SUBCONVEXITY BOUNDS FOR AUTOMORPHIC L-FUNCTIONS

A. DiacoNU AND P. GARRETT

ABSTRACT. We break the convexity bound in the t—aspect for L—functions attached to cuspforms f for
GLa(k) over arbitrary number fields k. The argument uses asymptotics with error term with a power
saving, for second integral moments over spectral families of twists L(s, f ® x) by grossencharacters Y,
from our previous paper [Di-Ga].

§0. Introduction

In many instances, for cuspidal automorphic forms f on reductive adele groups over number
fields, the circle of ideas around the Phragmen-Lindelof principle, together with the functional
equation for L(s, f) and asymptotics for I'(s), give an upper bound for L(s, f) on R(s) = 3. These
are convexity bounds, or trivial bounds. For example, for the standard L-functions for cuspforms
for GL,, the convexity bound is known. The survey [Iw-Sa] gives a general formulation of the
subconvezity problem. See also the survey [Mi2].

In particular, the convexity bound for the Riemann zeta function is

C(L+it) <o (L+]t)ite (for all & > 0)
and for y a primitive Dirichlet character of conductor ¢
L(L,x) <. ¢i*e (for all £ > 0)

A similar estimate holds with % replaced by % + it. The Generalized Lindel6f Hypothesis would
replace the exponent i + ¢ by e. The subconvezity problem for GL, over Q asks for an estimate
with exponent strictly below 1. In [We] Weyl proved

C(E+it) <o (1+]t)ste (for all & > 0)
and in [Bu] Burgess showed

L(s,x) <. giste (fixed s with R(s) = 3, for all € > 0)
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2 A. DIACONU AND P. GARRETT

It is noteworthy that Burgess’ method relies upon Weil’s Riemann Hypothesis for curves over finite
fields. Hybrid bounds for Dirichlet L-functions were obtained in [HB1] by Heath-Brown, and for
quadratic characters, in [Co-Iw] Conrey and Iwaniec showed

L(s,x) <¢ qote (fixed s with R(s) = 3, for all € > 0)

Analogous subconvex estimates for Dedeking zeta-functions and Hecke L—functions of of number
fields were established in [HB2], [Ka], and [S6].

For degree two, t—aspect subconvexity bounds were obtained by Good for holomorphic modular
forms in [Gol], and by Meurman for waveforms in [Me]|. Duke, Friedlander, and Iwaniec treated
subconvexity in the other aspects in several papers, including [DFI1]-[DFI5]. See also Blomer,
Harcos, and Michel in [BHM]. For applications of subconvexity to equidistribution and other
problems, see [Iw-Sa], [Mi-Ve]., and [Sa3]. For higher-degree L—functions over Q, there are fewer
results. Among these are Sarnak [Sad|, Kowalski, Michel, and Vanderkam [KMV], Michel [Mil]
and Michel-Harcos [Ha-Mi|, Bernstein-Reznikov [Be-Re|, and Lau-Liu-Ye [LLY]. Interesting recent
subconvexity results for Gelbart-Jacquet lifts from G Ly to GL3 appear in [Li].

For G L4y over a number field, see [Pe-Sa] and [CPSS]. The latter gives an application to Hilbert’s
eleventh problem on representability by ternary quadratic forms. A subconvex bound in t—aspect
was also needed in [Truelsen] to establish the quantum unique ergodicity conjecture for Eisenstein
series over totally real number fields.

In this paper we establish a subconvex bound in the ¢—aspect for the standard L—function
attached to a cuspform f on GLs over an arbitrary number field. The approach relies upon
results of our previous paper [Di-Gal, with special choice of data entering into the Poincaré series,
essentially the choice made by Good in [Go2], and the technique discussed in [Di-Gol] and [Di-
Go2]. As usual, we also need a spectral gap, for which we cite [Ki-Sh]. These ideas, together with
standard methods from analytic number theory, yield the subconvexity result, our Main Theorem,
in Section 4:

Main Theorem. Fix a number field k of degree d over Q, and a cuspform f for GLo(k). Assume
that f is a newform locally everywhere. For a computable constant 9 < 1,

d—1+9 4

L +it, f) <. (1+]t)) 2

(for all e > 0)

Recall that [Ca] establishes an adelic form of Atkin-Lehner theory, assuring that we can suppose
that f is a newform locally everywhere. That is, the finite-prime part of the Hecke zeta integral

of f
(gamma factor) - L(s, f) = =2 f (Y ! d*y
17k 0 1

is equal to the finite-prime L—function L(s,7) attached to the automorphic representation 7
generated by f. Knowing this optimal choice of vector f is fortunate; by contrast, in more
complicated scenarios, we do not know an optimal choice.

