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1. v on Neu m ann alge bras, d ens it y t h eorem

Th e comm u t an t of a su br in g S of a r in g R i s

S

0

= f r 2 R : r s = sr ; 8 s 2 S g

A v on Neu m ann alge bra i s a � -st a b le su balge bra A of t h e space B ( V ) of

b ou n d e d o p era t ors on a Hil b ert space V so t h a t A i s clo s e d in t h e stron g t o p o logy

on o p era t ors.

Th eorem: (v on Neu m ann Dens it y) Let A b e a � -st a b le su balge bra of t h e

space B ( V ) of b ou n d e d o p era t ors on a Hil b ert space, an d sup p o s e t h a t A con t ains

t h e id en t it y . Th en

A

0 0

= clo sure of A in t h e stron g o p era t or t o p o logy

Th a t i s, if A i s � -clo s e d an d con t ains t h e scalar o p era t ors, t h en t h e stron g-t o p o logy

clo sure con dit ion i s equiv alen t t o t h e purely alge braic con dit ion

A

0 0

= A

V ery oft en t h e v on Neu m ann alge bra in que st ion will in d ee d includ e scalar o p er-

a t ors, bu t w e re s erv e t h e r igh t t o h a v e it b e ot h erwi s e.

2. Direct in t egrals of Hil b e rt space s: d e�nit ions

Let (
 ; � ) b e a m e asure space. W e as su m e t h a t � i s a p o s it iv e regular Borel

m e asure. F urt h er, w e sup p o s e t h a t 
 i s � -�nit e, i.e., i s a cou n t a b le u nion

S

i




( i )

of s et s 


( i )

wit h �nit e m e asure. An d w e sup p o s e t h a t t h ere i s a cou n t a b le co llect ion

M

o

of m e asura b le s et s in 
 whic h gen era t e t h e co llect ion of � -m e asura b le s et s, in

t h e s ens e t h a t for ev ery � -m e asura b le s et X � 
 t h ere i s Y in t h e sm alle st � -alge bra

con t ainin g M

o

so t h a t X � X \ Y an d Y � X \ Y are of m e asure zero. Thi s i s t o

a v oid irrelev an t trou b le.

T o e ac h s 2 
 as s ign a Hil b ert space V

s

wit h norm j j

s

an d inn er pro d u ct h ; i

s

.

Thi s as s ignm en t i s a Hil b ert (space) bu n dle V o v er bas e space 
. Th e �b er

of t h e bu n dle V a t s 2 
 i s t h e Hil b ert space V

s

. A s ect ion x of f V

s

: s 2 
 g i s a

fu nct ion

x : 
 !

a

s 2 


V

s

so t h a t x ( s ) 2 V

s

. W e require also t h a t t h ere b e c h o s en a co llect ion F of s ect ions

so t h a t

� F or all x; y 2 F t h e C -v alue d fu nct ion s ! h x ( s ) ; y ( s ) i

s

i s � -m e asura b le.

� If z i s a s ect ion of f V

s

: s 2 
 g so t h a t for all x 2 F t h e fu nct ion s !

h x ( s ) ; z ( s ) i i s � -m e asura b le, t h en z 2 F .

� Th ere i s a cou n t a b le co llect ion of elem en t s x

1

; x

2

; : : : in F so t h a t for all

s 2 
 t h e elem en t s f x

1

( s ) ; x

2

( s ) ; : : : g are d ens e in V

s

.
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i s a c h oice of m e asura b le s ect ions of V . Ch oice of F i s part of t h e sp eci�ca t ion

of a m e asura b le Hil b ert bu n dle . (Th ere cert ainly m ay b e m an y di�eren t c h oice s of

su c h co llect ion of m e asura b le s ect ions).

Not e t h a t s epara bilit y i s quit e exp licit ly require d. Som et im e s f V

s

: s 2 
 g w ould

b e calle d a m e asura b le �eld of Hil b ert space s .

W e d e�n e t h e norm of a m e asura b le s ect ion x 2 F b y

j x j

2

=

Z




j x ( s ) j

2

s

d� ( s )

If t hi s i s zero, t h en x i s a n ull s ect ion ; if it i s �nit e, t h en x i s a square-in t egra b le

s ect ion . Let

Z

�




V

s

d� ( s )

d enot e t h e co llect ion of square-in t egra b le s ect ions mo d ulo n ull s ect ions. Thi s i s t h e

direct in t egral of t h e Hil b ert space s V

s

, wit h re sp ect t o t h e m e asure � , an d wit h

re sp ect t o (t h e c h oice) F of m e asura b le s ect ions.

