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T
he

w
orld

of
digital

im
ages:M

ultim
edia,

digital
photography

and
video,H

D
T

V
,astronom

y,
m

edicalim
aging,etc.

M
athem

atical
representation

of
an

im
age:

I(x;y)
=

Ligh
t

in
tensity

at
p

oint(x;y)

B
lack

=
0

�
I(x;y)

�
1

=
W

hite

D
igital

im
age

pro
cessing:m

athem
aticaloperations

applied
to

I(x;y)
through

algorithm
s,

aim
ing

to
p

erform
speci�c

tasks
concerning

the
im

age,such
as

-
C

om
pression,encoding

:
reduce

the
m

em
ory

spaceneededfor
the

storage
of

the
im

age,w
hile

preserving
its

visualquality.

-
R

estauration,denoising
:

reconstructa
good

approxim
ation

ofthe
im

age
from

a
distorted

or
noisy

observation.
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S
igni�can

t
evolution

since
80-90's

M
etho

ds.

Linear
)

N
onlinear

U
niform

)
A

daptiv
e

M
o

dels.

S
m

oothness)
P

iecew
isesm

oothness

G
aussian

)
N

on
G

aussian

S
trongly

related
to

the
em

ergenceof
new

m
athem

atical
representations,

such
as

w
aveletbases,for

im
ages.
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A
genda

1.
M

athem
atical

m
odeling

of
com

pressionand
denoising

2.
S

parserepresentation
in

to
w

aveletbases

3.
M

o
deling

im
age

by
b

ounded
variation

functions

4.
T

ow
ard

anisotropic
representations

5.
M

ultiscale
edge-capturing

techniques
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M
athem

atical
m

odeling

C
om

pression:
encoding

I
7!

B
w

ith
B

=
0110���001

�nite
bit

stream
N

=
#(

B
)

<
1

,
decoding

B
7!

~I
6=

I.

D
enoising

:
from

observation
Y

=
I

+
�

N
,

w
ith

N
w

hite
noise,

derive
~I

6=
I

by
som

e
estim

ation
pro

cedure.

M
easure

of
distorsion

:
D

=
D

(I; ~I)
=

kI
�

~Ik
X

or
E

(kI
�

~Ik
X

),
w

ith
X

som
e

norm
ed

spaceoften
chosed

to
b

e
X

=
L

2.

M
o

delfor
im

ages:
C

�
X

(typically
the

unit
ball

of
som

e
determ

inistic
classof

function)

5
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B
enchm

arks

K
olm

ogorov
entrop

y
:

if
C

a
com

pactsetof
X

,
let

M
(D

)
b

e
the

m
inim

al
num

b
er

of
X

-balls
of

radius
D

w
hich

is
neededto

cover
C

.
T

he
entrop

y
num

b
er

N
(D

)
:=

log
M

(D
)=

log
2

is
the

m
inim

al
num

b
er

of
bits

to
encode

the
elem

ents
of

C
w

ith
accuracy

D
.

For
function

classes,w
e

typically
have

for
all

s
up

to
s(C

)
(entrop

y
rate)

N
(D

)
�

C
D

�
1=

s
i:e:

D
(N

)
�

C
N

�
s:

M
inim

ax
rate

:
if

C
�

X
,

let
D

(�
)

=
m

in
m

ax
I

2C
D

(I; ~I),
w

here
the

m
inim

um
is

taken
over

all
estim

ation
pro

cedures.W
e

typically
have

for
all

r
up

to
r(C

)
(m

inim
ax

rate)

D
(�

)
�

C
�

r:

6
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P
rescriptions

for
com

pression/estim
ation

algorithm
s

(i)
O

ptim
alit

y
:

converge
w

ith
entrop

y/m
inim

ax
rate

for
a

classC

(ii)
U

niv
ersality

:
achieve

these
rates

for
a

large
variety

of
classes

(iii)
Low

com
plexity

:
if

p
ossible

O
(M

)
w

ith
M

the
dim

ension
of

I

A
dditional

prescriptions
for

com
pressionalgorithm

s
:

(iv)
P

rogressivity
:

B
=

B
1

[
B

2
[

���
leading

to
~I1

!
~I2

!
���

(v)
B

urn
in

:
bit

stream
can

b
e

re�ned
for

a
selectedregion

of
I.

