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Group action on jet bundles

G ~ M = G ~ {p-dimensional submanifolds of M} = G ~ J k(M ,D)

Jet spaces: J* = J*(M,p) are bundles over M.
The fiber over z € M consists of the equivalence classes of
p-dim. submanifolds with k-th order contact at z.

Local coordinates on J*:

x = (z',...,2P) — independent variables,

u= (u',...u9) — dependent variables,

u®) = (u%, a =1...q, J = multi-index, |J| < k) — “derivatives”

J:(]177]p) OS]M ’J‘:.jl—l_—'_]p) (1)
J= (1, k), 1<ji<p, |J|=k (2)



Projections: 7' : J" — JE for k < n:
Jo. gk gt ot S =M

Jets of submanifolds:
k ra
IFN ;0 = f(x) then j*(N) : u = f2(x),  uj = 53t

Hi1gl. . §ipgp*

Prolongation of the action:

g-j"(N)=j*(g- N).



Contact structure on J*°(M, p)

Basis of horizontal sub-bundle

Basis of vertical sub-bundle

Tangent
total derivatives: vertical derivatives
d 8 q ) d
dx* =~ Ox? + Zozzl U; ou® ou™’
o O 0 _
+2 0,0 UTius gor @ =1...q
Cotangent
horizontal one-forms contact one-forms
0% = du® — S°P _u® da?
1 1=1 "1 y
dx,...,dxP . . b
g = duy — ) iy uj;dz’.




Bigrading of exterior differential algebra:

Grading: A* = @ A*, where A¥ =" one form A - - - A one form.

~"

E times

d: A* — A"t dod=0= de Rham complex.

Bigrading: A* = @ A®?, where A5t =
> hor. 1-form A - -+ A hor. 1-form A cont. 1-form A - -+ A cont. 1-form

TV TV

s times t times

d: A5t — ASTUE @ AT = d = dy + dy
d*=(dg+dy)*=0=d3 =0,dy, =0,dgody = —dy ody
Y

Bicomplex



Variational Bicomplex

Tulczyjew, Tsujishita, Vinogradov, Anderson

SIS R R R B

of ol 1wl af e
AOlLA“L .ﬂ,Ap—llﬂ,Apl - - Tl
dvT dvT T dvT T /
1%
00 3 AlO___ o  __ _oaAp—1,0___ 4 Ap0
A dn A dn dn A - A

I: A??® — F* = AP®/Imdp - integration by parts operator

O, = I o dy- variational derivative.



Integration by parts operator, A € AP>%:
. 0 d 0
- () + 3 (i) ()

A= LixuMydx — W S OLpgadx Loy Ee(LD)6e A dx

EY(L)=0, a=1,...,q— Euler-Lagrange equations.

APY —Lagrangians O dy AP~ = (loc) = ker 0y —trivial Lagrangians.

F! —source forms O 9y APV = (loc) = ker 0y —Euler-Lagrange forms.



Invariant structure on J*°(M, p).

Invariant horizontal basis

Invariant vertical basis

Tangent

invariant total diff. operators

~

D1,...D,

span {15@} = span { diz_ }

invariant vertical diff. operators
c*,Cq
span {éa} £ span { aga }

unless the action is projective

Cotangent

invariant “horizontal” one-forms
le, o, wP

H = span {Jﬂ} #+ H = span {dxz}

unless the action is projective

invariant contact one-forms
e, 09
span {50‘, é?} = span {6%,09}




A generating set of differential invariants.
Thm. (Tresse) I{I',...,I"} - invariant functions on J* (M, p), s. t.
any invariant function

IzF(...,ﬁJ(IZ),...)
J

non-free differential algebra (with syzygies):
S(...,ﬁj(ﬂ),...) ~ 0
Problems:
e Finding a (minimal) set of generating invariants.
e Finding a (minimal) set of generating syzygies.
e Finding invariant basis for differential forms.

Solution: invariantization via moving frame method (Olver, Fels).
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Euclidean group SE(2) = SO(2) x R? acts on plane curves

u = u(x):

x — cos(p)x —sin(p)u + a, u > sin(@)x + cos(p)u + b.

: . _ Uz N d 1 d
e a generating set: Kk = (Tu2)372 D=, = — @
e any invariant I = F(k, ks, Kss, - - - ), NO Syzygies,

e ds = /14 u2dx is not an invariant form:

g*ds = ds + contact form.

e invariant “horizontal” form: & = ds + “_Iﬂi - 0.
u

X

0 é o (l—l—ui)ew—uwuwxe

S 0=

e invariant contact forms: 6 =

10

(Fa3)?



