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TORIC DEGENERATION OF SCHUBERT VARIETIES
AND GELFAND-TSETLIN POLYTOPES

MIKHAIL KOGAN AND EZRA MILLER

ABSTRACT. This note constructs the flat toric degeneration of the manifold F¢,, of
flags in C* from [GL96] as an explicit GIT quotient of the Grébner degeneration
in [KMO3]. This implies that Schubert varieties degenerate to reduced unions of
toric varieties, associated to faces indexed by rc-graphs (reduced pipe dreams) in
the Gelfand—Tsetlin polytope. Our explicit description of the toric degeneration
of F{, provides a simple explanation of how Gelfand—Tsetlin decompositions for
irreducible polynomial representations of GL,, arise via geometric quantization.

REFERENCES

Nantel Bergeron and Sara Billey, RC-graphs and Schubert polynomials, Experimental
Math. 2 (1993), no. 4, 257-269.

Anders Skovsted Buch and William Fulton, Chern class formulas for quiver varieties,
Invent. Math. 135 (1999), no. 3, 665—687.

Sara C. Billey, William Jockusch, and Richard P. Stanley, Some combinatorial properties
of Schubert polynomials, J. Algebraic Combin. 2 (1993), no. 4, 345-374.

Anders Skovsted Buch, Grothendieck classes of quiver varieties, Duke Math. J. 115 (2002),
no. 1, 75-103.

Philippe Caldero, Toric degenerations of Schubert varieties, Transform. Groups 7 (2002),
no. 1, 51-60.

R. Chirivi, LS algebras and application to Schubert varieties, Transform. Groups 5 (2000),
no. 3, 245-264.

David Eisenbud, Commutative algebra, with a view toward algebraic geometry, Graduate
Texts in Mathematics, vol. 150, Springer-Verlag, New York, 1995.

Sergey Fomin and Anatol N. Kirillov, Combinatorial B, -analogues of Schubert polynomials,
Trans. Amer. Math. Soc. 348 (1996), no. 9, 3591-3620.

Sergey Fomin and Anatol N. Kirillov, The Yang-Baxter equation, symmetric functions, and
Schubert polynomials, Discrete Math. 153 (1996), no. 1-3, 123-143, Proceedings of the 5th
Conference on Formal Power Series and Algebraic Combinatorics (Florence, 1993).
Sergey Fomin and Richard P. Stanley, Schubert polynomials and the nil-Cozeter algebra,
Adv. Math. 103 (1994), no. 2, 196-207.

William Fulton, Flags, Schubert polynomials, degeneracy loci, and determinantal formulas,
Duke Math. J. 65 (1992), no. 3, 381-420.

William Fulton, Introduction to Toric Varieties Annals of Mathematical Studies 131,
Princeton Universty Press, 1993.

William Fulton, Young tableauz. With applications to representation theory and geometry,
London Mathematical Society Student Texts, 35. Cambridge University Press, Cambridge,
1997.

William Fulton, Universal Schubert polynomials, Duke Math. J. 96 (1999), no. 3, 575-594.

16 January 2004.
authors were supported by National Science Foundation Postdoctoral Research Fellowships.
1



2
[GL96]
[GS83]
[GT50]
[KMO03]
[KMS03]
[Kog00]
[LS82a]
[LS82b]
[Lit98]
[Stu96]

[Vak03a]
[Vak03b]

MIKHAIL KOGAN AND EZRA MILLER

N. Gonciulea and V. Lakshmibai, Degenerations of flag and Schubert varieties to toric
varieties, Transform. Groups 1 (1996), no. 3, 215-248.

Victor Guillemin and Shlomo Sternberg, The Gel'fand—Cetlin system and quantization of
the complez flag manifolds, J. Funct. Anal. 52 (1983), no. 1, 106-128.

I. M. Gelfand and M. L. Tsetlin, Finite-dimensional representations of the group of umi-
modular matrices, Doklady Akad. Nauk SSSR (N.S.) 71 (1950), 825-828.

Allen Knutson and Ezra Miller, Grébner geometry of Schubert polynomials, Ann. of
Math. (2), to appear, 2004. arXiv:math.AG/0110058v3

Allen Knutson, Ezra Miller, and Mark Shimozono, Four positive formulae for quiver poly-
nomials, preprint, 2003. arXiv:math.AG/0308142

Mikhail Kogan, Schubert geometry of flag varieties and Gel'fand-Cetlin theory, Ph.D. the-
sis, Massachusetts Institute of Technology, 2000.

Alain Lascoux and Marcel-Paul Schiitzenberger, Polynomes de Schubert, C. R. Acad. Sci.
Paris Sér. I Math. 294 (1982), no. 13, 447-450.

Alain Lascoux and Marcel-Paul Schiitzenberger, Structure de Hopf de ’anneau de coho-
mologie et de l’anneau de Grothendieck d’une variété de drapeauz, C. R. Acad. Sci. Paris
Sér. T Math. 295 (1982), no. 11, 629-633.

P. Littelmann, Cones, crystals, and patterns, Transform. Groups 3 (1998), no. 2, 145-179.
Bernd Sturmfels, Grébner bases and convex polytopes, AMS University Lecture Series,
vol. 8, American Mathematical Society, Providence, RI, 1996.

Ravi Vakil, A geometric Littlewood—Richardson rule. arXiv:math.AG/0302294

Ravi Vakil, Schubert induction. arXiv:math.AG/0302296

NORTHEASTERN UNIVERSITY, BOSTON, MA, USA; CURRENTLY AT
INSTITUTE FOR ADVANCED STUDY, PRINCETON, NJ, USA
E-mail address: mish@ias.edu

MATHEMATICAL SCIENCES RESEARCH INSTITUTE, BERKELEY, CA, USA; CURRENTLY AT
UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN, USA
E-mail address: ezra@math.umn.edu