7
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M
ultiscale

representations
by

decom
position

in
to

w
aveletbases

B
asic

exam
ple:the

H
aar

system

. . . .=
 S

  
f

yl
l

l
>

l
l

+
 <

 f , e >
 e

+
 <

 f , e >
 e

y
f  :=

 <
 f ,

 =
 <

 f , e >
 e

f
e

0
0

0

1
1

2
2

3
3

+
 <

 f , e >
 e

e
1

0
1

10

-1 1

0
1

0
1

0
1

M
ore

generalw
avelets

based
on

sim
ilar

hierarchicalapproxim
ations

using
sm

oother
functions

such
as

splines.E
xtension

to
the

decom
position

of
2D

im
agesby

tensorpro
duct

techniques.

8
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W
aveletrepresentations

of
im

ages

D
igital

im
age

512x512
M

ultiscale
decom

position

M
ultiscale

decom
positions

of
natural

im
agesin

to
tensorpro

duct
w

aveletbasesare
sparse:

a
few

num
erically

signi�can
t

coe�cien
ts

concentrate
m

ostof
the

energy
and

inform
ation.

T
his

prop
erty

plays
a

crucialrole
in

applications
such

as
com

pressionand
denoising.

9
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A
pplication

to
Im

age
C

om
pression

B
asic

idea:
encode

w
ith

m
ore

precision

the
few

num
erically

signi�can
t

coe�cien
ts

)
R

esolution
is

lo
cally

adapted

E
xam

ple:
1

%
largestcoe�cien

ts
encoded

C
om

pressionstandard
JP

E
G

2000
:

-
S

am
e

basic
principles

-
B

ased
on

sm
oother

biorthogonal

w
avelets

(D
aub

echies,Feauveau,A
C

)

-
G

ood
quality

w
ith

com
pression1/40

10
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A
pplication

to
im

age
denoising

N
oisy

digital
im

age
M

ultiscale
decom

position

N
atural

strategy:
thresholding

i.e.
put

to
zero

the
coe�cien

ts
w

hich

are
sm

allerthan
the

noise
level.

(D
onoho,Johnstone,K

erky
acharian,

P
icard)

11
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M
easuring

sparsity
in

a
representation

f
=

P
f

�  
�

In
tuition:

the
num

b
er

ofcoe�cien
ts

above
a

threshold
�

should
not

grow
to

o
fast

as
�

!
0.

W
eak

spaces:(f
� )

2
w

`
p

if
and

only
if

C
ardf�

s:t:jf
� j>

�g
�

C
�

�
p;

or
equivalently

,
the

decreasingrearrangem
ent

(f
n )n>

0
of

(jf
� j)

satis�es

f
n

�
C

n
�

1=
p:

T
he

representation
is

sparseras
p

!
0.

If
p

<
2

and
( 

� )
is

an
orthonorm

al
basis,an

equivalent
statem

ent
is

in
term

s
of

b
est

N
-term

approxim
ation

:

kf
�

X

N
largest

jf
�

j f
�  

� k
L

2
=

[ Xn
�

N

jf
n j 2] 1=2

<�
N

�
s;

1=
p

=
s

+
1=2:

12
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M
eta-theorem

1.
T

he
degreeof

sparsity
p

governs
the

rates
of

convergenceof
adaptive

encoding
(s

=
1=

p
�

1=2)
and

denoising
(r

=
2s

1+
2

s )
algorithm

s
:

\the
sparser,the

b
etter"

2.
For

m
ostfunctions

classesC
-

such
as

unit
balls

of
H

•older,
S

obolev
or

B
esov

spaces-
w

aveletbased
adaptive

denoising
and

encoding
algorithm

achieve
the

m
inim

ax
and

entrop
y

rates.

13
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M
o

deling
realim

agesby
functions

of
b

ounded
variation

I
2

B
V

if
and

only
if

I
2

L
1

and
r

I
is

a
�nite

m
easure

P
rototyp

e: �



w
here

@



has
�nite

length.

