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We determine a useful class of topological vectorspacesV so that continuous compactly-supported functions
with values in V have integrals (with respect to �nite Borel measures). Rather than expressing integrals as
limits, we use the Gelfand-Pettis characterization of suchintegrals, which has good functorial properties and
gives ana priori proof of uniqueness. The issue isexistence.

A convenient property guaranteeing existence of Gelfand-Pettis integrals is quasi-completeness(discussed
below). Not only do Hilbert, Banach, Fr�echet, and LF spaces fall in this class, but also their weak-star
duals, and other spaces of mappings such as thestrong operator topology on mappings between Hilbert
spaces (in addition to the uniform operator topology).

One compelling application of such integration theory is to the development of a theory of holomorphic
and meromorphic vector-valued functions. An already well-known sort of application of this is the study
of the resolvent of operators on Hilbert and Banach spaces, as in [Dunford] and [Taylor 1938]. In these
sources Liouville's theorem on bounded entire (scalar-valued) functions is invoked to prove that a bounded
operator on a Hilbert or Banach spaces must have non-empty spectrum, for example. A more sophisticated
application is in study of meromorphically-continued Eisenstein series.

Another sort of application of a theory of holomorphic and meromorphic vector-valued functions is in the
theory of generalized functions, as in [Gelfand, Shilov], in which distributions depending upon a complex
parameter are studied. For example, many distributions which are not ordinary functions appear naturally
as residues or analytic continuations of more mundane functions (with a complex parameter).

A good theory of integration also allows a more natural treatment of convolutions of distributions with test
functions, and related operations.

We have included a review of some relatively elementary related matters for the sake of completeness.

� Gelfand-Pettis integrals
� Colimits of topological vectorspaces
� Examples of quasi-complete spaces
� Totally bounded sets in topological vectorspaces
� Quasi-completeness and convex hulls of compacta
� Proof of the existence theorem
� Historical notes and references

1. Gelfand-Pettis integrals

Let V be a topological vectorspace. Letf be a measurableV -valued function on a measure space (X; � ). A
Gelfand-Pettis integral of f would be a vector I 2 V so that, for every functional � in the continuous
dual V � we have

� (I ) =
Z

X
�f (x) d� (x)

If it exists and is unique, this vector I would be denoted by

I =
Z

X
f (x) d� (x)

Of course, we expect that the mapf �! I is linear, and presumably continuous, although these properties
follow from the other requirements, rather than needing to be imposed directly.

1



Paul Garrett: Vector-Valued Integrals (April 24, 2007)

By contrast to notions of integration which construct integrals as various limits of �nite sums, this de�nition
addresses aproperty that no reasonable notion ofintegral would fail to possess, without asking how it comes
to be. Since this property is such an irreducible minimum, often this de�nition of integral is called a weak
integral .

Uniquenessof the integral is immediate if V � separates points, as is the case forlocally convexspaces, by
the Hahn-Banach theorem. Thus, the issue isexistence. And, to avoid any doubt, we wish that the integral
really be a vector in the spaceV , rather than in some larger space, such asV �� , for example.

Similarly, linearity of the map f �! I follows when V � separates points, as is the case forlocally convex
spaces, by the Hahn-Banach theorem.

For present purposes, the only complication we will consider is in the nature of the topological vectorspaces in
which the functions are to take values: rather than functions meeting weaker continuity or support conditions,
we will only consider compactly-supported continuousfunctions f with values in a topological vectorspace.
Further, we will assume that the measure� is a �nite, positive, Borel measure. In this situation, all the
integrals Z

X
�f (x) d� (x)

will always exist, being integrals of compactly-supportedcomplex-valued continuous functions on a compact
set with respect to a �nite Borel measure.

The technical condition on the topological vectorspaceV which arises in the proof of the following theorem
is that the convex hull of a compact set must have compact closure. A more intuitive property which we
will see implies this property is that of quasi-completeness , meaning that boundedCauchy nets converge.
(In topological vectorspaces which may not have countable local bases, this is a more relevant property
than `plain' completeness). In all applications, wheneverthe compactness of closures of convex hulls of
compacta can be proven, it seems that quasi-completeness holds as well. Thus, whilea priori the condition
of quasi-completeness is stronger than the compactness condition, no example of a strict comparison seems
immediate.

