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We obtain the most-continuous part of the spectral decomposition of L?(PGL,,(Z)\PGL,(R)/O,,), expressed
as (n — 1)-fold integrals of minimal-parabolic Eisenstein series. The harmonic analysis reduces to Fourier
transform on Euclidean spaces. All the n! functional equations of the Eisenstein series are needed to obtain
the expression of pseudo-Eisenstein series as integrals of Eisenstein series.

We show that the map from minimal-parabolic pseudo-Eisenstein series to their decomposition coefficients
against minimal-parabolic Eisenstein series is an isometry to its image. The argument characterizing the
image is sketched, but is incomplete without characterizing the other, less-continuous parts of the spectral
decomposition. Thus, we do not quite prove Plancherel for this part of the spectrum.

As supporting material, we prove the meromorphic continuation of the minimal-parabolic Eisenstein series
via Bochner’s Lemma, the latter being reviewed in an appendix, compute the constant term, and prove the
functional equations. Some relevant reduction theory is also recalled in an appendix.

As usual, in principle everything here has been known for forty or fifty years. (11 See the bibliography for
indications.

1. Minimal-parabolic Eisenstein series

Granting the meromorphic continuation of minimal-parabolic Eisenstein series, the functional equations are
determined by the constant term.

[1.1] Spherical Eisenstein series Let G = PGL,(R) and I' = PGL,(Z). We have the standard minimal
parabolic B, standard Levi component A, unipotent radical N, Weyl group W, the latter represented by
permutation matrices. Let AT be the image in G of positive diagonal matrices. Consider characters on B of
the form

ay *
X=Xs : — a1 ]®* .. an|® (for s = (s1,...,8,) € C")
Qn

For the character to descend to PG L,,, necessarily s; + ...+ s, = 0. The modular function of B is x2,, with
the half-sum p of positive roots:

Cn

n—1n-3 -n+3 —n—l—l)

p:(phapn):( 2 B 2 P 2 ) 2

1] Thus, in principle, this discussion is merely an example computation slightly extending the clichéd example of
G Ls. In practice, typical treatments of GLg do not clearly suggest what happens in any other example. At the same
time, it is non-trivial to see what very general intrinsic treatments say about G L, and other particular examples.
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The standard spherical vector is
PP (pk) = xs(p) (for p € B and k € K)

and the spherical Eisenstein series is

Edg) = >, ¢P(v-9)

yEBNI\T

[1.2] Rewriting the Eisenstein series For computations concerning the constant term just below, it is
very convenient to rewrite the Eisenstein series.

The Bruhat decomposition G = |J,,cyyy BwB is valid for the rational points of the groups, but not for integer
points, motivating revising the presentation of the Eisenstein series: let G,, = GL,(Q,) for all completions
Q, of Q, and similarly B,. Let K, = GL,(Z,) for finite places v, and K, = O,, for Q, ~ R. The s'*
character x,,, on B, is
aq *
Xsw ° — |aq |3t .. Jan|Sn (for s = (s1,...,8,) € C")
an
For the character to descend to PGL,,, necessarily s; + ...+ s, = 0. The standard v-adic spherical vector is

@i?i‘(pk) = Xs,0(P) (for p € B, and k € K,,)

and the global spherical vector is ¢3P*(g) = &, @il (gy), for g = {go} € PGL,(A). Over an arbitrary
number field k, not merely over Q, the spherical Eisenstein series can be rewritten as

Eig) = Y. ¢¥(v-9) (for g € PGL,(R) or PGLy(A))
YEBK\Gx

This expression is valid for g in the archimedean factor G, = PGL,,(R), and also extends the definition of
E; to a left Gj-invariant, right [], K,-invariant function of g € PG L, (A).

[1.3] Shape of constant term  We will see below that the constant term

cgEs(g) = / E.(ng)dn
NAD\N

determines the functional equations of E;. We do not immediately need all the details of the constant term,
only the general shape of it, as follows. Use the adelic reformulation of the Eisenstein series. From the
Bruhat decomposition over a number field k, Gy = UweW BrwBy, = UweW BrwNy, for a € AT

— na)dn = SPh(yna) dn
cgEs(a) = /Nk\NAES( )d Z/ Z e (yna) d

weWw Y Ne\NA L e B\ BrwNy,

=Y / > P! (wyna) dn

wew 7 Ne\Ny yE(w— I NywNNg)\Ng

For fixed w, let N’ = w™'Nw N N. The Lie algebra of N’ is a sum of positive root spaces. Let N” be the
complement of N’ in N, in the sense that its Lie algebra is the sum of the positive root spaces not in N'.
Note that n — @SP (wng) is left N i -invariant. Then the w'" summand above partly unwinds, and is

/ / ©PM (wn'"n’a) dn’ dn'" = (/ dn”) / OPM (wn'a) dn’ dn” = / O (wn'a) dn'
rwvy Iy sewg )y A
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Replacing n’ by an’a™! gives and using the left AT-equivariance of ¢%P" yields

Sula) - xawaw™) - [ ')

’

A

where d,, is the modular function of N’. With a = exp(z) for = in the Lie algebra a of AT, write
Sw(a) = e = g* for suitable A in the dual a*. Write o > 0 for positive roots a and a < 0 for
negative roots. Elements w € W act on roots by the adjoint action on a*. To express A, observe that

A= Z «

a>0: wa>0

Letting p be the half-sum p = %Za>0 « of positive roots, A may be expressed more succinctly as

Z a = %Za— %Zwa = p—wp

a>0: wa>0 a>0 a>0

Thus, the w! summand of cpF,(a) is a?T*(=P) . ¢, (s) where

cule) = [P wn) dn'

A
Thus,
cpEs(a) = Z co(s) - aPtvs=r) = Z cw(8) - Xp+w(s—p)(@) (fora € AT)
weWw weWw

with W acting linearly on s € C™. One sees directly from above that ¢;(s) = 1. Note that the affine action
s — p+w(s — p) is indeed associative:

p+ (ww')(s —p) = p+w((p+w'(s—p)—p)
For brevity and clarity, write

w-s = p+w(s—p) (seC"and w e W)

[1.4] Functional equations  All functional equations
E,s = A(r,s) - Es (with 7 € W)

are determined by the constant term cgFs(a), as follows. For 7 € W,

CB E7'~s

= Z Cw(T : 8) *Xw-(1-s) = Z Cw‘r'*l(T : 5) " Xw-s

A+
weWw weW

by replacing w by wr~!. A relation E,.; = A(7, x) Es gives

Z CwT—l(T : 3) *Xws = A(Ta X) . Z Cw(S) “Xw-s

weW weW

For typical s € C”, the w - s give distinct characters, so
Cor—1(T-8) = A(T,X) - Cw(s) (for all w € W)

3
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Thus,
A(r,s) = Cur2(7-5) (for all w € W)

Cw(8)

Using ¢1(s) = 1, take w = 7 and w = 1, successively, to find

A(r,s) = o) = c;-1(7 - 8)

which gives the form of the 7" functional equation expressed in terms of the 7" summand of the constant

term:
Eq

cr ()

E,; = = ¢,-1(7 - 8) Fs (where 7-s=p+7(s— p))

Also, the cocycle relations among the summands of the constant term are obtained: c,,,—1(7-5) = ¢y (8)/c-(s),
or, equivalently,

Cum—(s)

cr(8)

Cw(T-8) = (where 7-s = p+7(s—p))

[1.5] On the unitary hyperplane, |c,(s)] =1 With a the Lie algebra of A* and a* its dual, the unitary
hyperplane is

ptia® = {seC"” : s1+...+5, =0, and Re(s;) = p;} (with p = (p1,...,0n))

For s € p + ia*, we claim |c,(s)| = 1 for all w € W. This property does not quite follow from the cocycle
relations. Rather, these relations reduce to the case of ¢, (s) with a reflection 7 € W, as follows. The
permutation group on {1,2,...,n} is generated by adjacent transpositions 7; mapping j <> j+1 and leaving
all other elements fixed. The corresponding elements 7; of W act by conjugation on diagonal matrices by
interchanging j*" and (j + 1)*" entries, and leaving the others fixed. Noting that p + ia* is stable under W,
for w € W and reflection 7, we have

lcwr(8)] = lew(T-38)| - les(s)] = 1-1 (for s € p+ia*)

by induction on the length ¢ of an expression w = o1 ...0¢ as a product of reflections o; from among the
generators 7; of W.

