MUL TIPLIER IDEALS OF SUMS VIA CELLULAR RESOLUTIONS
SHIN-YAO JOW AND EZRA MILLER

Abstra ct. Fix nonzeroideal sheavesa;;:::;a and b on a normal Q-Gorenstein
complex variety X . For any positive real numbers and , we construct a resolu-
tion of the multiplier ideal J ((a; + +a) b) by shea/esthat arg direct sums
of multiplier ideals J (a;,* @a,b ) for various 2 R", satisfying ,r o i
The resolution is cellular, in the sensethat its boundary maps are encaded by the
algebraic chain complex of a regular CW-complex. The CW-complex is naturally
exprq§sedas a triangulation of the simplex of nonnegative real vectors 2 R’
with = [, i = . The acyclicity of our resolution reducesto that of a cellular free
resolution, supported on , of a related monomial ideal. Our resolution implies the
multiplier ideal sum formula

X
J(X;(a+ +a&)b)= J(X;a' a'b);
v+ =
generalizing Takagi's formula for two summands[Tak05], and recovering Howald's

multiplier ideal formula for monomial ideals [HowQ1] as a special case.Our resolu-
tion alsoyields a new exactnessproof for the Skala complex [Laz04, Section 9.6.C].

Intr oduction
Let X be a smooth complex algebraicvariety and let a  Ox be an ideal sheaf.
Applications in algebraicgeometryof the multiplier ideal sheaes
J(@)=J(X;a) Ok
for real numbers > 0 have led to investigations of their behavior with respect to

natural algebraic operations. For example, Demailly, Ein, and Lazarsfeld [DELOO]
proved that giventwo ideal sheaesa; and a,, onehas

J () ) J(a)d (a):
For the subtler caseof sums,on the otherxhand, Mustata [Mus02 showed that

J((at+ @) ) J(ay I (a);
0t
and Takagi [TakO5] later re ned this to X
(1) J((a+ &) )= J(a 'a);
0t
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where he proved it more generallywhen X is normal and Q-Gorenstein.

Takagi usedcharacteristic p methodsto deduce(1), which makeshis work distinctly
di erent from [DELOO] and [Mus02, wherethe argumeris proceedby geometrictech-
niques sud as log resolutions and sheafcohomology Our purposeis to shav that
sud geometrictechniques,conbined with conbinatorial methods from topology and
comnutativ e algebra,canrecover Takagi's equality (1) and generalizeit. As a conse-
qguence,we derive a new proof (Corollary 3) of Howald's formula for multiplier ideals
of monomialideals[How01], and demonstratehow it can be reformulated to hold for
all ideals. In addition, we obtain a new \cellular" exactnessproof (Corollary 4.4) for
the Skala complex [Laz04, Section 9.6.C] via the cortractibilit y of simplices. Our
main results certer around the following, which constitutes part of Theorem 3.6.

plex variety X and ; > 0. Thereis a resolutlonOI J, 1' I Jo! O of

the multiplier ideal J ((a; + + &) b ) by sheavesJ; that are nite direct sums

pf multlpller ideals of the form J (a;* &b ) for various nonnggative 2 R" with
i-y i = . Everydistinct ideal shaf of that form appears as a summandof J .

Part of the nal claim of Theorem1 is that there are only nitely many distinct
multiplier ideals of the form J (X;a;* &b ) for ;+ + = . (This fact
aloneis not very hard to seefrom the de nition of multiplier ideals.) In particular,
the surjectionJ, J (X;(ag + + &) b ) in our resolution implies the following

(nite) summation formula; seealso Section4 for re nemernts.
X
Corollary 2. J(X;(a+ + &) b)= J(X;a4* a'b).

