2 f 0; 1gr .

Corollary 4.4. The Skoda complexis exact.

A proof for smooth X appears in [Laz04, Section 9.6.C]. Here, we provide an
alternate proof, which works with no extra e�ort in the Q-Gorensteinsetting.

Proof. Considerthe subdivisions A � of the simplices� � for � = 0; : : : ; r , de�ned at
the beginning of Section 2. Every vector � 2 f 0; 1gr � Rr inducesan embedding
� � ,! � r , where � = r � j� j, by adding � . Choosea re�nement P of A r so �ne
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that the subdivision induced on � � under every one of these inclusions, for all �
and all � = 0; : : : ; r , re�nes A � . For example,in the notation from the beginning of
Section2, let P be the subdivision induced by the a�ne hyperplanearrangement

A + f 0; 1gr =
[

z2 Zn

1� j � n

[

� 2f 0;1gr

f � + � 2 Rr j A j � � + bj = zj g

obtained by translating the arrangement A up by every vector � 2 f 0; 1gr .
As in Theorem3.6, let � be the barycentric subdivision of P. Recall the de�nition

of J � = J (a� 1
1 � � � a� r

r b� ) from Remark 3.3, and write � (� ) = � = (� 1; : : : ; � r ). De�ne
a double complexJ .;. in which

J p;q =
M

dim( � )= q

M

j � j= p
� � � (� )

J � ;

where� � � (� ) meansthat � (� ) � � 2 � r �j � j (equivalently, � (� ) � � hasnonnegative
entries). Each horizontal complexJ .;q is a direct sum, over � 2 � with dim(� ) = q,
of complexesJ � 
 C

~C.(� � ), where � � � (� ) is maximal and ~C.(� � ) is the reduced
chain complexof a simplex � � with j� j many vertices. The vertical di�erentials of J .;.
are induced by the di�erentials of Theorem 3.6, for each �xed � . In particular, the
vertical complexon the summandsJ � indexedby a �xed � � � = � (� ) is a resolution
of a� J (ar �j � jb� ) by Theorem3.6, because

J (a� 1
1 � � � a� r

r b� ) = a� J (a� 1 � � 1
1 � � � a� r � � r

r b� ):

It follows that the vertical homology of J .;. is the Skoda complex. On the other
hand, the horizontal homologyof J .;. is identically zerobecauseevery simplex � � is
contractible. The standard spectral sequenceargument shows the desiredresult. �
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