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Preliminaries — Diffusions

A diffusion process X; in R" can be described as a continuous Markovian process
or the solution of a stochastic differential equation

dX; = o(X.)dB, + b(X;)dt (1)

with the initial condition Xg = x9 € R", where B; is a Brownian motion in R”,
o(x) : R" — R"™" and b(x) : R" — R" are measurable.
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Existence and Uniqueness of (1)?

In order for (1) to have a unique strong solution, we also assume that
(i) supcern [[0(x)[| <A and sup,ep. [[B(x)[] < A;
(i) o) =aW)l +[1b(x) = b(y)l| < Allx = .

hold for some constant A < co and any x,y € R". Here || - || denotes the
Euclidean norm in either R” or R"™*".
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[to’'s Formula — Stochastic Calculus

Ité’s Formula  Let X, satisfy (1) and f(t,x) € C*2([0,00) x R") such that f,
0:f,05,f and Oy f (1 <i,j < n) are bounded pointwise by AeBIXIl for some A
and B, then f(t, X;) satisfies the following stochastic differential equation

dF(£,X:) = (0Vof, dBe) + (B:F + (b, V) + ; S (00T )sOy Pt . (2)
=1

where (-, -) is the inner product in R".

Remark

1 Intuitively, one can roughly think of dB, = (dt)? since |B| grows at the
order \f t by central limit theorem. Then (dB;)? = dt and dB;dt = 0.

2 Lyi= 337y a0 + >y bidy = 3V - (aVy) + bV, where a =007,
is then the infinitesimal generator of the diffusion X;.
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More Assumptions

We here have no intent to pursue the most general assumptions. The following
assumptions just make the calculations work.

(iii) ojj(x) and bi(x), 1 <i,j < n, are smooth functions.

(iv)  M|0] < (0a,0) < X71|9]|, for any & € R" and some constant 0 < A < 1.
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Martingale

An adapted process Y; on a probability space (2, F;, P) is called a martingale if
for any s < t, it satisfies

E(YF) =Y, as.

Remark

1 Using a property of conditional probability E(E(X|F)) = EX, it follows easily
that EY; = EY, = EY,.

2 [;(oV«f,dBs) is a martingale, therefore, E [ (ocVxf, dBs) = 0.
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Diffusion Processes and Parabolic Equations —
Feynman-Kac Formula

Feynman-Kac Formula Let f(x), W(x) € C§°(IR") and X;, L, as above. Then
the function

u(s, x) = E[W(Xy)e™ J €Xdt| x = 4] 3)

is a bounded C*°([0, T] x R") solution of the partial differential equation subject
to a terminal condition

us=—Lyu+cu, fors<T, 4)
u(T,x) =V(x).

Conversely, if u(s,x) is a bounded C12(]0, T] x R") solution of the (4), then
u(s, x) can be represented as (3).
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Assume that X; has a transition density p(s, x, t,y), i.e., for x,y € R" and s < t,

P(X: = dy|Xs = x) = p(s, x, t,y)dy.

DA
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Backwards Equation

Let c(x) =0 in Feynman- Kac formula. Then

E[W(XT)|Xs = x] = [W(y)p(s,x, t,y)dy as a function of s and x solves (4). In
particular, we have

/‘I’(y)asp(sm t,y)dy = */\U(y)ﬁxp(svx, t,y)dy,

for any V. Thus we get the backwards equation for X,

Osp = —Lxp. (5)
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Chapman-Kolmogorov Equation For x,z € R"and s <t <'r,

/R p(s, %, &, 9)P(t,y, r, 2)dy = pls, x, 1, 2).

DA
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Forwards Equation

Taking derivative with respect to t, we get

[8tp(S,X, fa)’)P(tv% r,z) + p(SaX7 tay)atp(tvya r,Z)]dy =0.
]Rn

using (5) and integration by parts,
(3tp(s7x, t, y) - £;P(57X, t»}/))P(ty)/a r, Z)dy = 07

]Rn
from which we can see the forwards equation

8:p = L;p. (6)
Here

Ly = % ZZj:l aijOyy, +Z7:1(_bi+2f:1 y,ai1) 0y +(3 Z?,j:l Oyiy;aii— i1 Oy bi)
is the dual operator of L.
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Stopped Diffusion Processes and Dirichlet Conditions —
Stopped Diffusion Processes

Given a bounded smooth domain G in R” and X; a diffusion process as in the
previous section starting at some point in G, a stopped diffusion process Y; is
defined as Y; = Xianr where 7 = inf{t: X; ¢ G}.

