I. AUTOMORPHIC REPRESENTATIONS AND (GALOIS REPRESENTATIONS

I will be lecturing on joint work in progress with Richard Taylor, and in part
with Laurent Clozel. Our goal is to prove that certain kinds of finite-dimensional
representations p of Gg = Gal(E/E), where E is a number field, are associated
to automorphic forms. My goal in the first talk of the series is to make the goal
of our work in progress comprehensible. This means, in particular, addressing the
following questions:

1.
2.

3.

4.

What kinds of representations of Gg do we have in mind?

What properties do the representations have to have in order to be associ-
ated to automorphic forms, and for what E is this conceivable?

What kinds of automorphic forms have representations associated to them,
and how?

What does “associated” mean, anyway?

A fifth question, namely why one would want to look at representations of Gg at
all, is addressed in my Junior Colloquium talk.

Here are the short answers:

1.

2.

Ans. p is an f-adic representation, i.e. an n-dimensional representation on
a vector space over a finite extension of Qy, where £ is some prime number.
Ans. For the time being, F has to be totally real or a CM field, and p has
to be of geometric type in the terminology of Fontaine-Mazur. I will try to
explain this slowly. This is the full scope of the Langlands conjectures. For
the foreseeable future, one has to make additional restrictive assumptions
on the Galois representations.

Ans. The model is always the theorem of Eichler-Shimura, which attaches
two-dimensional /¢-adic representations to holomorphic modular forms of
weight 2, and its generalization by Deligne to weights £ > 2. For more
general Galois representations one has to work with automorphic repre-
sentations m of GL(n, F) — I will say something about what this means —
rather than individual automorphic forms. The class of m which one can
hope to associate to Galois representations was identified in Clozel’s Ann
Arbor article; they are those of algebraic type. Parallel to the additional re-
strictions on the p are additional restrictions on the 7; these are the natural
generalizations of modular forms of weight k£ > 2, but recognizing them as
“natural” takes some practice.

Ans. Both p and the automorphic representation m, can be identified from
their L-functions L(s, p), L(s, 7,) which are Dirichlet series with Euler prod-
ucts. They are associated if the L-functions are equal. The theory of
automorphic forms then shows that L(s,7,) has an analytic (or at least
meromorphic) continuation to all s € C satisfying a functional equation.
Thus the assertion that the two are associated implies that the same is
true of L(s, p), and this is indeed the only way one knows to prove analytic
continuation of the latter.

I will begin with automorphic representations. Henceforth, F' will always be a CM
field, ¢ € Aut(F) the (unique) complex conjugation, F* C F the fixed field of F,
which is totally real. The letter E denotes a number field which is either F or F''.
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1. Automorphic representations of GL(n, F).

A holomorphic modular form F' of weight k is a holomorphic function on the upper
half-plane $ satisfying a certain symmetry. The group SL(2,R) acts by linear-
fractional transformations on $)
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and F' is assumed to transform according to a certain rule, depending on k, for
v € I" where I' € SL(2,Q) C SL(2,R) is a congruence subgroup. There is also
a growth condition near the boundary of §. I assume this is all familiar and 1
mention this in a largely futile attempt to motivate the definition of automorphic
forms in general. With little effort one extends F' to a function on $ [[$ (upper +

lower halfplanes), which is identified with GL(2,R)/SO(2)-R*. A standard lifting
procedure lifts F' to a function f on I'\GL(2,R), and thence to a function

f:GL(2,Q\GL(2,A) — C

where in each case the transformation rule itself undergoes a transformation. The
original holomorphy condition is inherited by f in another form. For purposes of
generalization, it is best to think of a holomorphic form of weight 2 as a holomorphic
1-form on the open complex curve I'\$), and then just as a cohomology class,
possibly with some funny behavior at the missing points. Forms of weight £ > 2
define cohomology with twisted coefficients. That is what generalizes.

Following earlier work of Mordell, Hecke discovered the operators that bear his
name on the spaces of modular forms, and more importantly, that the simultane-
ous eigenfunctions for all these operators could be assigned Dirichlet series with
analytic continuation and functional equations. The extra adelic variables allow a
natural definition of the Hecke operators. A (discrete) automorphic representation
of GL(2,Q) is a direct summand of

L*(GL(2,Q)\GL(2,A)/R*)

which defines an irreducible representation of GL(2, A) under the right regular rep-
resentation. When one applies the lifting procedure of the previous paragraph to
one of the eigenforms Hecke considered, its right GL(2, A)-translates form an auto-
morphic representation in this sense, and all the eigenvalues of the Hecke operators
can be recovered from the structure of the abstract representation. Most discrete
automorphic representations are cuspidal, which means they decrease rapidly near
infinity, and we only consider cuspidal representations.

Now we can define an automorphic representation 7 of GL(n,E) to be a direct
summand of

L*(GL(n, E)\GL(n, Ag)/(E ®g R)*).

This is not a great definition, because of the quotient on the right, but I won’t
dwell on that. What’s important is that it is an irreducible representation of
GL(n,Apg), and that it consists of functions on the latter which are left-invariant
under GL(n, E). This left-invariance translates into a reciprocity condition that is



used to define the analytic continuation of the L-function, and to motivate the hope
of a connection to Galois representations. Here is what you need to know about
automorphic representations 7:

(1) Let {v} denote the set of places of E, partitioned among finite (non-archimedean)
and infinite (real and complex) places. Thus GL(n,Ag) = [[, GL(n, E,)
(restricted direct product). Any irreducible representation 7 of GL(n, Ag)
is isomorphic to a (restricted) tensor product ®! m,, where m, is an irre-
ducible admissible representation of GL(n, E,).

(2) For almost all finite v, 7, has a non-zero fixed vector ¢, under GL(n,O,)
(spherical), which is then necessarily unique up to scalar multiples. For such
representations Hecke operators can be defined. The set of spherical repre-
sentations is in bijection (Satake isomorphism) with unordered n-tuples of
non-zero complex numbers

Ty {al,va s aan,v}

and we can define a local Euler factor
n
L(s,my) = H(l — a; yNv™%)7h,
i=1
Incidentally, this explains the notion of “restricted tensor product”: ®! m, is
the subspace of the abstract tensor product ®,m, spanned by vectors of the
form ®,,, where for almost all finite v 1, is the chosen spherical vector

Po-

The spherical representation 7, can be constructed as follows. Let B C
GL(n) be the upper-triangular Borel subgroup, B(FE,) = AN, with A =
E™ the diagonal subgroup, with maximal compact subgroup A° = O™
The n-tuple {1 y,...,0n} defines a character x : A/A° — C*: we iden-
tify A/A° = (EX/OX)" — Z" and send the i-th generator e; of Z" (an
orientation is provided by the absolute value) to «;,. Then x lifts to a
homomorphism B — C* and in most cases m, = [ ndg(LéZL;E“) X, where the
induction is normalized to make this independent of the order. In all cases
7, is the unique spherical subquotient of the induced representation. More
g(L]gZ;E”) x are called unramified
principal series; they have finite composition series.
(3) More generally, if n = >.'_, n; is a partition, with » > 1, let P C GL(n)
be the parabolic subgroup with Levi factor [[, GL(n;). To any r-tuple
of irreducible admissible representations o; of GL(n;, E,) one can define

generally, representations of the form Ind

ndpp) o1& Q0. This induced representation has finite length as a
representation of GL(n, E,). The irreducible representations of GL(n, E,)
that do not occur in any such composition series are called supercuspidal.
They have the property of occurring as direct summands in L?(GL(n, E,))
(one has to make allowances for the action of the center of GL(n, E,) for
this to be exactly right). Supercuspidal representations do not exist for
archimedean v but they do exist for all finite v.