1+ + =

Corollary 2 reducesthe calculation of the multiplier ideals of arbitrary polyno-
mial ideals to those of principal ideals. In the special caseof a monomial ideal
a= hx ;000 X "i, generatedby the monomialsin the polynomial ring C[xl; i Xdl

explicit. For a subset RY, let con/ denoteits convex hull. By the integer part
ofavector = ( 1;:::; 4) 2 RY, we meanthe vector (b ;c;:::;b 4¢) 2 Z9 whose
ertries are the greatestintegerslessthan or equalto the coordlnates of

Corollary 3. If a=hx ;:::;x "i is a monomial ideal in C[xy;:::;Xq], thenJ (a )
is geneated by the monomlalsm ClX1;: 10 Xd] whoseexp)nent vectors are the integer
parts of the vectors in corvf o g RO

Proof. Using Corollary 2with a = hx ii, it su ces to notethat the divisor of a single
monomial has simple normal crossings,so no log resolutionis necessary

It is easyto ched that for = 1, the vectorsin the conclusionof Corollary 3 are
preciselythose from Howald's result [How01], namely the vectors 2 NY sud that
+ (1;:::;1) liesin the interior of the corvex hull of all exponerts of monomialsin a.
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Our approad to Theorem 1 is to construct a speci ¢ resolution satisfying the
hypotheses,ncluding the part about J,. The resolution we construct is cellular, in a
sensgyeneralizingthe mannerin which resolutionsof monomial idealscan be cellular
[BS98]; see[MSO05, Chapter 4] for an introduction. In general,a complexin any
abelian category could be called cellular if each homologicaldegreeis a direct sum
indexedby the facesof a CW-complex, and the boundary mapsare determinedin a
natural way from thoseof the CW-complex. An elemerttary way to phrasethis in the
presen corntext is asfollows. (Theorem 3.6is more precise:a speci ¢ triangulation
is constructedin Section2, and the shearesJ are speci ed in Remark 3.3.)

Theorem 4. Resumghe notation from Theorem 1. There is a triangulation  of
the simplexf 2R"j .., i= and Og suchthat

can be takento be a direct sumindexed bythe set ; of i-dimensionalfaces 2 , and
the di er ential of J, is induced by natural mapshbetween ideal sheves,using the signs
from the boundary mapsof . If 2 ,isavertex,thend =J (X;a"' &a'b).

Comparing the nal sertencesof Theorems1 and 4, a key point is that ewery
possiblemultiplier ideal of the formJ (X;a;* &b ) occursat somevertex 2 .
Writing down what it meansfor two sud multiplier idealsto coincide,this stipulation
provides strong hints asto potential choicesfor triangulations; seeSection?2.

The proof of exactnesdor the cellular resolution in Theorem 4 proceedsby lifting
the problemto an appropriate log resolution X °! X ; seethe proof of Theorem 3.6.
Over X% we resole the lifted ideal sheafby a complex (of locally principal ideal
sheaesin Oyo) that is, analytically locally at eat point of X © a cellular free complex
over a polynomial ring. This cellular free complex turns out to be a cellular free
resolution of an appropriate monomial ideal; its construction and proof of acyclicity
occupy Section?2, particularly Proposition 2.2. Having cellularly resohed the lifted
sheafover X ° the desiredcellular resolution over Oy is obtained by pushing forward
to X and usinglocal vanishing; again, seethe proof of Theorem3.6. Thus Theoremsl
and 4 constitute a certain global versionof cellular freeresolutionsof monomialideals.

The acyclicity of the cellular free resolutionsin Proposition 2.2 reduceto a simpli-
cial homology vanishing statemer, Corollary 1.7, for simplicial complexesobtained
by deleting boundary facesfrom certain cortractible manifolds-with-boundary. We
deduceCorollary 1.7 from the following more generalstatemert, which is of indepen-
dert interest. Its rimmed hypothesisis satis ed by the barycertric subdivision of any
polyhedral homology-manifold-with-boundary. In what follows, to deletea simplex
from a simplicial complexM meansto remove from M ewery simplex cortaining
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Prop osition 5. Fix a simplicial complexM whosegemetric realization jM|j is a
homolayy-manifold with boundary @1 . Assumethat M is rimmed, meaning that

(2) if isafaceof M, then \ j@Mj is aface of M.

Then deleting any collection of boundary simplices from M resultsin a simplicial
sulwomplexwhose(reduced) homolay is canonically isomorphicto that of M.

Acknowledgements. We are grateful to Rob Lazarsfeld for valuable discussions,
and to Shunsulke Takagi for the suggestionto work with singular varieties. EM was
supported by NSF CAREER grant DMS-0449102and a University of Minnesota
McKnight Land-Grant Professorship.The latter funded his visit to the University of
Michigan, which he wishesto thank for its hospitality while this work was completed.

