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Some of this is joint work with A. Diaconu, D.
Letang, and A. DeCelles, but they should not
be blamed for any speculations or inaccuracies
herein.

My interest in spectral identities comes from the
demonstrated possibility of proving non-trivial
number-theoretic results, such as sub-convexity
bounds for L-functions.

An auxiliary point is that the zonal spherical
functions on complexr GG are elementary, allowing
vastly easier understanding of asymptotics in
parameters... necessary for serious applications.



First /standard example:
motivating automorphic Sobolev spaces

Spectral expansions for L?(SLo(Z)\$)

f = Z (f,F)-F (cuspidal component)
cfm F
1
+ g: 1; (residual spectrum)
1 %—I—'L’oo
+ — (f,Fs)- Esds (continuous)
211 )1

§—ZOO

But... locally uniformly pointwise?

Surely ok ... for sufficiently smooth f, ... how
could it not?... proof?... to justify manipulation
as though it had pointwise meaning?

How hard could it be? ... to pointwise
estimate cuspforms and Eisenstein series?

Recall for I' = SLy(Z) on $
Es(i) = 2(g)(s)

So optimal pointwise estimates for E flirt

with Lindelof! Cuspforms surely subtler. ...
Alternatives?



Typical application: meromorphic
continuation

f = f, depending on parameter z € C,
L? for Re(z) > 1, supposedly meromorphic
continuation via spectral expansion?

Continues to Re(z) > 1 when (f,, F) and
(f., Es) dominated by values for Re(z) > 1.

Discrete spectral components continue beyond
Re(z) = 3 off poles of (f., F).

Continuous part may continue beyond Re(z) =
%, but with non-obvious poles, or possible
branch points generally.

Infinitely-many branch points definitely occur
for automorphic Green’s functions: Hilbert
modular surfaces, SL3(Z), generally.



Hyperbolic two-space, three-space
9~ SLy(R)/SO(2) ~ hyperbolic two-space
SLy(C)/SU(2) &~ hyperbolic three-space

Split component

r/2 0
e

Cartan decomposition G = KATK.

Invariant metric on G/ K
d(gK,hK) = r where h'g € Ka, K
Haar = |sinhr|dkdr dk’ (for SLy(R))

Haar = |sinhr|? dk dr dk’ (for SLo(C))

Laplacian A is Casimir on right K-invariant
functions

Eigenvalue \; = s(s—1) on s'* principal series



Radial Laplacian on F'(ka,k') = f(r)
AF = f" +cothr- f (for SLo(R))

AF = f"+2cothr - [ (for SLoy(C))
AF=f"+(n—1)cothr f*  (hyperbolic n-space)
Spherical functions: smooth K-bi-invariant
A-eigenfunctions

Non-trivial general fact: every eigenspace on
G /K is image of unramified principal series

Convenient elementariness of spherical functions
for SLy(C)... for all complex groups. st
spherical function

sinh(2s — 1)r
(2s — 1) sinhr

ps(r) =

On unitary line

( ) sin 2tr
T p—
’ % +it 2t sinh r



Spherical transform (All this is local!)

T +i€) /f PLie = /f PL—ic

Spherical inversion
f= [ TG oy lelh + O] ds

where c(3 + i) = &' because it’s a complex
group. Plancherel:

/f-F :/ (L +i€) - F(L +i€) - €2 de
G 0

Convergent expansion in (global) spherical
—(2 + ¢) Sobolev space

i= [ S+, d = [ o1, e

— o0

Analogous to Fourier expression of delta:

d(x) = /]Re%ix5 dg

Latter 1s Fourier inversion.
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Free-space fundamental solution
— Green’s function = solution u, to

(A = X,)%u, = e (on G/K)

with A\, = z(z—1). Spherical transform: spectral
decomposition diagonalizes differential operators

(A1pie = A:)TUe(3 +18) = 6™°(3 + i) =

1
()\14—25 — >\Z)2

Uy (% +i€) =

Spherical inversion

/OO 2 dg
U, =
Pl (A1ise — A2)?

By residues, up to constant,

re—(2z—1)r

(22 — 1) sinhr

U, —



For I' = SLo(Z|i]) Poincaré series
= automorphic Green’s function
— automorphic fundamental solution

B:(9,h) = > ul(g7'yh)
vel

via gauges: converges absolutely, uniformly on
compacts in G X G. As function of g alone, or

of h alone, in L*(I'\G/K), for Re(z) > 1.