In
tuition:

Im
ages

are
\piecew

ise
sm

ooth"
and

their
singularities

(edges)have
�nite

total
length.

T
heorem

(D
eV

ore,P
etrushev,X

u,
D

ahm
en,D

aubechies,A
C

)

I
2

B
V

([0;1] 2)
)

(I
� )

2
w

`
1

w
here

(I
� )

are
its

w
aveletcoe�cien

ts,
or

equivalently

kI
�

I
N

k
L

2
<�

N
�

1=
2:

O
ptim

al
estim

ate
for

w
avelets:if

I
=

�



then
at

scale
2

�
j

there
are

O
(2

j)
nonzero

coe�cien
ts

(edges)estim
ated

by
O

(2
�

j).

O
ptim

al
estim

ate
am

ong
all

bases14
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P
ractical

im
plications

O
ptim

al
p

erform
ancesof

w
aveletadaptive

denoising
and

com
pressionm

ethods
w

hen
the

im
agesare

m
odeled

by
B

V
functions.

Y
v

es
M

eyer:
\In

a
w

orld
w

here
im

agesare
B

V
functions

and
the

eye
m

easuresthe
error

in
L

2,
w

avelets
are

the
b

estto
ol".

T
his

includes
the

H
aar

system
!

R
eveals

the
lim

itations
of

B
V

m
odeling.

T
ow

ard
b

etter
m

odels:Im
age

=
geom

etry
+

texture
.

G
eom

etry
(ob

jects):
should

take
in

to
account

the
sm

oothnessof
edges(ignored

in
B

V
m

odeling).

T
exture

(or
noise):should

in
volve

statistical
m

odeling,and
a

di�eren
t

error
m

easurethan
for

geom
etry.

16
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S
parserepresentations

and
geom

etry

Im
age:

I
=

�



,
w

ith
@



sm

ooth.

I
N

=
approxim

ation
by

N
largest

w
aveletcoe�cien

ts

)
kI

�
I

N
k

L
2

�
N

�
1=

2

P
roblem

:
im

p
osesisotropic

re�nem
ent

I
N

=
piecew

iselinear
in

terp
olation

on
N

optim
aly

selectedtriangles

)
kI

�
I

N
k

L
2

�
N

�
1

P
roblem

:
fast

hierarchicalalgorithm
?

17
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G
reedy

algorithm
s

O
ptim

al
triangulation

:
N

P
hard

problem
.

A
daptiv

e
re�nem

ent
algorithm

s
:

from
an

initial
coarse

triangulation
T

0 ,
add

p
oints

iterativ
ely,

e.g.at
the

lo
cation

w
here

the
in

terp
olation

error
is

the
largest.

A
daptiv

e
coarseningalgorithm

s
:

from
a

very
�ne

triangulation
T

0 ,
rem

ove
p

oints
iterativ

ely.
C

riterion
for

p
oint

rem
oval:

m
inim

ize
the

anticipated
approxim

ation
error

w
hen

retriangulating
(using

e.g.D
elaunay

triangulation).

A
lgorithm

s
stop

w
hen

reaching
the

m
inim

al
num

b
er

of
triangles

N
for

w
hich

a
prescribed

error
D

is
ensured.

O
p

en
problem

:
do

greedy
algorithm

allow
to

obtain
the

rate
D

�
C

N
�

1
for

piecew
isesm

ooth
functions

such
as �



?

18
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O
ther

recent
approaches

to
sparseanisotropic

representations

D
ream

:
building

a
bridge

b
etw

een
harm

onic
analysis

and
geom

etry.

-
D

onoho
and

C
andes:sparserepresentation

based
on

ridglets/curv
elets

basesS
im

ilar
to

w
avelets

w
ith

additional
directional

selectivity
:

 
j;k

;l
�

 
(R

2
�

j
=

2l ((2
jx;2

j=
2y)

�
k)).

For
piecew

iseC
2

functions
separated

by
C

2
discontin

uity
curves,the

coe�cien
ts

b
elong

to
w

`
2=

3
)

A
llo

w
s

to
recover

kf
�

f
N

k
L

2
�

N
�

1

w
ith

a
thresholding

algorithm
+

optim
al

entrop
y

and
m

inim
ax

rates
for

this
classof

function.