1. Combinatorial topological preliminaries

In this sectionwe collect someelemetary resultsfrom simplicial topology. For ad-
ditional badkground, see[Mun84], especially x63 for homology-manifolds,and [Zie95,
Section5.1] for polyhedral complexes. The reader interested solely in the construc-
tion of resolutionsfor Theorems1 and 4, as opposedto their acyclicity proofs, can
proceedto Section2 after Example 1.1. The goal for the remainder of this sectionis
the proof of Proposition 5 and its immediate consequenceCorollary 1.7.

Our corvertion is to identify any abstract simplicial complex with the underlying
topological spaceof any geometricrealization j. Thus, xing a vertex setV, we
view asa collection of simplices ( nite subsetsof V), called faces of , sud that
any subsetof any faceof isafaceof . For example,we canexpressthe link in
of aface asthe subcomplex

ink ()=f 2 jJ [ 2 and \ =7?2g

In what follows, all links are taken inside of the ambient simplicial complex, unless
otherwisenoted. Our motivation is the following classof simplicial complexes.

Example 1.1. Let P bea polyhedral complex,sud asa polyhedral subdivision of a
polytope. (This exampleworks just aswell for any regular cell complex; see[Bjo84]).
The barycentric sulglivision of P is the simplicial complex whosevertex setis the
set of facesof P, and whosesimplicesare the chainsP; < < P- of facesP; 2 P.
Here P < Q meansthat P is a proper face of Q. The baryceriric subdivision is
homeomorphicto (the spaceunderlying) P; oneway to realize is to let eat face
P; < < P: be the corvex hull of the barycerters of the facesPy;:::; P-.

The main ideain the proof of Proposition 5 is to deletethe boundary simplicesone
by one, in a suitable order, sothat at eat step the homology remains unchanged,
using the following.
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Lemma 1.2. Fix a simplicial complex and a chain of simplicial sulwomplexes

= 0 1 r —
If the relative chain complexof each pair ( i 1; ;) hasvanishinghomolayy for all
I = 1;:::;r, then the homolagy of  is canonically isomorphic to that of

Proof. Repeatedly apply the long exact sequenceof homology

Throughout the rest of this section, we use M to denote a simplicial homology-
manifold-with-boundary of dimensiondim(M ) = d, de ned asfollows.

De nition  1.3. A simplicial homolay-manifold-with-mundary of dimensiond is a
simplicial complexwhosemaximal facesall have dimensiond, and sud that the link
of ead i-facehasthe homologyof either a ball or a sphereof dimensiond i 1.

Remark 1.4. If the polyhedral complexP in Example 1.1 subdivides a homology-
manifold-with-boundary, then the conditions of Proposition 5, including the rimmed
condition (2), are satis ed by the baryceriric subdivision of P.

Lemma 1.5. Thelink of anyi-facein M is adimensiond i 1 simplicial homolay-
manifold-with-lboundary.

Proof. If M is a face of dimensioni, then = linky ( ) is pure of dimen-
siond i 1 becauseM is pure of dimensiond. The condition on the homology of
thelink in ofaface 2 holdssimply becausahe condition holdsfor linky ( [ ),
which equalslink () by de nition.

The above lemma required no special hypotheseson M. Our nal obsenation
beforethe proof of Proposition 5 is that the condition (2) of beingrimmed is inherited
by links of boundary faces.

Lemma 1.6. Under the hypothesesf Proposition 5, the link of any boundary simplex
of M satis es all of the hypotheseson M in Proposition 5, including being rimmed.

Proof. Let be aboundary simplexof M. In view of Lemma 1.5, we needonly show
that link( ) satis es (2). This condition is a consequencef the equality

3) @ink () = @\ link( );

becausdor any simplex in link( ), the intersection \ @link( )) is forcedto equal

\ @, which is afaceof by (2).