Automorphic L? expansion in h, Re(z) > 1
for meromorphic continuation in parameter z:

1/(1,1)

PB.(g,h) = v — M) (residual)
F(g) F'(h) |
+ EF: Do — 2.)2 (cuspidal)
1 (2 B (g) Ey_s(h) d
iy L (continuons

Visible poles at Arp. Continuous-part poles?



Not integrate Poincaré series against Eisenstein
series to determine continuous spectral
components: would fail to demonstrate

Sob(% + €) convergence, thus failing to prove
pointwise convergence of spectral expansion.

Rather, expand automorphic delta §2 in
—(2 + ¢) global automorphic Sobolev space

afc .
0y (h) = 1/(1,1) (residual)
+ Z F(g) F(h) (cuspidal)
F
1 %—H’oo
+ 5= Es(g9) E1—s(h) ds (continuous)
7T 1 _joo

Analogous to Fourier series of periodic delta:
Z 5?1 _ Z 627rin:c
ne n

Latter is Poisson summation.



Spectral expansions diagonalize invariant
differential operators. Solve

(A_)\z)QuifC _ 5afc

by dividing by (A — X,)?.

Automorphic solution to differential equation,
expansion convergent in Sob* (2 — ¢):

afc L 1 .
u(g,h) = T 10 —A.) (residual)
F(g)F(h .
+ gF ()\;g)_ )\(z))Q (cuspidal)

L L [E E(g) Biu(h)
omi Ji o (s — N\,)2

ds (continuous)

Two automorphic fundamental solutions of
(A — X.)?: wound-up freespace and directly-
automorphic.
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Global automorphic Sobolev theory [sic| shows
no automorphic solutions of homogeneous
equation in Sob™°(—oco): uniqueness.

Thus, spectral expansion of B3, is the obvious
thing, above, and expansion converges not just
in L?(I'\G/K), but also pointwise, since

Sob™(—(2 +¢) +4) = Sob™ (2 —¢)

C Sob™ (2 +¢) c C°(I'\G/K)
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Standard estimates (to set up global
automorphic Sobolev)

n = char function of ball radius 1/7T", small,
compute L*(I'\G/K) norm of

= > n(h 'yg)

vyel

Bessel’s inequality and elementary estimates
on principal series (an archimedean local issue!)
uniformly locally in g,

.
1 5+l 3
> F@P 4y [ 1Byl dt <o T
Ar|<T S
3

Partial summation: 6*¢ in Sobafc(—§ —¢), and

locally uniform pointwise convergence of ‘33, .

Corollary: In Re(z) > 1 poles of B, only at
finitely-many sp € (3, )

Must be sure that poles of sum+integral are
poles of terms! Not a general truth: power
series? Dirichlet series?
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Meromorphic cont’n beyond Re(z) = 1

Estimate: discrete part obvious poles.

Continuous: (dance of contours) adds terms!

For Re(z) < %

1 (31 B.(g) B1_s(h) ds

Tomi Sy O
oy (E. @ Ey_.) L4 E,® L,
(22 — 1)2 (22 — 1)3

E, poles z = £ for non-trivial zeros p of (i (s).

Note: meromorphic cont’'n to Re(z) < % of

L?(I'\G/K) function B, is immediately not L?,
not in Sob™°(—c0), because E, ¢ Sob™°(—o0).

Watch out: for number field SLy(0) or for
SL,(Z) with n > 2, infinitely-many Eisenstein
series enter, mero cont’n of continuous spectrum
has infinitely-many branch points.
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Summary, first example: With r geodesic
distance gK to hK in G/K,

re—(2z—1)r

free
h) =
uz" (9, ) (22 — 1) sinhr

Spectral identity for Re(z) > 1

Zuiree(h—l,yg) _ U§fc(g,h)

yel
1 :
= T 10, - n) (residual)
F(g) F(h :
+ Z O — )\( ))2 (cuspidal)
F z
1 (2 B (g) E1_s(h
+ oy (()\g) 1)\ )g ) ds (continuous)
T J 1 _joco s T Az

Applications? Fun: apply Perron, exact
formula for lattice points... More serious:
integral kernel for second moment of Rankin-
Selberg L-functions, asymptotics...?
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Higher-rank example: G = SL,,(C)

a = Lie algebra standard split component A.
(,) non-degenerate R-valued symmetric Ad G-
invariant R-bilinear form on g. a* =~ a via (,).
Polynomial 7% on a*