The hypotheses of the following theorem will be veri�ed for Fr�echet spaces and their weak star duals,
for example. In addition to Hilbert and Banach spaces, this includes Schwartz functions and tempered
distributions.

Further, the hypothesis will include what are sometimes called LFspacesand their duals. By de�nition, an
LF space is a countable ascending union of Fr�echet spaces sothat each Fr�echet subspace is closed in the
next, with the �nest possible topology on the union. Sometimes these are calledstrict inductive limits or
strict colimits of Fr�echet spaces. This includes spaces oftest functions. The weak star duals of the LF spaces
are also included, so we can integratedistribution-valued functions.

Finally, in addition to the uniform operator topology on con tinuous linear maps from one Hilbert space or
Banach space to another, the hypothesis of quasi-completeness will include thestrong operator topologyand
weak operator topologyon these spaces of operators.

[1.1] Theorem: Let � be a �nite , positive, Borel measure on a spaceX . Let V be a locally convex
topological vectorspace in which theclosure of the convex hull of a compact set is compact. For example,
it su�ces that V be quasi-complete. Then continuous compactly-supportedV -valued functions f on X have
Gelfand-Pettis integrals. Further,

Z

X
f (x) d� (x) 2 � (X ) � closure of convex hull off (X )

(Proof given later.)

[1.2] Remark: The last conclusion, that the integral of f lies inside a certain closure of a convex hull, is
a substitute for the estimate of a scalar-valued integral bythe integral of its absolute value.
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2. Colimits of topological vectorspaces

One inevitably �nds that the intuitive idea of a topological vectorspace being anascending unionof subspaces
is necessary, and yet must be made more precise than the most immediate naive form. Spaces oftest
functions on R

n are the most obvious prototypes, being unions of Fr�echet spaces without being Fr�echet
spaces themselves.

More properly, the relevant notion here is that of colimit of topological vectorspaces, also calleddirect
limit or inductive limit . But rather than considering the general construction, which would exceed our
needs and also create needless complications, we will consider a very limited class of such limits.

At the end of this section we also prove two basic results, the�rst attributed in [Horvath] to Dieudonn�e-
Schwartz. See also [Bourbaki], III.5 for this result. The second is preparation to invoke a form of the
Banach-Steinhaus theorem in situations where the Baire category argument is not directly applicable.

More precisely: Let V be a locally convex topological vectorspace. Suppose thatV has subspaces
Vo; V1; V2; V3; : : : so that

Vo � V1 � V2 � V3 � : : :

and so that
V =

[

i

Vi

We further demand that a universal mapping property holds: we assumethat for any family Ti of
continuous linear mapsTi : Vi ! W to some other topological vectorspaceW , with compatibilities

Ti = Tj jVi (for all i < j )

there is a unique continuous linearT : V ! W such that

Ti = T jVi (for all i )

Then such V is a strict colimit or strict inductive limit of the sequence of spacesVi .

[2.1] Remark: The strictness of the colimit resides in the fact that the maps among the Vi 's are
homeomorphisms to their images. The fact that the collection of subspaces iscountableand well-ordered is
also a special feature. (Uncountable colimits have pathologies).

The continuity of the inclusions Vi � V together with the universal mapping property would uniquely
characterize V up to unique isomorphism, if it were to exist, by the usual elementary category-theory
arguments.

Further, we suppose that eachVi is a closed locally convex subspaceof V , and require that V be locally
convex, as well. Thus, we are considering onlystrict colimits of well-ordered countable collections of locally
convex closed subspaces.The following proposition not only assures that such colimits exist, but gives some
speci�c information about a local basis at 0.

[2.2] Proposition: Strict colimits V of well-ordered countable collections of closed locally convex
subspacesVi exist. In such a colimit there is a local basis at 0 inV consisting of sets of the form

convex hull of
[

i

Ui

where Ui is an arbitrary convex, balanced neighborhood of 0 inVi . Equivalently, a local basis at 0 in V is
given by unions

S
i N i where N i is a convex, balanced neighborhood of 0 inVi , and N i +1 \ Vi = N i .
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Proof: There are four assertions here: �rst that the two constructions give the same topology onV , second,
that the intersection of the neighborhoods of 0 inV so described have intersectionf 0g (proving that the
point 0 is closed), third, that each Vi really is closed in V with this topology, and, fourth, that V has the
universal mapping property of a colimit.