Pro p o s it ion: Th e space

R

�




V

s

d� ( s ) i s a s epara b le Hil b ert space.

Pro of: Thi s i s v ery s imilar t o t h e an alogous pro of for t h e `p lain' L

2

( X ; � ) for

an ordin ary m e asure space ( X ; � ). |

3. T r ivializin g Hil b e rt bu n dle s

Here w e sh o w t h a t direct in t egrals of Hil b ert space s are tr ivializa b le in a s ens e

m ad e preci s e just b elo w. Thi s f act i s e s s en t ial a t cert ain t ec hnical p oin t s in t h e

s equel, wh ere w e re d u ce v ar ious que st ions t o t h e m u c h e as ier an alogue s for tr ivial

Hil b ert bu n dle s.

W e �rst n ee d t o b e exp licit a b ou t morphi sms (i.e., m ap s) of direct in t egrals of

Hil b ert space s, or of Hil b ert bu n dle s, o v er a �xe d bas e space 
. Let f V

s

: s 2 
 g an d

f V

0

s

: s 2 
 g b e t w o su c h, wit h t h e sam e bas e space 
, wit h m e asura b le s ect ions

F ; F

0

, re sp ect iv ely . Let f T

s

: s 2 
 g b e a co llect ion of con t in uous lin e ar m ap s

T

s

: V

s

! V

0

s

. W e evid en t ly m ust as su m e t h a t for v 2 F t h e s ect ion d e�n e d b y

( T v )( s ) = T

s

( v ( s ))

i s in F

0

. Th en w e say t h a t T pre s erv e s �b ers . If e ac h T

s

i s an i som etry (or a t

le ast � -almo st-ev erywh ere i s su c h), t h en on e e as ily c h ec ks t h a t T i s an i som etry . If

T

s

i s � -almo st-ev erywh ere an i somorphi sm of Hil b ert space s, t h en it i s e asy t o sh o w

t h a t T i s su c h. An d so on.

Similarly , w e can d e�n e direct su ms of direct in t egrals f V

s

g ; f V

0

s

g of Hil b ert

space s o v er 
: t h e �b er a t s i s just V

s

� V

0

s

, an d t h e m e asura b le s ect ions are of t h e

form

s ! v ( s ) � v

0

( s )

for v 2 cF an d v

0

2 F

0

. Th e norm on t h e direct su m i s giv en b y

j v � v

0

j

2

= j v j

2

+ j v

0

j

2

wh ere t h e la t t er t w o norms are t h o s e in t h e t w o or igin al bu n dle s. Th e norm also

h as an ob vious in t egral expre s s ion.
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Th e s imp le st of all direct in t egrals of Hil b ert space s i s just L

2

(
 ; � ) it s elf, wh ere

V

s

= C wit h t h e usual inn er pro d u ct. Ext en din g t hi s examp le som ewh a t, a more

gen eral bu t st ill v ery s imp le t yp e of direct in t egral i s a direct in t egral of a const an t

or tr ivial Hil b ert bu n dle , whic h b y d e�nit ion i s on e wh ere V

o

= V

s

do e s not

d ep en d up on s 2 
. A direct in t egral of a const an t Hil b ert bu n dle m ay t h en

b e view e d as t h e space L

2

(
 ; V

o

; � ) of square-in t egra b le V

o

-v alue d fu nct ions on 
,

whic h i s d e�n e d t o b e t h e space of V

o

-v alue d fu nct ions f on 
 so t h a t

j f j =

�

Z




h f ( s ) ; f ( s ) i

V

o

d� ( s )

�

1

2

< 1

A cou n t a b le direct su m

^

�

i

V

i

of Hil b ert space s V

i

(wit h inn er pro d u ct s h ; i

i

i s

d e�n e d t o b e t h e co llect ion of s equence s v = f v

i

g wit h v

i

2 V

i

wit h (�nit e) norm

d e�n e d b y

j v j

2

=

X

i

h v

i

; v

i

i

Gen erally , if 
 i s a cou n t a b le di sjoin t u nion 
 =

F

i




i

of m e asura b le su b s et s,

t h en t h ere i s an ob vious i som etr ic i somorphi sm

Z

�




V

s

d� ( s ) � =

^

�

i

Z

�




i

V

s

d� ( s )