To show that |c,(s)| = 1 for a reflection 7, we first show that, with s = (s1,...,8,) € p + ia* and j**
reflection 7;, we have ¢, (s) = ¢(s;j — s;4+1), where ¢(s) with s € C appears in the constant term y* +c(s)y'~*
of the usual GL; Eisenstein series. Indeed, c;,(s) is the coefficient of the summand of the constant term
cpFEy coming from the Bruhat cell B7;B: computing adelically, with A the adeles of a number field &,

T;h summand of cgEy = / Z Oy n-a)dn (with a € AT)
Ni\NA ~eBi\Byr; B
):I:

Conjugation by 7; interchanges the a — (a;/aj;+1)*! root spaces and permutes the other root spaces. Thus,

B\ By T By, has irredundant representatives

n, = (with « € k at the (4, j + 1) position)
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Let N’ = {n’} and let N” be its complement in N, namely,

1 x *x *x *x x

* * * *

N" = { 1 (1) : : 1 (with 0 at (j,j + 1)"" position)
' *
1

Unwinding and simplifying,

b summand = / /
" " !
N \N P\ ABk\BijBk

- (/ dnﬂ) / PP (ryn'a) dn' = (TjaTj)S'(aj/ajH)/ @3P! (myn') dn’
NIANY . N/

A

Sph(vn’n”a dn dn” / / sph T]n’n”a) dn’ dn”
N//\N// /

The character of a € A* has exponent
(815+++58j-1,8541 + 1,85 — 1,8j42,...,8n)

Since 7; does not affect coordinates other than s;,s;;1, we suppress those other coordinates. Noting that
pj — pj+1 = 1, as expected we find

(covsirr+ sy =10 = (ooy 841+ 05 = Pit1585 + Pja1 = Piy---)

= (~'~upjapj+17~~')+Tj(~-~73j — Pj,Sj+1 _pj+1a"') = p+Tj(S—p) = TS
The integral over N} is identical to that for G Ly with character

(3 Z) — Jal [d = Jad] " (afd)

The corresponding G Loy - Es;—s;., where the latter has trivial central
2

character, and constant term
5j=%541 S;— 8j 5575541
ji—5%5 41 1-2 21

y 2 +C(%)y_

For GLs, the cocycle relation ¢(s)c¢(1 — s) = 1 and the conjugation ¢(s) = ¢(3) do suffice to prove that

lc(s)] = 1 for Re(s) = 4. Thus, for Re(s;) = p; and Re(sj11) = pj+1, we have Re(2—521) = 1 50

ler; (s)] = e (%)\ =1 (for s € p+ia*)

This sets up the induction for the general assertion that |c,,(s)] =1 for s € p +ia* and w € W, as above.

2. Spectral decomposition of pseudo-Eisenstein series

The minimal-parabolic pseudo-Eisenstein series arise naturally in elaboration of the Gelfand condition of
vanishing of constant term along the minimal parabolic B, by an adjunction relation. This adjunction,
combined with spectral decomposition along AT and the functional equations of E,, yield the spectral
decomposition of the pseudo-Eisenstein series.



Paul Garrett: Most-continuous automorphic spectrum for GL,, (January 3, 2012)

[2.1] Adjunction and pseudo-Eisenstein series For f a reasonable function on I'\G//K, the minimal-
parabolic constant term is

cofto) = [ flng)dn
NAT\N
with N the unipotent radical of the minimal parabolic B. The function g — ¢p f(g) is left N(BNT')-invariant.

The Gelfand condition on cuspforms that all constant terms vanish requires cg f = 0 in particular. It is best
to describe cp f as a distribution, and its vanishing in that sense.

That is, for ¢ € C°(N(BNL)\G)X ~ C(A*), letting (,) x be the pairing of distributions and test functions
on a space X,

(e f,@)NBAP\G = / epf-o = / (/ f(ng) dn) - p(g) dg
N(BND)\G N(BND\G \JNAT\N

— /N(Bnr)\c (/Nnr\N f(ng) p(ng) dn) dg = /Bnr\c £(9) (g) dg

- /F\G > faoetwds = [ 1@ X o) do

I\G

yeBNI\T yeBNT\T
This exhibits the pseudo-Fisenstein series
Vo(g) = >, (9 (for p € C(N(BNT)\G/K))

yEBAT\TI'

entering the adjunction
(eBf,o)nBrrne = ([ ¥o)m\a

That is, ¢ — W, is adjoint to f — cpf. Then cpf = 0 is equivalent to (f, V,)pr\¢ = 0 for all ¢.

[2.2] Fourier inversion To decompose the pseudo-Eisenstein series V¥, as an integral of minimal-parabolic
Eisenstein series, begin with Fourier transform on the Lie algebra a ~ R"~! of AT. Let (,) : a* x a — R be
the R-bilinear pairing of a with its R-linear dual a*. For f € C¢°(a), the Fourier transform is

fe) = / i) f(2) du

a

Fourier inversion is

f0) = Gy | € Fle)de

(27T)dim a

[2.3] Mellin inversion Let exp : a — A% be the Lie algebra exponential, and log : AT — a the inverse.
Given ¢ € C°(A™), let f = ¢ oexp be the corresponding function in C°(a). The Mellin transform My of
@ is the Fourier transform of f:

o~

Mop(i§) = f(€)
Mellin inversion is Fourier inversion in these coordinates:

plexpr) = (@) = s | 6 flO)de = g [ o6 Melie)ae

(27T)dim a
Extend the pairing (,) on a* x a to a C-bilinear pairing on the complexification. Use the convention
(expz)’é = %67 = (li&o)

6
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With a = expz € AT, Mellin inversion is

o(a) = ( L / a’® M(i€) dé = / ) a® Mp(s) ds (with a € AT and s = i€)

271—)dima (27m')dima

With this notation, the Mellin transform itself is
Mo(s) = / a”*p(a)da (with s € ia*)
At

Since ¢ is a test function, its Fourier-Mellin transform is entire on a* @k C. (It is in the Paley-Wiener space.)
Thus, for any o € a*, Mellin inversion can be written

1 S
A0 = s |, Moo

[2.4] Spectral decomposition of pseudo-Eisenstein series: first step Identifying N(BNT)\G/K ~
AT let g — a(g) be the function that picks out the AT component in an Iwasawa decomposition G = NATK.
For o € a* suitable for convergence, the following rearrangement is legitimate:

o) = Y ebeg) = Y oo [ ate Mo s

yEBNT\T yeBNT\T

N W[vﬂw ( Z a(’yg)s) Mep(s)ds = W/UHG* Eg(g) Mp(s)ds

y€BNT\T
Note that the parameter s € a* @ C in the Eisenstein series Ey is not written in coordinates as earlier.

This does express the pseudo-Eisenstein series as a superposition of Eisenstein series, as desired. However,
the coefficients M are not expressed in terms of ¥, itself. This is rectified as follows.