To compare the two descriptions of the alleged local basis at0, let Gi be an arbitrary collection of convex
balanced neighborhoods of 0 inVi . Let

N i = Vi \ convex hull of
[

i

Gi

Then N i is a convex balanced neighborhood of 0 inVi , and certainly N i +1 \ Vi = N i . On the other hand, if
we are given a collection of convex balanced neighborhoodsN i with N i +1 \ Vi = N i , then

Vi \ convex hull of
[

i

N i = N i

This proves the equivalence of the two descriptions.

Next, we prove that the point 0 is closed, thereby giving a legitimate topological vectorspace structure on
the colimit. Fix an index i and a convex balanced neighborhoodN i of 0 in Vi , and show that there is a
collection of convex balanced neighborhoodsN j (j = 1 ; 2; : : :) so that N j +1 \ Vj = N j .

To this end, for j < i take N j = N i \ Vj . For j > i we do obtain N j by an induction, as follows. By the
hypothesis that the topology on Vi is the subspace topology fromVi +1 , we conclude that there is an open
neighborhood N i +1 of 0 in Vi +1 so that N i +1 \ Vi = N i . We can arrange that N i +1 is also convex and
balanced, as follows. LetN 0

i +1 be a convex, balanced neighborhood of 0 inVi +1 contained insideN i +1 , and
then let N �

i +1 be the convex hull ofN i [ N 0
i +1 . If tu + (1 � t)u0 2 Vi with u 2 N i and u0 2 N 0

i +1 , then u0 2 Vi ,
so

u0 2 Vi \ N 0
i +1 � Vi \ N i +1

Thus, N �
i +1 \ Vi = N i , and now N �

i +1 is convex and balanced. Repeating this procedure, for everyj > i we
obtain a convex balanced neighborhoodN �

j of 0 in Vj so that N �
j \ Vi = N i , as desired. Sof 0g is indeed a

closed point in this alleged colimit.

Next, we prove that each Vi is closedin the colimit V with the topology we've given it. Let j > i and let
x 2 Vj with x 62Vi . SinceVi is closed inVi +1 , which is closed inVi +2 , etc., for eachk � j there is a convex
balanced neighborhoodNk of 0 in Vk so that Vi \ x + Nk = ; . By the process just illustrated, we can shrink
theseNk if necessary so thatN ` +1 \ V` = N ` for all indices ` � j . Putting N ` = V` \ N j for ` < j , we have
a neighborhoodN =

S
i N i of 0 in V with the property that Vi \ x + N = ; . Thus, Vi is closed.

Finally, we prove the universal mapping property of the colimit V . Suppose we have continuous linear maps
Ti : Vi ! Y so that Ti +1 jVi = Ti for all indices i . Then the map T : V ! Y given by T x = Ti x where i is
any index large enough so thatx 2 Vi . The compatibilities among the various mapsTi assure that this T is
well-de�ned (and linear). It is certainly clear that there i s no other map from V to Y compatible with the
Ti . What remains is to check that this T is continuous.

Given a neighborhoodU of 0 in Y , we may as well shrinkU so that it is convex and balanced. For each index
i , sinceTi is continuous, there is a convex, balanced neighborhoodN i of 0 in Vi so that T(N i ) � U. Let N
be the convex hull of

S
i N i . By the convexity of U, still T (N ) � U. From above, this N is a neighborhood

of 0 in the colimit. This proves the continuity of the induced map T, and thus �nishes the proof of the
proposition. Done.

[2.3] Proposition: Assume that V is locally convex, and is a strict colimit of a countable well-ordered
collection of closed subspacesVi as above. Then a subsetB of V is boundedif and only it lies inside some
subspaceVi , and is a bounded subset of the topological vectorspaceVi .
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Proof: Suppose that the conclusion is false. Then there is a sequence i 1; i 2; : : : of positive integers so that
there is x i j in Vi j \ B with x i j not lying in Vi j � 1. Using the simple nature of the indexing set and the simple
inter-relationships of the subspacesVi , we have

V =
[

j

Vi j

In particular, without loss of generality, we may suppose that simply i j = j , which simpli�es notation
considerably.