F or s imp licit y of st a t em en t, w e n ee d a con v en t ion a b ou t cardin alit ie s. In t h e

rem ain d er of t hi s s ect ion w e will refer t o d -dim ens ion al Hil b ert space s. No w, if d

i s a p o s it iv e in t eger, t hi s h as t h e usual m e anin g, bu t if d = 1 , w e m e an t h a t t h e

Hil b ert space i s s epara b le bu t not �nit e-dim ens ion al . Similarly , wh en w e refer t o

a co llect ion e

1

; : : : ; e

d

of v ect ors, if d i s a p o s it iv e in t eger t hi s h as t h e usual s ens e,

while if d = 1 w e m e an t hi s not a t ion t o refer t o t h e cou n t a b le co llect ion e

1

; e

2

; : : : ;

in whic h t h ere i s no act ual elem en t e

1

.

Th e fo llo win g pro p o s it ion e�ect iv ely as s ert s t h a t an y direct in t egral of Hil b ert

space s i s i somorphic t o a cou n t a b le direct su m of direct in t egrals of tr ivial Hil b ert

bu n dle s, wh ere t h e su m i s in d exe d only b y dim ens ion . An i somorphi sm of a direct

in t egral t o a direct in t egral of a tr ivial Hil b ert bu n dle i s calle d a tr ivializa t ion of

t h e bu n dle.

Pro p o s it ion: Let V = f V

s

: s 2 
 g b e a Hil b ert bu n dle wit h m e asura b le

s ect ions F . Th ere are m e asura b le su b s et s 


d

wit h in dice s d = 1 ; 2 ; : : : ; 1 so t h a t

for s 2 


d

t h e dim ens ion of V

s

i s d . F or e ac h d � 1 , t h ere i s a d -dim ens ion al

Hil b ert space V

( d )

o

so t h a t w e h a v e an i som etr ic i somorphi sm

Z

�




d

V

s

d� ( s ) � L

2

(


d

; V

( d )

o

; � )

whic h pre s erv e s �b ers an d pre s erv e s inn er pro d u ct s.

Rem ar ks: Th e pro of con t ains a lit t le more inform a t ion t h an t h e st a t em en t, in

t h a t a s emi-constru ct iv e `pro ce d ure' i s d e scr ib e d b y whic h w e obt ain t h e d e s ire d

i som etr ic i somorphi sm. Th ere are m an y p o s s ib le di�eren t v ers ion of su c h a pro-

ce d ure, an d it m ay b e b ot h more e difyin g an d more compre h ens ib le if t h e re ad er

s imp ly �n ds t h e ir o wn v ers ion, ra t h er t h an re ad t h e v ers ion h ere.
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Pro of: Let v

1

; v

2

; : : : b e a cou n t a b le co llect ion of s ect ions in F so t h a t v

1

( s ) ; v

2

( s ) ; : : :

i s d ens e in t h e �b er V

s

a t s , for all s 2 
. F or �xe d s et I of in dice s, let �

I

( s ) b e t h e

a b so lu t e v alue of t h e d et ermin an t of t h e m a tr ix of inn er pro d u ct s h v

i

( s ) ; v

j

( s ) i

s

for

i; j 2 I . (Th e c h oice of ord er in g of I do e sn't m a t t er s ince w e t ak e a b so lu t e v alue).

Thi s fu nct ion i s m e asura b le. Th e v ect ors f v

i

( s ) : i 2 I g are lin e arly in d ep en d en t

exact ly wh ere �

I

( s ) 6= 0. Let �

d

b e t h e suprem u m of fu nct ions �

I

as I v ar ie s o v er all

st s of in dice s wit h cardin alit y d . Thi s fu nct ion i s also m e asura b le. Th en dim V

s

< d

if an d only if �

d

( s ) = 0.

F or 1 � d < 1 , let 


d

b e t h e m e asura b le s et of s wh ere �

d

( s ) 6= 0 bu t �

d +1

( s ) =

0. F or d = 1 , let 


d

b e t h e s et of s wh ere no �

d

v ani sh e s. Th e s e are t h e d e s ire d

su b s et s as in t h e as s ert ion of t h e pro p o s it ion. It i s e asy t o c h ec k t h a t t h e re str ict ion

t o e ac h 


d

of F pro vid e s a suit a b le clas s of m e asura b le s ect ions for

Z

�




d

V

s

d� ( s )

So no w sup p o s e t h a t w e h a v e a Hil b ert bu n dle all of wh o s e �b ers are of t h e sam e

dim ens ion d � 1 . W e will m ak e a co llect ion e

1

; e

2

; : : : ; e

d

of s ect ions in F so t h a t

for all s 2 
 t h e co llect ion e

1

( s ) ; : : : ; e

d

( s ) i s an ort h onorm al bas i s for V

s

.