Note that several prior attempts to prove such a subconvex bound, or an asymptotic formula
for the corresponding integral moment, over number fields failed because more naive averages were
considered; the family of twists by | |* is not spectrally complete, in a sense made clear in this
paper. See also [Sal] and for the general situation [DGG2]. One must consider the larger family
that includes twists by all unramified grossencharacters (for ¢-aspect subconvexity).
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Remarks:
e A subconvexity result follows even with weaker spectral gap results than [Ki-Sh]|: a Selberg-
Gelbart-Jacquet-type result (refering to the gap following from Rankin-Selberg considerations)
suffices. The result of [Ki-Sh] gives the best meromorphic continuation of the Poincaré series we
can assert, namely up to %—Fé = %. However, a subconvexity result follows from any meromorphic
continuation to % + a with effective a < %
e This method should yield a subconvex bound for L(%7 f ®x) in the conductor of x; this requires
use of the amplification method, which in our case amounts to modification of the Poincaré series
with ramified data at many finite places, both at places dividing and not dividing the conductor
of x. Recently, [Le] has used a similar method to obtain a subconvex bound in conductor-depth
aspect.
e The subconvex bound in our main theorem occurs at one archimedean place. Uusing the ideas
of the present, one should be able to obtain the meromorphic continuation of the Z(w) (defined
by (5.10) in [Di-Ga]) and its polynomial growth in a vertical strip 1§ + 6§ < S(w) < 1+ . This
would give a uniform subconvex bound at all archimedean places. That discussion would entail
substantial further complications, so we did not pursue it here.

Subconvexity results in the conductor aspect for GLo over number fields, and Rankin-Selberg
convolutions and triple products for GLo over number fields, were also recently obtained in [Ve].

The structure of this paper is as follows. The first section recalls notation and facts from [Di-Ga].
The second and third sections establish the meromorphic continuation and polynomial growth in
vertical strips of a generating function attached to the family of twists of a fixed GLy cuspform
L—function by grossencharacters. We note that this should be viewed as a spectral family with
respect to GLs X GL; with the GLy component fixed. One of the main difficulties in obtaining
the subconvexity result is proof of the polynomial growth of the generating function, which is
established in section 3. Section 4 is essentially an application of standard techniques to prove
subconvexity from the results of sections 2 and 3. Concretely, as usual, we prove a mean value result
with a power saving in the error term, from which an estimate on short intervals follows almost
immediately. From this the subconvexity bound follows. We also include an appendix consisting of
explicit computations and estimates concerning a particular special function appearing throughout
the discussion.

Acknowledgements: We would like to acknowledge useful comments and advice from P. Sarnak.
We also thank the anonymous referee for helpful comments and suggestions.

§1. Preliminaries

This section recalls some of the notation, context, and results of [Di-Ga]. Let k be a number
field, G = GLs over k, and define standard subgroups

G (I B (O} B O VAR (R

Let K, denote the standard maximal compact in the k,—valued points G,, of G. That is, at finite
places K,, = GLy(0,), at real places K,, = O(2), and at complex places K, = U(2). The Poincaré
series Pé(g) discussed in [Di-Ga] is of the form

(1.1) Pé(g) = > »(r9) (g € Ga)

’YGZka\Gk
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for suitable functions ¢ on G described as follows. For v € C, let
v = e

where for v finite

v a O
‘%‘V forg:mkwithm:(o )EZyHyandkeK,,

eu(g) = d

0 otherwise

and for v archimedean require right K,—invariance and left equivariance

pu(mg) = ‘g () <for g€ G, and m = (8 2) € ZVHV>

Thus, for v|oo, the further data determining ¢, consists of its values on N,. The simplest useful
choice is

(12) oo 1) = QrlPyoes i, 0

with d, = [k, : R]. By the product formula, ¢ is left Z, Hy—invariant. It is critical that we can
make another choice of this data, in Section 3.

The specific choice (1.2) of oo = @y |00 o in the series (1.1) defining Pé(g) produces a Poincaré
series converging absolutely and locally uniformly for ®(v) > 1 and R(w,) > 1 for all v|co. This
is essentially a direct computation. For example, see Proposition 2.6 of [Di-Gal.

For 0 < £ € Z, let £y be the collection of ¢, such that the associated function

Boo(r) = oo (é 91”> (for @ € ko)

is absolutely integrable on the unipotent radical N, and such that the Fourier transform @00
along N, = ko satisfies the bound

Poc(z) < [ (1+]af)

v|oo

For example, for ¢, to be in €1 it suffices that @, is £ times continuously differentiable, with each
derivative absolutely integrable. For R(w,) > 1, v|oo, the simple explicit choice (1.2) of ¢, lies
in Q, for every ¢ > 0. For convenience, a monomial vector ¢ as above will be called {—admissible,
if poo € 2y when R(v) is sufficiently large. When the data is f—admissible for all large ¢, we may
say simply that the data is admissible. It is not hard to see that, after subtraction of a suitable
Eisenstein series, the Poincaré series defined via admissible data is square-integrable on Z,G;\Ga.
(See Proposition 2.7 of [Di-Gal.) In fact, (1 + ¢)-admissibility for ¢ > 0 suffices.