[2.5] Adjunctions involving Eisenstein series Note that dn da dk/a?” is a Haar measure on G = NAT K,
so dadk/a® is a right G-invariant measure on N\G, and da/a?’ is the associated measure on N\G/K. In
the region of convergence, for f € C°(I'\G), using a complex-bilinear pairing rather than hermitian,

. Edre = [ flg)Elg) = / f(9)alg)* dg

\G BNT\G

da
= S dg = S do — .
Lo o Tt g = [ cosigatrdg = [ enttw) ot 2

= / cpfla) a=®~%) da = Mepf(2p—s)
A+

That is, with f = U,

(Vy, Es)r\g = Mcp¥y,(2p — s) (with C-bilinear pairing)

On the other hand, a similar unwinding of the pseudo-Eisenstein series, and recollection of the constant term
cpEs, gives
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(Vy, Eo)r\g = / ©(9) Es(g9)dg = / / ¢(ng) Es(ng) dg
BNIN\G N(BND\G J NAI'\N

da s ﬂ
= /N(BQF)\Gso(g) cpEq(g) dg = /A+ pla) cpBy(a) 2 = /A+ o(a) Zw:cw(s)a =

= ch(s)/ o(a) a= =) dq ch ) Mp(2p —w - s)

w At

Combining these,

Mep¥,(2p —5) = (Yo, Es)r\a ch ) Mp(2p —w - s)

Replacing s by 2p — s, noting that 2p —w - (2p — s) = w - s,

Mep(s) = 3 cul2p— ) Me(w - )

w

[2.6] Complex conjugation on the unitary hyperplane p + ia* The Eisenstein series E, behaves
reasonable under complex conjugation: E, = Fs. This is visible in the region of convergence, and persists
under analytic continuation, since F5 = E, is an equality of meromorphic functions. This relation is inherited
by the constant term along B:

ch(s)-W = cpE, = cpBs = ch(g)

Since a®s = q¥'®, this gives ¢y, (s) = ¢,(5). For s on the unitary hyperplane p+ia*, conveniently 5 = 2p — s.
For such s,
cw(8) = cw(2p—9) (for s € p+ia*)

Also, as proven earlier, |c,(s)| =1 for s € p+ ia* for all w € W. Thus,

cw(2p —8) = cu(s) = (for s € p+ia*)

[2.7] Spectral expansion of pseudo-Eisenstein series: second part To convert the earlier expression

Vo0 = Gy | Felo) Mils)ds

into a W-symmetric expression, to obtain an expression in terms of cpW¥,, we must use the functional
equations of F;. However, o +ia* is W-stable only for ¢ = p. Thus, the integral over o+ ia* must be viewed
as an iterated contour integral, and moved to p + ia*. For simplicity, we assume ¥, is orthogonal to any
residues. Then

1 1 1 1 1
¢ |W|;<2m>dm/pw Mol s)ds = (QM)W/W (;ws) Mp(w-s)) ds

As just observed, on p + ia* we have 1/¢,(s) = ¢, (2p — s). Thus,

> Mo s) = Dew(2n—a) My(w-s) = Mep¥io(s)
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This gives the desired spectral expansion of ¥,: with complex-bilinear pairing (, ),

1 1 1 1

¢ = T i ), D MTe)ds =

)\ Es . <\I]Lp7 E2pfs>F\G ds

ptia*

[2.8] Isometry for most-continuous spectrum Let f € C2(T\G), ¢ € C°(N\G), and assume ¥, is
orthogonal to residues of F, above p. Using the expression for ¥, in terms of Eisenstein series,

1 1 1 1
U f) = (o U, By o) -Eods, f) = ——— U, Eyy o) - (B, f) d
W = (T J, Vo B Bt 1) = s [ (0B ()

This shows that f — (s — (f, Es)) is an inner-product-preserving map from the Hilbert-space span of the
pseudo-Eisenstein series to its image in L?(p + ia).

The map ¥, — (¥, Ea,_s), with s = p+ it and ¢ € a*, produces functions u(t) = (¥, E,_;) satisfying

E2pfs

u(t) = (Vo Bapus) = (Voo Buzpsy) = (Yoo s
w

) = cwl(s) - ult) (for all w € W)

since ¢, (2p — ) = ¢y(8) = 1/cy(8) on p + ia*.
[2.9] Toward Plancherel We claim that any u € L?(p+ ia*) satisfying u(wt) = ¢, (s) - u(t) for all w € W
is in the image. First, for compactly-supported u meeting this condition, we claim
o 11 / ) By dt # 0
T v u(t) - Epyi
|W| (QWZ)dlma ptia* Pt

It suffices to show cp®, is not 0. With s = p + it, the relation implies u(t)Ea,— is invariant by W. Let
C = {tea* : (t, @) >0 for all simple @ > 0}
be the positive Weyl chamber in a*, where (,) is the Killing form transported to a* by duality. Then

1 1 1
P = s O = G [ MO P
Since u(tw) = u(t) - ¢y (p + it), the constant term of ®,, is
cg®, = é/ u(t)-chaw's dt = ¥/ Zu(wt)n”s dt = ¥/ u(t)-a® dt
(2mi)dime | o — (2mi)dime [ o4 (2mi)dima [ qn
This Fourier transform does not vanish for non-vanishing u.

It seems necessary to invoke the complete spectral decomposition of L?(T'\G/K), that cuspforms and cuspidal
data Eisenstein series attached to non-minimal parabolics, and their L? residues, as well as the minimal-
parabolic pseudo-Eisenstein series, span L?(I'\G/K). And we must know the orthogonality of integrals of
minimal-parabolic Eisenstein series to all the other spectral components.

Granting this, necessarily ®,, is in the topological closure of minimal-parabolic pseudo-Eisenstein series ¥,
with test-function data ¢. Thus, given u, there is ¢ such that (¥, ®,) # 0. Then

1 1
Vo, Py) = — 77— AW, Fapys
0 # (¥y,Pu) W] (2mi)dima /pﬂ_a* u(t) - (Wy, Eaps) di

9
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Thus, the functions s — (U, Es,_s) are dense in the space of L?(p + ia*) functions u satisfying
w(wt) = ey(s) - u(t) for all w € W.

Recall that we have suppressed (multi-)residues of Es encountered in moving the contour of integration. In
fact, the only residue in that region is constant. Thus, there is an isometry

{L?(p + ia*) integrals of minimal-parabolic Es} & C ~ L* — closure of {minimal-parabolic ¥}

However, we have not quite proven this fragment of a Plancherel theorem. We did prove that the map from
the space of pseudo-Eisenstein series to integrals of Eisenstein series is an isometry to its image.

3. Convergence of Eisenstein series

We derive Godement’s criterion for absolute convergence of Eisenstein series, as in [Borel 1966], in the context
of minimal-parabolic Eisenstein series.

[3.0.1] Claim: (In coordinates) The minimal-parabolic Eisenstein series E5 on PG L,, converges absolutely
for 2= > 1 for j=1,...,n — 1, where s = (s1,...,s,) € C and 0 = (Re(s1),...,Re(sy)).

Let {,) be the Killing form on the Lie algebra a of G = PGL,,. It is a scalar multiple of (z,y) = tr(zy). Let
2p be the sum of positive roots.

[3.0.2] Claim: (Intrinsic/conceptual version) The minimal-parabolic Eisenstein series Fs; on PGL,
converges absolutely for (o, o — 2p) > 0 for all positive simple roots a.

