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To put the discussion of homogeneous spacesuch asH (for the action of SL(2; )) in a larger context, we
consider related group actions orspheres on projective spaces and on real and complexn-balls.

The group-invariant geometry on real and complexn-balls is hyperbolic geometry, if one pursues classical
geometric notions in this context, in the sense that there ae in nitely many straight lines (geodesics)
through a given point not on a given straight line, thus contravening the parallel postulate for Euclidean

geometry. We will not consider classical geometric notionsere, since the transitive group action strongly
determines structure in a di erent form more useful for our subsequent considerations. Still, this explains
the terminology.

Rotations of spheres

Holomorphic rotations

Action of GLp+1 () on projective space "
Real hyperbolic n-space

Complex hyperbolic n-space

1. Rotations of spheres

The ideas of this section are elementary, but so important ttat we must o er a review.

The standard (n  1)-sphereS"™ 'in "is
S"l=fx2 " :jxj=1g

where jxj is the usual length function
q_—
j(X1;inxn)j= X3+ i+ X2
As usual, the general linear and special linear groups of sizen (over ) are
GL,( ) = fn-by-ninvertible real matricesg = general linear group
SLn( ) = fg2 GL,( ):detg=1g = special linear group
The modi er specialrefers to the determinant-one condition.

Let iti be the usual inner product on ", namely

X

h(x1;:i0iXn)s (Yasiiniyn)i = XiYi
i=1
The distance function is de nable in terms of this, as usual, by
jixj = hxit™

Our de nition of rotation in " will be a linear map of " to itself which preservesdistances angles
and hasdeterminant one (to preserve orientation). The condition that a linear map g preserves angles and

. . . . cos sin
2 is as a linear map with a matrix of the form sin cos for some real

3

A direct way to de ne rotation in

. This de nition is de cient insofar as it depends on a choice of basis. A de nition in is that a rotation is a
linear map g that has an axis, in the sense that there is a line L xed by g, and on the orthogonal complement L?
of L the restriction of g is a two-dimensional rotation. For this to make sense, one must have understood that the
two-dimensional de nition is independent of basis, and tha t g does stabilize the orthogonal complement of any line
xed by it. Indeed, there is no necessity of reference here to ". We could instead useany vector space with an
inner product.
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distances is exactly that the inner product is preserved, inthe sense that
hgx; gyi = hx; yi
De ne the standard orthogonal group

On( ) orthogonal group

angle-and-distance-preserving group
fg2 GLn( ) : hgx;gyi = hx;yi forall x;y 2 "g

Since distances are preserved), ( ) stabilizes the (unit) sphere S" 1in M. The preservation of the inner
product doesnot fully distinguish rotations, since it does not imply the orientation-preserving (determinant-
one) condition, which has to be added explicitly. Thus, the $andard  special orthogonal group
meant to be the group ofrotations is

SOn( ) special orthogonal group
rotation group

fg2 On( ) : detg=1g¢

A common, expedient, but structurally unenlightening de n ition of the standard orthogonal group is that
On( )=1fg2GLs( ) : gg=1ng (g~ is g-transpose, 1, is the n-by-n identity)
and then the standard special orthogonal group is still
SO,( )=fg20,( ):detg=1g
It is important to appreciate that these two di erent sorts o f de nitions specify the same objects:
[1.1] Claim: The two de nitions of orthogonal groupare the same. That is,
fg2 GLo( ) : hgx;gyi = hxyi forall x;y 2 "g=fg2GL,( ) : g g=1,0

Proof: The usual inner product is

X
h;yi = XiVi = ¥y~ X (for column vectors, y> = y-transpose)

For g°g=1,, compute directly

hgx;gyi = (9y)”(9¥) = ¥~ (7 9)x = y" x = hxyi
from which we conclude that the condition g>g = 1, implies that hi is preserved. On the other hand,
length n, inserted as the columns of two matricesv and W,

W2V =[w; 0 wal [vi i@ Vq]= n-by-n matrix with (i;j ) entry hwi;v;i

In fact, the form of these de nitions did not use the explicit form of the inner product, so applies as well to other
possible inner products, as well. While in the near future we care mostly about the standard one, it is wise to present
things in a form which does not needlessly depend on irrelevant particulars.