Let f be a cuspform on G,. Require that f is a special vector locally everywhere in the
representation it generates, in the following sense. Let

flg) =D Wi(&y)

£€Hy,
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be the Fourier expansion of f, and let
W =@ W
v<oo

be the factorization of the Whittaker function W} into local data. We may require that for all
v < oo the Hecke-type local integrals

a O sf%
/ VV}J’ (0 1) ‘a"/ da
ack)

differ by at most an exponential function from the correct local L—factors for the representation
generated by f. To be precise, by [Ca] we suppose throughout that f is a newform locally
everywhere. That is, the finite-prime part of the Hecke zeta integral of f

(gamma factor) - L(s, f) = Iyls_% f y 0 d*y
1)k 0 1

is equal to the finite-prime L—function L(s,7) attached to the automorphic representation 7
generated by f. Further, recall the immediate relation

L(z+it, f) = L(; +it,m) = L(3,7®||*) = L5, f®| ")

which we use throughout.
The integral

(1.3) I(v,w) = (Pé,[f2) = /Z o, P ) dg

can be evaluated in two ways. The first produces a moment expansion involving integral second
moments of L(s, f ® x) for grossencharacters y unramified outside a fixed finite set S of places.
The other evaluation uses the spectral expansion of Pé. We review this in some detail.

For ¢ a (1 + ¢)-admissible monomial vector as above, Theorem 3.12 of [Di-Ga] shows that
I(v,w) unwinds to a moment expansion

(1.4) I(v,w) = Z L / Lw+1—5f®%) L(s, f®x)Keo(s, v, X)ds

— 21
x€Co,s R(s)=0c

where, for v infinite and s € C,

/COO(S,U, X) = ICOO(S,U, X5 ‘poo) = H ICI/(S7 v, Xu)

v|oo
and

Ko (5, 0, ) = / / oo (1) Wy ()
ZV\M,,NV ZV\M,,

_ 1 1_
) Wfﬂ/(m:/nu) XV(m/y) ‘m/uyls/ 2 XV(mV)_l ]ml,\ﬁ ’ dm/u dn, dm,,
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Here x = @, xv € 60, the unitary dual of the idele class group (of ideles of idele norm 1). For
(14€)-admissible o, the integral defining K, converges absolutely for R(s) sufficiently large. When
the archimedean data ¢ is the simple choice (1.2) or the variant (3.1), depending upon a complex
parameter w, we will denote the above IC,, (s, v, x,,) by K, (s,v,w, x,). Let S be a finite set of places
including archimedean places, all absolutely ramified primes, and all finite bad places for f. The
summands in the moment expansion are non-zero only for x in a set 6’0’5 of characters unramified
outside S, with bounded ramification at finite places in S, depending only upon f.

On the other hand, we also gave the spectral decomposition of the Poincaré series, as follows.
Let {F'} be an orthonormal basis of everywhere locally spherical cuspforms, and let ? be the idele
with #** component 9, at finite places v and component 1 at archimedean places. Then the spectral
decomposition is (see (4.13) in [Di-Gal)

(1.5)

Pé = (/ (1000> 'Ev+1 + Z / SOOO'WF,OO L(U_‘_%’F)F
Noo I3 Zso\Goo

Y(D) / / E L(U+1 _37Y) 'L(U+8,X) —(v+s—1/2)
E 0o Wil — -Fs . d
+ 4mik Zoo\Goo 14 1=8,%, 00 L(2 - 23,?2) ‘a| X y

X R(s)=%

When the archimedean data is specialized to (1.2), by Theorem 4.17 in [Di-Gal, the Poincaré series
Pé(g) has meromorphic continuation in the variables v and w, to a region in C? containing v = 0
and w = 1. And, for v = 0, as a function of w, it is holomorphic in R(w) > 11/18 except for a
pole at w = 1 of order ry + ro + 1.

In the following sections, with the simple choice (1.2) of archimedean data, and the variant
(3.1), the v*® local integral of ¢, - W, over Z,\G, in (1.5) will be denoted G, (s;v,w), and G, will
be the product of the G, over all archimedean places.

Fix an archimedean place v,, and take 1 < a < 2, to be specified later. If r; > 1, we shall
assume for convenience that v, is real. This convenient assumption is nevertheless inessential, and
we will point out in Section 3 the necessary adaptation when the ground field k is totally complex.