Intuitively, Y; is X; before X; hits G (the boundary of G) and Y; does not
change after X; hits 0G.

Assume that there exists a function ps (s, x, t, y) such that

pi(s,x,t,y)dy = P(Yy = dy|Ys = x) = P(X; = dy, t < 75| Xs = x),
where 7, = inf{r >s: X, ¢ G}, s<tand x,y € G.
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Dirichlet Conditions

Consider the following PDE

Osu=—Lyu forxe G,s<T,
u(s,x)=0 forxe€dG,s< T, @)
u(T,x) =WV(x) forxe G,

where T > 0 is a constant, £ is as before and V(x) € C5°(G). As in
Feynman-Kac formula, the solution can be represented as

u(s. x) = E(U(YT)Lireny| Ve = x) = /G W(y)pa(s,x, T.y)dy.
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Backwards Equation

By the previous slide, we get immediately

Ospr = —Lyp1 forxe G,s < t,

and it is easy to see that

pi(s,x,t,y) =0 for x € 0G,

since the process Y; gets stuck on 0G.

15/37



Dynkin’s Formula

Dynkin’s Formula Let X; be as in the first section and { a stopping time with
EX[¢] < co. fis C?(R") with compact support. Dynkin's formula holds as follows:

¢
EXTF(XO)] = F(x) + EX] /0 LF(X.)ds]. 8)

Remark This is a result of 1td's formula and martingale optional stopping time
theorem.
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Forwards Equation

By Dynkin's formula

EX[f(Y:)] = f(x) + EX[/0 Lf(Ys)liy,ec)ds].

On the other hand,

E[F(Y0)] = /G F()pa(0,x, £.y)dy + EX[F(Y2)Liears ]

Equate the RHS, take derivative with respect to t, use integration by parts, and
then we obtain
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Forwards Equation

/G f(y)0ep1(0,x, t,y)dy + O(EX[F (Y7 )1(e>73])
- %/ [Pl(O,X, tv}/)avyf()/) - f(y)avyp1(07X7 t»y)] 70’5)’
oG
+ /G F() L3P (0, x, £, y))dy

+ f(y)p1(0, x, t7y)tN) . 7d5y
G

18/37



Forwards Equation

Compare the integral in G, we obtain

atpl(ovxa tay) = ﬁ;pl(O,X, tvy) for Y€ Ga

Compare the integral of A,f on G, we obtain

p1(0,x,t,y) =0 fory € 0G.

These are the forwards equation for Y;:.

Remark We can also check the consistency between backwards/forwards
equation and Chapman-Kolmogorov by the same manner.
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Reflected Diffusion Process and Neumann Conditions —
1-dim Reflected Brownian Motion

Z:, 1-dimensional Brownian motion reflected at 0, can be defined as one of the
following three

(a) |Bel, (b) maxBs — B, or (c) B + LY,

where B; is a standard 1-dimensional Brownian motion, and L? is the local time of
B; at 0 defined as

t
L0 = lim Jo HBEC e

a.s.
e—0 2¢

Remark (a), (b), (c) are path-wise different, but distributionally the same.
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Forwards equation for 1-dim RBM

Let p(s, x, t,y) be the transition density of the standard Brownian motion B; and
p2(s, x, t, y) be the transition density of RBM Z;. By definition (a),

1 1
p2(57X7 tay) = Ep(s7xa t7y) + Ep(s7xa t? 7}/)

It is well known that 0;p = %Ayp. The forwards equation follows immediately

depa(s, x, t,y) = 30,pa(s, x, t,y) fory >0and t>s, (9)
Oypa(s,x,t,0) =0
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General Reflected Diffusion Process

We here generalize (c) to give a definition of Reflected Diffusion Process. Let G
be a bounded smooth domain in R” and {7 (x) : x € G} be the inner normal
vectors on 0G. Z; is a reflecting diffusion process in G if, for any smooth function
f(t, x) with compact support satisfying V,f - 7 >0 on OG, we have

f(t,Z;) — /Ot(&,f + L) (u, Zy)xe(Zu)du (10)

is a submartingale.

Then there is a continuous non-decreasing process £(t) which increases only when
Z: € 0G and has the property that

f(t, Z:) — /Otxg(aum LF)(u, Z,)du — /tvxf T (u, Z,)dé(u) (11)

0
is a martingale for all smooth function f.
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Neumann Conditions

For fixed T > 0 and W € C*(G), consider

Osu=—L,u forxe G,t< T
Veu-17 =0 for x € 0G,t< T
u(T,x) =W¥(x) for x € G.