Thi s will giv e an i somorphi sm t o a tr ivial bu n dle, as fo llo ws. Let C

d

b e t h e

st an d ard d -dim ens ion al Hil b ert space, wh ere b y con v en t ion d = 1 giv e s t h e usual

space `

2

of square-in t egra b le s equence s. F or a m e asura b le s ect ion v , w e h a v e a m ap

t o C

d

-v alue d fu nct ions on 
 giv en b y

v ! ( s ! fh v ( s ) ; e

i

( s ) i

s

: i = 1 ; 2 ; : : : ; d g )

It i s e asy t o c h ec k t h a t if v i s square-in t egra b le t h en t h e as so cia t e d `

d

-v alue d fu nct ion

i s square in t egra b le. Th a t i s, w e h a v e t h e d e s ire d i somorphi sm t o L

2

(
 ; C

d

; � ).

Again, let v

1

; v

2

; : : : b e t h e cou n t a b le co llect ion wh o s e v alue s p oin t wi s e ev ery-

wh ere are d ens e in t h e �b ers. W e will `impro v e' v

1

so t h a t j v

1

( s ) j

s

= 1 for all s 2 
,

bas ically b y addin g t o it s ect ions of t h e form f v

i

wh ere f 2 L

1

(
 ; � ) an d i > 1.

(By refer in g t o t h e d e�nit ion on e e as ily c h ec ks t h a t su c h f v 2 F if f 2 L

1

(
 ; � )

an d v 2 F ).

First, w e norm alize t h e v

i

. Let f

i

( s ) = 1 for j v

i

( s ) j = 0 an d f

i

( s ) = 1 = j v

i

j

for v

i

( s ) 6= 0. Rep lacin g v

i

b y f

i

v

i

m ak e s j v

i

( s ) j

s

� 1 for all s . Since w e are only

concer n e d wit h m e asura bilit y an d not square-in t egra bilit y a t t h e mom en t, w e do not

care a b ou t t h e n a t ure of t h e s e fu nct ions f

i

b ey on d t h e f act t h a t t h ey are m e asura b le.

No w let �

i

b e t h e c h aract er i st ic fu nct ion of t h e s et of s 2 
 wh ere v

1

( s ) =

0 ; : : : ; v

i � 1

( s ) = 0 an d pu t

v

0

1

= v

1

+ 2

� 1

�

2

v

2

+ 2

� 2

�

3

v

3

+ : : : + 2

� n

�

n

v

n

+ : : :

By constru ct ion, t h e s equence of part ial su ms i s con v ergen t, t h e clo sure of t h e span

of v

0

1

; v

2

; : : : i s st ill t h e wh o le of V

s

a t ev ery p oin t, an d for all s 2 
 w e h a v e v

0

1

( s ) 6= 0.

In d ee d, for v

0

1

( s ) t o v ani sh require s t h a t all t h e v

i

( s ) v ani sh, whic h i s imp o s s ib le.

An d t h en w e m ay as w ell rep lace v

0

1

b y

e

1

( s ) = v

0

1

( s ) = j v

0

1

( s ) j

s

t o obt ain a m e asura b le s ect ion e

1

whic h i s p oin t wi s e ev erywh ere a u nit v ect or.
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Rep lace t h e s ect ions v

2

; v

3

; l dots b y t h e re sul t s obt ain e d b y ap p lyin g Gram-

Sc hmid t p oin t wi s e : rep lace v

i

b y

v ( s ) � h v

i

( s ) ; e

1

( s ) i

s

e

1

( s )

Th en w e can rep e a t t h e previous pro ce s s as ap p lie d t o v

2

, rep lacin g it b y a s ect ion

e

2

p oin t wi s e ev erywh ere a u nit v ect or ort h ogon al t o e

1

. By in d u ct ion, w e us e t hi s

pro ce d ure t o constru ct a s equence e

i

of m e asura b le s ect ions so t h a t for ev ery s 2 


t h e v ect ors e

i

( s ) are an ort h onorm al bas i s for t h e �b er V

s

, an d in part icular so t h a t

non e of t h e s e s ect ions v ani sh a t an y p oin t s 2 
.