SE(2) = SO(2) x R? acts on surfaces u = u(z,y) in R°:

x — cos(¢p)r —sin(¢)y +a, y+— sin(¢p)xr + cos(p)y+b, u— u

2 2

a minimal generating set: I =u, I, = :

By —

1

/22 2
uw—l—uy

2 2
um—l—uy

d d ~ 1 d d
( Ydx fﬂdy)> 2 [u+u2 ( vdg T ydy)

generating syzygies:
DI =0,
12, — IuDol + 2 (1511521) — (Do) (15%152[ _ 15219“) — 0,
(@1152 1) (zm + D3 z) + (152 z) (152 Dy Dy — 251253) =0

2

N Tpw AN D1Do I 4~
D1, Ds] = 5701+ 57 Do

invariant horizontal forms:

Wy =

1

/0,2 2
um—l—uy

(uydr —uzdy), wy= W (ug dx +uy dy).
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Application: symmetry reduction.
Thm. (S.Lie)

e (almost) any symmetric system of differential equations can be

written in terms of differential invariants.

e (almost) any symmetric variational problem can be written in

terms of differential invariants and invariant differential forms.
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Invariant Variational Problems:

for Vg € G: Llu] = / L(x,u™)dx = /

g [L(x, u™)dx
Q g-2

Llu] = [ L(x,u™)dx & Lul= [L(...,DjI' .. )01 A+ A&y

lEO‘:ZJ (_dzj) 823‘ l !

~

Ao‘(x,u(”)) = 0, <~ A (ﬁjlll,...,ﬁjNIN) = 0,
a=1,...,q. a=1,...,N.

problem and examples: P. Griffiths, 1. Anderson;
general formula: P. Olver, I. Kogan; V. Itskov.
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Euclidean invariant Lagrangian:

2

L|u] :f2(1r2§)5/2d:c — tk?ds
2
| B= () 52 - (&) 5 |2
A=0 <  Kgs + %/13 =0

30 us® w1’ — HusS — 20 us ug uz — 20 us u13u3 +2us +dugur® + 2uq ur

N | — [>

(1 + u12)/2)
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Invariantization via moving frames.
(Fels, Olver)

Thm. (Ovsyannikov) The action of G is loc. effective on open subsets

4

dn < dim G (the order of stabilization), s. t. the prolonged action is
loc. free on an open dense V" C J".

Y
o dimO, =dimG, VYz(™ epr
e 1 (local) cross-section K":
— codim K" = dim O, (n),
— K™ is transversal to O, for Vz(™ € V",

— K" N O, consists of at most one point <= regular action.
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Define p : V* — G, by the condition p(z(™) - z(") € K"

plg-2™)g -2 = p(2) - 2™); freeness = p(g - 2(™) = p(z(™))g ™!

Y
p is a G-equivariant map.

c.-s. and p can be lifted to J* for k > n:
—1
o(z™) = p (wff; (z(k))) ca, KF= (wﬁ) KrcJgb, K=l Kr

Projection on the c.-s. v(z) = p(z) - z: J>° — K for z € J*.
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Generalized definition of a moving frame.

G ~ M; a moving frame is an equivariant smooth map p: M — G.

R 1
Gg——

p p

M—g>M

Thm. 4 moving frame < the action is regular and free.
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Invariantization ¢:

e functions f: J* — R: L f)(z) = f(p(z) - z)

{X" = ("), IT = 1(u)} D complete set of functionally indep. inv.

¢ differential forms: )]z = [p(2)]" (pz)z)

w — 1-form, v — vector field: (t(w)]z;v|s) = (W|p(2).2; P2« (V]2))
é? =1(09), a=1,...,q - inv. basis of contact 1-forms.
o' = 1(dz"),i=1,...,p - inv. basis of “horizontal” 1-forms.

e 1-st order inv. diff. operators = inv. vector fields.
Basis — dual to {7, 0%}.

Basis of total inv. operators <in; ﬁj> = 5;
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Invariantization steps:
1. Pull back a form (a function) by the action of g € G,

2. Replace g with p(z).
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Euclidean action on the plane curves:

r— T = cos(¢p)r —sin(¢)u+a, ur— u=sin(¢)r + cos(p)u+b
_ sin(¢) + cos(@)u, _ Uy
Uy > Uy = y  Ugpy P Ugy = .
: “ cos(¢p) — sin(¢)uy o T (cos(@) — sin(P)uy)3
loc. free and transitive on J! = c.-s. K! ={z =0, u =0, u, = 0}
U
moving frame is the solution of z =0, u =0, u, =0 :
T+ UrsU Uge T — U
¢: —arctan(um), a = —W, b= W
Y
*umm = Ugy = Qo = 12 =R = R
’ (cos() — sin(¢)us)’ ()7
* _ ol ~ drt+ugdu __ )
9" (dx) = cos(¢)dx — sin(¢)du = W= iz =14 u2dx+ \/TH.
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Structure equations.

d0(9) = 1(d9) + 39" () At [vie ()

V1i,...V, — basis for infinitesimal generators of G-action
v, (1) — Lie derivative of {2 with respect to v.