To prove (3), we rst shav that if 2 @link( )) then 2 @M ; note that for
this implication, condition (2) is not necessary Replacing by a faceof @link ( ))
corntaining it, if necessarywe may assumethat dim( [ )=d 1;equivalertly, is
a maximal faceof @link( )). In this case,there is only one maximal faceof link( )
cortaining . But the facesof link( ) cortaining are in bijection with the faces
of M cortaining [ . Hencethereis only one maximal faceof M cortaining |
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Therefore [ must be a boundary faceof M. We concludethat 2 @M, because
is afaceof [
For the reversecortainment, supposenow that 2 @ \ link( ), and let ©°=
[ 2 M. Theintersection °\ @ is afaceof M by condition (2), and it cortains
all of the verticesof and , becauseboth and are boundary facesof M. The
only faceof °cortaining all of the verticesof and is Citself; hence °= %\ @M
is a boundary faceof M. It follows that link( 9 hasthe homology of a ball (rather
than a sphere). But link( 9 = linky ( [ ) = linkjink y( ), SO 2 @link( )).

Proof of Proposition 5. Use induction on the dimensionof M. For dimM = 1 the
statemert is an elememary claim concerningsubdivided intervals, so assumethat
dmM = d 2. Let S be the collection of boundary facesto be deleted. Without
lossof generality, we may assumethat S is a cocomplexinside @V, which meansthat
if 2Sand 2 @ sud that ,then 2 S.

Totally order the simplicesin S in sud a way that all of the simplicesof maximal
dimensiond 1come rst, thenthoseof dimensiond 2,andsoon. Let ;; ,;:::be

from M, with M = M. The desiredresult will follow from Lemma1l.2, with M =
as soon aswe shaw that the relative chain complexesC.(M; 1; M;) are all acyclic.

Let bethe simplicial complexobtained by deleting the boundary from linky ( i),
which is acyclic by induction, via Lemma 1.6. We claim that C(M; 1;M;) is (non-
canonically) isomorphicto the reducedchain complexC.(). Indeed,recall the bijec-
tive corresppndencebetweenthe facesof linky ( ) and the facesof M cortaining ;.
Under this correspndence, is mapped bijectively to the set

f2Mj \@ = ig=Ff 2M; 1] ig
The facesof this cocomplexinside M; ; constitute a free basisof C (M; ;;M;), and
this inducesan isomorphismfrom C() to C(M; 1;M;).

For future reference hereis the special caseof Proposition 5 that we apply later.

Corollary 1.7. If M is a contractible rimmed simplicial manifold-with-boundary,
then deletingany collection of boundary facesfrom M resultsin a simplicial sulwom-
plexwith vanishingreduced homolay.

Remark 1.8. It would be preferableto concludein Corollary 1.7that the subcomplex
is cortractible, and more generallythat the subcomplexin Proposition 5 is homotopy-
equivalert to M, using [Bjo84 Lemma10.3()]: if ;= ; [ ; isaunion of two
simplicial subcomplexessud that ; and ; 1\ ; areboth cortractible, then ; is
homotopy-equivalert to ; ;. The notation hereis consistet with Lemma1l.2;in our
case ; 1 isthe result of deleting a boundary simplex ; from ;, and ; isthe cone
from ; over ; ;\  (thus ; isthe closal star of ; in ;). The problemis that,
while ; is always cortractible (it is a cone),the subcomplex ; ;\ = link ()
neednot be simply-connected,even though it hasvanishinghomology
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2. A cellular free resolution

Let A2 Z" ' beanintegermatrix with n rowsandr columns,and x areal column

functionalsonR", we getan (in nite but locally nite) a ne hyperplanearrangemen
A= f 2R'jJAl  +h=zg

227"
1jn

The arrangemem A inducesa polyhedral subdivision of R". Fixing a nonnegatie
real number 2 R g, the restriction of this polyhedral subdivision to the simplex

=f( 5 )2RG) v+ = g
is a polyhedral subdivision A of . Two points and lie in the same(relatively
open) cell of A if and only if for eath j = 1;:::;n, there is an integer z; sud
that either
Al +h=A  +Dh=2z,orelse
Al + D@ andAl  + I both lie in the openinterval (z;z + 1).

For the duration of this paper, x any polyhedral subdivision P of that re-
nes A , meaningthat ewery faceof P is cortained in a faceof A . As in Exam-
ple 1.1, denoteby the barycertric subdivision of P, realizedso that the vertices
of arethe barycerters of the cellsof P. We write (P) for the vertex of that is
the barycerter of the polytopeP 2 P.