[3.0.3] Remark: That is, the Eisenstein series E, converges absolutely for o € a* in the translate by 2p of
positive Weyl chamber = {8 € a*: (8,a) > 0, for all positive roots a}

Proof: Fix a number field k. Let h be the standard height function on a k-vectorspace with specified

basis (not necessarily ordered). Let ei,...,e, be the standard basis of k”. Any exterior power A‘k™ has

(unordered) basis of wedges of the e;, so has an associated height function. Let

h((ej A...Nep) - Am=IT1g)
hiej A...Ney)

ni(g9) = (for g € GL,(A))

where Afg is the natural action of g on A’A™. Note that 7n; is the standard spherical vector in principal
series attached to the character x(o,...,0,1,1,...,1) With j — 1 zeros. Thus, the spherical vector gozph from which
is made the s minimal-parabolic Eisenstein series F is expressible as

PP = T T T g T e e (where s = (s1,..., n))
From reduction theory, given compact C C Gy = PGL,(A),
h(v) <¢ h(v-g) <c¢ hv) (for all 0 £ v € k™ and g € C)

and similarly for heights on A‘k™. Therefore, convergence of the series defining the Eisenstein series E(g,)
is equivalent to convergence of
[ X et
© yeBy\Gi

10
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Shrinking C' sufficiently so that v - C N C # ¢ implies v =1,
/ > P (vg) dg = / PP (g) dg
YEBK\Gr Bi\Ge-C

Also from reduction theory,

(%I;f h(v) > 0 (inf over 0 #£ v € AP TITLE™)

Therefore, G, - C' is contained in the set
{g9e Gy + 1<c n;(g) forj=1,...,n}

Thus, convergence of the Eisenstein series is tmplied by convergence of

/ | (g)| dg
Br\Y

The set Y is stable by right multiplication by the maximal compact subgroup K, C G, at all places v, so
this integral is

/ |cp3ph )| dp (left Haar measure on B)
Bk\(YﬂPA)
Let p be the half-sum of positive roots, so the left Haar measure on By is d(na) = dnda/a®’, where dn is

Haar measure on the unipotent radical and da is Haar measure on diagonal matrices A. Since ¢! is left
Ny-invariant and N\ Ny is compact, convergence of the latter integral is equivalent to convergence of

‘ d
/ |<p;ph(a) ?a = / a’?" da (where o = (Re(s1),...,Re(sn)))
AR\(YNAy) as AR\(YNAy)

The quotient &> J! of norm-one ideles J* is compact, by Fujisaki’s Lemma. The discrepancy between PSL,, (R)
and PGL,(R) is absorbed by ANJ][, K,. Thus, convergence of the following archimedean integral suffices.

We parametrize A C SL,(R) by n — 1 maps from GL;(R), namely,

1
1
hj :t — t -1 (at j** and (j + 1)** positions)
1
1
From
[t|7t (fori=j+1)
ni(h;i(t)) =
1 (otherwise)
we have
Y NAg N SLy( {Hh ) t;€J and |t;}>1}

Noting that h;(t)?" = |t|* for all j, convergence of the Eisenstein series is implied by convergence of

<t dt
oot — (forj=1,...,n—1)
0 t

11
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These integrals are absolutely convergent for o; — o;41 — 2 > 0 for all 1.

More intrinsically, identifying a* and a via (,), the positive simple roots aq,...,a,_1 are
0
0
o = 1 . (at j*" and (j + 1)*" positions)
0
0
The absolute convergence condition immediately becomes (o — 2p, &) > 0 for all simple roots . ///

4. Meromorphic continuation of Eisenstein series

This discussion is in part an adaptation of the appendix of [Langlands 1967/76] treating Eisenstein series for
the minimal parabolic in GL,, over a number field, explicitly accommodating non-trivial ideal class groups.
The tone of that appendix suggests that the treatment of GL,(Z) was known, although there is no obvious
extant source.

[4.1] Overview In brief, the idea is to view the minimal-parabolic Eisenstein series as an iterated object,
an Eisenstein series for a not-quite-minimal parabolic P, formed from data including a suitably normalized
G Ly Eisenstein series I/ on the Levi component of P. Phragmén-Lindelof gives whose that the analytic
continuation of F is bounded in vertical strips, yielding convergence of the P Eisenstein series to a larger
region of the form

Q, = {se€C" : Re(s;) —Re(sjt1)>2forj#i}

That is, in €; there is no constraint on Re(s;) — Re(si4+1)-

This applies to all the 2-by-2 blocks along the diagonal, giving a meromorphic continuation of E; to [ J; ;.
Then Bochner’s lemma (see appendix) analytically continues the whole Eisenstein series to the convex hull
of |J; i, namely, C™.

[4.2] Iterated Eisenstein series For each fixed index 1 < i < n, there is the next-to-minimal standard
parabolic P with standard Levi components and unipotent radicals given by P = N* . M? with

1 % * * * * *x x * 0

O = ¥ ¥
O ¥* ¥
— % ¥ ¥ ¥
*
* *x OO O
* *x OO O
* OO0 o o
T oocoococo o©

B
% % % % %

*

1

* O OO0 O oo O

with the anomalous block at the (¢,7), (¢,4+ 1), (¢+1,4), and (i + 1,7+ 1) positions. The minimal-parabolic
Eisenstein series can be written as an iterated sum

Eg) = Y ¢ = > (X «ow)

YEBL\G YEPL\Gr  SEBR\Py

12
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The coset space B\ Py has representatives

1 0 0 0 0 0 0 O
.0 000 0 0
1000 0 0
b 0 0 0 b
Bi\P, ~ M,\M! ~ {§= Z io0 o ol (‘c’ d) € PP\GLy(k)} ~ PY'N\GLy(k)
1 0 0
o
1

where P11 is the standard upper-triangular parabolic in GL,. Further,

a1 * * * * X * *
* * * * * *
a;_1 % * * %k
a; % * x
gpzph 0z Qj+1 * * * = la1|* ... [an[*
Ai+42 * *
*
an
. ) SiT”Si41 Sitsitl . .
= aa|* e aifain | T aiai] T2 aigel* L fag |
Thus, the inner sum is
a; x % k% x  x
x % k% x  x
a;_1 x K k x %
oh a b x kK
> (e y )
scorip, c * * *
QAi42 * *
*
Qn
itsq
— S1 Si—1 1,1 a b a b - ZH—I Sit2 Sn
= |a1|** ... |ai_1| BV . d) det . a2 g (for h € GLs)
2

where Eb! is the usual GLy Eisenstein series with trivial central character. Therefore, let ¢ = nmk be an
Iwasawa decomposition with n € N¥, m € MY, and k € I, K, with m in the form just displayed, and put

b b sitsipl

) a a 2 )

sicn, ght < ) . ‘det < ) ‘ Naipo] 2L |ag
Si=Sit1 i+2 oalan
LTtk \ ¢ d c d

Elg) = Y. vy (for g € PGL,)
YEPL\G

oll(g) = Jas|* .. Jaiz1

Then

This expresses the PGL, minimal-parabolic Eisenstein series P-Eisenstein series attached to the PU:!
FEisenstein series on the GLy part of its Levi component.

[4.3] Convergence estimate The normalization of the G'Ly Eisenstein series to eliminate poles, to be
bounded on vertical strips for g in compacts in GLy(A), and to be invariant under s — 1 — s, is

By(g) = s(1-s)-£(25)- By (9) (for s € C, with &(s) = 7~%/*T'(s/2)(s))

13
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Thus, let

(I)g] = ( 2 +1)(1_ 2 +1)'E(Si—si+1)"bL]

An argument similar to that for convergence of the minimal-parabolic Eisenstein series Es will prove the
absolute convergence of

8i — Si 8i — Si ol
( 9 +1)(1— 9 +1)'€(5i_5i+1)'Es(9) = Z ‘I’L](’Yg)
YEPL\G

for RE(S;’)—;’\E(SJH)

> 1 for j # 4, with no condition on s; — s;41.

Indeed, for ¢ in a fixed compact and s; — s;41 in a fixed vertical strip, ol (g) is dominated by the function
obtained by replacing E'! by a constant, namely, with o; = Re(s;),

b 7itoi41
. a 2 .
e ‘ det (c > ’ Naiva]T 2 fan |

0(9) = lai|™...|ai—1 d

We prove the absolute convergence of the degenerate Eisenstein series E(g) = . Pa\Gr 0(vg).