By the Hahn-Banach theorem, using the closedness ofVi � 1 in Vi , there would becontinuous linear functionals
� i on Vi so that � i (x i ) = i and so that the restriction of � i to Vi � 1 is � i � 1, with � 0 = 0 (for example).
SinceV is the colimit of the spacesVi , this collection of functionals is exactly what is needed todescribe a
continuous linear functional � on V, simply by taking � (v) = � i (v) for any i large enough so thatv 2 Vi .

But � (B ) would be boundedsinceB is bounded and� is continuous, which precludes the possibility that �
take on all all positive integer values at the pointsx i of B . Thus, it could not have been that B failed to lie
inside some singleVi . The strictness of the colimit implies that B is bounded as a subset ofVi . This proves
one direction of the equivalence of conditions.

The other direction of the equivalence is easy.Done.

Recall that a set E of continuous linear maps from one topological vectorspaceX to another topological
vectorspaceY is equicontinuous if, for every neighborhoodU of 0 in Y there is a neighborhoodN of 0 in
X so that T(N ) � U for every T 2 E.

[2.4] Proposition: Let V be a strict colimit of a well-ordered countable collection of locally convex
closed subspacesVi . Let Y be a locally convex topological vectorspace. LetE be a set of continuous linear
maps from V to Y. Then E is equicontinuous if and only if for each index i the collection of continuous
linear maps f T jVi : T 2 Eg is equicontinuous.

Proof: Given a neighborhoodU of 0 in Y , shrink U if necessary so as to assume, without loss of generality,
that U is convex and balanced. For each indexi , let N i be a convex, balanced neighborhood of 0 inVi so
that for all T 2 E we haveT(N i ) � U. Let N be the convex hull of the union of theN i . By the convexity of
N , still T (N ) � U for all T 2 E. By the construction of the colimit, above, this N is an open neighborhood
of 0 in the colimit, so we have proven the equicontinuity of E . (The other direction of the implication is
easy). Done.

3. Examples of quasi-complete spaces

The goal of this section is to give a fairly full listing of topological vectorspaces which are quasi-complete,
to have an idea of the scope of the theorem of the previous section concerning Gelfand-Pettis integrals.

Again, a topological vectorspace isquasi-complete if every boundedCauchy net is convergent. Note that
without the assumption that there is a countable local basis(at 0) it is necessary to considernets rather
than simply sequences. Since many spaces of interest occurring as weak star duals certainly fail to be locally
countable, this distinction is not frivolous.

Certainly Fr�echet spaces (hence Hilbert and Banach spaces) are quasi-complete, since in the case of a metric
space quasi-completeness and ordinary completeness are obviously identical.

More abstractly, it is clear that closed subspacesof quasi-complete spaces are quasi-complete. Products (with
product topology) and �nite sums of quasi-complete spaces are quasi-complete.

[3.1] Proposition: A strict colimit of a countable collection of closed quasi-complete spaces is quasi-
complete.
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Proof: In the previous section we saw that bounded subsets of such colimits are exactly the bounded subsets
of the closed subspaces. Thus, bounded Cauchy nets in the colimit must be bounded Cauchy nets in one of
the closed subspaces. Each of these is assumed quasi-complete, so the colimit is quasi-complete.Done.

Thus, as a consequence of the proposition, spaces of test functions are quasi-complete, since they are such
colimits of the Fr�echet spaces of spaces of test functions with prescribed compact support.

Let Homo(X; Y ) be the space of continuous linear functions from a topological vectorspaceX to another
topological vectorspaceY . We give Homo(X; Y ) the topology induced by the seminormspx;U where x 2 X
and U is a convex, balanced neighborhood of 0 inY , de�ned by

px;U (T ) = inf f t > 0 : T x 2 tU g

for T 2 Homo(X; Y ).

[3.2] Remark: In the case that X and Y are Hilbert spaces, this construction gives thestrong operator
topology on Homo(X; Y ). If the topology on the Hilbert space Y is replaced by its weaktopology, then the
construction gives Homo(X; Y ) the weak operator topology. The fact that the collection of continuous linear
operators is the same in both cases is a consequence of the Banach-Steinhaus theorem, which also plays a
role in the following result.