As with the special linear group, the modier special on special orthogonal group refers to the determinant-one
condition.
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Running this backward, for g2 GL,( )
n-by-n matrix with (i;j )" entry hgwi;gvi =[gws ::: gw I [ogw ::: gw]

=(gW) (gV)= W~ (g gV

n-by-n matrix with (i;j )" entry hge;ggi =W’ (g)V=1; ("9l =g ¢
proving that g g=1,. Thus, the two de nitions of orthogonal groups agree. =
Regarding possible values of determinants of elements @, ( ), observe that for any g such that g>g=1
(detg)? =det g~ detg=det(g” g)=detl, =1
sodetg= 1.

[1.2] Claim: The action of SO,( ) on S" 1! is transitive, forn 2.

standard basis for ". Thatis, we construct g 2 O, ( ) such that the left column of g is x. Indeed, complete
X to an -basisx;X2;Xz;:::;Xn for ", Then apply the Gram-Schmidt process to nd an orthonormal
(with respect to the standard inner product) basis x;v,;:::;v, for ". As observed in the previous proof,

of this gis 1. To ensure that it is 1, replacev, by v, if necessary. This still givesge, = X, giving the
transitivity. =

[1.3] Claim: The isotropy group SO, ( )e, of the last standard basis vectore, = (0;:::;0;1) is

. A O
(isotropy group) = SOn( Je, =f 'y ; 1 A2SO; 1( )g SOy 1( )

Thus, by transitivity, as SO, ( )-spaces

sl SO, )=SQ, i( )

Proof: There are at least two ways to think about this. First, we can think of the geometry speci ed by
hi. Second, we can manipulate matrices. Taking the rst courserst, we claim that for g xing e, the
orthogonal complement

e =fv2 " :hvei=0g
is stabilized by g, and on €’ the linear map preserves (the restriction toe? of) hi. Indeed, forhv;e,i =0
and ge, = ey,

hgv;ei = hgv;gei = hv;eni =0

Recall that, given a basis v1;:::;vn for a (real or complex) vector space with an inner product (re al-symmetric or
complex hermitian), the Gram-Schmidt process produces an orthogonal or orthonormal basis, as follows. Replacev;
by vi5jvij to give it length 1. Then replace vo rstby v h vo;viivi to make it orthogonal to vi and then by vo=jvaj
to give it length 1. Then replace vz rst by vs h vg;viivi to make it orthogonal to vi, then by vz h v3;voiva to
make it orthogonal to v,, and then by v3=jvsj to give it length 1. And so on.
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since g preserves the inner product, showing thatg stabilizes the orthogonal complement toe,. Certainly
g preserves the restriction toe? of hi, since it preservedhii on the whole space ". And, on the other
hand, for g stabilizing e/ and preserving the restriction of yi to v?, de ne (an extension of) g on e, by
ge, = e,. To check that this extended g is in O, ( ), for general vectorsv = v°+ ag, and w = w°+ bg, with
viw®2 e, a;b2 , a natural computation gives

hgv; gwi = hg(vO+ ae,); g(w+ bei = hgv°+ age,; gw’+ bgei = hgv’+ ae,; gw’+ bai

= g% gwi + hae,;bei = % Wi + hae,;bgi = WO+ ae,;wl+ be,i = hv;wi

Thus, the extension does preservéri on the larger space, and we have proven that the stabilizer sagroup
of e, is a copy of SO, 1( ).