As in the earlier convergence argument, convergence is equivalent to convergence of an integrated form,

namely
/C > 6(vg) dg

YEPL\G

Shrinking C sufficiently so that v-C N C # ¢ implies v =1,
/ > bvg)dg = / 0(g) dg
C L ePa Bi\Gy-C

As in the earlier convergence argument, letting 7; be the norm of the determinant of the lower right n — j
minor, G - C is contained in

Y = {geGy : 1<¢ nj(g) forj=1,...,n}
To compare with M drop the (i + 1)** condition: Gy - C' is contained in
Y = {ge€Gy : 1<¢ ni(g) forj #i+1}

Thus, convergence of the Eisenstein series is implied by convergence of

/ 0(g) dg
Pk\Y’

As Y’ is stable by right multiplication by the maximal compact subgroup K, C G, at all places v, this
integral is

/ 0(p) dp (left Haar measure on P)
Pk\(Y’ﬂPA)

Let a = o; be the i*" simple positive root, and p the half-sum of positive roots. The left Haar measure
on Py is d(nm) = dndm/m?*~, where dn is Haar measure on N* and dm is Haar measure on the Levi
component MF. Since @ is left Ng-invariant and N\, is compact, convergence of the latter integral is

equivalent to convergence of

d
0(m m

/Mk\(Y’ﬁMA) m2r=e

14
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As in the earlier convergence argument, Fujisaki’s Lemma and right action of M N [, K, reduce the
convergence question to that of the following archimedean integral.

Parametrize M N SL,(R) by maps from GL;(R) as earlier, with the i*" replaced by the obvious map from
SLs(R), namely,

(at i*" and (i + 1)*" positions)

&
N
(SRS
[SHES
~~_
(SRS
QU o

Then

Y' N Mg SLy(R) = {[[hi(t;) - t; €T and |67} > 1} x {hU(T):T € SLy(R), |detT| > 1}
i

Noting that h;(t)? = |t|?, convergence is implied by convergence of

<t dt
/ (i — (for j # i)
0 t
/ 1dt (right invariant measure dt)
SL2(Z)\SL2(R)

The GL, integrals are absolutely convergent for o; — ;41 —2 > 0 for j # ¢. Since SLy(Z)\SL2(R) has finite
volume, the SLs integral is convergent. This is the desired convergence conclusion: there is no constraint
on g; — g;4+1. Thus, the iterated expression for the Eisenstein series analytically continues as indicated.

[4.4] Functional equations for reflections In addition to a partial analytic continuation, the previous
argument gives the functional equation for the reflection 7 = 7, € W attached to the i*" simple root a = «;.
A first version is

€2 — (51— 5i11)) - Bry = (51— 5i21) - Fs (as carlier, 75 = p+ 7(s — p))

The reflection 7 interchanges +«a and permutes the other positive roots. Thus,

o) = (ot 3 8) = 3(-ar X 8) =s-a
>0, fa 80, frta
This also shows that (p,a) = (a, «)/2 for simple a. Using s; — s;11 = (s, ;), and 72 = = — 2(:&(1;;7

(r-s,0) = (p+7(s—p)a) = (p+ms—7pa) = (p+7s—p+a,a) = (rs+a,a) = (@,a)— (s,0)
Thus, the ot functional equation is

fo0) . _ Elsa)
frosa) T aa) — (s.a))

Since also E;.; = Es/c,(s), using the functional equation £(1 — z) = £(z),
{ros,a)  E((aa) —(s,a))  &(l—(a,a)+(s,a)  &({s,) — 1)

cr(s) = = = = (reflection 7 = 7,)

£(s, ) &(s,a) £(s,a) £(s, )
15
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The cocycle relation ¢y, (8) = ¢y (7 - 8) - ¢-(s) for the coefficients ¢,,(s) of the constant term give the general
case inductively. For example, with reflections o, 7 attached to simple roots «, 8, respectively,

Co'-r(s) — CU(T'S)'CT(S) — £<UT'S,OK> £<T876> — §(<TS,OK>—1) §(<S7B>_1)

€<T‘S,OL> £<535> §<’T'S,OZ> £<836>

Qualitatively, the number of factors in both numerator and denominator of ¢, (s) is the length of w.

[4.5] Application of Bochner's Lemma The n — 1 partial analytic continuations can be organized to
allow application of Bochner’s Lemma.

Above, for a = «; the i'" simple root, we showed that (suppressing some parentheses)

S, s,
EL“] - u (1 — u) -E(s,a) - E,
2 2
admits an analytic continuation in which s; — s;41 = (s, @) is not constrained, and this normalized version
of E is invariant under s — 74 - s = p + 7(s — p). This might suggest normalization factors for all positive
roots, to obtain a W-invariant expression:

(s, B) (s, B) e
Es - ﬁl;[() 9 (1 - <5’5>) &(s, B) (?777... will fail)

The intention is that, for each simple root «, the product EB] is invariant under the reflection 7, and the
remaining factors should be permuted among themselves, since the other positive roots are permuted among
themselves by 7,. However, this is not quite so: in the normalization in which 7-s = p+ 7(s — p), the
collection of pairing values {(s, ) : 8 # a} is not stabilized.

Instead, 7-s — p = 7(s — p). That is, the affine action s — 7 - s becomes conveniently linear on s — p.
Therefore, for simple «, rewrite

<s7a> = <S—p+p,a> = <s—p,a>+<p,a> = (s—p,a)—i—l

and consider

B TT (34 ) (5 S22 ceis - +1)

B>0 2 2

All indicated values of the completed zeta function £ are in the convergent range when (s — p, 8) > 0 for all
positive .

A technical issue arises: while for simple a the pole at (s, a) =1 of £({s, @) — 1) is cancelled by the vanishing
of E there, there is no obvious cancellation of these poles for the other factors. To most easily justify
application of Bochner’s lemma, add additional polynomial factors to be sure to cancel these poles: let

E¥ - E, . ﬂl—[<§+<s—2,0,ﬁ>>.(<S—2p,5>)2_(§_<S_2p’ﬁ>>.§(<s_p7ﬁ>+1)

The exponential decay of the gamma factor in £ is more than sufficient to preserve boundedness in vertical
strips for real part s in compacts.

[4.5.1] Claim: E# has an analytic continuation to a holomorphic function on C", and is invariant under
s —w-sforall weW.

Proof: By the GL, discussion and the above adaptations, E7 has an analytic continuation to the tube
domain Q over 2, C R™ given by

Q, = {o€R" : (0 —p,a) > 1 for all but possibly a single simple root «}

16
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In €, for Re(s) in compacts, E¥ is bounded, so certainly has sufficiently modest growth for application of
Bochner’s Lemma. Thus, E# has an analytic continuation to the convex hull of €2, which is C". ///

[4.5.2] Corollary: The meromorphic continuation of Ej is holomorphic off the zero-sets of &((s — p, 8) + 1)
for positive roots 3, and off (s — p, 8) = 0, £3. ///

[4.5.3] Corollary: The meromorphic continuation of Ey satisfies Ey,.s = Es/cy(s) for w € W.

Proof: The partial analytic continuations of Fy, and the analytic continuation of E# to a W-invariant
function, prove the functional equations of F, for reflections attached to simple roots, and also prove the
cocycle relation on constant terms, by induction on length of w € W. ///

5. Example: PG Ls

For G = PGLg3 there are two simple positive roots,
(r,a) = 1 — 22 (x,8) = 29— 3 (for € a with diagonal entries ;)

The other positive root is a + 3, so p = %(a + 5+ (ag)) = a+ . Let o, 7 be the reflections corresponding
to a, 3, respectively. The whole Weyl group is

W = {1,0,1, 07, 70, 0TO}
and we note that o700 = 7o7. From the GL; computation,

§<S —p,a>
£((s —pa)+1)

§<S _ paﬂ>
§({s—p, ) +1)

e (s) = cr(s) =

By the cocycle relation c,-(s) = ¢y (r - 8) - () for reflection r and w € W,

Sr(s—pho)  Els—p.p)
§GG—pra)+1) (s—p A+ 1)

Ca"r(s) - CU(T'S)'CT(‘S) =

Since {1z, a) = (z,7a) = (z,a + 8),

c (S) — £<3_paa+ﬁ> . §<8_p56>
o (s —patf)+1) &{s—p,B)+1)
Similarly,
) — S0t B)  s—po)
i (s —patB)+1) &({s—p,a)+1)
Finally,
Cra(s) = Consls) = ol 5)cals) = oo OO SOl g e

§(o(s—phatB)+1) E(o(s—p), B +1) &((s—p,a)+1)

Using 08 = o+ 8 and o(a + ) = 3, this is

s—pB)  s—patph)  s—po)
(s=p,B)+1) E{(s—patB)+1) &((s—pa)+1)

Cror(8) = Coro(s) =
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6. Appendix: some reduction theory

This is an adaptation of a small part of [Godement 1963].

