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[6.1] When, if ever, is the box topology on a countable product of metric spaces metrizable?

[6.2] Prove that � p is the unique maximal compact subring of � p.

[6.3] Express f(x) =
∑

n∈ � 1/(x + in)4 (with x ∈ � ) as an elementary function.

[6.4] Can you identify

f(x) =
1

x
+

∑

n6=0

(

1

x + n
−

1

n

)

as an elementary function? Is there any reason to think that it is elementary, without determining it
explicitly?

[6.5] Let ϕ : � / � −→ � × be a differentiable group homomorphism. Prove that for some n ∈ �
ϕ(x + � ) = e2πinx

[6.6] Evaluate 1 − 1

33 + 1

53 − 1

73 + 1

93 − 1

113 + . . ..

[6.7] Compute the order of SL(n, � /N). (Hint: Start with N prime, then prime powers.)

[6.8] Prove that the natural maps SL(n, � ) −→ SL(n, � /N) and GL(n, � ) −→ GL(n, � /N) are surjective.
(Hint: Start with N prime, then prime powers.)

[6.9] Let P be the group of upper-triangular matrices in GL(n+1, � ). How many orbits does P have on � n?

[6.10] Let P be the group of upper-triangular invertible n-by-n real matrices. Let O(n) be the usual orthogonal
group

O(n) = {g ∈ GL(n, � ) : g> · g = 1n}

where g> is g-transpose and 1n is the n-by-n identity matrix. Prove a special case of the Iwasawa

decomposition, namely, that

GL(n, � ) = P · O(n) = {p · k : p ∈ P, k ∈ O(n)}
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