At heart, the matrix argument does the same things, but mutely. Let

A b
g_CdZOn()

be a block decomposition withA of sizen 1, etc., with g°g=1, and gg, = e,. Also write

0

1 (wherethe Ois 0 1)-by-1)

eh =

In terms of the blocks, the condition ge, = €, is

0 b

0 o igao A
1 Ten=ge=

b
d 1 d

Thus, to x e, we haveb=0 and d = 1. In terms of these blocks, the conditiong>g=1, is

10, _pge ¥ C ADO_ AA+tcC ©
o 1 7997 o9 1 ¢ 17 0 1

Thus, c=0, and A>A =1, i, as claimed. Conversely, withA> A =1, 1, we can useA in the upper-left
corner of such a block-decomposed-by-n matrix, making an element of the orthogonal group which also
Xes e,. -

2. Holomorphic rotations

For several reasons, we may also want to view 2" as being ", to look at spheresS?" 1! n 2n and
rotations which are -linear on ", not merely -linear. That is, these would be holomorphic rotations.

Let i be the standard hermitian inner product  The (unit) spherein " is

s l=fz2 " :tgzi=1g

This use of holomorphic is a bit grandiose, since di erentiability of linear maps is not subtle. Still, in a larger context,
it is worthwhile to realize that among all rotations the holomorphic ones are the -linear ones, and these are a proper
subgroup of the whole.

2n

For z;w 2 ", the standard real-valued inner product on is simply the real part of this hermitian inner product
N Eiirthar fAar 7 — (v 4 ingassr-
on .

S5 Xn + iyn) with xj;y; 2, the value of hz;zi is the same with either inner
product, namely

F+yD+ v (B +yR)=(xd+ i+ XA +(YE+ i+ yR)
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The angle-preserving group of -linear (not merely -linear) maps is the unitary group
U(n) unitary group
-linear angle-preserving group
fg2 GLn( ) : hgx;gyi = hk;yi forall x;y 2 "g

As with orthogonal groups, this unitary group is somewhat larger than what should count asrotations. We
need a determinant-one condition, and de ne the standardspecial unitary group
SuU(n) special unitary group
-linear rotation group
fg2 U(n) : detg=1g

As with orthogonal groups, there is also a very direct, matrx-oriented de nition of the standard unitary
group, namely

Un)=fg2GL,( ): g g=1n9 (where g is g-conjugate-transpose)
And as with the orthogonal groups, the two de nitions of unit ary groups specify the same objects:

[2.1] Claim: The two de nitions of unitary group are the same. That is,

fg2 GLn( ) : hgx;gyi = hxyyi forall x;y 2 "g=fg2GLn( ) : g g=1ng

Proof: The usual hermitian inner product is
X
hyi = XiVi =y X (for column vectors)
i
For g g=1,, compute directly
hox;gyi = (gy) (@) =y (g @x=y x=hyi
from which we conclude that the condition g g = 1, implies that hi is preserved. On the other hand,

suppose thatg preserveshi. For column vectorsvy;:::; vy and wy;:::;wy, all of length n, inserted as the
columns of two matricesV and W,

W V=[w i wy] [vi i vy]= n-by-n matrix with (i;j )" entry hw;;v;i
Running this backward, for g2 GL,( )
n-by-n matrix with (i;j )" entry howi;ovii =[ogws i gwa] [ogvi it gw]

=(gW) (V)= W (g 9V

For g preserving hii, taking vi;:::;vy, and wy;:::;w, to be the standard basise;;:::;e,, the previous
relation becomes

n-by-n matrix with (i;j )™ entry hgg;ggi =W (g gV=1,(009ln=9g
proving that g g=1,. Thus, the two de nitions of unitary groups agree. =
Regarding possibly values of determinants of elements of utary groups, note that
1=detl, =det(g g) = detg detg = jdetgj?

5
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Thus, jdetgj = 1.

Since our intuition is based on the two-sphereS? 3, and -linear rotations in any case, we might be too
timid to hope that

[2.2] Claim: The special unitary group SU(n) is transitive on the sphereS?" *in " forn 2.