Construct a module M C[x, *;:::;x,'] generatedby (Laurent) monomialsover

nition 9.6], asfollows. For ead polytope P 2 P, set

1
mp = x20 TC xBAT thcforany 2P ;

wherebzc is the greatestintegerlessthan or equalto z, and the cell P is the relative
interior of P; the monomial mp is well-de ned becausethe greatestinteger parts
de ning it are equalfor all vectorsin the samecell of P. Now de ne

M=hmpjP 2 Pi:
We can label ead simplex in  with a monomial as follows. By virtue of the
fact that ead polytope in P indexesa monomial mp in the Laurent polynomial
ring, the verticesof the simplicial complex , which are the baryceners (P) of the

polytopesP 2 P, arelabeledwith monomials. For eat sud vertex (P), let us set
m (py = mp. More generally for eat simplex 2 ,

if = (P.< < P-) thensetm = mp;
i.e., we label by the monomial of the smallestface in the chain. For (Laurent)
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Lemma 2.1. If P < Q are polytopesin P, then mg dividesmp. Conseuently, if
2 isasimplex,thenm is the leastcommonmultiple of fm | is avertexof g.

Proof. We proveonly the rst sertence,asthe secondollowseasily From the perspec-
tive of the greatestinteger parts usedin constructing me and mgq, the only di erence
betweenthe barycerters of P and Q is that moreof the ane functions 7! Al +h
cantake integervalueson (P) than on (Q). In particular, if bA}  (Q)+ hc= z,
then bA’  (P) + Qcequalseither z; or z + 1. This beingtrue for all j, we conclude

LemmaZ2.1is preciselythe condition underwhich the monomiallabelsm for 2
de ne a cellular free complexon [BS98, Section 1] (seealso Chapters4 and 9 in
[MSO05]for bad<groll\1/|nd). Brie y, this isl\}lhe complex

M
0! hm i ! ! hmi! ! mi! O
2 ¢ 1 2 2 o
of free C[Xy; :::; Xn]-moduleswherethe morphismhm i ! hm i of principal Laurert
monomial modulesis, for eat codimensionl face , the natural inclusiontimes

1. The signis determinedby arbitrary but xed orientations for the simplicesin .

Prop osition 2.2. The cellular free complexsuprtedon , in which 2 s lakeldd
by m , is a cellular free resolution of the Laurent monomial module M .

Proof. By [BS98, Proposition 1.2], we needto show that the simplicial subcomplex
m=Ff 2 Jm dividesmg
is acyclicfor all Laurert monomialsm. Let m = x* xg. For = (P, < < P),

the monomial m divides m if and only if the barycerter = (P;) satis es the
conditionsAl  + D < e + 1forallj.
Comparethe subcomplex |, consisting of those points 2 j j sud that

Al +h g+ 1lforallj. This subcomplexis a (compact corvex) polytope, and
hence |, is acorractible simplicial manifold-with-boundary. But m 1S obtained
from |, by deleting those vertices , necessarilyon the boundary of ,, having
Al +1h = ¢ + 1for somej. The desiredresult is therefore a consequencef
Corollary 1.7, which appliesby Remark 1.4.

3. Log resolution to cellular  resolution

For the duration of this section, x a normal Q-Gorensteincomplexvariety X and
ideal sheaesay;:::;a,;bon X. In addition, x alogresolution : X°! X ofband

b Oxo: Oxo( B)
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are the ideal shearesassaiated to e ective divisors A; and B on X °

We wish to calculatethe multiplier idealsJ ((a;+ + &) b ) for nonnegatie real
numbers and . This requiresalogresolutionofa= a;+ + a.. Fortunately, the
morphism : X°! X is one,ascan be seenby applying the following locally on X °.

Lemma 3.1. Let R be a local integral domain.

Proof. Supposehf;:::;fni is gﬁneratedbylg 2 R. Theneah f; = fjO f isamultiple
of f. Onthe other hapd,f = gf; = f g flwith g 2 R. SinceR is a domain,
this impliesthat 1 = = ¢f° SinceR is local, we concludethat somef?is a unit.
This provesthe rst claim. The secondis an immediate consequencef the rst.