Irreducible admissible representations of GL(n, EF,) are classified by the
local Langlands correspondence with n-dimensional representations of the



Weil-Deligne group WDg, of E,. We write £(m,) for the corresponding
n-dimensional representation of WDpg . If n = > n; as above and o; is an
irreducible admissible representation of GL(n;, E,), we write B;0; for the
representation of GL(n, E,) such that

Then H;o; is an irreducible constituent of I ndgéégE”)m Q- Q0.

We also need to consider the Steinberg representations St(n,y), where x
is a character of E* (not necessarily unramified). These can be defined
in various ways; the simplest is to consider that one-dimensional spherical
representations of GL(n, F,) can be written uniquely as quotients of certain
induced representations from B(FE,). The Steinberg representations are the
unique irreducible subrepresentations (not subquotients!) of these induced
representations. The Steinberg representations are the only constituents of
principal series that belong to the discrete series (i.e., that occur as direct
summands in L?(GL(n, E,))).

For v archimedean, one really wants to look at the differentiable vectors
in 7,; these form a module for the enveloping algebra U(g,) of g, =
Lie(GL(n, E,)). One restricts further to the K,-finite vectors, where K, C
GL(n, E,) is a maximal connected compact subgroup: either K, = SO(n)
for v real or K, = U(n) for v complex. It’s difficult to say anything precise
about these representations without developing the whole of representation
theory of reductive Lie groups, but two classes of representations stand out.
First, there are the irreducible finite-dimensional representations, character-
ized by their highest weights. These never occur as components of cuspidal
automorphic representations. However, to certain finite-dimensional (7, W)
of GL(n, E,) one can associate representations m, , of GL(n, E,) — or rather
(gv, K, )-modules, since they are actually algebraic objects — which do oc-
cur in cuspidal automorphic representations. We can characterize m, - as a
representation on which the center of the enveloping algebra U(g,) acts by
the same character as on the dual 7V of 7, and which is also generic in the
sense of having a Whittaker model. Alternatively, , ; is the unique generic
representation for which the relative Lie algebra cohomology

H*(gy, Ky;mpr @ W) # 0.

Without defining this functor, it suffices to know that this means precisely
that automorphic representations with m, » as local component contribute
to the cohomology of I'\GL(n, E,)/K, - E) with twisted coefficients (mod-
eled on 7), just as holomorphic modular forms contribute to cohomology of
modular curves with twisted coefficients.

The generic representations m, , are called cohomological. They don’t exist
for all (7, W). For us, it suffices to consider 7 satisfying either 7 — 7
(real places) or 7V — 7¢ (complex places). Then T, , is also either iso-
morphic to its dual (for v real) or to its conjugate-dual (for v complex).
The trivial representation is a special case that will suffice for most illus-

trations. The corresponding m, , are components of representations on the
usual cohomology of T\GL(n, E,)/K, - E.



(5) The non-spherical m, have Euler factors L(s,m,), which are essentially
shifted products of I' functions for archimedean v. There are also local
constants (s, my, ¥, ), where 1, is an additional datum that disappears in
the product: e(s,m) = [[, €(s, 7y, ¢y). For m cuspidal, the Euler product
A(s,m) =11, L(s,m,) is entire and satisfies a functional equation:

A(s,m) =e(s,m)A(1 — s, 7).

(We follow tradition and write L(s,m) = [, tinie L(S,T0).)

(6) We will make use of the property of cyclic base change, proved by Arthur
and Clozel. Let E'/E be a finite cyclic Galois extension, and let 7 be an
automorphic representation of GL(n,E) as above. Then there exists an
automorphic representation wg of GL(n, E'). Note that mg/ is not always
necessarily cuspidal or discrete, even if 7 is, so something more needs to be
said; in practice, we will arrange that wg+ is cuspidal. One can put together
g from its local components. If v splits completely in E’ then for each v’
dividing v, g >~ m,. If v is inert in E’, v’ its unique divisor, then mg/ .
is the local base change of m,, which is defined by a character identity. The
general situation is intermediate between these two extremes.

The group Gal(E'/E) acts on the local components of g and fixes them
by construction. More generally, if 7’ is an automorphic representation
of GL(n,E’) fixed by Gal(E’'/FE), then it equals the base change of an
automorphic representation of GL(n, F). (This is not strictly speaking a
theorem unless [E’ : E] is of prime degree, but it will always be the case in
the situations we consider.) In the next section we will have two actions for
the quadratic extension F'/F*. Suppose II is an automorphic representation
of GL(n, F). If IT — II¢, we have already seen that II is a base change
from GL(n, FT). But if II — (II¢)V, II will be a twisted base change from
certain kinds of unitary groups.
(7) Pursuing the theme of base change, we have the following theorem:

Theorem. Let m be a cuspidal automorphic representation of GL(n,E). There
erists a finite sequence of extensions Eny D ...FE; D E;,_ 1 D ...Ey = E, with
E;/E;_y cyclic for all i, such that the result of successive base changes of ™ to En
is cuspidal and has the property that, for all finite v, Tg, » s a constituent of an
unramified principal series representation. If E is CM (totally real) then all E; can
be taken to be CM (totally real) as well.

This is a simple consequence of the local Langlands correspondence, base change,
and weak approximation. In fact it follows from an earlier result of Henniart which
is the most important consequence of his numerical local Langlands correspondence,
and is used in the proof of the complete local Langlands correspondence. In practice
we will be able to assume that each mg,, , is of the form H;St(n;, x;) for a (unique)
partition n = > n,.

2. Automorphic representations of unitary groups.

Those are the ingredients that fit together to form the theory of automorphic rep-
resentations. Now we turn to the CM field F. We consider cuspidal automorphic
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representations IT of GL(n, F)) — the symbol 7 is reserved for objects over F'* —
that satisfy the following three hypotheses:

(a) II, is cohomological for all archimedean v.
(b) IIV = II¢ (globally, not just at archimedean places).
(c) For some finite prime vy of F* that splits as wow§ in F, IL, is either

supercuspidal or Steinberg for w = wy or w = w§

I will explain vaguely how one can associate f-adic Galois representations to such II.
The restrictions (a)-(c) are reflected in restrictive properties of the associated Galois
representations. It should soon be possible to eliminate (c), thanks to the proof
by Laumon and Ngo of the fundamental lemma for stable endoscopy for unitary
groups, and work in progress in Paris. It remains a very convenient hypothesis for
many reasons, but is inconvenient for certain applications. Various people have
ideas for relaxing (b) — it’s not necessary when F is imaginary quadratic (work of
Taylor based on H-Taylor-Soudry). It’s likely that (a) can be very slightly relaxed;
this would be analogous to the Deligne-Serre results relating modular forms of
weight one to two-dimensional complex representations with finite image (Artin
representations). No one knows how to associate Artin representations of dimension
> 2 to automorphic representations of any type, however; completely new methods
are needed.

One should view the automorphic representation II of GL(n, F') as just one avatar
of a more diffuse object. The L-function is another avatar, one that can also show
up purely in terms of Galois theory. As indicated at the end of the previous section,
hypothesis (b) implies that IT is a base change from some unitary group G over F'.
We construct the group G by choosing G, = G(F,}) for all places v of F*. Let ¥
be the set of archimedean places of I, ¥ a CM-type of F; i.e, for each 0 € ¥,
an extension of o to 7 : F — C. We fix 09 € X7, and let 79 be the corresponding
element of 3.