Not e t h a t t h e pro ce d ure st o p s if a t an y p oin t t h e Gram-Sc hmid t pro ce s s ca us e s

all t h e su b s equen t s ect ions t o b ecom e zero. Thi s will b e t h e cas e if t h e �b ers are all

of a �xe d �nit e dim ens ion. Gen erally , m an y of t h e or igin al s ect ions v

i

will b ecom e

id en t ically zero alon g t h e w ay , bu t t hi s do e s not h arm t h e ou t com e. |

4. Decomp o sa b le o p e ra t ors

F or e ac h s 2 
, let T ( s ) b e a b ou n d e d o p era t or on t h e Hil b ert space V

s

. If t h e

fu nct ion

s ! h T ( s ) x ( s ) ; y ( s ) i

i s a m e asura b le C -v alue d fu nct ion for all x; y 2 F , t h en say t h a t f T

s

: s 2 
 g i s a

m e asura b le �eld of o p era t ors. If t h e in t egral con v erge s, t h en w e can form

Z

�




T

s

d� ( s )

It t ur ns ou t t h a t w e w an t t o require con v ergence in t h e stron g t o p o logy , an d not in

t h e u niform t o p o logy .

Som e e sp ecially s imp le m e asura b le �elds of o p era t ors are t h e m ul t ip liers : for

f 2 L

1

(
 ; � ) let M

f

b e t h e o p era t or giv en s imp ly b y m ul t ip lica t ion b y f ( s ) on V

s

.

Here of cours e w e h a v e c h o s en a fu nct ion repre s en t in g t h e equiv alence clas s of f in

L

1

(
 ; � ), bu t t hi s do e s not a�ect t h e m ul t ip lier o p era t or

M

f

=

Z

�




f ( s ) � id

V

s

d� ( s )

obt ain e d on t h e direct in t egral space.

Th eorem: Let M b e t h e co llect ion of all m ul t ip liers M

f

on V =

R

�




V

s

wh ere

f 2 L

1

(
 ; � ). Let D b e t h e co llect ion of d ecomp o sa b le o p era t ors on V . W e h a v e

comm u t an t rela t ions

M

0

= D D

0

= M

Pro of: W e can in v ok e t h e re sul t s a b o v e whic h expre s s a direct in t egral as a

direct su m (in d exe d b y dim ens ion d of �b ers) of tr ivial direct in t egrals

L

2

(


d

; V ; � ) =

Z

�




d

V d� ( s )

s ince t h e c h aract er i st ic fu nct ions of t h e su b s et s 


d

wh ere t h e �b ers are d -dim ens ion al

are m e asura b le .
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Not e t h a t t h e pro ject ors t o t h e su b space s wh ere t h e �b ers h a v e a �xe d dim ens ion

are giv en b y m ul t ip lica t ion b y t h e c h aract er i st ic fu nct ions of t h e su b s et s. Th a t i s,

t h e s e pro ject ors lie in M , an d so comm u t e wit h T 2 M . Th us, wit h ou t lo s s of

gen eralit y , w e can re str ict our a t t en t ion t o t h e s it ua t ion t h a t all �b ers h a v e t h e sam e

dim ens ion.

Th en, b y t h e previous s ect ion, w e m ay sup p o s e t h a t t h e Hil b ert bu n dle i s tr ivial ,

cons i st in g of t h e space L

2

(
 ; V ; � ) of square-in t egra b le V -v alue d fu nct ions on 


(mo d ulo t h o s e fu nct ions almo st ev erywh ere zero, of cours e), wh ere V i s a (s epara b le)

Hil b ert space.

F or v 2 V an d for scalar-v alue d � 2 L

2

(
 ; � ), w e us e t h e st an d ard not a t ion

� 
 v

for t h e fu nct ion s ! � ( s ) v .

Giv en an o p era t or T 2 M

0

, d e�n e a �eld f T

s

g of (�b er-wi s e) o p era t ors b y

T

s

( v ) = ( T ( � 
 v ))( s )

for � 2 L

1

(
 ; � ) h a vin g compact sup p ort an d so t h a t � ( s ) = 1. Not e t h a t w e m ak e

e s s en t ial us e of t h e tr ivialit y of t h e bu n dle in wr it in g su c h an expre s s ion.