-
M

allat
and

Le
P

ennec:
sparserepresentation

based
on

bandlets
E

dge
detection

+
selection

of
a

basis
adapted

to
the

edgesof
the

im
age

+
encoding

of
the

edgesas
1D

curves.A
llo

w
s

to
obtain

kf
�

f
N

k
L

2
�

N
�

r
w

ith
arbitrarily

large
r

depending
on

the
sm

oothnessof
the

edge,provided
that

the
edgeshave

b
een

identi�ed.

19



'&

$%

N
onlinear

m
ultiscale

representations

In
tro

duced
by

A
m

i
H

arten
in

the
early

90's
in

the
context

of
num

ericalshock
com

putations.
Idea

com
bine

the
sim

ple
m

ultiscale
structure

of
w

aveletalgorithm
s

w
ith

shock
capturing

techniques
in

tro
duced

by
H

arten
and

O
sher(m

ostly
developed

in
1D

).
A

nalysis
and

applications
to

im
agesinitiated

by
A

randiga,
D

onat,
D

yn,
M

atei,
A

C
.

C
losely

related
to

the
approach

by
B

araniuk,
D

avis
and

S
w

eldensbased
on

a
non-linear

lifting
schem

e

Idea:
in

terpretate
w

aveletcoe�cien
ts

as
prediction

errors
from

coarseto
�ne

scales.In
the

caseofthe
H

aar
system

:
from

averages
u

jk
on

the
in

tervals
[2

�
jk;2

�
j(k

+
1)],

the
predicted

values
are

sim
ply

û
j+

1
2k

=
û

j+
1

2k
+

1
:=

u
jk :

P
roblem

:
low

order
accuracy

20
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H
igher

order
accurate

prediction

e.g.third
order

accurate:D
e�ne

p
k (x)

as
the

quadratic
p

olynom
ial

s.t.
u

jl
=

jI
j;l j �

1
R

I
j

;l
p

k ,
l

=
k

�
1;k;k

+
1.

T
ake

û
j+

1
2k

=
jI

j+
1

;2k j �
1

R
I

j
+

1
;2

k
p

k
and

û
j+

1
2k

+
1

=
jI

j+
1

;2k
+

1
j �

1
R

I
j

+
1

;2
k

+
1

p
k .

E
quivalent

to
biorthogonalw

avelet(B
W

)
decom

positions
w

ith
~'

=
�

[0
;1] .

P
roblem

:
an

isolated
jum

p
discontin

uity
at

som
e

p
oint

x
a�ects

the
B

W
prediction

error
(and

th
us

the
size

ofdetails)
on

m
ore

in
tervals

than
in

the
lazy

case+
pro

ducesoscillations.

x21
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N
onlinear

essentially
non

oscillatory
(E

N
O

)
prediction

Idea:
replace

p
k

in
the

previous
construction

by
~p

k
selectedas

the
leastoscillatory

p
olynom

ialam
ong

fp
k

�
1 ;p

k ;p
k

+
1

g.

S
everalp

ossiblilities
criterion

have
b

een
prop

osed
to

m
easurethe

oscillation:
jp

00j,
R

jI
j

;k
j jp

0j 2,
�nite

di�erences

ju
j;k

�
1

�
2u

j;k
�

u
j;k

+
1

j
or

ju
j;k

�
1

�
u

j;k
j+

ju
j;k

�
u

j;k
+

1
j.

N
onlinearly

data
dependent

:
the

resulting
m

ultiscale
decom

position
is

not
a

change
of

basis

A
dvantage:

reducesthe
num

b
er

of
in

tervals
w

ith
bad

prediction.

x22
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E
N

O
w

ith
subcellresolution

(E
N

O
-S

R
)

prediction

-
F

irst
step:

detection
of

the
in

tervals
w

hich
p

ossibly
contain

a
discontin

uity.
!