* We let Gy, ~U(1,n —1).

* For 0 € X7, 0 # 0g, we let G, = U(0,n).

* We let G, be the multiplicative group of a division algebra over Fj(; with
Hasse invariant %

* If possible, we let G, be quasi-split for all remaining (finite) v.

There may be a sign obstruction. In that case we have to replace ™ by an ap-
propriate totally real quadratic extension in which vy splits, and then impose the
local condition at either or both primes above vy, as necessary. We ignore this
complication. On the other hand, there may be more than one G giving rise to
the local G,,. This is called “failure of the Hasse principle” and one knows exactly
when it takes place. We ignore this complication as well; any choice of G localizing
to the given G, will serve our purposes. Note that if G(R) = G(F™ ®g R) has
maximal compact subgroup K, then G(R)/Ko =U(1,n—1)/U(1) x U(n—1) is
isomorphic to the unit ball B! c C*~ 1!,

Automorphic representations of G are defined as before: they are irreducible G(A)-
direct summands. The cohomological automorphic representations correspond to
cohomology of compact arithmetic quotients of B”~!, which are (usually smooth)
projective varieties of dimension n —1. When G has been constructed, we find that
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Theorem (Clozel-Labesse). There exists an L-packet of cohomological automor-
phic representations m of G whose base change to GL(n, F) equals II.

This has a precise meaning which one needs to understand in order to define base
change as such. In particular, one needs to be able to define spherical representa-
tions of G, for (almost all) v. But for the purposes of these lectures, it’s enough to
know the following facts:

(i) Suppose v splits as ww® in F//F*. Condition (b) guarantees that IL,. =
1Y as representations of GL(n, F,) — GL(n, Fy). On the other hand
because v is split we can identity G, = GL(n, F,,). Then for any = in the
L-packet, m, = I, with respect to this identification.

(ii) If v is inert but II, is spherical then so is 7, and it can be determined by
Satake transform for G,.

(iii) If v is inert and II, is not spherical, or if v is ramified, then it’s an open
problem what 7, show up. In principle there is a finite set (local L-packet)
and each element shows up. But this remains to be worked out.

(iv) If v € T but v # o9, then G, is a compact unitary group and 7, is
finite-dimensional. If I, = 7, , then m, = 7V.

(v) Finally, if v = 0g, the local L packet has n distinct elements. These have a
geometric interpretation which is clearest if 7 is the trivial representation,
which we assume. We consider subgroups I' C G(F') that act discretely on
the homogeneous space B"~! for G,,. For trivial 7, each 7 in the L-packet
contributes to some cohomology space of the form H"~}(I'\B"~1,C), in a
way I will attempt to explain momentarily. This has the Hodge decompo-
sition

H" " (\B"™,C) = @pyquny HY(D\B" ', 0).

The n summands correspond precisely to the n distinct elements of the local
L packet.

The appearance of the groups H*~}(I'\B"~!,C) is a clue to our interest in auto-
morphic forms on unitary groups. The quotient I'\B"~! is actually one connected
component of a more fundamental object, the Shimura variety associated to G and
the choice of a compact open subgroup K C G(Ay):

Shi(G) = G(F)\B"! x G(A;)/K; Sh(G) = lim Shx(G)

This is a bit of a cheat (one needs to work with unitary similitude groups rather
than unitary groups, and really one should let K vary) but I let that slide. For each
K, Shimura variety Shg (G) is naturally identified with a finite union of quotients
['\B"~ ! each of which is a smooth complex projective algebraic variety (for K
sufficiently small); moreover, Sh(G) can be viewed (canonical models) as a variety
over a number field, which in practice will be F itself. Now

H" Y (Sh(G), Q) = h?n;H”—l(ShK(G),@z)



inherits a natural right action of the group G(A (), but its primary advantage over
complex cohomology is that it also carries an action of Gal(Q/F) that commutes
with G(Ay). Fixing 7 as before, and letting * = C or * = Qy, we define

H" Y(Sh(G), %)[x] = Homga ) (mp, H" 1 (Sh(G), *)).

This space is then n-dimensional (or is expected to be; we can treat it as if it were).
When * = Qq, it carries the n-dimensional /-adic Galois representation py , that is
“associated” to our original II, as I will explain in the next talk. When x = C it
has the Hodge decomposition I mentioned before as a sum of n pieces.

The Galois representations py , are the third avatar of the automorphic represen-
tation II of GL(n, F'). I conclude today with the fourth and final avatar. This is
an automorphic representation of yet another unitary group G’. It is determined
by setting G, = G, for all places except v = g and possibly v = vy (which you
recall should really be considered a choice of two places if necessary). At oy, as at
all other archimedean o, we want G, = U(0,n). At vo we let G, be whatever it
needs to be. Now G’(R) is compact. The theorem of Clozel and Labesse applies
to G’ as well as to G. The resulting L-packet on G’, labelled 7/, has the same
properties as {m} on G, except that there is no condition (v): condition (iv) now
applies to all archimedean places.

The group G is needed to construct Galois representations, and is the main object
of my book with Taylor. The group G’ is needed to carry out the analysis of
deformations of these Galois representations, as in the work of Taylor-Wiles. This
will be discussed next time.



II. PROPERTIES OF AUTOMORPHIC (GALOIS REPRESENTATIONS

3. The Fontaine-Mazur conjecture.

I will begin by placing the results I intend to discuss in their standard conjectural
framework. Conjectures associating automorphic representations to Galois repre-
sentations work in both directions. The most convenient version for our purposes
associates an individual ¢-adic representation to an individual automorphic repre-
sentation, and vice versa, and is due to Fontaine and Mazur. As in the previous
lecture, F'is a CM field, F'T its maximal totally real subfield, F is a general number
field.

In what follows an ¢-adic representation is a representation on a finite dimensional
vector space over Q,, in practice over a fixed finite extension of Q,. Let S, denote
the set of primes of E dividing ¢. Following Fontaine and Mazur, we say an n-
dimensional ¢-adic representation p of Gg = Gal(E/E) is of geometric type if it is
unramified outside the finite set S ]S, of primes of E, where SN S, = (J; and if at
every v € Sy it has Fontaine’s de Rham property. I will return to this property; for
the moment it suffices to mention that it allows us to associate a set of Hodge-Tate
numbers hP(p) to p, with n = > hP(p) (varying with v in general).

Following Clozel, we define an automorphic representation 7 of GL(n, F') if m, has
integral infinitesimal character for every archimedean v. This means it can be
associated to a Hodge structure.

Conjecture. (a) Let p be an irreducible n-dimensional ¢-adic representation of
Gg of geometric type. Then there is a cuspidal automorphic representation of
GL(n,E) m, of algebraic type associated to p, in the sense that L(s,m,) = L(s, p)
where the former is the L-function associated by automorphic theory. In particular,
L(s, p) has an analytic continuation to an entire function satisfying the usual sort
of functional equation.

(b) Conversely, if m is an automorphic representation of GL(n, E) of algebraic type,
then there exists an (-adic representation p, of geometric type associated to .