[3.3] Theorem: When X is a Fr�echet space or LF space, and whenY is quasi-complete, the space
Homo(X; Y ) with the topology just described is itself quasi-complete.

[3.4] Remark: In fact, the `true' hypothesis on Homo(X; Y ) is simply that it support the conclusion of
the Banach-Steinhaus theorem. That is, a subsetE of Homo(X; Y ) so that the set of all images

Ex = f T x : T 2 Eg

is bounded (in Y ) for all x 2 X is necessarilyequicontinuous. When X is a Fr�echet space, this is true (by
the usual Banach-Steinhaus theorem) forany Y . Further, by the result above on bounded subsets of special
sorts of colimits, we see that the same conclusion holds forX such a colimit.

Proof: Let E = f Ti : i 2 I g be a bounded Cauchy net in Homo(X; Y ), where I is a directed set. Of course,
we attempt to de�ne the limit of the net by

T x = lim
i

Ti x

First, note that for any x 2 X the evaluation map S ! Sx from Homo(X; Y ) to Y is continuous. In fact,
the topology on Homo(X; Y ) is the coarsest one with this property. Therefore, by the quasi-completeness
of Y , for each �xed x 2 X the net Ti x in Y is bounded and Cauchy, so converges to an element ofY we'll
suggestively denote byT x.

To prove linearity of T , �x x1; x2 in X , a; b 2 C and �x a neighborhood Uo of 0 in Y . Since T is in the
closure ofE , there is

Ti 2 E \ (T + N )

for any open neighborhoodN of 0 in Homo(X; Y ). In particular, for any neighborhood U of 0 in Y , we can
take

N = f S 2 Homo(X; Y ) : S(ax1 + bx2) 2 U; S(x1) 2 U; S(x2) 2 Ug

Then
T(ax1 + bx2) � aT(x1) � bT(x2)

= ( T(ax1 + bx2) � aT(x1) � bT(x2)) � (Ti (ax1 + bx2) � aTi (x1) � bTi (x2))
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sinceTi is linear. The latter expression is

T(ax1 + bx2) � (ax1 + bx2) + a(T(x1) � Ti (x1) + b(T(x2) � Ti (x2)

2 U + aU + bU

By choosingU small enough so that
U + aU + bU � Uo

we �nd that
T(ax1 + bx2) � aT(x1) � bT(x2) 2 Uo

Since this is true for every neighborhoodUo of 0 in Y , it must be that

T(ax1 + bx2) � aT(x1) � bT(x2) = 0

which proves linearity.

To prove continuity of the limit operator T , we must �rst be sure that E is equicontinuous. For eachx 2 X j ,
the set f Ti x : i 2 I g is a bounded subset ofY , so by the Banach-Steinhaus theoremf Ti : i 2 I g is an
equicontinuous set of linear maps fromX i to Y . (Each X i is a Fr�echet space). From the result of the
previous section on equicontinuous subsets of LF spaces, this implies that E itself is equicontinuous.

Fix a neighborhood Uo of 0 in Y , and another neighborhoodU of 0 in Y so that U + U � Uo. Using the
equicontinuity of E , let N be a small enough neighborhood of 0 inX so that T(N ) � U for all T 2 E. Let
x 2 N . Choose an indexi su�ciently large so that T x � Ti x 2 U: by the de�nition of the topology on
Homo(X; Y ) there is such an index. Then

T x 2 U + Ti x � U + U � Uo

Thus, T is continuous. Done.

4. Totally bounded sets in topological vectorspaces

In preparation for the proof of the existence theorem for Gelfand-Pettis integrals, we review the relatively
elementary notion of totally bounded subsetof a metric space, as well as the somewhat subtler notion of
totally bounded subset of a topological vectorspace.

A subset E of a complete metric spaceX is totally bounded if, for every " > 0 there is a covering ofE
by �nitely-many open balls of radius" . The property of total boundednessin a metric space is considerably
stronger in general than mereboundedness. It is immediate that any subset of a totally bounded set is still
totally bounded.

[4.1] Proposition: A subset of a complete metric space has compact closure if andonly if it is totally
bounded.

Proof: Certainly if a set has compact closure then it admits a �nite covering by open balls of arbitrarily
small (positive) radius.