[6.1] Height functions Let k be a global field with adeles A. For completion k, ~ R, let h, be the usual
real Hilbert-space norm on k) ~ R". For k, ~ C, let h, be the square of the usual complex Hilbert-space
norm on kI &~ C". For k, non-archimedean, let h,(z) be the sup of the v-adic norms of the coordinates of
x € k}. The family of absolute values on all the k, is normalized to make the product formula hold. These
h, are local height functions. The (global) height function h is

h(@) = ] holzw) (for = {z,})

Sufficient conditions for finiteness of this product are given below.

The isometry groups K,, C GL,(k,) of the height functions h, are as follows. For k, ~ R, the isotropy group
is the standard orthogonal group K, = O(n,R). For k, =~ C, the isotropy group is the standard unitary
group K, = U(n). For k, non-archimedean, the isotropy group is K, = GL,(0,), the group of matrices over
the local integers o, in k,, with determinant in the local units 0. Let

K = H K, C GL,(A)

Let P be the standard parabolic subgroup of upper-triangular matrices. Recall the Iwasawa decompositions
GL,(k,) = P, - K,.

Now we identify a class of vectors with finite height. First, given « € k™ — {0}, for all but finitely-many v all
the components of the vector = are v-integral, and generate the local integers o,. In particular, for all but
finitely-many v the v*" local height h,(z) of 2 € k™ is 1, and the infinite product for h(z) is a finite product.

For each prime v the group K, is transitive on the collection of vectors in k7 with given norm. (The
arguments for this differ somewhat between archimedean and non-archimedean places.)

Consider vectors to be row vectors, and let GL,(A) act on the right by matrix multiplication. Say that a
non-zero vector x € A" is primitive if x € k™ - GL,,(A).

[6.1.1] Theorem:
e For idele ¢ of k and primitive z, h(tz) = |t| - h(x). In particular, k* preserves heights.

e For fixed g € GL,(A) and for fixed ¢ > 0
{z ek hz-g)<c}/k* = finite
e For a compact subset C of GL,(A) there are positive constants ¢, ¢’ (depending only upon C') so that for

all primitive vectors x and for all g € C

c-hiz) <h(z-g) < - hx)

Proof: The first assertion is immediate, and the product formula shows that k> leaves heights invariant.

For the second assertion, fix g € GL,(A). Since K preserves heights, via Iwasawa we may suppose that
g is in the group P, of upper triangular matrices in GL, (A). Choose representatives x = (z1,...,x,) for
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non-zero vectors in k™ modulo £ such that, letting p be the first index with z, # 0, then z, = 1. That is,
x is of the form
= (0,...,0,1,)q1,...,2)

To illustrate the idea of the argument in a light notation, first consider n = 2, let g = <g Z) and x = (1,y).

Thus,

z-g9=(1y) (8 Z) = (a,b+ yd)

From the definition of the local heights, at each v
max(|aly, b+ yd],) < ho(zg)
SO

b+ydly I lale < T hu(zg) = h(zg)

wF#v all w

Since ¢ is fixed, a is fixed, and at almost all places |a|, = 1. Thus, for h(xg) < ¢ there is a uniform constant
¢’ so that for all places v
b+ydl, < ¢

Since for almost all v the residue class field cardinality g, is strictly greater than ¢/, for almost all v

b+yd], <1

Therefore, b 4 yd lies in a compact subset C' of A. Since b, d are fixed, and since k is discrete (and closed)
in A, the collection of images {b+ dy : y € k} is discrete in A. Thus, the collection of y so that b + dy lies
in C' is finite, as desired.

For general n and = € k™ such that h(zg) < ¢, let i — 1 be the least index such that x, # 0. Adjust by k&>
so that z, = 1.From h(zg) < ¢

|u—1.0 + TpGpplo H |9u—1,u—1lw < h(gz) <c (for each v)
w#v

For almost all v we have |g,—1 ,—1]v = 1, so there is a uniform constant ¢’ such that
|G-+ TpGuple < ¢ (for all v)
For almost all places v the residue field cardinality g, is strictly greater than ¢/, so for almost all v
|Gu—1,0 + TpGuplo < 1

Therefore, g,—1,, + .9, lies in a compact subset C' of A. Since k is discrete, the collection of z,, is finite.

Continue similarly to show that there are only finitely many choices for the other entries of x. Inductively,
suppose that x; = 0 for ¢ < p — 1, and that z,,...,z,_ are fixed, and show that , has only finitely many
possibilities. Looking at the v component (zg), of zg,

|g,u,—1,1/ + TuGu,v + ...+ Ty—19v—1,v + xygl/,ll|v H |gu—1,;t—1|w S h(ﬂl‘g) S c
w#v

For almost all v we have |g,—1 ,—1]|w = 1, so there is a uniform constant ¢’ such that
[(29)vlv = 9u—10 + TpGup + -+ Tvo1Go—10 + TuGoplo < ¢ (for all places v)
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For almost all places v the residue field cardinality g, is strictly greater than ¢/, so

-1+ TpGpup + -+ To1Gv—10 + Tuguplo <1 (for almost all v)

Therefore,
Iu—10 +TpGuy + -+ To—19v—10 + TuGov

lies in the intersection of a compact subset C' of A with a (closed) discrete set, so lies in a finite set. Thus,
the number of possibilities for z, is finite. By induction we obtain the finiteness.

For the third and last assertion, recall the Cartan decompositions
GLn(ku) =K, A, K,
where A, is the subgroup of GL, (k,) of diagonal matrices (v archimedean or not). Since the map
01 X a x 05 — 01a6>
is not an injection, one cannot immediately infer that for a given compact set C' in GL,,(k,) the set
{a € A, : for some ce C, ce K,aK,}

is compact. Since K, is compact, ¢/ = K,, - C - K,, is compact, and now 61af, € C’ with 0; € K, implies
a € C' N A,, which is compact.

Thus, any compact subset of GL,(A) is contained in a set
{91592 . 01792 € K,5 € CD}

where Cp is a suitable compact set of diagonal matrices. Since K preserves heights and since the set of
primitive vectors is stable under K, the set of values

: & primitive, g € C'}

is contained in a set

: x primitive, § € Cp}

for some compact set Cp of diagonal matrices. Letting the diagonal entries of § be §;, we have

P h(xd)
0 < inf infld;] < < sup sup|d;| < 400
sl bl < 5a5 < sup suplai]

This gives the desired bound. /1

7. Appendix: Bochner’'s Lemma

Bochner’s Lemma is a one-of-a-kind device for meromorphic continuation in two or more complex variables.

Let Q, be a non-empty, connected, open set in R"™. The tube domain  over €, is Q = Q, 4+ i{R"™, that is,
the collection of z € C™ with real part in .