W e claim t h a t t h e in t egral

R

�

T

s

i s non e ot h er t h an T it s elf.

Pro p o s it ion: Th e stron g o p era t or t o p o logy clo sure of t h e co llect ion of m ul t i-

p lier o p era t ors M

f

wit h con t in uous f i s t h e co llect ion of m ul t ip lier o p era t ors M

f

wit h (m e asura b le) e s s en t ially b ou n d e d f .

Pro of: La t er... |

5. comm u t a t iv e v on Neu m ann Alge bras

Th eorem: Let A b e a comm u t a t iv e v on Neu m ann alge bra in B ( V ) for a

s epara b le Hil b ert space V . Let A b e a C

�

-alge bra con t ainin g 1 an d gen era t e d b y

cou n t a b ly-m an y elem en t s an d stron g-o p era t or t o p o logy d ens e in A . Let � : A !

C

o

(
) b e t h e Gelf an d i somorphi sm. Th en t h ere i s a p o s it iv e regular Borel m e asure

� (d e scr ib e d b elo w) on 
 so t h a t � ext en ds t o an i somorphi sm

~

� : A ! L

1

(
 ; � )

Lemm a: Th ere i s x

o

2 V so t h a t A

0

x

o

i s d ens e in V , wh ere A

0

i s t h e comm u t an t

of A . Th a t i s, t h ere i s a cyclic v ect or x

o

for t h e comm u t an t A

0

.

Coro llary: Th e fu nct ion al

C

o

(
) 3 f ! h �

� 1

f ( x

o

) ; x

o

i

on C

o

(
) i s p o s it iv e , so giv e s r i s e t o an ou t er regular p o s it iv e Borel m e asure � on


. Since V i s s epara b le, t h e conclus ion of Ban ac h-Alaoglu can b e sh arp en e d t o s ee

t h a t 
 i s m etr ize a b le , so � i s n ece s sar ily regular .

Lemm a: An y ot h er c h oice of cyclic v ect or giv e s r i s e t o a m e asure a b so lu t ely

con t in uous wit h re sp ect t o � . Th us, t h e d e�nit ion of  L

1

(
 ; � ) i s in d ep en d en t of t h e

c h oice of cyclic v ect or.



8 Garret t: `A Go o d Sp ectral Th eorem'

Th eorem: Let A b e a comm u t a t iv e v on Neu m ann alge bra in B ( V ) for a

s epara b le Hil b ert space V . Th en t h ere i s a Hil b ert bu n dle f V

s

: s 2 
 g o v er a

compact m etr ic space 
 so t h a t t h ere i s an i som etry of Hil b ert space s

� :

Z

�




V

s

d� ( s ) ! V

an d so t h a t t h e m ap

L

1

(
 ; � ) 3 f ! � M

f

�

� 1

i s an i somorphi sm .

No w w e d e scr ib e t h e Hil b ert bu n dle whic h o ccurs in t h e t h eorem. Th e h eur i st ic

i s t h a t in t h e prot ot ypical cas e wh ere 
 i s t h e sp ectru m of a norm al o p era t or T , t h e

�b er V

s

i s t h e s -`e igenspace' of T . Of cours e, t hi s cannot b e quit e r igh t, s ince t h ere

m ay b e no e igen v alue s wh a t so ev er.

F or an y x; y 2 V in v ok e t h e Rie sz-Mar k o v-Kaku t ani repre s en t a t ion t h eorem t o

obt ain a regular Borel m e asure �

x;y

f rom t h e fu nct ion al

C

o

(
) 3 f ! h �

� 1

f ( x ) ; y i

A cru cial p oin t i s t h a t �

x;y

i s a b so lu t ely con t in uous wit h re sp ect t o � = �

x

o

;x

o

wh ere x

o

i s a cyclic v ect or for A

0

. Th us,

h

x;y

=

d�

x;y

d�

x

o

;x

o

2 L

1

(
 ; � )

W e h a v e t h e cru cial pro p ert y t h a t for f 2 C

o

(
) an d x; y 2 V , let t in g T = �

� 1

f 2

B ( V ),

h

T f ( x ) ;y

= f � h

x;y

Let X b e a cou n t a b le d ens e su b s et of V , an d let 


o

b e a su b s et of 
 (di�er in g

f rom 
 b y a s et of m e asure zero) so t h a t for s 2 


o

an d x; y 2 X t h e fu nct ion v alue s

h

x;y

( s ) m ak e s ens e. Let V

0

b e t h e C -lin e ar span of �

� 1

C

o

(
) X ins id e V . Th en

h

x;y

( s ) m ak e s s ens e for s 2 


o

an d x; y 2 V

0

.