{1, ... — dual basis of invariant differential forms on G

Invariant bigrading A* = @ A®?.
Unless the action is projective At #£ A%* and for s > 1:

d: As,t N ]\S—I—l,t D ]\S,t—l—l D ]\S—l,t—l—2 — d _ d[f[ i df/ i dW

d2:(dﬁ[—|—d(/+dw)2:0

d%{:(), d%~/+dﬁdw—|—dwdﬁ:0, dﬁod‘}:—dvodﬁ, d%‘/:O
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input:

output:

operations:

comments:

Algorithm for computing structure equations.

dependent and independent variables [z1, ..., zP], [ul, ..., u4],

infinitesimal generators V = [vy,..., V],

1

coordinate cross-section K = [z"* =c¢',..., 2" =],

order of prolongation k.

dp@', dge’ =Y c @I A&F,  [Dg,Dj] == c,D;,
dp 05, dp03, Di(05),

do X, del%, dgXi dzly, D;(XY), D;I9).
differentiation and linear algebra.

explicit formulae for moving frame, invariants and invariant

forms are not needed.
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I. Preliminary computations:

e V¥ .= k-th prolongations of vectors V; d := dim J* = p + qC’£+k,
L := (r x d)—matrix of the coefficients of V*,
L¢ := (r X p)-submatrix of L, corresponding to z,
Ly := (r X (d — p))-submatrix of L, corresponding to u5
L. :=r X (d — p))-matrix of contact forms such that

p
{Le}5, = Ve (09) = dv 05, — > ufidy &
=1

L, := (r X r)-submatrix of L of columns i1,...,i, defining K.

e if det L.|x = 0 then cross-section is invalid; stop.
else define the process of invariantization:
1

t(expression) := subs ({dwz =009 =092 =c,...,2"" =",

for the rest of variables ' = X", u§ = I$}, expression)
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e matrices of variables and forms:

I1.

K :

Z = (1 X d)- matrix of all coordinates,

[2°t, ..., 2""](1 X r)- is matrix of normalized coordinates.

I:=u(Z) is (1 x d)-matrix of invariants.
~1

W :=|w",...,&P] — invariant horizontal forms
0:=[05,a=1,...,q,|J| < k] - (1 X d)-matrix of contact forms.
0:=1[0%a=1,...,q|J| < k] =1(0)-invariant contact forms.

Structure equations:

dyo = o[(du K)A L (dy L)
dyo = o|(du K)NL7t (dy Le) + (dv K) A L7 (d Le)
dg0 = t[du0—(du K)AL7L) = X,Di () not
dy§ =  [(dy K) ALV
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III. Differentials of fundamental invariants.

dgl = 1|dgZ—(duK)L;'L] =

di I = |dyZ—(dy K)L; 'L
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SE(2) acting on curves in R,
> restart;with(Vessiot) :read(IVBproc);with(linalg):

> coord_frame([x], [u],frl);

frame name : frl
> vectE:=[[1,0],[0,1], [-ul0],x]];

sectionE:=[x=0,u[0]=0,ul[1]=0];
vectE :=|[1, 0], [0, 1], [—uo, x]]

sectionF =[x =0, ug = 0, uy = 0]

> ivb(vectE,sectionE,3);
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INVARIANT HORIZONTAL FORMS
invariant vertical differentails
[dv Dz =wus Dz A Cuy ]
invariant horizontal differentails

0]
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INVARIANT CONTACT FORMS

invariant vertical differentials :
dv Cujg) = uz Cujg A Cupy,
dv Cupyp = uz Cupgp N Cupy,
dv Cupg) = ug Cupgy N Cupy,

dv Cupg) = us Cujgy A Cupy — 6uz Cupp A Clug

wnvariant horizontal differentials :
dh Cupg) = —u9® Dz A Cupyy + Dz A Cupy ,

dh C’um = —uzus Dr AN Cu[o] + Dz A CU[Q] )

dh Cup) = —uguz Dz N Cuyg —3us? Dz A Cupp + Dz A Cugg
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Lie derivatives w.r.t inv. diff. operators :