Proof: As usual, it su ces to show that SU(n) maps e; = (1;0;:::;0) to any other vector v, of length 1
in ". We rst show that, given x 2 S?" ! there is g 2 U(n) such that ge; = X, wheree;;:::;e, is the
standard basis for ". That is, we construct g 2 U(n) such that the left column of g is x. Indeed, complete
X to an -basisx;x2;Xz;:::;Xn for ". Then apply the Gram-Schmidt process to nd an orthonormal

(with respect to the standard hermitian inner product) basis x;v»;:::;v, for ". The condition g g=1,,

of g givesg 2 U(n) such that ge; = x. To make detg = 1, replace v, by (detg) 'v,. Sincejdetgj = 1, this
change does not harm the orthonormality. ==

Thus, as with orthogonal groups, we can express the spher8?” ! as a quotient of SU(n), with the same
proof;

[2.3] Claim: The isotropy group SU(n)e, of the last standard basis vectore, = (0;:::;0;1) is

A O

(isotropy group) = SU(n)e, = f '

:A2SU(n 1)g sSu(n 1)

Thus,
s 1 su(n)=Su(n 1)

by transitivity, as SU(n)-spaces. =

3. Action of GL,,1( ) on projective space "

For a positive integer n, both the group and the general linear group
GL(n+1; )= f(n+1)-by-(n+1) invertible complex matricesg

acton "*1 which we view ascolumn vectors The scalars  act by scalar multiplication, and GL (n+1; )
by matrix multiplication (on the left). The action of GL(n+1; )is linear, which is exactly that this action
commutes with the action of . Indeed, the scalar matrices inGL(n +1; ) duplicate the action of

But we want to keep track of the separate copy of  as well.

There are exactly two orbits of GL(n +1; ) on C"*' namely fOg and "*' 0. We form complex

projective n-space as a quotient
n — n+1 O):

As a set, this is the collection of lines through 0 in  "*1 | which has some intuitive appeal, but presenting
" as a quotient gives it a topology and other more re ned structures.

Since the actions of andGL(n+1; )on "*' 0 commute, the action of GL(n +1; ) respects
orbits, which is to say that the action of GL(ny; ) descends to the quotient ". In symbols,

g (v )= gv

The Gram-Schmidt process works as well with a hermitian  -valued inner product as with a  -valued inner product.

Since the scalar action of is also given by the action of the (normal) subgroup of GL(n+1; ) consisting of scalar
matrices, in fact the quotient PGL(n+1; ) of GL(n+1; ) by scalar matrices has a well-de ned action on .
This group PGL(n +1; ) is the projective linear group.
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There is a fairly obvious copy of " sitting inside ", namely

n | \
3v! 1
wherev 2 " is a column vector of lengthn and \1 is a column vector of lengthn + 1, in a block
decomposition. The part of " not hit by this map is
f l(; ‘u2 " 0g= n1

Repeating, as asetwe have
n= ng Iy on 2ttt ltflg
where 1 is the traditional name for the single point added to  to make 1.

This action of GL(n+1; )on " gives rise to an apparentlinear fractional action on the copy of "
sitting inside ", although the transitivity of GL(n+1; )on " meansthat " is not actually stabilized
by the action. Despite this literal failure, the formulas obtained, if interpreted properly, are useful. That is,
using a block decomposition

g= 'i‘ Z (A is n-by-n, bis n-by-1, cis 1-by-n, and d is 1-by-1)
andv2 ",
V= Y, _ A b v _ Av+b
9v=9 4 T c d 1 T cv+ d

1
(Av+Dilov o =(Av+b(cv+d) 12
with the problem being that cv+ d can easily be 0, so that the image isiot in the copy of ", but in some
other part of ".

Even though this formula is not literally correct, it does show how fractional actions arise.

[3.1] Remark: The associativity and other useful properties of such actions are immediate wén we
realize that it is induced from multiplication of matrices, that is, from composition of linear endomorphisms
of a vector space.

