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The world of digital images: Multimedia, digital photography and
video, HDTV,astronomy, medical imaging, etc.

Mathematical represenation of an image:
= Light intensity at point (X;Yy)
Black = 0 1I(x;y) 1= White

Digital image processing:mathematical operations applied to
| (X; y) through algorithms, aiming to perform speci c tasks
concerningthe image, sud as

- Compression,encaling : reducethe memory spaceneededfor the
storage of the image, while preservingits visual quality.

- Restauration, denoising: reconstruct a good approximation of the
Image from a distorted or noisy obsenation.
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Signi cant ewolution since80-90's
Methods.

Linear ) Nonlinear
Uniform ) Adaptive
Models.

Smoothness) Piecewisesmoothness

Gaussian) Non Gaussian

Strongly related to the emergenceof new mathematical
represenations, sud as wavelet bases,for images.
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Agenda

1. Mathematical modeling of compressionand denoising

2. Sparserepresertation into wavelet bases

3. Modeling image by bounded variation functions

4. Toward anisotropic represenations

5. Multiscale edge-capturingtechniques
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Mathematical modeling

Compression: encading | 7! B with B = 0110 001 nite bit
streamN = #(B)< 1, decadingB 7! I'é6 |.

Denoising: from obsenation Y = 1 + N, with N white noise,
derive "6 | by someestimation procedure.

Measureof distorsion: D = D(I;) = kIl  Tkx or E(kKI Tky),
with X somenormed spaceoften chosedto be X = L?2.

Model for images: C X (typically the unit ball of some
deterministic classof function)
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Bendhmarks

Kolmogorov entropy : if Ca compactsetof X, let M (D) be the
minimal number of X -balls of radius D which is neededto cover C.
The entropy number N(D) := logM (D)=log?2 is the minimal
number of bits to encade the elemerns of C with accuracyD. For
function classeswe typically have for all s up to s(C) (entropy rate)

N(D) CD ' i:ee D(N) CN S:

Minimax rate : if C X, let D( ) = minmax,;oc D(I;I), wherethe
minimum is taken over all estimation procedures. We typically
have for all r up to r(C) (minimax rate)

D() C ":
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Prescriptions for compression/estimation algorithms

() Optimality : convergewith entropy/minimax rate for a classC
(i) Universality : adchieve theserates for a large variety of classes

(i) Low complexity : if possibleO(M ) with M the dimension of |

Additional prescriptions for compressionalgorithms :
(iv) Progressivity : B = B1[ B2o [ leadingto 7! I !

(v) Burn in : bit stream can be re ned for a selectedregion of | .
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Multiscale represenations by decomposition into wavelet bases

Basic example: the Haar system

\/\l> f '
/ N\

+A_n_mvaH 0 e

"
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More generalwavelets basedon similar hierarchical approximations
using smoother functions sud as splines. Extension to the
decomposition of 2D imagesby tensor product techniques.
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Wavelet represenations of images

Digital image 512x512 Multiscale decomposition

Multiscale decompositions of natural imagesinto tensor product
wavelet basesare sparse a few numerically signi cant coe cien ts
concerrate most of the energy and information. This property
plays a crucial role in applications sudh as compressionand
denoising
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Application to Image Compression

Basic idea: encade with more precision
the few numerically signi cant coe cien ts
Resolution is locally adapted

Example: 1 % largest coe cien ts encaded

Compressionstandard JPEG 2000:

- Samebasic principles

- Basedon smoother biorthogonal
wavelets (Daubedies, Feauwau, AC)

- Good quality with compressionl1/40
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Application to image denoising

Noisy digital image Multiscale decomposition

Natural strategy: thresholding
l.e. put to zerothe coe cien ts which
are smaller than the noiselevel.

(Donoho, Johnstone, Kerkyacdharian, Picard)
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Measuring sparsity in a represenation f = f

Intuition: the number of coe cien ts above a threshold should not
grow too fastas ! O.

Weak spaces:(f ) 2 w P if and only if
Cardf st:jf j> g C P;

or equivalently, the decreasingrearrangemen (f,)n> o of (jf )
satis es
f, Cn P

The represertation is sparserasp! O.If p<2and( ) isan
orthonormal basis, an equivalent statemert is in terms of best

N -term approximation:
X X
kf f o kiz=1[ jfnj?]'=2 < N S; 1=p= s+ 1=2:

N largest jf | n N
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Meta-theorem

1. The degreeof sparsity p governsthe rates of convergenceof

adaptive encading (s = 1=p 1=2) and denoising(r = Tmmmm

algorithms : \the sparser,the better"

2. For most functions classesC - sud as unit balls of Helder,
Soholev or Besor spaces- wavelet basedadaptive denoisingand
encading algorithm achieve the minimax and entropy rates.
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Modeling real imagesby functions of bounded variation
| 2BV ifandonlyif | 2 Lt andr | isa nite measure
Prototype: where @ has nite length.

Intuition: Imagesare \piecewise smooth" and their singularities
(edges)have nite total length.