() = [N (with A € a*)

v>0

not counting multiplicities. p = half-sum of
positive roots, c-function

A o 7)) I | S O Y7
ROV | NI CRIY

spherical functions

TWA
Y., Sgnw - a

> ., Sgnw - awr

porir(a) = clpt i)

. oi{wAlog a)
> ., Sgnw - e

1,0 2sinh =(v,loga)

= c(p+1iA)-
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Spherical transform

o) = /G £(9) Byain(9) dg

Spherical inversion on W-invariant functions

d\
F@ = [ FO0epinle) oo
() . () p+ ()’C(p—I—Z/\)‘Q
Plancherel
‘fv’%%c:) — ‘f’%Q(a*)
Rewritten
—) W 1
R C i L

>< .
[[=0(v:0)  Tl,502sinh 5(v,loga)

X / F(X) eiflosad) () dx
.
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With (2 =Casimir, to solve

[Q — (22 — <,0, ,0>)]V ufree _ 5free

z

Recall

Qoprin = (I A) —(p,p) = —(AA) —(p. p)

differential equation becomes equation in A € a*

[— (A — 22 e = gfree = 1

z

Solutions in spherical Sobolev by spherical
inversion

1
ny>0 sinh 1 (v, log a)

u'™®®(aq) = const -

/ ez’(loga,A) 7.‘.—|—()\) d\
ar [N+ ZZ]V

Very unobviously allows explicit evaluation for

all complex groups, and elementary! for dima
odd. [A. DeCelles, PG, ... others?]
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For complex groups, 71 () is harmonic for
A = e;el, with basis e; of a*, dual basis e].
Proof for SL,,: by Leibniz

B (B,7)
AT = 2 oy T

«;; standard positive root ai;(z) = x; — x;.
Group pairs of distinct positive roots 3, into
(disjoint) groups of three, a;;, i and ok, @k
and oy, o, indexed by 1 <¢ < j < k <n. For
all 1 < 7 <k,

(ij, k) (ij, k)
(= aig) (= aik) (= au) (—, k)
4 <aik>ajk> — 0

(= i) (= aje)

Allows application of Hecke’s identity, after set-
up by gamma identity

1 | R
— -
A7 T(v) /0 ‘ /
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Integral becomes 1/I'(v) times

/00/6i<>\,loga> e—HIAI+22) g 1 () dt

Let r = R-rank of G = R-dim a,
d = no. pos. roots each mult 2.
Replace A by \/v/t, apply Hecke, spherical

Inversion 18

. o0
| emtloga). [ et i iiosal®
t
0

6'L')\1|| log a
— const - 71 (loga) / —
R (A2 + 22)v—4= =2

As G/K =2d+ 1,0 € Sob(—(d + 5 +¢)). For

continuous fundamental solution, need

dAq

—(d—l—%+€)—|—2u > d—|—g

v > d + 5 suffices. For r odd, take

r—+1

= d
1% —|—2
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Miraculously, exponent in denominator is

—1 1 —1
r :d+r+ _d_’r _
2 2 2

v—d —

resulting integral is (up to constant)

€i>‘1” loga” e_z” loga||
2 5 dA =
R A{+ 2 2z

Thus, integral part of spherical inversion is

—z|log af

const - 77 (loga) - c

zZ

Up to constant, free-space fundamental solution

ufree(a) _ a1 (10g CL) | 6—Z|| log a
‘ [1,~qsinh £(v,loga) 2
([T e )
0 sinh 1 (v, loga) 2
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Automorphic solution Warm-up: SLj3

L?(SL3(Z)\SL3(R)/K) decomposition

f = Z (f,F)-F (cuspidal)
F
+ g: 3 (residual)
5 —i—'Loo

4+ Z /f7 EQlds (2,1 para)

F cfm GL2 1 oo

4+ / (f, Ey) - Ex dA (min parabolic)
p+ia*

2,1 and 1,2 are assoctated parabolics, Eisenstein
series interchanged by functional equations,

no poles Re(s) > 3, by MaaB-Selberg or by
Poisson-summation.

(Thus), residual spectrum just constants.

Convergence in L? sense... pointwise?