Similar to & and b from before,the ideal sheafa Oxo= Oxo C) is determined

X0

A = g;Djforj2fl:::;rg;
i=1

B Kxox = hD;; and

i=1

C= iDj
i=1

in terms of Dy;:::; Dy, wherethe coe cients a; and ; are integers,but b can be

real numbers. Recallthat the multiplier ideal of a with weighting coe cient is
J(a)= Oxo(b C KXO:)(C) Ox;

P
hereb [, ;Dic= ., b;cD; is the greatestinteger divisor lessthan or equalto
w i=1 i=1
i”:l iD;i. More generally for 2 R", and 0, set

J(all ar'b): Oxo(b 1AL+ + A+ B K)(O:xC) Ox:
How do thesemultiplier idealsdepend on the choicesof 2 R" and 0? Given
A = (&) and real vector b= (h), we are verbatim in the situation from Section2,
whosenotation we assumehenceforth.

Lemma 3.2. For each polytope P 2 P, thereis a singleideal sheaf Jp Oy that
coincideswith the multiplier idealsJ (a;,* a b )forall 2 P in theinterior of P.
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Proof. In fact, the greatestintegerdivisorsb ;A; + + A+ B KyxoxconX?
all coincidefor 2 P , by construction. Thereforewe can de ne

lp = Oxo(b A1+ + A+ B Kxox0)
forany 2P ,andJp = |p doesnot dependon 2 P .

As we did for monomialsin Section2 (beforeLemma2.1), having de ned objects
I p and Jp indexedby polytopesin P, we can de ne objects| andJ indexedby
simplicesin :
if = (P.< < P-) thensetl = 1p;
andsetd = |
Remark 3.3. Unwinding the de nitions, we nd that
J =J((&' a'b);

where is the barycerter of the smallest polytope P; in the chain P; < < P
correspnding to the simplex 2 . (Recallthat s the baryceriric subdivision of
the polyhedral complexP from the beginning of Section2.)

The analogueof Lemma2.1 holds here,aswell.

Lemma 3#4. If P < Q are polytopesin P, thenlq Ip. Conseguently,if 2
thenl = fl | isavertexof g. The sameis true with J in plac of | .

Proof. The argumernt is essetially the sameasthe proof of Lemma2.1.

Lemma 3.5. Resumethe notation involvinga= a;+ + a from after Lemma3.1,
soa Oxo= Oxo C). Then, asideal shavesover X °
X
Oxo(b C+ B K)(O:)(C): I p:
P2pP

Proof. Let p 2 X°be an arbitrary point. By Lemma 3.1, there is an open neigh-
borhood U of p and a permutation 2 S; sud that after restricting to U, we have
A g A ), whereE F for divisorsE and F meansthat F E is e ective.
It follows that on U we have C = A (1), and also

A g At + A

wheneer ,+ :::+ , = . Henceboth sidesof the desiredequality are equal to
Oxo(b A 3+ B Kyxoxc)onU. Equality holdson X °becausepis arbitrary.

We have arrived at our main result. For notational purposes,choosean arbitrary
but xed collection of oriertations for the simplicesin . There results an incidence
function that assignsto ead codimensionl face of ead simplex asign( 1) ' .
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Theorem 3.6. With J asin Remark 3.3, there is an exactsequene

M M M
0! J ! ! J ! ! J ! J(az+ +a)b)! 0
2 1 2 2 0
of shaveson X, in which the morphismJ ! J is inclusiontimes( 1) . Here,

i=f 2 jdim( )= igis the setof i-dimensional simplicesin

Proof. We shall rst verify the exactnessof the complex

M M M X
0! ot Fr [ ! I 10

2 1 2 2 0 2 o

on X % whereit shouldbe noted that the sumat the far right is not a direct sum. It is
enoughto verify exactnessat the stalk of an arbitrary point p 2 X % Reorderingthe

coordinates, | becomesthe principal Laurent monomial module in C[x; %;:::; %, ']
generatedby the monomialm from beforeLemma 2.1, exceptthat all of the vari-
ablesxy+1;:::; Xy have beensetequalto 1 in m . The exactnessthus follows from

Proposition 2.2, given that our polyhedral complexP re nes the subdivision induced
by the linear functionals Al + 1 forj = 1;:::;k, insteadofj = 1;:::;n. (Another
reasonthe exactnessfollows from Proposition 2.2 is that setting the variables equal
to 1 is the exact operation of \homogeneouslocalization"; see[Mil00, Section 3.6],
particularly Proposition 3.31.2there.)
Pushing forward under completesthe proof. Indeed, Lemma 3.5 implies that
X X
| = |p:Ox0(b C+ B KXO:)(C)
2 9 P2pP

pushesforward to yield J ((a; + + &) b ), while local vanishing [Laz04 Theo-
rem 9.4.17(i)] guararteesthat the higher direct imagesvanishon all |

all principal monomial ideals, all of the J are principal monomial ideals as well,
sothe exact sequencen Theorem 3.6 becomesa cellular resolution of the monomial
idealJ ((ag+ + &) b)) in the senseof [MS05, De nition 4.3].