Theorem (DeVore, Petrushev, Xu, Dahmen, Daubedies, AC)
| 2BV(0:1]%)) (I )2 w1l
where (I ) are its wavelet coe cien ts, or equivalently

kI Ink: < N 12

Optimal estimate for wavelets: if | = then at scale2 ! there
are O(2' ) nonzerocoe cien ts (edges)estimated by O(2 /).

Optimal estimate among all bases
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Practical implications

Optimal performancesof wavelet adaptive denoisingand
compressionmethods when the imagesare modeled by BV
functions.

YvesMeyer: \In a world where imagesare BV functions and the
eye measuresthe error in L2, wavelets are the best tool".

This Includesthe Haar system! Revealsthe limitations of BV
modeling.

Toward better models: Image = geometry + texture.

Geometry (objects): should take into accourt the smoothnessof
edges(ignored in BV modeling).

Texture (or noise): should involve statistical modeling, and a
di erent error measurethan for geometry.
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Image: |

Sparserepreserations and geometry

. with @ smooth.

NS

| = approximation by N largest
wavelet coe cien ts

) kI Inkiz N 172

Problem: imposesisotropic re nement

|y = piecewiselinear interpolation

on N optimaly selectedtriangles

) kI Inkize N1

Problem: fast hierarchical algorithm ?
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Greedy algorithms
Optimal triangulation : NP hard problem.

Adaptiv e re nement algorithms : from an initial coarse
triangulation Ty, add points iterativ ely, e.g. at the location where
the interpolation error is the largest.

Adaptiv e coarseningalgorithms : from a very ne triangulation Ty,
remove points iterativ ely. Criterion for point removal : minimize
the anticipated approximation error when retriangulating (using
e.g. Delaunay triangulation).

Algorithms stop when readiing the minimal number of triangles N
for which a prescribed error D is ensured.

Open problem: do greedy algorithm allow to obtain the rate
D CN ! for piecewisesmooth functions sud as ?

&
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Other recernt approadiesto sparseanisotropic represenations
Dream : building a bridge betweenharmonic analysisand geometry.

- Donoho and Candes: sparserepresertation basedon

ridglets/curv elets basesSimilar to wavelets with additional
directional selectivity : jx (R, i-2((2) x; 272y)  K)). For
piecewiseC? functions separatedby C? discortinuity curves,the
coe cien ts belongto w'2=2 ) Allowsto recover kf fyk2 N 1
with a thresholding algorithm + optimal entropy and minimax
rates for this classof function.

- Mallat and Le Pennec: sparserepresenation basedon bandlets
Edge detection + selectionof a basisadapted to the edgesof the
Image + encading of the edgesas 1D curves. Allows to obtain

kf fnkiz N " with arbitrarily large r depending on the
smoothnessof the edge,provided that the edgeshave been

identi ed.
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Nonlinear multiscale represertations

Introduced by Ami Harten in the early 90's in the context of
numerical shock computations. ldea conbine the simple multiscale
structure of wavelet algorithms with shock capturing technigues
Introduced by Harten and Osher (mostly developedin 1D).
Analysis and applications to imagesinitiated by Arandiga, Donat,
Dyn, Matei, AC. Closely related to the approad by Baraniuk,
Davis and Sweldensbasedon a non-linear lifting sdheme

ldea: interpretate wavelet coe cien ts as prediction errors from
coarseto ne scales.In the caseof the Haar system: from averages
ul. on the intervals [2 1k;2 1 (k + 1)], the predicted valuesare
simply
[ Y [ A
0o = O o= U

Problem: low order accuracy
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Higher order accurate prediction

e.g. third order wmoca:m De ne pk(Xx) asthe gquadratic polynomial

j 1
s.t. up = jlji ] __”N_u_f_lx 1;k;k+ 1. Take -

i+l _ . g i+l _ i : 1
DN_A - ___+H_N_A_ __.+H 2k _U_A mjﬁ_ DN_A+“_. - .___+“_.“N_A+H_.._ __.+H 2k +1 _U_A

Equivalent to biorthogonal wavelet (BW) decompositions with

~

- [0;1]
Problem: an isolated jump discortinuity at somepoint X a ects the

BW prediction error (and thus the size of details) on more intervals
than in the lazy case+ producesoscillations.

X
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Nonlinear essetially non oscillatory (ENO) prediction

Idea: replacepyk in the previous construction by px selectedas the
least oscillatory polynomial amongfpx 1;Pk; Pk+1 G-

Seeral _oomm__u____ﬁ%m criterion have beenproposedto measurethe
oscillation: jp%, o ip%2, nite dierences

JUpik 1 2Ujk  Ujk+1]) OF jUjx 1 Upk ]+ JUjk  Ujk +1]-
Nonlinearly data dependern : the resulting multiscale
decomposition is not a change of basis

Advantage: reducesthe number of intervals with bad prediction.

|
X
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ENO with subcell resolution (ENO-SR) prediction

- First step: detection of the intervals which possibly cortain a
discortinuity.