I need to explain L(s, p), and the de Rham property. I also need to explain what
happens as ¢ varies. So I will concentrate for the moment on Galois representations.
First of all, p is assumed to be unramified outside S[[Sy. Let v be a prime of F
outside the ramification set, and let I'y C Gg be a decomposition group for v:
I, — Gal(E,/E,) for some algebraic closure E, of E,, and let I, C T, be the
inertia group. Thus

r,/I, = Gal(k,/k,)

where k, is the residue field at v. To say that p is unramified at v is to say that
pv = p |r, factors through I', /I, = Gal(k,/k,). Inside this group is the arithmetic
Frobenius ¢, that takes a € k, to a™V, where Nv = |k(v)|. Let Frob, = ¢! be
geometric Frobenius, and define

L™ (s, p) = det(I — p(Frob,)Nv~=*)"1,
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This is the reciprocal of a polynomial of degree n = dim p in Nv~—*. The superscript
mot indicates that this is not the right normalization for comparison with L(s, ).
We define
rrotS(s )= [ Lret(s.p)-
vg S]] Se

Meanwhile, the expression for L™ (s, p) contains at least one inconsistency: p(Frob,)
is an n x n matrix over Q,, whereas Nv~* is a complex valued function of s. The
rules allow us to choose an isomorphism Q, — C, which would at least formally
give us a complex infinite product, but how would we know which isomorphism to
choose? The Fontaine-Mazur conjecture comes to the rescue: once p is of geometric
type, it is conjectured automatically that there is a number field L such that p is in
fact defined over L, in the sense that the characteristic polynomial of p(F'rob,) has
coefficients in L for all v ¢ S[] Se. So in fact we only need to choose an embedding
t : L — C. There are finitely many such embeddings; we assume one has been
chosen. The resulting L-function depends on the choice, and in fact for each such
choice there is supposed to be a different 7, but I'll say no more about that.

Fontaine-Mazur also conjectures that if p is irreducible, which we assume, there is
an integer w, called the weight of p, such that, for any unramified v, the eigenvalues
a;, of p(Frob,), which lie in a finite extension of L, have the property that, for
any embedding ¢ : L — C,

i) = (Nv)¥.

Don’t worry about L and w: they will always exist for the p and m we consider!

We then define
L3(s, p) = det(I — p(Frob,)(Nv)~2 Nu=%)~1 = Lmob5 (5 4 %,p).

The matrices p(F'rob,), which are in fact defined only up to conjugation, cannot be
chosen arbitrarily. Part of the Fontaine-Mazur conjecture is that the set of equiv-
alence classes of p of geometric type is countable, and anyway, they are supposed
to correspond to automorphic representations (of algebraic type). The Chebotarev
density theorem, together with the Brauer-Nesbitt theorem, implies that the traces
of p(Frob,) determine the composition series of p, and in particular determine
what happens at v € S]] S;. There is a simple recipe for the local factor L, (s, p)
for v € S, completely analogous to the definition of the missing factors for the
Artin L-function. There is a much more complicated recipe, due to Fontaine, for
v € Sp. This is where the de Rham property comes in, and I'll say something
about this later. There is even a recipe, due to Serre, for the Gamma factors that
should complete the L-function and satisfy a functional equation. This brings us
back to the representation II of the last lecture. Recall that F' is a CM field. We
denote Q¢(1) = Q¢ ® lim_ p1pm the G, = Gal(Q,/Qy)-module with the cyclotomic
character, Qg(r) = Q(1)®"; for r negative we take the —r tensor power of the dual.

Theorem (Kottwitz, Clozel, H-Taylor). LetII be a cuspidal automorphic rep-
resentation of GL(n, F') that satisfies

(a) IL, is cohomological for all archimedean v (in particular, 11 is of algebraic
type).
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(b) IV — TI°,
(¢c) For some finite prime vo of FT that splits as wow§ in F, 11, is either
supercuspidal or Steinberg for w = wo or w = wg.
Then

(i) There is a number field L and, for any prime ¢ and any prime \ of L
dividing ¢, an n-dimensional representation p = prx : Gp — GL(n, L)),
unramified outside S |] Sy, where S is the set of places of F at which 11 is
ramified, such that

L(s,II) = L(s, p)

as Euler products over places of F.

(ii) For anyv ¢ Sy, the semisimplification of p | Ty is the Galois representation
associated to I1,, by the local Langlands correspondence (this includes the as-
sertion about the identity of Euler products, and also accounts for condition
(c)).

(iii) Omne can replace “semisimplification” by “Frobenius semisimplification” (re-
cent improvement by Taylor-Yoshida).

(iv) At v € Sy, p is de Rham; if 11 is unramified at v, p is even crystalline.
The Hodge-Tate weights of p are determined by .. In the simplest case
where I contributes to cohomology with trivial coefficients, the Hodge-Tate
weights of p at any v in Sy are 0,1, dots,n — 1, each with multiplicity one.
In any case, the Hodge-Tate weights have multiplicity one.

(v) Condition (b) is reflected in the fact that p is polarized: there is a non-
degenerate G p-equivariant pairing

p®p° — Qul—n).

with respect to which the coefficient field is hermitian. Here p© is just p o c.

The field L can be taken to be a field of definition of any of the representations w of
the unitary group G introduced the last time. The representation H"1(Sh(G), Ly)[r] =
Homga,)(my, H"'(Sh(G), L)) defined the last time is (up to semisimplification)
isomorphic to a finite number of copies of the representation pr x. If II has coho-
mology with trivial coefficients, then w =n — 1.

The last paragraph explains why p is de Rham: any representation in ¢-adic coho-
mology is de Rham (theorem first proved in most cases by Fontaine-Messing, then
generalized by Faltings, completed by Tsuji). The proof ot this theorem follows the
plan of Langlands’ conjectures on Shimura varieties. The theorem for the Shimura
variety, with L, (s, p) determined for almost all v, is due to Kottwitz. The connec-
tion with GL(n) is due to Clozel. The complete determination of L, (s, p) and the
result in (ii) is the main theorem of my book with Taylor.

In the next section I will explain the de Rham condition in more detail.

4. Elements of p-adic Hodge theory.

For reasons having to do with the origin of our work, ¢ plays the role of p. Crys-
talline /-adic representations, or more generally de Rham /-adic representations, are
the kinds of representations that arise in the /-adic etale cohomology of algebraic
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varieties over number fields or f-adic fields. This is a theorem, however: the con-
dition of being crystalline or de Rham has an abstract definition, due to Fontaine,
whose most important properties have been established in just the last few years.
The Shimura varieties of interest to us are smooth projective varieties and I will
only consider places v € Sy where they have good reduction, so the representations
will be in fact crystalline.

To make everything simpler, we assume F, = Qy, although this is certainly not
required. We fix a level K and also assume Shy (G, *) has good reduction at v, i.e.
there is a proper smooth scheme Sk (G, *) over Spec(O, ). Then the Shimura variety
Shi (G, *) gives rise to two spaces of cohomology over Q. The first is the (-adic
cohomology Hy = H" 1(Shg(G,*),Qp) = limy HY '(Shi (G, *),Z/tN |Z) @ Q.
The second is de Rham cohomology:

Har = Hjp " (Sk/Spec(O,)) = H" ' (Sk, Dy /0.,)-

The former is topological, the latter is computed by differential forms with coeffi-
cients in O,. Both have the same finite dimension and the eigenspaces for Hecke
operators on the two spaces have the same dimension as well. However, they have
different structures. The /-adic cohomology carries an action of G, and in partic-
ular of the decomposition group Gr,. The second has two structures: a crystalline
Frobenius:

¢: Hyp — Hgr

which is a bijective map that is F'rob-linear

¢(av) = Frob,(a)p(v).