[3.2] Remark: None of the above depends in any way on the fact that the undeyling eld was , apart
from the speci ¢ topology inherited from it. The same discussion constructs projective spaces over anyeld,
and inherits its topology from that eld. Thus, for example, we have alsoreal projective spaces ", useful
in many examples.

4. Real hyperbolicn-space

We show in this section that a standardspecial orthogonalgroup SO(n; 1) (introduced below) with inde nite
signature (n; 1) acts transitively on the (open) unit ball in " by a sort of generalized linear fractional
transformations. The isotropy group of the origin is a copy d O(n), so the unit ball is essentially
SO(n; 1)=0(n). The geometry implied by this is called hyperbolic

As noted in the introduction, a reason for the name hyperbolic (as opposed to Euclidean or elliptic) is that there
are in nitely-many straight lines (geodesics) through a po int not on a given straight line. In the Euclidean case
there should be a unique such line, while in the elliptic case there should be none. In the SO(n; 1)=0(n) model, the
maximal totally geodesic subspaces are the intersections & the ball with hyperplanes in ~ ". It is not hard to prove
that such intersections are stable under the action of SO(n; 1), so at least in this sense the geometry is preserved by
the action of SO(n; 1).
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As the (open) unit disk in  sits inside , the (open) realn-ball in " sits inside the real projective space
n— ( n+l 0):

The goal of this section is to see that certainunitary groups (described below) stabilize and act transitively
on the complexn-ball B, just as the group

suy=f - _ :ji?j j?=1g

acts transitively on the unit disk in . This combines structures from our earlier discussion of urary
groups acting on spheres and linear groups acting on projeiste spaces.

As observed just above, the so-calledinear fractional transformations are artifacts of trying to restrict to
" the natural linear action of GL,+1 ( ) on ". This suggests that it is better to describe the unit ball

B=fz=(z1;::5:20) 2 " :jzaj?+ i+ jzaj? < 1g "
in (n + 1)-by-1 homogeneous coordinatew instead, with the map " ! " given (as earlier) by
z! z
1

The desired modi cation of the presentation of the ball is easy, in e ect replacing the 1 in the de nition of
the n-ball by jvi+1 j°,

B=fv 2 " jvajPH i+ jVni? j Vne1j2 < Og

Note that the re-expression of B in homogeneous coordinates uses lasomogeneouscondition, stable under
the action of scalars, and, thus,well-de ned on cosets

jVaj2+ tii+ jvnj? j Vasrj2< 0 ifandonlyif jvij2+ i+ jvaj® j Va1j?<0g (forany 2 )

Note, too, that to meet the condition jv1j? + :::+ jvnj? | Va1 j? < O the componentv,.; must be non-zero,
con rming that the de ned set lies in the image of " inside ". And, indeed, dividing through by vn41,
we recover the condition

JVi=Vns1 2+ 11jVn=Vs1 2 1< 0

which de nes the unit ball.

Even the homogeneous-coordinate description can be furthémproved for compatibility with the action of
GLn+1 (). De ne a inde nite hermitian form

Nza; 00 Zne); (Wes il Wha )i = Z3Wp + 200 Znag Wiy

Then, in projective coordinates,
B =fv : hv;vi < Og

Also, another standard unitary group  U(n; 1) is de nable via this inde nite hi, as

U(n;1)=1fg2 GLp+1 () @ hgv;gwi = hv;wi for all v;wg

This description of the group SU(1; 1) is less than ideal, since, for example, it is not immediately clear why it is a
group. Nevertheless, this presentation is common in contexts where a misguided sense of expediency prevails.