Dy Cupy) = —u® Cupy) + Cup
D4 Cu[l] = —U3 U2 CU[O] + C“[2]
Dy Cupy = —ugug Cupg) — 3 us? Cupy + Cups
i D; Cuzp = —usuz Cupgy —4uguz Cupy — 6 ug? Cupg) + Cupy

DIFFERENTIALS OF THE FUNDAMENTAL INVARIANTS _

vertical

dvug = Cupy

dvus = —3 us? Cupp + Cups
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horizontal

dh uo = us Dz

dhus = (=3 ug® + uy) Dx

Lie derivatives w.r.t inv. diff. operators :

D1 U2 — Usj

D1 Uz — -3 UQ3 + Uy
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SE(2) acting on independent variables for surfaces in R"3.
> coord_frame([x,y], [ul,fri):

> vectors:=[[1,0,0],[0,1,0],[-y,x,0]];
section:=[x=0,y=0,ul[1,0]=0];

> ivb(vectors,section,?2);

INVARIANT HORIZONTAL FORMS :

wnwvartant vertical differentails

Dy N Cu Dx N Cu
Pv[& - L0 ,dv Dy = — [Lm]
Uuo, 1 uop, 1

invariant horizontal differentails

Dz A D Dz A D
[thx = W20 PP ALY gy py = ML P A y]

Up, 1 Up, 1
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Lie algebra of invariant differential operators :

> invD := [[Lie_alg, InvH, [pl],
[seq(invDstr[t],t=1..px(p"2-p)/2)1]1;
>
Lie_alg_init(invD, [Deltal, [omega]) :frameInformation() :

oD o= ([Lie-alg, T, 2], |11 2,11, 222, 1,2, 2}, 22|

up, 1 Uuo, 1
frame name :  InvH
library name :  Koszul_frame

Frame Jet Variables :
(21, 22]
Frame Labels

Al , A2]
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CoFrame Labels
wl |, w2 ]

Horizontal Coframe Labels

|

Vertical Coframe Labels

|

uz owl A w2

ext_d :, wl, —
Uup, 1
ur 1wl N94 w2
ext_d :, w2, — Sk 4
Uup, 1
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Lie derivatives of invariants

Dl/U;0,0:O
Diug 1 =u1 1
Ui, 1U2,0
Diuz o= -2 + u3, 0
Uup, 1
uzoz—u20uo2
Diuy = — — T u2:1
Uup, 1
Uy, 1U2,0
D1UQ72:2 + U1, 2
Uo, 1

syzygies :  Douga o — Diug 1

Douy 1 — Diuo, 2

34

w.r.t inv. diff. operators :

D2 ug, 0 = uo, 1
Do ug 1 = up, 2
2
Ui, 1
Do ug o = —2 + U2 1
up, 1
Uy, 1 (Uz,o — UO,Q)
Douy 1 = + uq 2
Uup, 1
2
Ui, 1
Do ug, 2 = 2 + U, 3
Uo, 1

2 2
2u1,1° + U2,0° — U2, 0 Uo, 2

Uup, 1
w1, 1 (ug,0 + o, 2)

Uuo, 1




Invariant integration by parts for plane curves.

G ~ J(R2,1), & — invariant differential form, D — dual invariant

~\ ?
differential operator, x — generating invariant, x; = (D) K.

(df//iq;) N = (d(/ﬁ/ﬁ:i_1) N = (d‘}dﬁ/ﬁ:i_ﬂ — Iiid(/@ = — (dﬁdf//ii_ﬂ — /ﬁ)z‘df/@

= Yicoda (g,f) (dyki-1) = (Z?:o Bre i = i) Ay
= D o <—75> (gf ) (dpki—1) N —(...)dyw.

7

repeat!
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df/j\ =& (i) df//i ANw—"H (E) df/(:).

g(z):i(_@)ig_i, AOE " (—ﬁ)jg—i—i.

i=0 i>5>0
A=L(x,u,U1,...,Uy)dr X:E(H,/ﬁzl,...,nn)@
dy (dz) =0 do (@) = B(6o) A&
dy (u) = 6 de (k) = A(6p)

dph = | A€ (L) = B*H (L) | 6o 1 &,
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Euclidean group SE(2) = SO(2) x R? acts on plane curves

u = u(x):

x — cos(¢)r —sin(p)u + a, wu — sin(@)x + cos(@)u + b.

° df/li = ég = %91 + /ﬁ)29~0 = {(%)2 + /432} é(),
o dy® = —Kby N&.

dpr=={[(£)" + x| & (L) +rH (L)} o no
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