This doesn’t look like anything more than a linear map but in fact it has the same
property after base change to the completion of the maximal unramified extension
of F,. And a Hodge filtration: there is a filtration ... FPHy;pr C FP~'Hyp ... with

~

FP/FPTL 2 HUSg, QP ).

These two structures interact (“the Newton polygon lies above the Hodge polygon”)
but we don’t need to know that.

What we do need to know, at least for a few seconds, is that there is a way to
obtain Hygr from Hy, with all the structure, and vice versa. The following theorem
contains a part of f-adic Hodge theory, and is due to many people.

Theorem. There are fields Berys C Bgr containing Qy"", the mazimal unrami-

fied extension of Qq, with compatible actions of G, = Gal(Q,/F,), and with the
following additional structures:

(1) Bygr is a complete discrete valuation field, containing Q, and with residue
field Cy, the completion of Q, (via the residue map), and

(a) The valuation defines a G,-stable (decreasing) filtration Fil' Byg;

(b) There is a map Qu(1) — Fil'Byr of G,-modules whose image contains a
uniformaizer;
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(c) Bijg = Fu

(2) Berys is a subring containing Qe(1) and endowed with a Frob-linear injective
automorphism ¢ satisfying

¢ commutes with G, ;

a)
) ¢(t) =l fOT’t € Q@(l) C Bcrys N FilleR
)
)

(
(b
(c) Fil®Byr N BELL = Q

(d Bg;lgls =F):=F,NnQy"

These fields, constructed by Fontaine according to an explicit and very complicated
recipe, turn out to be of the highest importance for a huge variety of applications.
They are called the ¢-adic period rings (usually called p-adic, but not in our papers)
because their main application is comparison between ¢-adic topological cohomology
and (-adic de Rham (analytic) cohomology. We state the main theorem only for
cohomology with trivial coefficients:

Theorem (Fontaine-Messing, Faltings, Tsuji). (a) There is a natural isomor-
phism
[Hg(ShK(G, *)) &® BdR]G” = HdR(ShK<G, *)/FU)

where G, acts diagonally and the filtration on the right-hand side is inherited from
Bar;

(b) Suppose K is sufficiently small that Shi (G, *) is smooth. Assume K contains a
hyperspecial mazimal compact subgroup of G(F,,) for allw dividing £, e.g. G(F,) =
GL(n,Fy), and K D GL(n,O,). (This implies the existence of a smooth model
over Oy, as indicated above.) Then there is a natural isomorphism

[He(Shic (G, %)) @ Berys]“ — Har(Shx (G, %)/ F,)

(actually with crystalline cohomology) and the action of ¢ on the right-hand side is
inherited from Beyys.

(c) Assume £ > n and £ is unramified in F. Then (b) is even true integrally: there
is a Zy"" -subalgebra Acrys C Berys and the isomorphism in (b) is valid over O, (in
a modified sense, see below)

In (c), it is not true that
[H" N (Shic (G, %), Z¢) @ Acrys|©” —= Har(Shi(G,*)/0,).

because H" 1 (Shx (G, *),Zy) is not the right lattice. What we need to know is that
one can construct a lattice Meyys(Shi (G, *)) C Hgr(Shk (G, *)/F,) as a union of
the G,-invariants in certain lattices in H" ! (Shk (G, *),Q¢) ® Acrys, and that the
reduction modulo ¢ of M., for all m is a Fontaine-Laffaille module. This means
that M..,s is a O,-module of finite type with a decreasing filtration F iliMcryS,
with Fil°M = M, Fil*M = 0, and a family of Frob-linear maps

qﬁl : F/LZZ(MCTyS) - Mcrys
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such that for all ¢ ‘ '
¢ | piir= L',
and M =Y, Im(¢"). The ¢ are derived from £~"- ¢ and the lattice is the smallest

one for which this makes sense. We will only use the Fontaine-Laffaille property to
define the deformation ring and to determine its numerical invariants.

5. The universal deformation ring.

In case I've forgotten to mention this, ¢ is henceforth an odd prime. We begin with
the n-dimensional f-adic representation p. For the remainder of these lectures I
will usually assume it has coefficients in Qg, to simplify the exposition; this is by
no means a necessary hypothesis. Since the Galois group is compact, p stabilizes
a lattice, say A C Q}. Let p denote the representation on A/¢A. This is an n-
dimensional representation of G g with coefficients in Fy. A priori it depends on the
choice of A, but we will always assume

Hypothesis. p is absolutely irreducible.

Then the Brauer-Nesbitt theorem implies p is independent of the choice of lattice,
up to equivalence. The residual representation p is the basic object that allows us to
define the universal deformation ring Rz. One could work with the n-dimensional
representation p itself, but the additional structure coming from the polarization
is essential. We let G,, denote the algebraic group (group scheme over Z) whose
identity component G2 is GL(n) x GL(1), and which is a semi-direct product of
GL(n) x GL(1) by the group {1, 7} acting by

i(g, )it = (u'g™ " 1), g € GL(n), u € GL(1).

There is a homomorphism v : G,, — GL(1) sending (g, ) to p and j to —1. We let
g, = Lie(GL(n)) C Lie(Gy,), g° the trace zero subspace.

We consider a topological group I' with a closed subgroup A of index 2 and an
element c € I' — A with ¢? = 1.

Lemma. Let R be any commutative ring. There is a natural bijection between the
following two sets:

1. Homomorphisms r : T — G, (R) such that A = r~*G%(R),
2. Pairs (p,<,>), where p: A — GL(n,R) and
<,>>R"®R" — R

18 a perfect bilinear pairing such that
* <xy>=—p(c) <y,x > for some p(c) € R, for all x,y € R"™, and
*u(d) < 0 ta,y >=< x,cdcy > for any 6 € A, some u(8) € R*. Under this
correspondence u(y) = vor(y) for ally €T.

We let w denote the cyclotomic character acting on Qg(1) or Fy(1).
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Corollary. Let k = Qg (resp. Fy). There is a homomorphism

r:Gp+ — Gn(Qp)

(resp. T 2 Gpr — Gn(Fy) such that v |g.= p (resp. p), vor |g.=w'™™, r(c) €

The possible extensions r of p are classified up to isomorphism by elements of
k> /(k*)2. We will ignore this issue.

Now k = F, (though this may not always be legitimate), O = Z,. Let S and Sy
be as before. We write I' = Gp+ g, A = GF 5, where the subscript S means “the
Galois group of the maximal extension unramified outside S[[S;. Let ¢ denote
complex conjugation, and assume 7 is absolutely irreducible. For v € S we let A,
be the decomposition group G,. All places in S and Sy are assumed split in F//F*.
We write S = 57 U So, where at places in Sy (resp. S3) II, is supercuspidal (resp.
Steinberg). Later we will add an extra set @) and where II, is unramified for v € Q.
For v € S1, p, = p |a, is then absolutely irreducible. We assume for the moment
that the residual representation p, is also absolutely irreducible. Conditions at
v € Szand@ will be specified in the next lecture. Let C(J; be the category of
Artinian local O-algebras A for which the map O — A induces an isomorphism on
residue fields, Co the full subcategory of topological O-algebras whose objects are
inverse limits in C(J;. For A an object of C(J; or Co we want to classify liftings of p
to homomorphisms p’ : A — GL(n, A) satisfying the properties of 2 of the Lemma,
or more properly homomorphisms ' : T' — G,,(A) lifting 7. Moreover, we only
consider liftings up to equivalence: two liftings are equivalent if they are conjugate
by an element of GL(n, A) that reduces to 1 in GL(n,A/ma) = GL(n,k), where
m 4 1s the maximal ideal of A.