On the other hand, suppose that a setE is totally bounded in a complete metric space (X; d ). To show that
E has compact closure it su�ces to show that any sequencef x i g in E has a Cauchy subsequence.

We choose such a subsequence as follows. CoverE by �nitely-many open balls of radius 1. In at least one
of these balls there are in�nitely-many elements from the sequence. Pick such a ballB1, and let i 1 be the
smallest index so that x i 1 lies in this ball.
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The set E \ B1 is still totally bounded (and contains in�nitely-many elem ents from the sequence). Cover it
by �nitely-many open balls of radius 1=2, and choose a ballB2 with in�nitely-many elements of the sequence
lying in E \ B1 \ B2. Choose the indexi 2 to be the smallest one so that bothi 2 > i 1 and so that x i 2 lies
inside E \ B1 \ B2.

Proceeding inductively, suppose that indicesi 1 < : : : < i n have been chosen, and ballsB i of radius 1=i, so
that

x i 2 E \ B1 \ B2 \ : : : \ B i

Then coverE \ B1 \ : : :\ Bn by �nitely-many balls of radius 1 =(n+1) and choose one, call itBn +1 , containing
in�nitely-many elements of the sequence. Leti n +1 be the �rst index so that i n +1 > i n and so that

xn +1 2 E \ B1 \ : : : \ Bn +1

Then for m < n we have

d(x i m ; x i n ) �
1
n

so this subsequence is Cauchy, as desired.Done.

In a topological vectorspaceV, a subsetE is totally bounded if, for every neighborhoodU of 0 there is a
�nite subset F of V so that

E � F + U

Here the notation F + U means, as usual,

F + U =
[

v2 F

v + U = f v + u : v 2 F; u 2 Ug

[4.2] Remark: In a topological vectorspace whose topology is given by atranslation-invariant metric, a
subset istotally boundedin this more general topological vectorspace sense if and only if it is totally bounded
in the metric space sense. This follows from the de�nitions.

[4.3] Lemma: In a topological vectorspace the convex hull of a�nite set is compact.

Proof: Let the �nite set be F = f x1; : : : ; xn g. Let � be the compact subset

� = f (c1; : : : ; cn ) 2 R

n :
X

i

ci = 1 ; 0 � ci � 1; for all i g

in R

n . Then the convex hull of F is the continuous image of� under the map

(c1; : : : ; cn ) !
X

i

ci x i

so is compact.Done.

[4.4] Proposition: A totally bounded subset E of a locally convextopological vectorspaceV has totally
bounded convex hull.

Proof: Let U be a neighborhood of 0 inV . Let U1 be a convexneighborhood of 0 so thatU1 + U1 � U.
Then for some �nite subset F we haveE � F + U1, by the total boundedness. Let K be the convex hull
of F , which by the previous result is compact. Then certainly E � K + U1, and the latter set is convex,
as observed earlier. Therefore, the convex hullH of E lies inside K + U1. Since K is compact, it is surely
totally bounded, so it can be covered by a �nite union � + U1 of translates of U1. Thus,

H � (� + U1) + U1 � � + U
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since U1 + U1 � U. Thus, H lies inside this �nite union of translates of U. This holds for any open U
containing 0, soH is totally bounded. Done.

[4.5] Corollary: In a Fr�echet space, the closure of the convex hull of a compact set is again compact.

Proof: A compact set in a Fr�echet space (or in any complete metric space) is totally bounded, as recalled
above. By the previous result, the convex hull of a totally bounded set in a Fr�echet space (or in any locally
convex space) is totally bounded. Thus, this convex hull hascompact closure, since totally bounded sets in
complete metric spaces have compact closure.Done.

5. Quasi-completeness and convex hulls of compacta

Again, a topological vectorspaceX is quasi-complete if every boundedCauchy net converges.

Using a variant of part of the idea of the Banach-Alaoglu theorem, we prove the following theorem by
reducing to the case of Fr�echet spaces, which was treated inthe previous section.

[5.1] Proposition: In a quasi-complete locally convex topological vectorspace X , the closureC of the
convex hull H of a compact setK is compact.