A hermitian form h i isinde nite if it can happen that hv;vi = 0 without v being 0. It is easy to (correctly) anticipate
that the geometric aspects of an inde nite form diverge from those of de nite ones.
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Alternatively, as usual, these objects and conditions can ko be expressed in terms of matrices and column

and row vectors. Let 2 3
1 0 0 ::: 0
010 0
0 01 0
H=2. :
1 0
0 00 ::0 1

be an (n + 1)-by-( n + 1) diagonal matrix with n 1's and one 1 on the diagonal. Then, treatingv 2 "*!
ascolumn vectors, and lettingv ! v be conjugate-transpose,

2 3
Vi

v Hv =(Vvy 111 v, Vn+1)§ v: Z=jv1j2+ S jVng? Ve = hvvi
n

Vn+1
Therefore,
B =fv : v Hv < Og
And the standard unitary group  U(n; 1) of signature (n; 1) is de nable using H, as

U(n;1)=fg2 GLyaa( ) : g Hg=Hg

The same proof used in the case of the positive-de nite herntian inner product used earlier to de ne U(n)
shows that

[4.1] Claim: These two descriptions ofB and U(n; 1) yield the same objects. =
It is not surprising that we have

[4.2] Claim: The (standard) unitary group U(n;1) stabilizes the unit ball in " under the action by
linear fractional transformations.

Proof: Let g2 U(n;1) and let v be a homogeneous-coordinate representative for a point inhe unit ball.
That is, hv;vi < 0. Then we test the sign oflgv; gu

hgv;gv = hv;vi < 0
sogv is again in the unit ball. =

[4.3] Remark: We might want to see, explicitly, that the denominators in th e linear fractional
transformation action of U(n;1) on the unit ball do not vanish. Indeed, the denominator of the image
gvis the (n +1)™ componentw,,; ofw=gv2 " Since

jwij? + i jWaj? j Wne 2 <0
it must be that w,.; 6 0, and we can indeed divide through byw,.1 if we want.
Now we prove that the special unitary group

SU(n;1)=fg2 U(n;1) : detg=1g

The signature in this case just tells the number of +1's and the number of  1's on the diagonal, assuming all o -
diagonal entries to be 0. That this is an isomorphism-class invariant of hermitian forms v ! v Hv = hv;vi is the
content of the Inertia Theorem . We do not need to invoke the Inertia Theorem here.
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acts transitively on the unit ball B in ",

We will see readily that the isotropy group in SU(n; 1) of 02 " is

K =f 2SU(n;1) : aa=1,; jd?=1d deta=1g U(n)

a 0
0 d
so we will have

[4.4] Claim: The special unitary group SU(n; 1) is transitive on the unitball B in ", and as anSU(n; 1)
space
B SU(n; 1)=U(n)

Proof: As usual, to prove transitivity, it su ces to show that 0 2 " can be mapped to any other pointz
in the complex n-ball.

First, we determine the isotropy group of 0. Using a block deomposition g = 2 3 of an elementg in

GLn+1 () with a being n-by-n, d being 1-by-1, etc., the condition for xing 0 is

_ ab _ 1
0= c d(0)—bd

which requires that b is the n-by-1 matrix of 0's. Then the condition that the matrix be in U(n; 1) is
H=9gHg=

From the o -diagonal entries, c=0. Then a a=1, andd d = 1. The further condition that the determinant
be 1 requires thatd = (det a) . Thus, any a2 U(n) gives an element of the isotropy subgroup inSU(n; 1),
and vice-versa.

Now prove transitivity, by proving that O can be mapped by SU(n; 1) to any other point z in the ball. We
can simplify the problem, essentially reducing to the casen = 1, by using the isotropy group K U(n) of O
to rotate the given z it to a special form. The transitivity of SU(n) on the sphereof a xed radius r in "
assures that there isa 2 SU(n) such that

2 3
r

0
(2) = g : % (wherer = jzj is usual length)

