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Poisson summation suffices to give a general argument for meromorphic continuation and functional equation
of Eisenstein series for GLo over number fields, by integral representations of renormalized forms of the
Eisenstein series.

I saw the basic idea in [Godement 1966a], and later learned that a version already appeared in [Rankin 1939].
I seem to recall that Rankin commented somewhere that his advisor Ingham already knew this device. An
adelic version for G Ly appears in my old book [Garrett 1989], superficially for totally real fields, but obviously
not using this feature.

Much as Iwasawa-Tate theory proves analytic continuation and functional equation for all zeta integrals, and
delays concern about refinements and symmetry, this approach proves analytic continuation and functional
equation for a large class of Eisenstein series, delaying concern for details.

Let x be a character on M;\My, where M is the diagonal subgroup of G = GLy over k. Let N be
upper-triangular unipotent matrices. Extend x trivially to ¥ on Ny, that is, X is given by

X (8 2) = x1(a) - x2(d) (for some characters x1, x2 on J/k*)

Let ® be a Schwartz function on A2. Let e; = (0,1) be the usual second basis-vector for A%, and define a
vector ¢, 3 in the x*" principal series by

pea(g) = xaldetg) /J G (0) Bt e - g) dt
The required left equivariance follows from changing variables. Note the normalization: on P,
eral) = X0)- [0 0 Bt ea) (for p € Py)

The restriction of ® to the second coordinate produces a Schwartz function on A, and the latter integral is
the Iwasawa-Tate zeta integral attached to that Schwartz function and to the idele class character x1x5 L
Let J! be the ideles of idele-norm 1.

Define a kind of Eisenstein series by

EGP)g) = Y. evely9)

YEPL\Gy

Let w, = ((1) _01) be the long Weyl element. For a character x on M,

(x o wo)(m) = x(wg 'mw,) (for m € Mpy)

Put
)?(8 2) = lalx2(a) - |d|"'x1(d) = Ifi"(xowo)(g 2)
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[0.0.1] Theorem: The Eisenstein series &' (y, ®) has a meromorphic continuation in the (complex parameter
part of) x, with functional equation

E(x.®) = £(X,P)

The Eisenstein series has poles only for x1/x2 = |- |?® for some s € C, in which case the poles are at s = 1,0,
are simple, with respective residues

det ~ K
Resi1 600, @) = W 12(0)- 5 ”
’ " (when xa /xz = |- %)

Ress—0 &(x, ®) = —xi(detg)- - ®(0)- 3

where £ is the residue at 1 of the completed zeta function of the groundfield, that is, the natural volume of

Tk,
Proof: Since Py is the isotropy subgroup in Gy, of the line generated by es,
PGy, «— k*\(k* — {0}) by Prg — k™eag

Thus, with
O(d,9) = > ®(¢-g)

£ek?

E6P)(9) = Y. exe(r9) = Y. X1(detg)/JX1x21(t) D(t-ey-vg)dt

YEPL\G YEPL\G

= 3 ldetg) /J/kxxlxgl(wz B(t - aes - 7g) dt

YEPL\G ackX

= x1(detg) /.]]/k X1X3 Z Z O(t - aeg - vg) dt

’yEPk\Gk ackX

— (detg) /J L 0019~ 2(0) a

Just as Riemann did, break the integral into two parts, on over J© = {y € J : |y| > 1} and the other over
Im={yel:ly <1}

/.]I/kx XlX;l(t) (@(q),tg) _ <I>(O)) dt

_ /J X0 060, 19) — 00)) a + /J 001 o) a

Estimates identical to those in Iwasawa-Tate show that the integral over J* /k* is entire in x.

Use Poisson summation to convert the integral over J~/k* into an integral over J*k*, with two extra,
elementary terms. First, by Poisson summation, letting g% = (¢7)~!

)

O(®,tg) = > d(tég) = T Tdetg] |detg| > B )™ (with ¢ = (¢7)™)

£ek? £ek?

Then
1

[£? - | det g

&(0)

O(®,tg) — ¢(0) = [P detg] ®(0)

(0@t - B(0)) +
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Then

/J/kx xixz () (@(@,tg) - @(0)) dt = / axa () (@(6, =10y — &,(0)) i@t

- /< [t? - [det gl

(0)
|det gl J3- /i

s O~ 00) [ gt

The latter two integrals are elementary, as in Iwasawa-Tate:

K/2

(for xaxz ' = |- *)
J/ 7 (W de = 51 ’
=7k 0 (for x1x5 * non-trivial on J')
(with s = sy)
K/2 _
2 (for it =1 )

{/) X1X5 - (t) dt =
I /kx

where & is the residue at 1 of the completed zeta function of the groundfield. Write d,, for 1 when x1x5 Lis

0  (for x1x5 ' non-trivial on J')

of the form |- |2, and 0 otherwise. Replacing ¢ by ¢t~! in the second non-elementary integral,
S B)le) = aldetg) [ (0)(O(®,tg) - 8(0))
Jt/kx
x1(det g) / s 1 ~ e~ X1 (det g) B(0)/2 ®(0)r/2
AL I t (0@, tg") — ®(0)) dt + & — x1(det g) —21=
| det g| JI‘*'/I@XH X1 X2()( (®,197) ()> + X( |detg] sy —1 xa(detg) Sy )
Noting that
x1(det g) -1 0
S = (] det
ot = (et (o)

we are motivated to regroup

[t xi xe®) = (D)@ - ()@ = (-hah)@) - (7))

to comply with the form of the integral representation of &. For convenience, let x’ be the character on M
given by

(5 0) = @01

with corresponding x; and x45. Then s,» = 1 —s,. Thus, so far,
Sc0) = alo) [ " (O t0) — 0(0))

2OR/2 ety @(O)K:/2>

X/ Sx
The visible symmetry under ¢ — ¢%, x = x', ® — ® on the right-hand side gives

E(x, ®)(9) = £, 2)(¢")
This is nice, but for GLy we need not tolerate the transpose-inverse. Recall that

o _ wylgw,
g det g
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Thus, in the region of convergence,

~

S, @)(¢") = Xi(detg’) /W T e Y Slteg”)dt

0A£EEK?
-1
9 —1 9 2 -1 S Wo GWo
= |det (=—)]- det (—— t t P(tE—=——"—)dt
jdet (g8) 1 aen (g [ wl) 3 Bl

= |detg|~x2(detg)/ 12 x7 Pxa(t) Z &)(tfwo_lgwo)dt
I/kx 0£ECk?

by replacing t by ¢ - det g. Since k? is stable under multiplication by w,, this is
(D) = detgl xaldetg) [t alt) Y Bleggu,)de
J/kx 0#£E€k?
Thus, with
~fa O _ a a 0
25 9) = lebato) @ = (31 ovown (5 5)

with corresponding

~

X1(a) = lalxz(a) and X2(d) = |d]""x1(d)

we have
That is, we have the functional equation
E(x.2) = E(X.®ow,)
This completes the discussion. ///

[0.0.2] Remark: One should really prove that the half-zeta integrals are entire, as is similarly necessary in
Iwasawa-Tate, and already in Riemann.

[0.0.3] Remark: More importantly, there remains some sorting-out of the Eisenstein series here in terms
of Eisenstein series defined more directly and used in spectral theory. This sorting-out is a slightly more
complicated version of the analogous refined choices of Schwartz data to get the best outcome in Iwasawa-
Tate.
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