Proof: Since X is locally convex, by the Hahn-Banach theorem its topology is given by a collection of
seminormsv. For each seminormv, let X v be the completion of the quotient

X=f x 2 X : v(x) = 0 g

with respect to the metric that v induces on the latter quotient. Thus, X v is a Fr�echet space. (Indeed, the
latter quotient is the largest quotient of X on which v induces ametric rather than merely a pseudometric).
Then consider

Z =
Y

v

X v

with the natural injection j : X ! Z , and with projection pv to the vth factor. Give Z the product topology.

By construction, and by de�nition of the topology given by th e seminorms, the mapj is a homeomorphism
to its image. That is, X is homeomorphic to the subsetjX of Z , where jX is given the subspace topology
from Z .

The image pv jK , being a continuous image of a compact set, is a compact subset of X v . Since X v is a
Fr�echet space, the convex hullH v of pv jK has compact closureCv . It is elementary that the convex hull jH
of jK is contained in the product

Q
v H v of the convex hulls H v of the projections pv jK . By Tychono�'s

theorem, the product
Q

v Cv is compact.

Since jC is contained in the compact set
Q

v Cv , to prove that the closure jC of jH in jV is compact, it
su�ces to prove that jC is closed inZ . SincejC is a subset of the compact set

Q
v Cv , it is totally bounded

and so is certainly bounded (in Z , hence in X � jX ). By the quasi-completeness any Cauchy net injC
converges to a point injC . Since any point in the closure ofjC in Z has a Cauchy net injC converging to
it, jC is closed inZ . This �nishes the proof that quasi-completeness implies the compactness of closures of
compact hulls of compacta.Done.

6. Proof of the existence theorem

Now we will prove the theorem: we assume that in the topological vectorspaceV convex hulls of compacta
have compact closures, and prove theexistence of Gelfand-Pettis integrals

R
X f (x) d� (x) of continuous
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compactly-supported V -valued functions f for � (X ) < + 1 . Further, we prove that the desired integral lies
in the (by hypothesis) compact set

closure of convex hull of� (X ) � f (X )

Proof: To simplify things, by dividing by a constant we may suppose that the total measure of X is 1. And
we may as well assume that the measure spaceX is compact, since the support of f is assumed compact.
Let H be the closure of the convex hull off (X ) in V . By hypothesis, H is compact. Thus, in particular, we
expect to show that there is an integral of f inside H itself, since � (X ) = 1.

Let L be a �nite subset ofV � . Let

VL = f v 2 V : � (v) =
Z

X
�f (x) d� (x); 8� 2 Lg

Let
I L = H \ VL

SinceH is compact andVL is obviously closed,I L is again compact.

Certainly
I L [ L 0 = I L \ I L 0

for two �nite subsets L; L 0 of V � . Thus, if we can prove that all the I L are non-empty, then it will follow that
the intersection of all these compact setsI L is non-empty. (This is the so-called�nite intersection property ).
That is, we will have existence.

To prove that each I L is non-empty, for �nite subsetsL of V � , choose an ordering� 1; : : : ; � n of the elements
of L . Then make a continuous linear mapping � = � L from V to R

n by

�( v) = ( � 1v; : : : ; � n v)

Since this map is continuous, the image �(f (X )) is compact in R

n .

For �nite sets L of functionals, the integral

y = yL =
Z

X
� f (x) d� (x)

is readily de�ned by component-wise integration in the obvious manner. Suppose that we knew that this
point y lay in the convex hull of �( f (X )). Then, since � L is linear, y = � L v for somev in the convex hull
of f (X ). Then

� L v = y = ( : : : ;
Z

� i f (x) d� (X ); : : :)

Thus, the point v lies in I L as desired. Thus, granting that y lies in the convex hull of � L (f (x)), we are
done.

To prove that y = yL as above lies in the convex hull of �L (f (X )), suppose not. From the lemma just
below, in a �nite-dimensional space the convex hull of a compact set is still compact (without having to
take closure). Thus, invoking also the �nite-dimensional case of the Hahn-Banach theorem, there would be
a linear functional � on R

n so that �y > �z for all z in this convex hull. That is, letting y = ( y1; : : : ; yn ),
there would be real numbersc1; : : : ; cn so that for all ( z1; : : : ; zn ) in the convex hull we would have

X

i

ci zi <
X

ci yi

10
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In particular, for all x 2 X we would have

X

i

ci � i (f (x)) <
X

i

ci yi

Integrating both sides of this over X gives the absurd

X

i

ci yi <
X

i

ci yi

Thus, we conclude that y doeslie in this convex hull. Done.