Let f be a holomorphic C-valued function on €2, of not-too-awful vertical growth, in the sense that, for = in
fixed compact C' C €, there is 1 < N € Z such that

. N .
|f(z+iy)| <c el (with [(y1, .. un)> =43 + ...+ 42)
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[7.0.1] Claim: f extends to a holomorphic function on the convex hull of Q.
Proof: First, let x,¢ be two points in €2, such that the line segment connecting them lies entirely within

Q,. We will specify a rectangle inside Q2 with x, ¢ the midpoints of opposite sides. Let v = 7, ¢, r parametrize
the rectangle with sides individually parametrized by

side through x:  z + it(z — &) (with —R <t < R)
top: 1=ty (z+iR(x—-¢&)+t{l+iR(x—¢)) (with0<t<1)
side through & ¢ — it(x — &) (with —R <t < R)
bottom: (1 —)(€ —iR(€)) + t(x — iR(x — &)) (with 0 < ¢ < 1)

The expressions for the top and bottom simplify to
top: (I-thrx+t&+iR(x—¢&) (with0<t<1)
bottom: (1—1¢){+tx —iR(x—¢) (with0<t<1)
This rectangle lies inside Z = 24+ C - (z — §) = C, and is contractible in Q. Let j({) =x+ (- (z —&). In Z,

Cauchy’s formula in one variable is

foile) = -—

271

/foj(C) d¢
¥ C*Co

To legitimately push the top and bottom of the rectangle to infinity, use the growth assumption on f, and
the modified integral expression

o~ G
Foi(G) = e L/ fo4(¢) d¢
Y

2mi ¢—Co

Thus, taking the limit R — +oo,

eCiN e (a—t)) = i +o0 e(m+it(z,§))2Nf<x Fit(z — €)) dt+i /+oo e(f*it(zfi))%vf(f it — &) dt
° 27 | oo it — ¢, 27 | oo —1—it—¢,

The right-hand side makes sense for any x, £ € €),, whether or not the line segment connecting them lies in
Q,. Further, the right-hand side is holomorphic in z,& € €. Thus, the left-hand side is holomorphic, and

gives the extension to the convex hull of €. ///

8. Appendix: continuous spectrum for PSLy(7Z)

This appendix gives a more elementary, familiar example.

There are two usual points: constant terms of Eisenstein series determine their functional equations, and
these functional equations enter the spectral decomposition of pseudo-Eisenstein series. Here G = SLy(R),
I' = SLy(Z), and K = SO(2), P is the standard parabolic of upper-triangular matrices, and its unipotent
radical N is upper-triangular unipotent matrices. Let (f1, fo) = fF\G f1- f2, so the pairing is C-bilinear, not
hermitian.

We also prove the analytic continuation, and give some estimates necessary for the GL,, case.
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[8.1] Constant term  The constant term cp f of a function f on T\G is

erf(g) = /N oy S

[8.2] Pseudo-Eisenstein series For ¢ € C°(N\G/K) ~ C°(0,00) the pseudo-Eisenstein series is
Vo(g) = Y. ¢lyg) € CX(M\G/K)

PAT\T'

[8.3] Fourier-Laplace-Mellin transforms  Fourier inversion for Schwartz functions on the real line is

flz) = /_Z (/_0; f(z)e2mice da:) e2mite ¢

Replacing & by &/(27) gives another version:
1 oo o0 i .
flx) = ) (/_OO f(t)e i dt) e’ de¢
A change of coordinates gives the multiplicative form, Mellin inversion, as follows. Take F' € C¢°(0, +00),
and put

Let y = e® and 7 = ¢t

Define the transform MF by

MEF(i€) = / F(r)r*iﬁ@
oo T

or, for complex s,
M) = [ Foyre

Then we have the inversion formula

FO) = o [ MPGE v e

With s =€ and d§ = —ids,
1 0+ioco
F = — MF Sd
W) =55 | MPGs
For f € C2°(R) the Fourier transform f(¢) is in the Paley-Wiener space: it is entire in € and of rapid decay
on horizontal lines, so the same is true of the transform MF of F € C2°(0,400). For such F, for any real

o, there is an inversion formula ‘
1 o+100

F = — MF 5d
v = 5 (s)y®ds

[8.4] Functional equations of Eisenstein series Taking

olg) = y° (with g = 2 (g ;) -k, z central, k € O(2))
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the usual spherical Eisenstein series F is

Eig) = >, ¢v-9)

yeBNT\T'

Granting meromorphic continuation of Eg, the functional equation of E, is determined by the constant term,
as follows. Recall that the constant term of F is of the form

S

cpEs = y* +esytT (with meromorphic ¢;)

Both Es; and Fy_, are eigenfunctions with the same eigenvalue s(s — 1) for the (image of the) Casimir
operator

0? 0?

2L 2
oxr? = Oy?
From the theory of the constant term, a moderate-growth eigenfunction for Casimir, with (standard) constant
term subtracted, is of rapid decay in (standard) Siegel sets. Consider a subtraction suggested by potential
cancellation of parts of the constant term, namely

E —s s S+CS e 1 s
co(Bie = B) = (= verar) - () < o= L)y

S CS CS

A:y2~(

For Res < 0 and off the real line, the Casimir eigenvalue s(s — 1) is not real, yet Res < 0 assures that y*
is square-integrable on any standard Siegel set. That is, the difference Fi_4 — Ci - Ey is in L?(T'\$). The
Casimir operator is self-adjoint in at least the weak sense that any eigenvalue must be real. Therefore, the
difference Fy_s — i - Fs is identically zero, which gives the functional equation and relation

E;s
Ei_, = — cscl—s = 1
]

[8.5] Decomposition of pseudo-Eisenstein series For ¢ € C°(N\G/K) ~ C>(0,+00) the inversion
formula is )
1 o-+100

= —_— M Sd
=l w(s)y®ds

Winding up, the corresponding pseudo-Eisenstein series ¥, is therefore

1 o+i00
VY, = — Mep(s) - Esds (with 0 = Res > 1 for convergence of E;)
2mi o—100
Granting the meromorphic continuation of the Eisenstein series, move the vertical line of integration to the
left, to 0 = 1/2:

1 %-ﬁ-ioo
Uy = o - Mep(s) By + Y Rese—s, (B - Mo(s))
2 So

We prefer to have Mcp¥,, enter the formula, not My, to express things in terms of the automorphic forms
W, not in terms of the auxiliary functions ¢ from which they’re made. To this end, note the standard

unwinding

da d o d
Es- f =/ y epf gy :/ y ) epp = Mepf(1—s)
NG Py\G Y 0 Y

On the other hand, unwinding the pseudo-Eisenstein series ¥, gives

dr d > 1 d
/ E, ¥, = / cpEs - Ty = / (ys + Csylis) o= 4 _ Mep(1l —8) + cs Mp(s)
G P7\G ) 0 y vy
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Combining these two unwindings explains the constant term of pseudo-Eisenstein series without direct
computation:

Mcep¥,(1—5) = E, U, = Mp(l—s)+cs; Mp(s)
ne

Then the expression of ¥, in terms of Eisenstein series is

U, — (residual part) = — Mp(s)Esds = = - — Mep(s) Es + Mp(1 —s) Ey_sds
274 1oico 2 2 1oico
1 L+ioco
= Im Mop(s) Es + Mo(l —s)c1—sEqds (by functional equation of E)
%—ioo
1 L +ioco
= 1 - (Mep(s) + c1-sMep(1 = 5)) - Egds
1 L+ico
= I Mcp¥,(s) - Egds (recognizing constant term of ¥,)

e J 1

5 —100
That is, an pseudo-Eisenstein series is expressible as an integral of Eisenstein series E,; on the line
Re(s) = 1/2, plus residues:

1 %Jrioo 1 %Jrioo
U, — (residual part) = 5 /s Mcp¥,(s) - Egds = 27 /s (Yo, B1_) - Egds
140 L4i0

[8.6] Plancherel for continuous spectrum  Let
(fi,f2) = / f1fadg (C-bilinear)
G

Let f € C*(I'\G), ¢ € CF(N\G), and assume V¥, is orthogonal to residues of Eisenstein series, that is, to
constants. Using the expression for ¥, in terms of Eisenstein series,

%+ioo %'HOO
<\Iltpaf> = < ! L <\I/¢,E1,S>-Esd8, f> = L <\I’(P,E1,S>-<Es,f> ds

4'/TZ —ico 47TZ % —ioco

This proves that f — (s — (f, Es)) is an inner-product-preserving map from the Hilbert-space span of the
pseudo-Eisenstein series to L*(3 + iR).