There is a corresponding copy oSU(1;1) inside SU(n; 1), given as

2 3
a b a o0 b
Cd!401,]105
c O d

which acts conveniently (via linear fractional transformations) by

2r3 2(ar+ b)=(cr + d)3

2 0 b3
a 0 0
40 1o OSE:ZZE : Z
c O d :
0

10
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a b
d
disk in 1. We can hope that a conveniently special class of matrices nyasu ce for this. For example, the

condition that E Z be in SU(1; 1), with a;breal, is just that a®> k? = 1. The condition that this matrix

map Otor (with 0 r< 1)is b=a= r. Substituting b= ra into the rst relation gives a?(1 r?)=1. This
gives a choice fora, and then for b. =

Thus, we have reduced the question of transitivity to nding 2 SU@;1)tomap Oto r = jzj in the

5. Complex hyperbolicn-space

This section is a variant of the computations of the previous A much smaller group is still shown to act
transitively on an open ball. We consider only even dimensions, so the ball has a complex structure. The
smaller group acts byholomorphic maps of the ball to itself.

As the (open) unit disk in  sits inside , the (open) complexn-ball in " sits inside ". The goal of this
section is to see that certainunitary groups (described below) stabilize and act transitively on the conplex
n-ball B, just as the group

Su(L1)=f Cj P P=1g
acts transitively on the unit disk in . This combines structures from our earlier discussion of urary
groups acting on spheres and linear groups acting on projeiste spaces.

As observed just above, the so-calledinear fractional transformations are artifacts of trying to restrict to
" the natural linear action of GL,+1 ( ) on ". This suggests that it is better to describe the unit ball

B=1fz=(z1;:::;20)2 ":jznj’+ i+ jzj2<1g "
in (n + 1)-by-1 homogeneous coordinates instead, with the map " ! " given (as earlier) by
z
|
z! 1

The desired modi cation of the presentation of the ball is easy, in e ect replacing the 1 in the de nition of
the n-ball by jvi+1 2,

B =fv 2 " jvijPH i+ jVnj? j Vpsrj?<0g "

Note that the re-expression of B in homogeneous coordinates uses laomogeneouscondition, stable under
the action of scalars, and, thus,well-de ned on cosets

jVaj2+ tii+ jvnj? j Vasrj2< 0 ifandonlyif jvij2+ i+ jvaj® j Vae1j?<0g (forany 2 )

Note, too, that to meet the condition jv1j? + :::+ jvnj? | Vn+1j? < O the componentv,.; must be non-zero,
con rming that the de ned set lies in the image of " inside ". And, indeed, dividing through by v,.1,
we recover the condition

ViTVhs1 2+ 11jVn=Vhsa1j® 1< 0

which de nes the unit ball.

This description of the group SU(1; 1) is less than ideal, since, for example, it is not immediately clear why it is a
group. Nevertheless, this presentation is common in contexts where a misguided sense of expediency prevails.

11
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Even the homogeneous-coordinate description can be furthémproved for compatibility with the action of
GLn+1 (). De ne a inde nite hermitian form

Nza; 00 Zne); (Wes il i Wha )i = Z9Wp + 200 Znag Wi

Then, in projective coordinates,
B =fv : hv;vi < Og

Also, another standard unitary group  U(n; 1) is de nable via this inde nite hi, as

U(n;1)=fg2 GLp+1 () : hgv;gw = hv;wi for all v;wg

Alternatively, as usual, these objects and conditions can o be expressed in terms of matrices and column

and row vectors. Let 2 3
1 0 0 : 0
010 0)
0 0 1 0)
H=28. :
1 0
0 0 O ::: 0 1

be an (n + 1)-by-( n + 1) diagonal matrix with n 1's and one 1 on the diagonal. Then, treatingv 2 "*1
as column vectors, and lettingv ! v be conjugate-transpose,

2V13

vHv:(vl:::anml)g : Z:jv1j2+:::+jvnj2jvn+1j2:h/;vi
Vn

Vn+1
Therefore,
B =fv ;v Hv< Qg
And the standard unitary group  U(n; 1) of signature (n; 1) is de nable using H, as

U(n;1)=fg2 GLyaa( ) : g Hg = Hg

The same proof used in the case of the positive-de nite herntian inner product used earlier to de ne U(n)
shows that

[5.1] Claim: These two descriptions ofB and U(n; 1) yield the same objects. =
It is not surprising that we have

[5.2] Claim: The (standard) unitary group U(n; 1) stabilizes the unit ball in " under the action by
linear fractional transformations.