De�n e

( x; y )

s

= h

x;y

( s )

Thi s i s p o s it iv e s emi-d e�nit e on V

0

. Let K

s

b e t h e k er n el of t hi s h ermit ian form.

Th en ( ; )

s

in d u ce s a p o s it iv e-d e�nit e h ermit ian form d enot e d h ; i

s

on t h e quot ien t

V

0

=K

s

. Let V

s

b e t h e Hil b ert space obt ain e d b y comp let in g t hi s space wit h re sp ect

t o t h e in d u ce d m etr ic.

F or s 2 


o

an d x 2 X , let ~x ( s ) b e t h e im age of x in V

0

=K

s

� V

s

u n d er t h e

quot ien t m ap.

Th en f V

s

: s 2 


o

g i s a Hil b ert bu n dle o v er 


o

wit h s ect ions ~x for x 2 X . De�n e

F t o b e t h e co llect ion of s ect ions y so t h a t

s ! h ~x ( s ) ; y ( s ) i

i s m e asura b le for ev ery x 2 X . Th en

V �

Z

�




o

V

s

d� ( s )

Since 


o

di�ers f rom 
 b y a m e asure-zero s et, t h e di st inct ion i s n egligib le.
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6. Sp ectral Th eorem for a Norm al Op e ra t or

Let T b e a norm al o p era t or on a s epara b le Hil b ert space V . Let A b e t h e C

�

-

alge bra gen era t e d b y 1 ; T ; T

�

, i.e., t h e u niform o p era t or t o p o logy clo sure of t h e

p o lynomial r in g C [ T ; T

�

]. Let A b e t h e stron g o p era t or t o p o logy clo sure of A : t hi s

i s a v on Neu m ann alge bra an d i s t h e dou b le comm u t an t A

00

of A an d of C [ T ; T

�

],

b y t h e v on Neu m ann d ens it y t h eorem.

W e m ay id en t ify t h e m axim al id e al space 
 of A wit h t h e sp ectru m � ( T ) of T .

Let � b e t h e Gelf an d i somorphi sm

� : A ! C

o

(
)

F rom a b o v e, w e h a v e an ext ens ion

~

� : A ! L

1

(
 ; � )

wh ere � = �

x

o

;x

o

i s t h e p o s it iv e regular Borel m e asure a t t ac h e d t o a cyclic v ect or

x

o

for t h e comm u t an t A

0

.

F or an y � -m e asura b le su b s et ! of 
 w e h a v e t h e as so cia t e d e = e

!

=

~

�

� 1

c h

!

wh ere c h

!

i s t h e c h aract er i st ic fu nct ion of ! . If ! i s of p o s it iv e m e asure, t h en e = e

!

i s a non-zero id emp ot en t lyin g in t h e stron g clo sure A

00

of C [ T ; T

�

].

Th e fu nct ion

E : f m e asura b le su b s et s of 
 g ! f s elf-adjoin t pro ject ions on V g

d e�n e d b y

E ( ! ) =

~

�

� 1

(c h

!

) 2 B ( V )

i s e as ily obt ain e d f rom

~

�

� 1

. Thi s fu nct ion E i s som et im e s calle d a `re so lu t ion of

t h e id en t it y' .

Not e t h a t t h e pro p ert ie s of t h e ext en d e d Gelf an d transform

~

� imm e dia t ely yield

t h e require d pro p ert ie s of a `re so lu t ion of t h e id en t it y':

� A t t h e extrem e s, E ( ; ) = 0 an d E (
) = 1

V

.

� Eac h E ( ! ) i s a s elf-adjoin t pro ject ion.

� F or m e sa ure a b le su b s et s ! ; !

0

, w e h a v e

E ( ! \ !

0

) = E ( ! ) � E ( !

0

)

� If ! \ !

0

= ; t h en

E ( ! [ !

0

) = E ( ! ) + E ( !

0

)

� F or all x; y 2 V t h e fu nct ion

E

x;y

( ! ) := h E ( ! ) x; y i

i s a comp lex m e asure on 
.

In d ee d, for t h e last pro p ert y , not e t h a t

h E ( ! ) x; y i = �

x;y

( ! )

in our e arlier not a t ion.