Suppose A is an object of Co with closed ideal I, and suppose r; and 7y are two
liftings of 7 to A that are equivalent mod /. By induction on the length of A/I we
can reduce to the case where m 4 - [ = (0). Thus there is a short exact sequence

1 — M(n, k) — G,(A) — G, (A/I) — 1
where M (n,k) =1+ M(n,I) C G,(A). Then

v ra(y)ri(y) "t =1 € M(n, k)

defines a cocycle [ro — r1] € Z*(I', M(n,k)) where the action of T" on M (n, k) is
given by conjugation in G, (A), i.e. by ad 7. We have a cocycle because the liftings
are group homomorphisms; and two cocycles give rise to equivalent liftings if and
only if they define the same class in HY(T', ad 7).

Without much difficulty we can prove that the functor classifying liftings of 7 to
Co is representable by a ring R“"*, in the sense that homomorphisms R*"*" — A
are canonically in bijection with liftings of 7 to A. Since I' = G+ g, the resulting
liftings are automatically unramified outside S|[S,. However, we need additional
conditions, for example to guarantee that the liftings are geometric in the sense
of Fontaine-Mazur. The only liftings of interest are thus those that satisfy certain
conditions upon restriction to A,, v € S][S,. This makes representability more
delicate. We begin with the minimal conditions. We always assume p comes from
cohomology with trivial coefficients:
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Hypotheses (minimal case). We only consider liftings v’ of ¥ with the following
properties:

(1) Forwv € Sy, the natural map r'(I,) — 7(I,) is an isomorphism.

(2) For v € Sy, wait until the next lecture

(3) Forv e Sy, 1" |a, is crystalline (Fontaine-Laffaille) with Hodge- Tate weights
0,1,...,n—1, each with multiplicity one.

(4) For the moment, Q) is empty.

Let p' = 1" |n. We always assume

Polarization hypothesis. We assume vo p' = w!=".

Condition (3) means that that the Fontaine-Laffaille functor M.,,s(p’) attached
to p' |a, is a free A-module of rank n with Fil'/Fil'*! free of rank 1 for i =
0,1,...,n — 1. One of the main open questions in the theory is what condition
to use when ¢ < n. If we restrict attention to ordinary representations, or even
“nearly ordinary” in Hida’s sense, there is a practical substitute. Otherwise, it’s
completely mysterious.

Theorem. The functor classifying minimal liftings is representable in Co by a
noetherian Zg-algebra RZ"'™ with residue field k.

The proof, which follows the arguments of Mazur and Ramakrishna, is based on
Schlessinger’s criterion for pro-representability of functors on categories like C(J;. In
the next lecture I will say more about R”*™ and the non-minimal variants, and
the relations with Galois cohomology and Selmer groups. The goal of the theory is
to prove that R™"™ and its non-minimal variants are isomorphic to certain Hecke
algebras, acting on automorphic forms on the definite unitary group G’. This is
sufficient to prove that every lifting of 7 of geometric type, in the sense of Fontaine-
Mazur, comes from automorphic forms on GL(n, F).
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IITI. NUMERICAL INVARIANTS OF DEFORMATION RINGS

6. Local Galois cohomology and Selmer groups.

I begin by introducing the conditions at primes in S;. As before, @) is assumed
empty. For each such v, we assume there is a positive integer m and a A, = G-
invariant increasing filtration

- -t —i—1 —0
0=Fil, c...Fil, c Fil, c Fil, = p.
. i ——41
We assume g7, = F' il,zu JF @'l?— absolutely irreducible or zero for all ¢. Moreover, we
assume there is a factorization n = mr and an absolutely irreducible representation
7y : Gy — GL(r,O) and, for all i, isomorphisms

ol T, @ k(i) = g
of G,-modules. For any j, we define

Fil’ (ad(7)) = {h € Hom(7,7) | Vi h(Fil,) c Fil, ’}.

The liftings r of 7 to A are then assumed to have the same property: it is as-
sumed that G, preserves a filtration by free A-submodules ... Fil! C Fili71.. .,
mecessarily split as A-modules but not as G,-modules. These can be classified co-
homologically as before. We again consider an ideal I with m 4 -1 = 0, and suppose
there are two liftings (ry, Fil} ) and (r2, F'il5 ) to A that agree modulo I. Suppose
B € M(n,I) (ie., in 14+ M(n,I)) takes Filj ) to Fil3 ), and consider the cocycle
on G,:
v re—m](v) + (1 —ad 7(v)) - B.

This is cohomologous to the restriction to G, of [ro — r1] but takes values in
Fil)(ad 7) @ I by construction. The class, denoted [(rq, Fil3,) — (r1, Fil} )],
in H(A,, Fil%(ad 7¥) ® I) is independent of the choice of B and this cohomology
group is in one-to-one correspondence with liftings to A that agree with (ry, Fiil] )
modulo ¢ , up to conjugation by 1+ M (n,I).

With this example in mind, I am ready to present the general Galois cohomological
formalism of deformation. We let D be a collection of data of the following form.
For each v € S] Sy, let L, C HY(A,, Fil%(ad 7)) be a k-subspace, and D, a set of
liftings of (7 |a,, Fil,,) (i.e., just of 7 |a, if v & S5) to algebras in Co satisfying the
following conditions:
(1) (k7 |a,, Fil,) € D,.
(2) If (A,r,Fil}) € D, and if f : A — A’ is a morphism in Co then (A’ f o
[y F(Fil})) € Dy,
(3) Suppose (A;, 14, Fil},) € D, for i = 1,2, I; € Ay, Iz € Ay closed ideals,
with f : Ay/I; — Ay/I, in Co that identifies the images of the chosen
liftings mod I;. Let

Ag = {(a17a2) € Ay x Ay | f(a1 (IIlOd Il)) = a9 (mod IQ)}
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Then the join (As,ry X ro, Filf , x Fil3 ) is in D,.
(4) D, is closed under projective limits.
(5) D, is closed under equivalence.
(6) Suppose A € Co, I C A a closed ideal with m4 - I = 0. Suppose (r1, Fil} ,)

and (rg, F'il3 ) are two liftings of (7, Fil,) to A with the same image modulo
I, and suppose (A,ry, Fil} ) € D,. Then (4,7, Flil3 ) € D, if and only if
[(ro, Fil3 ) — (r1, Fil7 )] lies in L.

We call D, liftable if for any I C A as above any lifting of (7, Fil,) to A/I admits
a lifting to A. We call L, minimal if

dimy, L, = dimy, H°(A,, Fillad 7).

The condition that D, be liftable is necessary for the universal deformation ring to
be reasonable; the minimality condition is necessary for application of the Taylor-
Wiles method. This will be explained here. The hypotheses we have imposed at S;
and S, translate into definitions of spaces L, as above. The functor Defp is the
functor that to A associates liftings (A, r, Fil}) of type D.