-
S

econdstep:
if

I
j;k

is
such

an
in

terval,
de�ne

the
reconstructed

function
~p

k
=

a �
]�1

;y
] +

b �
[y

;+
1

[ ,
w

here
a

=
u

jk
�

1 ,
b

=
u

jk
+

1

w
here

the
estim

ated
jum

p
p

oint
y

is
chosen

such
that

u
jk

=
R

I
j

;k
~p

k .

y

-
For

other
in

tervals
(or

if
y

=2
I

j;k
),

use
E

N
O

prediction.

A
dvantage:

im
pro

ved
accuracy

nearthe
singularity

w
hich

is
resolved

by
coarsescales.
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N
um

ericalexam
ple

-0.4

-0.2 0

0.2

0.4

0.6

0
200

400
600

800
1000

f(x)

 x

0 1 2 3 4 5 6 7 8 9

0
0.2

0.4
0.6

0.8
1

0 1 2 3 4 5 6 7 8 9

0
0.2

0.4
0.6

0.8
1

O
riginal

function
and

details
jd

jk j>
10

�
2

for
B

W
and

E
N

O
-S

R

-0.4

-0.2 0

0.2

0.4

0.6

0
200

400
600

800
1000

f(x)

 x

-0.4

-0.2 0

0.2

0.4

0.6

0
200

400
600

800
1000

f(x)

 x

R
econstruction

from
coarseaveragesu

3
for

B
W

and
E

N
O

-S
R
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In
tuition

P
iecew

isesm
ooth

functions
can

b
e

w
ellapproxim

ated
from

their
coarsescale

com
ponents,

so
that

all
details

are
sm

all.

S
im

ilar
ideas

:
G

ottlieb-T
adm

or
(reconstruction

of
piecew

ise
sm

ooth
functions

from
spectraldata),

V
etterli

(sam
pling

theorem
s

for
signals

w
ith

�nite
rate

of
innovation).

T
he

prediction
operator

is
based

on
an

underlying
m

odel

P
rediction

M
o

del(accuracy)
S

im
pli�ed

m
odel(exactness)

B
W

S
m

ooth
functions

P
olynom

ials

E
N

O
-S

R
P

iecew
isesm

ooth
P

iecew
isep

olynom
ials

G
uideline

for
2D

extension:underlying
m

odelw
ill

b
e

piecew
ise

sm
ooth

functions
separated

by
piecew

isesm
ooth

edges,sim
pli�ed

m
odelw

ill
b

e
piecew

isep
olynom

ialseparated
by

straight
line

(m
ore

generally
algebraic

curves).
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E
xtension

to
2D

T
ensorpro

duct
strategy

:
inherit

the
sim

plicity
of

1D
algorithm

s
but

only
partially

adapted
to

the
treatm

ent
of

geom
etricaledges.

C
oarse

scale
B

W
E

N
O

-S
R

G
oal:

develop
and

analyze
edge-adaptedstrategies.
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E
dge-A

dapted
prediction

(E
N

O
-E

A
)

F
irst

step
:

edge
detection

based
on

the
1D

technique
:

a
cellS

is
singular

if
the

stencils
associated

to
adjacent

cells
tend

to
avoid

it,
in

the
horizontal

or
vertical

direction

S
econdstep

:
edge

selection
based

on
sim

pli�ed
m

odel.

Im
age

peppers
:

b
efore

and
after

selection
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�

�

A
dm

issible
and

non-adm
issible

con�gurations
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T
hird

step:
reconstruction

-
O

n
cells

w
hich

are
far

from
singular

cells:use
bi-quadratic

p
olynom

ialreconstruction
based

on
the

centered
3

�
3

stencil.

-
O

n
cells

w
hich

are
adjacent

to
a

singular
cell:

use
E

N
O

reconstruction,i.e.
bi-quadratic

p
olynom

ialbased
on

a
stencil

w
hich

w
ill

tend
to

avoid
the

singular
cell.