Example 3.8. Let usillustrate Theorem3.6 by an example. Take X = SpecC[x; Y],
r= =2a=Mkyi,a=mh+yi,andb= Ox. A direct computation shavs that
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on the doubled 1-simplexf( 1; 2) 2 R o] 1+ 2= 29, we have

8h><2y2i if ,=0

hxyi if0< »,<1
J@'a?’)=_ My(x+y)i if =1

hx + yi ifl< ,<2

Chix+y)d i =2

TheseregionswhereJ (a,'a,?) stays constart yield a polyhedral subdivision P of the
doubled 1-simplex,and we let  be the barycerric subdivision of P. Explicitly,
consistsof v e vertices

vi=(2,0); v2= (3:3) va= (L) va= (55 3); V5= (0;2)
and four edges
li = the line segmen betweenv; and vi,,; fori = 1;2;3;4:
The verticesin  are naturally labeledwith the multiplier ideals
Jy, = J (a2a)) = hx?y?i;
Jo, =3 (a8 ") = by
Jv, = 3 (alah) = hay(x + )i;
Ju = J (@785 ) = e+ i
Jy. = J (a0a3) = hx + y)?i:

The edgesof are labeled by J,,, which for i = 1;2;3;4 is de ned to be the least
commonmultiple of J,, andJ,,,, . It is easilyveri ed that J, equalsthe smallerone
of J,, and J,,,, . The exactsequencef Theorem3.6is

M V3
0! Ji, ! Ju ! J((ag+ a)?) ! O
i=1 i=1
or more explicitly,
hx2y?i ey
xy(x + y)i !
0! . xy(x+ y)i | J(lxy;x+vyi?)! O
hxy (x + y)i x4+ Vi
hx + y)2i oy
h(x + y)?i

After cancelingredundart terms, this is essetially a Koszul resolution
0! Ixy(x+y)i! hIxyi hx+yi! J(xy;x+yi%)! O
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4. Applica tions

The Introduction already cortains someimmediate applications of Theorem 3.6,
namely the Takagi-style summation formula in Corollary 2 and the derivation of
Howald's monomial multiplier ideal formula in Corollary 3. In this section,we collect
further applications: a new exactnessproof for the Skoda complex, and additional
summation formulas for multiplier ideals, including the graded systemcase.

We beginwith the summation formulas. First, we note the following.

Remark 4.1. Theorem 3.6 still holds when b is replacedby b;* bg, sincethe
cortants  merely translate the a ne hyperplanearrangemem A in Section?2.

Corollary 4.2. Letag;:::;a;;by;:::;bs  Ox benonzeo ideal sheveson a normal
Q-Gorensteinvariety X andlet ; q;:::; bee positive real numkers. Then

J(X;(a+ +a&) bt Dbse)= J (X5t a'bt bo):
Proof. This follows immediately from the surjectivity on the right of the exact se-
quencein Theorem 3.6.

Our next result concernsthe notion of graded systemof ideals. For the de nition
of this and the multiplier ideal assaiated to it, see[Laz04,Section11.1.B].A special
casehasalready appearedin [Tak05, Proposition 4.10].

Corollary 4.3. Corollary 4.2 still holds when the ideal shevesa; and b; are all
replacd by graded systemsof ideals.

Proof. The formula for r > 2 canbe obtained by repeatedly applying the formula for
r = 2,so0it suces to prove this case,i.e.,x

J(X;(a.+b)ct c3)= J(X;a ' gl )

0t

First letusverify ,ie.,J(X;a 'Bl ¢’ ¢3) J(X;(a+h) ¢’ ¢3)forany

xed t 2 [0; ]. By de nition, the left-hand sideis equalto J (X;a," b} Cflp Cf;;)
for somelarge p, and we seethat
_t t 1 s 1 s
J(Xiap® by ¢y Gp) I (X(a+byPel, &) (by Corollary 4.2)
J(X;(a +b)fci, ch)
J(X;(a.+b)c’ c) (bydenition).