We define two new complexes. There are morphisms (localization maps)
C*(T,ad 7) — ®yes, C°(Ay,ad 7/Fillad 7),

C*(T,ad 7) — ©pes11s, C°(Ay,ad 7)/L,

where C*® is the complex computing group cohomology (well defined up to quasi-
isomorphism), Ll the preimage in C1(4,, Fil’ad 7) of the L, € H' introduced
above, LY = C°(A,, Fillad T), and the other L! are trivial. Let C‘(F,mi, ad T)
denote the cone on the first localization map, C3(I", ad 7) the cone on the second
localization map. There are formally long exact sequences:

. — @, D5t — H5(T,ad 7) — H(T,ad 7) — @, D, — HS'(T,ad 7) — ...
where D! is the cohomology of the complex C*(A,, ad 7)/L!, namely
DY = ker[H°(A,,ad 7/Fil’ad 7) — H'(A,, Fillad 7)/L,)],

D! = HY(A,,ad 7)/p(L,), D> = H*(A,,ad 7), D" =0, > 2.

Here p : HY(A,, Fil’ad 7) — H'(A,,ad 7) is the natural map. In practice, all the
terms vanish for ¢ > 2. Then

Lemma. The Euler characteristic (alternating product of orders of groups) x. of
Dy is
x(Ay,ad 7) - |Ly| - |[H*(A,, Fil’ad 7)|~*

S0

xo(T,ad 7) = x(T,ad 7) - [ [ x(Av,ad 7)~" - |Lo| =" - |HO(Ay, Fildad 7).
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Proof. The second statement follows immediately from the first. We drop the
subscript v, and remember not to confuse the decomposition groups A, with the
global Galois group A. Consider the short exact sequence

0 — HY%A,Fil®) — HY(A,ad7) — HY(A,ad 7/Fil®) % HY(A, Fil®) & HY(A,ad7) — |
where Fil® = Fil%ad ¥. Write LT = p(L), L~ = LNker(p) = LNim(q), so that

|L| = |LT|-|L™|. Write h* = |H*(A, ad 7)|. Dropping the terms h? that are common
to the two sides, we need to verify that

| ker[H(A, ad 7/Fil") — H*(A, Fil®)/L]|/(h*/|LT]) = R|L|/At - |H (A, Fil?)).
i.e.
|ker[H (A, ad 7/Fil®) — HY(A, Fil®)/L]|/|L~| = h°/|H° (A, Fil%)]).
But obviously
| ker[H°(A, ad 7/ Fil®) — HY(A, Fil®)/L] = | ker[H*(A, ad 7/ Fil®) — H*(A, Fil°)|-|L ™|
so that we have to check
| ker[H°(A, ad 7/ Fil®) — H*(A, Fil°)| = h°/|H(A, Fil°)]|
and this is obvious.

The importance of this calculation is contained in the following proposition:

Proposition. The functor Defp is pro-representable by an object R4 of Co.
Let mp be the maximal ideal of R™W. There is a canonical isomorphism

Hom(mp/(mp)? k) — HL(T,ad 7).

Moreover, suppose each D, is liftable and H2(T,ad 7) = 0 Then RY™ is a power
series ring in dimy HL(T',ad 7) variables over O.

Proof. 1 will skip the pro-representability, which consists in verifying Schlessinger’s
criterion; the difficulty (if any) comes from the filtrations. More important for
the sake of the Taylor-Wiles method is the isomorphism. It is completely stan-
dard that Hom(mp/(mp)?, k) is the Zariski tangent space to R, i.e. classifies
Defs(kle]/(€?)) (liftings to the dual numbers). If there were no local conditions,
in particular no L,, then we would just have the situation described last time:
A = k[e]/(€?), A/I = k, and the isomorphism is just the identification of liftings
(up to isomorphism) with cohomology classes in H!(T', ad 7), as already discussed.

The proof with the conditions uses the definition of the cone complex

Co(T,ad 7) = C'(T',ad 7) @, C*" (A, ad 7) /L1
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with boundary map

(¢, (o)) = (00, (¢ |a, —0Uy)).

Now a lift (r, (Fil!)) of (7, (F_Zl:])) to k[e]/(€?) is of the form
r =7+ ¢er, Fil' = (1+ ave)mi + em:))

where
¢ € ZYT,ad 7), ,a, € ad 7/Fil’ad 7,

and the two satisfy
¢ = (ad 7 — 1)a, € Z'(A,,ad 7/Fil%ad 7).

The first condition is just what we have already seen and the condition on a, just

measures the difference with the trivial lifting F_zl:) + eF_il:), since the component

in Fil% changes nothing. Finally, the relation between ¢ and a, comes from the
requirement that r(¢) fix the new filtration for 6 € A,, i.e.

(14 &(8))F(8) (1 + aneFil,) C (1 + ave)Fil,, + €Fil, = (1 + aye)7(8)Fil, + eFil,

for all 4 and all § € A,. Since €2 = 0, only the coefficients of € need to be matched,
and this yields

[67(8) + 7(8)ay — apF(8)](Fil') € Fil' Vi, o

or in other words that the expression in brackets lies in Fillad 7, as does the same
expression multiplied on the right by 76!, and this gives the relation.

Now the combination of these relations shows that the collection (¢, (ay)) is

cocycle in C% (T, ad T), ignoring the L, for the moment. One checks that (¢, (a,)
and (¢, (al)) correspond to equivalent lifts if and only if there is B € ad 7 =
CO(T,ad 7) = C%(T, ad 7) such that ¢/ = ¢ + (ad ¥ — 1)B and @, = a,, + B. Thus
the cohomology group is in bijection with liftings. Finally, property (6) of D requires
that the difference between the trivial lifting to k[e]/(¢?) and any given lifting, which

is what is measured by (¢, (a,)), has to lie in L, locally at all v € ST][ Sy, i.e. that

~—

¢ —(ad 7 —1)a, € L,
and not only in Fil0. This is precisely what is measured by the cone complex.

The final assertion is standard in deformation theory. Let A and I be as before,
(r, Fil*) € Defp(A/I). Assuming each D, is liftable, one chooses lifts 7, of r |a,
from A/I to I for each v (along with the filtrations, where appropriate); one also
chooses a set theoretic lift 7 : I' — G,,(A) of r. The obstruction to the set-theoretic
lift being a homomorphism defines a class in H2(I',ad ¥) by a standard proce-
dure, and the obstruction to it being a homomorphism whose restriction to each
A, is conjugate to r, belongs to H3(T',ad 7). So under the hypotheses, there is
never a restriction to lifting, and this implies that R%"" is formally smooth, which
translates to the final claim.

Now we want to use the Euler characteristic lemma to calculate this dimension.
We need some results from duality:
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Theorem (local duality). Let v be a non-archimedean place of F*. Cup-product
defines a non-degenerate pairing

Hi(Av,ad (1)) ® HQ*i(AU,ad r) — H2(AU,W) = Fy,.

This is a version of class field theory and is true for more general representations
of A,. See Milne’s Arithmetic Duality Theorems, I, Corollary 2.3. In particular, it
shows that H*(A,,*) = 0 for i > 2, and it allows us to define L~ as the annihilator
in H*(A,,ad 7(1)) of L, with respect to the above pairing.