The classical solution can be represented as
uls.) = EW(Z0)|Z.=x] = [ W()pa(sx, Ty)ab.
G

where py(s, x, t,y) is the transition density of Z;.

(12)

23/37



Backwards Equation

Substitute the representation back into the equations, and the backwards equation
for Z; follows immediately

{ Ospa = —Lyxpo for x € G, (13)

Vupo-H =0 forxe€dG.
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Forwards Equation

Let f(t,x) = g(x). By definition,

g(Z,) - /0 x6Le(Zs)du - /0 Ve 7 (Z)dé(u)

is a martingale. Also choose g such that V,g - T =0 for x € dG. Then,

Elg(z)] ~ )+ El oLe(Z,)du

_ /G g(y)pa(0, x,t, y)dy
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Forwards Equation

Taking derivative with respect to t and using integration by parts, we obtain

/Gg(y)é’rpz(O,& t,y)dy:/GEg(y)pz(ny, t,y)dy

1

1
= 75/% g(y)aVyp2(0, x, tvy)~7d5y+g/Gg(y)Vy(aVypz(va’ t,y))dy

+/ g(y)p2(0, x, t,y)5~7d5y*/g(y)Vy(pz(O,x, t,y)b)dy
oG G
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Forwards Equation

Therefore, we get the forwards equation of Z;

{&pzzﬁ;pg forye G, t>s

(—%avypg+p21~3)~7:0 for y € 0G. (14)

Remark
1 This is not Neumann condition, but still consistent with 1-dim RBM
(L=A,b=0).
2 It is easy to check the consistency between backwards/forwards equations
and Chapman-Kolmogorov equation.
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Diffusion on a Circle and Periodic Boundary Conditions —
Periodic Conditions

Consider 1-dimensional parabolic differential equations with periodic boundary
conditions:

{ Oru = —Lu for x € (0,1),t > 0, (15)

u(t,0) = u(t,1) for t > 0.

where £ = 1o(x)2%; + b(x)Z for 0 < x < 1 and 0(0) = o(1), b(0) = b(1).
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Extension to Real line

We can extend L to £ = %5()()2(%22 + b(x) < where 5(x) = o(x — |x]) and
b(x) = b(x — |x]) for any x € R. If we also let u(t,x) = u(t,x — |x]), then &
satisfies

0, =—Lnu, fort>0,xeR.

The transition density p(s, x, t, y) of the diffusion process X; defined by

satisfies the backwards equation dsp = —L,p and the forwards equation
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Diffusion on a Circle

We are ready to define a diffusion R, on a circle as Ry = X; — | X¢].
The transition density ps(s, x, t,y) (0 < x,y < 1) of R; can be expressed as

oo o0

pa(s.x. ty)= > B(s.x,t,y+n)= > B(s,x+n,ty).

n=—0o0 n=—0o0
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Backwards/Forwards Equations

The backwards/forwards equations of R; follow from the ones of X, easily. The
backwards equation of R; is

Osps = —Lxp3, fors<t,x,y €0,1], (16)
p3(5707 t>)/):P3(5»17t7)/) for s < t,y € [07 1]

The forwards equation of R; is
8tP3 = ‘C;p% for t > S, X,y € [07 1]a (17)
p3(s, x,t,0) = p3(s, x,t,1) for t > s,y €[0,1].
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Dirichlet Problem

Consider B; + ct killed on the boundary of (—c_, cy). Then
p(t,x) = P(B; + ct = x, Bs + ¢s € (—c_, c;)) satisfies a Dirichlet problem, the
forward equation of the stopped diffusion processes. Namely,

Op=L7p

p(t,—c-) =p(t,c;) =0
p(0,x) = do
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Probability Estimate

Solve the previous PDE by separation of variables, we have

122

St X+ c_
t — d 2(c +c+) k
p(t,x) = e%e~ E ke sm(C T o )

Therefore,

C+ 2 _ 2
P(Bs+cs € (—c_,cy)for0 < s < n) = / p(n,x)dx ~ e~ 2"e“e 2"

—C—
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Limiting Behavior of L,

Based on the previous slide, the expected number of walks staying within
(—c_,cy) is roughly
2

—— _n
cc
eCre 2Ac+tci) ;

from which we can see that if c_ and ¢, is chosen to be of order n*/3, then there
is a chance that the positive and negative exponents can be balanced with each
other. This is the right order of the L,,.

Actually, we can calculate lim,_, ﬁ by more delicate observations. But this
will not be discussed here.
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Thank YOu!

Q>
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