To prove the reverseinclusion, rst by de nition there existssomelarge p sud that

XP
J(X;(@a+b)ct ¢3)=1J (X:(_

=0

_1 _s
abp i)rcf,  Gh);
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and by Corollary 4.2 this right-hand side can be expressedas

X Yooyl
I A

o+ + p= 5 i=1

bpi i) C.L?p CS?D):

0

Now take a positive integer m which is divisible by 1;2;:::;p. Sincea., b, and g;.
are graded systems,we have

mi i m (P i) j (P i) j i m _j

m m i i m m . —_ miJ m -
a' =g " an' ; bpli:blgi b ' C]:%_C];pp Gim -

SO

Y y 1 1 s P Ple 1 s

( a1 I)( bpi i) cl?p CS’;JP ain:11 fi'fio clﬁm CSHm’

i=1 i=0

. . Pl . P
and since o+ t =5 if welett:= (p 1) j,then i ;= t, hence
i=0 i=1
Yoo y! _ 1 s ottt 1 s
JOG(C a)( by cfy o) JI(Xiad bRy, &)

: -

i=1 0

J(X;a, Bl ool G

All of the corollariesof Theorem3.6we have givensofar are Takagi-style summation
formulas which may also be obtained by straightforwardly generalizingthe proof
of Takagi's original formula (1) (see[Tak05, Theorem 3.2]). Howeer, in our nal
application we want to demonstratethat Theorem3.6 may be potertially more useful
than (1) by deriving the exactnessof the Skoda complexfrom the former. For this

variety X . For ewery nonnegatiwe integer < r, the '@clusion a; ! Oy inducesa
natural mapaJ(ab)! J(a*b). Writhng a = ~, a for 2 f0;1g" R,
the Skala complexis the cellular complex

M M
0! a4 aJ()! ! aJ(ab)! ! aJ@ )! J@b)! 0

ji=r i=1
supported on a simplex whosefacesare in bijection with the vectors 2 f0;1g".
Corollary 4.4. The Skala complexis exact.

A proof for smaoth X appears in [Laz04, Section 9.6.C]. Here, we provide an
alternate proof, which works with no extra e ort in the Q-Gorensteinsetting.

Proof. Considerthe subdivisions A of the simplices  for = 0;:::;r, de ned at
the beginning of Section2. Every vector 2 f0;1g" R' inducesan embedding
] ",where =r | j, by adding . Choosea re nement P of A; so ne
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that the subdivision induced on under ewvery one of these inclusions, for all

andall = 0;:::;r, renes A . For example,in the notation from the beginning of

Section2, let P be the subdiv[ision induced by the a ne hyperplanearrangemen
A+f01g = f + 2R JA +Rh=7zg9

122jZ"n 2f 0;19"
obtained by translating the arrangemem A up by ewery vector 2 f0;1g".

Asin Theorem3.6,let bethe barycertric subdivision of P. Recallthe de nition
of)] =J(a' ar'b)fromRemark3.3,andwrite ( )= =( 1;:::; ). Dene
a double complexJ ... in which

M M
Jpg = J
dim( )=q j j=p
)
where ( )meansthat () 2 ') I(equivalertly, ()  hasnonnegatie
ertries). Eadh horizortal complexJ . q is a direct sum,over 2 with dim( ) = q,
of complexes] ¢ C.( ), where () is maximal and C.( ) is the reduced

chain complexof a simplex  with j j many vertices. The vertical di erentials of J ...
are induced by the di erentials of Theorem 3.6, for each xed . In particular, the
vertical complexon the summands) indexedby a xed = () isaresolution
ofaJ(a’! b ) by Theorem3.6, because

J(&' a'b)=al(@ * a' 'b):

It follows that the vertical homology of J... is the Skoda complex. On the other
hand, the horizontal homologyof J ... is idertically zerobecauseevery simplex is
cortractible. The standard spectral sequenceargumer shaws the desiredresult.
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