[6.1] Lemma: The convex hull of a compact setK in R

n is compact. In particular, we have compactness
without taking closure.

Proof: First, we claim that, for a set E in R

n , and for any x a point in the convex hull of E , there aren + 1
points x0; x1; : : : ; xn in E so that x is a convex combination of thex i .

By induction, to prove the claim it su�ces to consider a convex combination v = c1v1 + : : :+ cN vN of vectors
vi with N > n +1 and show that v is actually a convex combination ofN � 1 of the vi . Further, we certainly
can suppose without loss of generality that all the coe�cients ci are non-zero.

De�ne a linear map
L : R

N ! R

n � R

by

L(x1; : : : ; xN ) ! (
X

i

x i vi ;
X

i

x i )

By dimension-counting, sinceN > n + 1 the kernel of L must be non-trivial. Let ( x1; : : : ; xN ) be a non-zero
vector in the kernel.

Sinceci > 0 for every index, and since there are only �nitely-many indices altogether, there is a constantc
so that jcxi j � ci for every index i , and so that cxi o = ci o for at least one index i o. Then

v = v � 0 =
X

i

ci vi � c �
X

x i vi =
X

i

(ci � cxi )vi

Since
P

i x i = 0 this is still a convex combination, and since cxi o = ci o at least one coe�cient has become
zero. This is the induction, which proves the claim.

Using the previous claim, a pointv in the convex hull of K is actually a convex combinationcovo + : : :+ cn vn

of n + 1 points vo; : : : ; vn of K . Let � be the compact set in R

n consisting of points (co; : : : ; cn ) with
0 � ci � 1 and

P
i ci = 1. Then the convex hull of K is exactly the image of the compact set

� � K n +1

under the continuous map

L : (co; : : : ; cn ) � (vo; v1; : : : ; vn ) !
X

i

ci vi

The continuous image of a compact set is compact, so the convex hull is compact. This proves the lemma,
thereby �nishing the proof of the theorem. Done.

7. Historical notes and references
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It appears that by far most investigation and use of vector-valued integration is in the context of Banach-
space-valued functions. Nevertheless, the idea of [Gelfand] extended and developed by [Pettis] immediately
suggest a viewpoint which is not con�ned to the Banach-spacecase. A hint of this appears in [Rudin].

This is in contrast to many of the more detailed studies and comparisons of varying notions of integral which
are speci�c to the Banach-space case, such as [Bochner]. A variety of developmental episodes and results in
the Banach-space-valued case is surveyed in [Hildebrandt]. Proofs of many of these results, together with
applications, are given in [Hille, Phillips]. (The �rst edi tion, authored by Hille alone, is sparser in this
regard).

One of the few exceptions to the apparent limitation to the Banach-space case is [Phillips]. However, it
seems that in the United States after the Second World War consideration of anything fancier than Banach
spaces was not a popular style.

The present pursuit of the issue of quasi-completeness (andcompactness of the closure of the convex hull
of a compact set) was motivated originally by the discussionin [Rudin], although the latter does not make
clear that this condition is ful�lled in more than Fr�echet s paces, and does not mention quasi-completeness.
Imagining that these ideas must be applicable to distributions, one might cast about for means to prove
the compactness condition, eventually hitting upon the hypothesis of quasi-completeness in conjunction with
ideas from the proof of the Banach-Alaoglu theorem. Indeed,in [Bourbaki] it is shown (by apparently di�erent
methods) that quasi-completeness implies this compactness condition, although there the application to
vector-valued integrals is not mentioned.

The fact that a bounded subset of a countable strict inductive limit of closed subspaces must actually be
a bounded subset of one of the subspaces, easy to prove once conceived, is attributed to Dieudonne and
Schwartz in [Horvath]. See also [Bourbaki], III.5 for this result. Pathological behavior of uncountable
colimits was evidently �rst exposed in [Douady].

Evidently quotients of quasi-complete spaces (by closed subspaces, of course)may fail to be quasi-complete:
see [Bourbaki], IV.63 exercise 10 for a construction.
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