Identical for SLs(7Z[i]).
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Warm-up: L?(SL4(Z)\SL4(R)/K) or SLo(Z[i])

S = Z (f,F)-F (cuspidal)
F
+ 2{’ B (min para residual)

+ Z (f,Sr)-Sr (2,2 residual=Speh forms)
F cfm G Lo
2—}—'Loo

+ Z / f, F F/ F F/ d (2,2 para)

F,F’ c¢fm GLo

1 oo

2—|—’LOO
4+ Z / f, E;}i E3 1 .ds (3,1 assoc)
F cfm GL3l_z‘
4+ Z / (f, E 2’1’1 2’1’1 d\ (2,1,1 assoc)
F cfm GL2p—|—7,a2 -
i / (f,Ex) - Exd\ (min parabolic)
p—i_?jamll’l

Non-trivial: only Speh residues from E* FF .
Not from 3,1 nor 2,1,1. (Not obvious.)
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Warm-up: SLs decomposition in L?

All Eis have cuspidal data and s ~ X\ € p 4 tap
Cuspidal.

Minimal parabolic, L? residues constants (!7)

4,1 (and 1,4) Eisenstein series, no residues in
right half-plane (MaaB-Selberg or Poisson)

3,2 (and 2,3) Eisenstein series, no residues in
right half-plane (Maaf}-Selberg)

2,2,1 (and 2,1,2 and 1,2,2) have Speh residues
for F, I’ data, no others (!7)

3,1,1 (and 1,3,1, and 1,1,3) no residues in
positive chamber (17)

2,1,1,1 (and 1,2,1,1, and 1,1,2,1 and 1,1,1,2) no
residues in positive chamber (!17)
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Standard estimates, compact periods
... Dobolev...

Rewrite (spherical) automorphic spectral
expansion more succinctly /portably

F= | R P (AFe =)
€=
For H C G, with compact I'y\H, with X =
G/K, Xy = H/Ky, as usual, form
n = char fen ball rad + in T\ X

as usual make

ag) = > n(vg)

vyel g\l

Computing L? norm, Bessel inequality, easy
local estimates on principal series,

2 . .
/ / F‘ < lem X —dim Xg
€:>\§ STQ r

H\XH
That is, fFH\XH is in

Sobafe(— (dim X—2dim Xu | 5) )
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Example: R-anisotropic H, maybe {1}.

5afc _ /
Fa\Xg
and solve?

(A = N,V udte = §2fc (on T\ X)
Tn Sob**(—1 dim X — ¢)

5afc — Ff(e) Fg df

m\

Solve PDE on spectral side by dividing: in
Sob™¢(2v — Tdim X — ¢)

Fe(e)
afc 13
ue = Fe d€
/Eug—w ¢

Local Sobolev gives convergence in C°(I'\ X)
topology for 2v — %dimX —& > %dim X, that
is, for

2v > dim X +¢

Not merely u3¢ € C°(T'\X) = C°(X)',
but convergence of spectral expansion in that
topology.
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C'? business allows comparison, proof that (at
first for large v)

D ul(yg) = [ (Ajf(il),, Fe(g) d§

L

vyel’ =

Subsums of left-hand side not automorphic.
Nonsense to claim convergence in any global
function space on I'\ X.

Rather, both sides converge in local C° top,
namely, proj lim topology of sups on compacts.

Or, similarly, local C* topology.

Translating by h € G, in C°,

free/3. —1 . jﬁf(h)‘F%(g)
Sut(htyg) = [ S de

yel’ =

If adelic, u*® = @), ure®, with u% as above

Z,0 v
for archimedean v.

free

>0 can be dummies, namely, char

Finite-prime u
fcns K,,. Or...
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free

o0 can be Hecke operators.

Or finite-prime u

mapping to local factor of L-function
L,(z,—,p), at finitely-many or at all-but-
finitely-many wv.

For non-trivial at finite set v € S, can have

Z uT®(h1y g) (S data implied)
vyel

_ [ Tloes 2o(F) - Fe(h) Fe(g)
= ()‘5 - )‘z)y

[—

dg

Or, non-trivial everywhere but bad primes .S,

Z u'™®(h ™1y g) (v < 0o data implied)
yel’

[ L°(z,F,p) - Fe(h) Fe(g)
B /5 (Ae = A2)¥ “

Meromorphic continuation of latter up

to critical line/hyperplane immediate from
estimates above. Beyond, discrete spectrum
clear. Others need contour dance. Even-more-
critical line(s)?!
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