L+ |

- Secondstep: If 1, Is sudh an interval, de ne the reconstructed

function px = a 11 yj+ b .+1 [, Wwherea=u, |, b= c__i_ﬂ

where the estimated jump point y is chosensud that c_.FA = Bk .

__.“_A

- For other intervals (or if y 2 |, ), useENO prediction.

Advantage: improved accuracy near the singularity which is
resolved by coarsescales.
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Intuition

Piecewisesmooth functions can be well approximated from their
coarsescalecomponernts, sothat all details are small.

Similar ideas: Gottlieb-T admor (reconstruction of piecewise
smooth functions from spectral data), Vetterli (sampling theorems
for signalswith nite rate of innovation).

The prediction operator is basedon an underlying model

Prediction | Model (accuracy) | Simplied model (exactness)

BW Smooth functions Polynomials

ENO-SR | Piecewisesmooth Piecewisepolynomials

Guideline for 2D extension: underlying model will be piecewise
smooth functions separatedby piecewisesmooth edges,simpli ed
model will be piecewisepolynomial separatedby straight line (more
generally algebraic curves).

25
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Extension to 2D

Tensorproduct strategy : inherit the simplicity of 1D algorithms
but only partially adaptedto the treatment of geometrical edges.

Coarsescale BW ENO-SR

Goal : dewelop and analyze edge-adaptedstrateqgies.

26
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Edge-Adapted prediction (ENO-EA)

First step: edgedetection basedon the 1D technique: acell S is
singular if the stencils assaiated to adjacert cellstend to avoid it,
In the horizontal or vertical direction

Secondstep : edgeselectionbasedon simpli ed model.

Image pepyers ;. beforeand after selection

\\

Admissible and non-admissiblecon gurations
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Third step: reconstruction

- On cellswhich are far from singular cells: use bi-quadratic
polynomial reconstruction basedon the cerntered 3 3 stencil.

- On cellswhich are adjacert to a singular cell: useENO
reconstruction, i.e. bi-quadratic polynomial basedon a stencil
which will tend to avoid the singular cell.

- On singular cell: generalizethe ENO-SR strategy by
() identi cation of aline edgefpx+ qy = 1g

(i) recortruction of a piecewisepolynomial function
UxAX“ <v = _u._m AX“ <v fpx+qy 1g + _u_A AX“ <v f px+ qy< 1g

Remark : the information of which stencil is usedand which cells
are singular doesnot needto be encaded sinceit is contained in the
numerical valuesof the represenation. Overall transform
complexity is O(N) asin standard wavelet transforms.

28
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How doesit work ?

- Identi cation of the parameters: apply the 1D strategy applied
on the three rows + construct least squareline from the mid-points
of eadh segmerts.

A
A

- Compute polynomials p, and p, using3 3 stencils from both
side of the singular con guration.
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Exactnessfor the simplied model

Theorem : this reconstruction is exact for functions which are
piecewiseconstart separatedby straight edges.

Original image Coarsescaleaverages Reconstruction

It Is also exact for bi-quadratic polynomials. It should therefore
treat properly piecewisesmooth functions.

30
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Accurate reconstruction for piecewisesmooth images

Coarsescale BW ENO-EA
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Improved sparsity for piecewisesmooth functions

If f is piecewiseC? with jumps accrossa nite union of nite length
C? curves,we expect at scale2 ! in the ENO-EA represenation

-0(2%) coe cien ts estimated by O(2 3) (smooth regions)
-0(2!) coe cien ts estimated by O(2 3 2) (edges)

-O(1) coe cien ts estimated by O(2 !) (T-junctions and corners)

)

) Conjecture : coe cien t sequencebelongsto w"2=3
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Conjecture obsened in practice

Decay of the decreasinglyrearrangeddetail coe cien ts of the
synthetic picture with BW and ENO-EA.

Coefficients multiechelles ranges par ordre decroissant image graphe

10000 | bW .
1000 |
100 b

10 |

o—o-EEEEBessmmmpx |
100000

In the central regime, regressiongivesslopes 1:12and 1:47.
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Thresholding algorithms applied to geometricimages

Reconstruction using 1% largest coe cien ts

Original BW ENO-EA
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Thresholding algorithms applied to real images

Reconstruction using 3% largest coe cien ts

Original BW ENO-EA
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Do ENO-EA represenations improve on classicalwavelets ?
- Geometric images: L? and visual improvemerts.

- Real images: slight visual improvemerts but not L2.

Perspectives

- Compressionstrategy basedon splitting geometry and texture in
real images(rst results show both L2 and visual improvemerts).

- More analysis: sparsity, stability, smoothness.
- Incorporate texture and blurring within the prediction model.

- Applications to other problems, 3D extensions...
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Conclusion

Emerging eld : geometrical image processing

Connexionswith numerical techniquesfor PDE's

Many other possibleapproades

Many open problems

Papers: www.ann.jussieu.fr/~cohen
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