As long as ¢ > 2, the groups Hh(I',x) = 0 for i > 3 and H(I',x) = 0 for i > 2
(a consequence of global class field theory). The Euler characteristic lemma thus
applies to our situation. We need formulas for x(I', ad 7) (which can be defined as
|HO||H?|/H" even when ¢ = 2) and for x(A,,ad 7). The following theorems are
due to Tate and are stated as Theorems [.2.8 and 1.5.1 in Milne’s book:

Theorem. (a) Local Euler characteristic: Suppose v € S|[Se is of residue char-
acterstic p. Then

Y(Ay, ad 7) = |ad 7|F @],

(b) Global Euler characteristic

X(T,ad 7) = [] IH*(Ay, ad 7)|/|ad 71,

v|oo
or equivalently
WO — b+ 12 =) (dimg(ad 7)*=" —n?).

v|oo

Since all v are real in (b), |ad 7|, = |ad 7| (at complex places it would be the square).
We use this calculation to determine xp(I',ad 7), which we write logarithmically
(base ¢), with a minus sign, as —h$ + hy, — b3 + k. It is obvious that

hY = kT, ad 7) = dim(h°(A, ad 7)°=') = dim(center)*=! =0

the next to last equality being Schur’s lemma, and the last following because c acts
by X — —!X. Combining these calculations with the Lemma above, we find:

hp — hi + h3 =
z:(n2 — dimy,(ad 7)=1) 4 Z dimy, L, — h°(A,, ad 7)

v|oo veES
+ Z dimy, L, — h°(A,, ad 7) — n?[F, : Q]
veSy

2

where we are writing h'(x) for dimy H*(*) where possible. Cancelling the >° = n

against the >° n?[F, : Q] this simplifies to

v|oo
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Corollary.

hp — hp + hip = Z [dimy L, — h° (A, ad 7)] — Z(dimk(ad 7)er=1)
’UESHSg ”U‘OO

More duality and local calculations are needed to simplify this expression. We
define

H}. (T,ad 7(1)) = ker[H (T, ad 7(1)) = @pesq1s, H' (Ay,ad 7(1))/L; .

Lemma.
(1) h2 = dimy HéL (T',ad 7(1)).
(2) h3, = dimy H°(T, ad 7(1)).
(3) For allv € Sy,

dimy, L, — dimy, HY(A,, ad 7) = n(n — 1)[F, : Q/]/2.
(4) For all v | oo, there is a constant ¢, = £1 such that, ,

dimg(ad 7)== n(n - 1)/2+n(l+¢,)/2.

The first two equalities are consequences of duality and the Poitou-Tate exact se-
quence. The third is derived from the Fontaine-Laffaille theory. The fourth is a
simple computation using the structure of G,,. We now introduce the mysterious set
Q, also of primes split in F'/F*, disjoint from S = S; U S3. We choose conditions
(Dy, L,) for v € @, and let D(Q) be the new set of deformation conditions; hz(Q) N
is defined by including these conditions. Combining these calculations with the
previous corollary, and again cancelling the terms common to the primes above /¢
and oo, and introducing the mysterious set ), we find

Corollary. dimy mD(Q)/(mD(Q))2 = h%)(Q) is given by
L+ 1 . )
Bl oy (T ad 7(1)) = (T, ad 7(1) —n 3 € ; + 3 [dimy Ly, — (A, ad 7).

v|oo veSUQ

In particular, suppose

(i) All the L, are minimal for v € S; U S
(ii) For allv € Q, dimy L, — h°(A,,ad 7) =1
(iii) All the D, are liftable
)

(iv) h%(T,ad 7(1)) = h%(Q)(F,ad ) =0
Then R%’”(Lg}) is a power series over O in |Q| —n}_, et yariables.

Proof. Recall that hi, ) (T,ad 7) = hlﬁ(Q)L(I’,ad 7(1)). Thus the vanishing of

h%(Q) (', ad 7) means both that the deformation problem is unobstructed and that
the main global term in the Euler characteristic is zero, leaving only the local terms.
At the end of the process, it will turn out that the relative dimension of RY™ is
at least |@Q|, which proves a posteriori that ¢, = —1 for all real v. In the meantime,
we simplify:
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Lemma. For allv € S1USs, the L, are minimal.

Proof. This is a calculation in Galois cohomology. For v € S5 it’s fairly complicated,
so we will just consider S; to illustrate how this works. First we need to translate
the hypothesis

~

Té(lv) — 7(1y)

into a definition of L,. There is a short inflation-restriction exact sequence
0 — HY(A,/I,,ad 7)) — HY(A,,ad 7) — H°(A,/I,, H (I,,ad 7))
and one verifies that our hypothesis translates into taking
L, = Im(HY(A,/I,, ad 7).

The calculation is simplest if 7 remains absolutely irreducible upon restriction to
I, and in particular to A,. In that case,

hY(A,,ad 7) = dimg Homa, (7,7) = 1
by Schur’s Lemma. On the other hand, for the same reason,
ad 7' = Homyp, (7,7) = Homa, (7, 7)

and so

L, = HYA,/I,,ad 7*) = Homp (A, /1, k)

has dimension 1. The general case is only slightly more difficult.

7. Prologue to Taylor-Wiles.

The set @ is the heart of the Taylor-Wiles method. We require in fact a set Qn for
each positive integer N. As above, D is the set of conditions (D, L, ) for v € S;USs.
Let

r=hy.(T,ad 7(1)).

We want to choose sets @y, for all N, disjoint from S, such that
(1) [@n|=r
(2) h}:(QN)L(F, ad 7(1)) =0
(3) For v € Qn, |k(v)| =1 (mod V).
(4) For v € Qu p is unramified at v and is the sum of two representations y @ s
with x of dimension 1 and not isomorphic to a subquotient of s.
Assuming this is possible, then for each N, R%’”(‘g’( N)) is a power series over O in

— cutl i
TN 0 g Variables.
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Proposition. Let H = #(Gal(Q/F*(¢)). Suppose
h'(H,ad 7) = h*(H,ad 7) =0

and for any irreducible k[H]-submodule W of ad 7 there is h € HN7(A) and o € k
such that

(a) The a-generalized eigenspace Vi, o of h in k™ is one-dimensional
(b) prv,.,oWoiy, . CadT7 is a non-zero subspace.

Then the sets Qn as above exist for all N.

The conditions on H amount to saying that H is “big”. If ad 7 is irreducible
upon restriction to H N 7A, then the last condition is automatic. Verification of
these conditions in general is a technical point we will ignore. In some applications,
one can vary ¢ so as to guarantee these conditions. The optional hypothesis will
be assumed (implicitly, without calling attention to itself) where it simplifies the
discussion.

Henceforward, we consider the conditions at S given, and change the notation: we
let , .
Ry = RE™  Rrq = RES)

This requires specifying conditions (D, L, ) for v € Q so that dimy, L,—h°(A,, ad 7) =
1. The condition is that p lifts to p — x @ s where y lifts x but is allowed to
ramify but s is still unramified. The condition on the dimension is easy to check.

I have said nothing about automorphic forms today! The objective is to show
that every lifting of 7 of the appropriate type at Sy is of the form r(II) for some
automorphic representation IT of GL(n) of the kind considered in the first two
lectures. The more modest objective is to show that every lifting of 7 that is
unramified outside S]] S, minimal at S, and of the appropriate type at Sy is of
the form r(II). We call these liftings minimal. Now a minimal lifting of 7 to G,,(0’),
where O’ is an f-adic integer ring contained in Co, corresponds to a homomorphism
R;zp — O'. So we need to show that every such homomorphism comes from an
automorphic representation. The goal is in fact to show that R; p is isomorphic to
an algebra that already has this property — specifically, to the algebra generated by
Hecke algebras acting on automorphic forms of a certain type (unramified outside
S, for example). However, we have already said enough today.



IV. DEFORMATION RINGS AND HECKE ALGEBRAS

8. Hecke algebras and the Taylor-Wiles theorem.

9. Level raising.
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