Proof: Let g2 U(n;1) and let v be a homogeneous-coordinate representative for a point inhe unit ball.
That is, hv;vi < 0. Then we test the sign ofhgv; gu

hgv;gv = hv;vi < 0

A hermitian form h i isinde nite if it can happen that hv;vi = 0 without v being 0. It is easy to (correctly) anticipate
that the geometric aspects of an inde nite form diverge from those of de nite ones.

The signature in this case just tells the number of +1's and the number of  1's on the diagonal, assuming all o -
diagonal entries to be 0. That this is an isomorphism-class invariant of hermitian forms v ! v Hv = hv;vi is the
content of the Inertia Theorem . We do not need to invoke the Inertia Theorem here.
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sogv is again in the unit ball. =

[5.3] Remark: We might want to see, explicitly, that the denominators in the linear fractional
transformation action of U(n; 1) on the unit ball do not vanish. Indeed, the denominator of the image
gvis the (n +1)™ componentw,.; ofw=gv2 "*1  Since

lej2 Tl jan2 ] Wn+1j2 <0
it must be that w,.; 6 0, and we can indeed divide through byw,.1 if we want.

Now we prove that the special unitary group
SU(n;1)=fg2 U(n;1) : detg=1g
acts transitively on the unit ball B in ",

We will see readily that the isotropy group in SU(n; 1) of 02 " is

K =f 2SU(n;1) : aa=1,; jd?=1d deta=1g U(n)

a 0
0 d
so we will have

[5.4] Claim: The special unitary group SU(n; 1) is transitive on the unitball B in ", and as anSU(n; 1)
space
B SU(n;1)=U(n)

Proof: As usual, to prove transitivity, it su ces to showthat 0 2 " can be mapped to any other pointz
in the complex n-ball.

First, we determine the isotropy group of 0. Using a block deomposition g = 2 2 of an elementg in

GLn+1 () with a being n-by-n, d being 1-by-1, etc., the condition for xing 0 is

_ ab _ 1
0= o d(0)—bd

which requires that b is the n-by-1 matrix of 0's. Then the condition that the matrix be in U(n; 1) is
H=9gHg=

From the o -diagonal entries, c=0. Then a a=1, andd d = 1. The further condition that the determinant
be 1 requires thatd = (det a) . Thus, any a2 U(n) gives an element of the isotropy subgroup inSU(n; 1),
and vice-versa.

Now prove transitivity, by proving that O can be mapped by SU(n; 1) to any other point z in the ball. We
can simplify the problem, essentially reducing to the casen = 1, by using the isotropy group K U(n) of O
to rotate the given z it to a special form. The transitivity of SU(n) on the sphereof a xed radius r in "
assures that there isa 2 SU(n) such that

2.3
r

0
(2) = g : % (wherer = jzj is usual length)
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There is a corresponding copy oSU(1;1) inside SU(n; 1), given as
2 3
1 4 5

(@I Y
o T
O oW
o o
=

o OT

which acts conveniently (via linear fractional transformations) by
2 3 2,3 2 (ar + by=(cr + d) 3
a o0 b
0 0
40 1, , 05 L= :
c O d . :
0 0

a b

d

disk in 1. We can hope that a conveniently special class of matrices nyasu ce for this. For example, the
a b

condition that b a be in SU(1; 1), with a;breal, is just that a® b? = 1. The condition that this matrix

map Otor (with 0 r< 1)isb=a= r. Substituting b= ra into the rst relation gives a?(1 r?)=1. This
gives a choice fora, and then for b. =

Thus, we have reduced the question of transitivity to nding 2 SU@;1)tomap Otor = jzj in the
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