-
O

n
singular

cell:
generalizethe

E
N

O
-S

R
strategy

by

(i)
identi�cation

of
a

line
edge

fpx
+

qy
=

1g

(ii)
recontruction

of
a

piecew
isep

olynom
ialfunction

~p
k (x;y)

=
p

+k
(x;y) �

f
px

+
qy

�
1g

+
p

�k
(x;y) �

f
px

+
qy

<
1g

R
em

ark
:

the
inform

ation
of

w
hich

stencilis
used

and
w

hich
cells

are
singular

does
not

need
to

b
e

encoded
since

it
is

contained
in

the
num

ericalvalues
of

the
representation.

O
veralltransform

com
plexity

is
O

(N
)

as
in

standard
w

avelettransform
s.
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$%

H
ow

does
it

w
ork

?

-
Identi�cation

of
the

param
eters

:
apply

the
1D

strategy
applied

on
the

three
row

s
+

construct
leastsquare

line
from

the
m

id-p
oints

of
each

segm
ents.
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-
C

om
pute

p
olynom

ials
p

+k
and

p
�k

using
3

�
3

stencils
from

b
oth

side
of

the
singular

con�guration.29
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E
xactnessfor

the
sim

pli�ed
m

odel

T
heorem

:
this

reconstruction
is

exactfor
functions

w
hich

are
piecew

iseconstant
separated

by
straight

edges.

O
riginal

im
age

C
oarse

scale
averages

R
econstruction

It
is

also
exactfor

bi-quadratic
p

olynom
ials.

It
should

therefore
treat

prop
erly

piecew
isesm

ooth
functions.
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$%

A
ccurate

reconstruction
for

piecew
isesm

ooth
im

ages

C
oarse

scale
B

W
E

N
O

-E
A
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Im
pro

ved
sparsity

for
piecew

isesm
ooth

functions

If
f

is
piecew

iseC
2

w
ith

jum
ps

accrossa
�nite

union
of�nite

length
C

2
curves,w

e
expectat

scale
2

�
j

in
the

E
N

O
-E

A
representation

:

-O
(2

2j)
coe�cien

ts
estim

ated
by

O
(2

�
3j)

(sm
ooth

regions)

-O
(2

j)
coe�cien

ts
estim

ated
by

O
(2

�
3j=

2)
(edges)

-O
(1)

coe�cien
ts

estim
ated

by
O

(2
�

j)
(T

-junctions
and

corners)

)
C

onjecture
:

coe�cien
t

sequenceb
elongsto

w
`

2=
3
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C
onjecture

observed
in

practice

D
ecay

of
the

decreasinglyrearranged
detail

coe�cien
ts

of
the

synthetic
picture

w
ith

B
W

and
E

N
O

-E
A

.

1 10

100

1000

10000

10
100

1000
10000

100000

N

C
oefficients m

ultiechelles ranges par ordre decroissant im
age graphe

ea
bw

In
the

central
regim

e,regressiongives
slopes

�
1:12

and
�

1:47.
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T
hresholding

algorithm
s

applied
to

geom
etric

im
ages

R
econstruction

using
1%

largestcoe�cien
ts

O
riginal

B
W

E
N

O
-E

A
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$%

T
hresholding

algorithm
s

applied
to

realim
ages

R
econstruction

using
3%

largestcoe�cien
ts

O
riginal

B
W

E
N

O
-E

A
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D
o

E
N

O
-E

A
representations

im
pro

ve
on

classicalw
avelets

?

-
G

eom
etric

im
ages:

L
2

and
visualim

pro
vem

ents.

-
R

ealim
ages:

slight
visualim

pro
vem

ents
but

not
L

2.

P
erspectives

-
C

om
pressionstrategy

based
on

splitting
geom

etry
and

texture
in

realim
ages(�rst

results
show

b
oth

L
2

and
visualim

pro
vem

ents).

-
M

ore
analysis

:
sparsity,

stability,
sm

oothness.

-
Incorp

orate
texture

and
blurring

w
ithin

the
prediction

m
odel.

-
A

pplications
to

other
problem

s,3D
extensions...
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C
onclusion

E
m

erging
�eld

:
geom

etricalim
age

pro
cessing

C
onnexions

w
ith

num
ericaltechniques

for
P

D
E

's

M
any

other
p

ossible
approaches

M
any

open
problem

s

P
apers:w

w
w

.ann.jussieu.fr/~
cohen
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