The map ¥, — (¥, E1_;) produces functions u(t) = (¥, Eq1_) satisfying the relation
u(—t) = (U, Es) = (U, ceB1-5) = ¢s(Vy, B1_5) = c5-u(t)

We claim that any u € L?(3 +1R) satisfying u(—t) = ¢, u(t) is in the image. First, claim that, for compactly-
supported u satisfying u(—t) = cs u(t)

1 %-l—ioo
o, = I | —ico u(t)'E%Jﬂ-t dt # 0

It suffices to show cp®,, is not 0. With s = 1 +it, the relation implies u(—t)E1_, = u(t)cs-Ei—s/cs = u(t)Es.
Then . .
1 5-1—100 1 E-Hoo
o, = u(t)- Es dt = — u(t) - Es dt

4mi 1 ico 2mi J140
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The constant term of ®,, is

1. 1. 1, .

1 5 tioco 1 5 tico ) ) 5 tioco ) ]

cp®, = 57 u(t)-(yi ey’ %) dt = — u(t)y%'”t—l—u(—t)y%_” dt = ﬂ/ u(t) ett1osy gt
T 14 oi 21 J1yoi 21 J1 oo

This Fourier transform does not vanish for non-vanishing w.

Since the F, integrate to 0 against cuspforms, an integral ®, of them does, also. Thus, ®, is in the
topological closure of pseudo-Eisenstein series ¥, with test-function data . Thus, given u, there is ¢ such
that (¥y,, ®,) # 0. Then

1 %Jrioo

0 # (U, ,) = ut) - (U, By_,) dt

47 % —i0o

Thus, the functions s — (¥, E,) are dense in the space of L?(5 +iR) functions u satisfying u(—t) = ¢, u(t).
Thus, there is an isometry

{cuspforms}* NL2(T\G)X =~ {ue€ LAT\G/K) : u(—t) = cs - u(t)}

9. Appendix: Meromorphic continuation for PSLy(Z)

[9.1] Analytic continuation and functional equation
For (¢ d) = v € R2, consider the Gaussian

—7|v|? —m(c?+d?)

p(v) = e =e

where v — |v| is the usual length function on R%. For g € GL(R), define

O(g) = Z pv-g) = Z e~ l(c.d)g|?

veZ? (e,d)eZ2

where v € R? is a row vector. Consider the integral (a Mellin transform)

| e -
0

where the ¢ in the argument of © simply acts by scalar multiplication on g € GL2(R). On one hand,
integrating term-by-term gives

e dt o dt
/ t2°(O(tg) — 1) il > / 125 ¢ ltval® "
0 0
v#(0,0)

Since
wltug)® = (t-V/7lvg|)?

we can change variables by replacing ¢ by ¢/(y/7|vg|) to obtain
e dt 1 o dt
> Walgh @ [ e S = 2a 3 g [ e
v#(0,0) 0 v#(0,0) 0
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1
= ST () YD fegl

v#(0,0)

Now we want g € SL(2,R) of a simple sort chosen to map i — x + iy. One reasonable choice is

NOICES

Using this choice of G and writing out v = (¢, d) gives

w=teds = (e (o 7) (0 1 ) = @ sV

and thus

Do lgl™* =Y ey (e +d)/ vyl = Y (Ey+ (e +d)?y)~°

S

_ Y
zv: (c2y? + (cx + d)?)® Z |czy—|—cx—|—d|29 Z |cz—i—cl|2€

Letting 1 < 6 = ged(c, d), this is

y° 1 Yy
) 2 +d 2573 ) lcz +d 2((2s) - Es(2)
v o

coprime c,d

The expression

S
(summing (¢, d) over all non-zero vectors in Z?)

2(2) Bulz) = Y. —

2s
(ed Z00.0) |cz + d|

is convenient, being a sum over a lattice with 0 removed.

Thus, we see that the integral representation yields the Eisenstein series with a leading power of 7w, a gamma
function, and a factor of {(2s):

| - 1§ = 20 re e o)

On the other hand, to prove the meromorphic continuation, use the integral representation as in Riemann’s
corresponding argument for ((s), first breaking the integral into two parts, one from 0 to 1, and the other
from 1 to +o00. Keep g € SL(2,R) in a compact subset of SL(2,R). Then

o dt
/ 2 (0(tg) — 1) 5= entire in s
1

since elementary estimates show that the integral is uniformly and2 absolutely convergent. Apply Poisson
summation to the kernel: first note that the Gaussian p(v) = e~ "I*l" is its own Fourier transform, and that

Fourier transform of (v — @(tvg)) = (v — t 2det(g)~! - p(t 1w Tg~1))

where g is g-transpose. Then Poisson summation asserts

O(tg) = ¢t~ det(g)”" -0 g7
The modification for the kernel gives
Otg) —1 = t 2 det(g) - [O(tTg7H) — 1]+t 2 det(g) " — 1
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Then tranform the integral from 0 to 1: at first only for Re(s) > 1,

dt

/ et - ng =/ L2 (17 det(g) - [O( 5 — 1]+ 172 det(g)~ — 1) n
0 0

Replacing t by 1/t turns this into

dt

/1OO 72 (¢* det(g) " - [O(t To™h — 1] + ¢ det(g) ™! — 1) "

Explicitly evaluating the last two elementary integrals of powers of ¢ from 1 to co, using Re(s) > 1, this is

dt det(g)~' 1

1 [T a0 T ) * 4
derfe) ™ [ o) -0 T+ G - o

That g has determinant 1 to simplifies this to

o0 a1 1
22 gty &% 1
/1 O g ) -3 +57=5 "5

Further, for g in SL(2),

where w is the long Weyl element

w — 0 -1

A\l 0
Since Z? — (0,0) is stable under w, and since the length function v — |v|? is invariant under w,
O(g9) = O(wg) = O(guw™")

so

o(ly") = ely)
Thus, the original integral from 0 to 1 becomes

dt 1 1

OO 2—2s _ bl _
/1 AU i s R

and the whole equality, with g of the special form above, is

Lo D(s) ¢(25) Bo(2) = /100 125 (O(tg) — 1) % + /100 2722 (O(tg) — 1) & +

2

or (multiplying through by 2)
—s > 2s dt > 2—2s
7 °T(s)((25) Es(z) = 2 t* (O(tg) — 1) ks 2 t Og)—1)— — ——— =
1 1

The integral from 1 to oo is nicely convergent for all s € C, uniformly in ¢ in compacts. The elementary
rational expressions of s have meromorphic continuations. Thus, the right-hand side gives a meromorphic
continuation of the Eisenstein series, and is visibly invariant under s — 1 — s.

It is also visible that the only poles are at s = 1,0, that the residue at s = 1 is the constant function 1, and
at s = 0 the residue is the constant function 0. At s = 1 the factor #7°I'(s) is holomorphic and has value
1/7, so

Ress—1((2s)Es = w
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At s = 0 the factor 77°T'(s) has a simple pole with residue 1, so {(2s) Es itself is holomorphic at s = 0, and
is the constant function 1.

Now we recover the assertions for E itself. The convergence of the infinite product

1 1
) =2 5= Il ==

n p prime

for Re(s) > 1/2 assures that ((2s) is not zero for Re(s) > 1/2. And ¢(2) = 72/6. These standard facts and
the previous discussion give the full result. ///

[9.2] Vertical growth in s

As should be expected, estimates on vertical growth are applications of Phragmén-Lindelof to the entire
function

Ey(2) = s(1—s) -7 °T(s)C(25) - Ey(2)

for z in a fixed compact subset C of $). For Re(s) =1+ § with § > 0, for z € C the Eisenstein series FE,(z)
is bounded. Similarly, {(2s) is bounded there, as is the power of 7. The gamma function is bounded on
Re(s) =144, in fact, of rapid decay, so Es(z) is bounded there.

Via the functional equation, Eg(z) is bounded on Re(s) = —4, uniformly for z € C'. By Phragmén-Lindel6f,
E,(z) is uniformly bounded for z € C' and —6 < Re(s) <1+ 4.
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