For a character y € 60, and t € R, w € C, put

(1.6) K (tw) =k (twa) = (T+]t+6, )" [ Ko +it, 0,0, x) (11 >1)
v|oo

v#Y,

where K, (s,v,w, x,) is as above, corresponding to the choice (1.2) for ¢,. If 11 = 0, we define
ki, (t,w) by replacing 1 + [t + ¢, | in (1.6) with 1 + fﬁo +4(t + t,,O)Q. Here it, and /¢, are the
parameters of the local component y, of x. Note that, since x is trivial on the positive reals, there
is a relation among the local parameters, namely,

Zd,,tl,:O

v|oco

with d, = [k, : R] the local degree.
Define

(1.7) Zw) = 3 /|L(;+it,f®x)2ﬁx(t,w)dt
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By the argument given in [Di-Ga|, Section 5, pages 23 and 24, the right-hand side of (1.7) is
absolutely convergent for #(w) > 1. The main objective of this paper is to meromorphically
continue this generating function Z(w), with polynomial vertical growth. From this, a subconvexity
bound for individual L—functions will follow by essentially traditional techniques.

§2. Meromorphic continuation of Z(w)

In this section we establish the following

Theorem 2.1. The function Z(w), originally defined by (1.7) for R(w) > 1, has analytic
continuation to the half-plane R(w) > 11/18, except for w = 1 where it has a pole of order two.

Proof: Write w = + in. For C > 0, possibly depending upon w, let

(2.2) Zi(w) = Zy(w,C) = ) /|L(;+it, fex)|?k, (tw)dt
Xan,s
[t+t,, |<C

and set Zy(w) = Z(w) — Z1(w). We shall be more specific on the choice of C later in the proof.
Using (5.11) in [Di-Ga] together with its analog at real places (see also the Appendix), we have

T /]L(;Jrit, FoP s Gwld< Y /]L(;Jrit, Fo)P R, (,6)dt
XEC‘\QYS XE@O,S
[ttt [<C [t+t., [<C

Since 5
A+t +t,]) " <ac (L+[t+t, )" (6>0)

it readily follows that Z;(w) is holomorphic in the half-plane ¢ > 0.
To obtain the continuation of the remaining part Z,(w), consider

(2.3) I(v,w,a) = Z = / Lix7H 1" ) - Lix| - 5 f) Keo(s, v, w, o, x) ds

— 21
x€Co,s R(s)=0c

where

’Coo(sa v, w, &, X) = ,CVO (S, v, w, XVO) : H ICV(S7 v, &, XV)

v|oo
v#Yy,
By Proposition 2.6 and Theorem 3.12 in [Di-Gal,
(2.4) Ivwa)= [ P10 dg
ZuGi\Ga

provided R(v), ®(w) > 1. The choice of initial archimedean data determining the Poincaré series
is given by (1.2) with w, = w or « according as v = 1, or not. On the other hand, we have also
established in that paper the analytic continuation of this Poincaré series (see Theorem 4.17 in
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[Di-Gal). These facts were reviewed in Section 1. In the present situation, the only change in the
statement of that theorem is that the order of the pole at w = 1 of Pé(g), when v = 0, is two
instead of r1 +ro + 1. It follows that I(0,w, «) is analytic in the half-plane R(w) > 11/18, except
for w = 1 where it has a pole of order two. Note that for R(w) = § > 1, we can express

1 oo
(2.5) 10,w,a) = ) %/!L(éﬂt’f@x)\%m(;ﬂt, 0, w, a, x) dt

XEGO,S —00
=1(0,w, )+ I(0,w, a)

where

1
BOwa) = 5 3 16+t f @ 0P Kt it 0w, 0, x) df
Xeao,s
[ttty [<C

We choose C' = C(n) such that (A.6) or (A.7) (depending on whether 1, is complex or real)
becomes effective. We remark that C'(n) is uniform in ¢ on closed intervals to the right of 11/18,
and depends polynomially on |n| (see [Di-Gol], the corresponding analysis in [Di-Go2], and the
appendix at the end of this paper).

Using (A.6) or (A.7), we can write

L0, w,a) = (277)—1B(O,w,,ufyuo) [Z(w) — Z1(w) + Zs(w)]

with Z3(w) holomorphic in the half-plane § > 11/18.

To finish the proof, we show that the series defining I7 (0, w, ) for #(w) > 1 is in fact absolutely
convergent for R(w) > 11/18. To see this, refer to the Appendix, especially (A.4) and (A.5). We
have

1
L(0,w,a) = 5= /IL(Hit,f@x)!%m(Hit, 0, w, o, x)dt

Xeao,s
[t+t,, <C

< /IL(Hz‘t,f@x)!%m(;Ht, 0,9, o, x) dt

Xeéo,s
\t+tV0 |<C

< > /|L(; +it, f @ X)[* k() dt
Xeao,s
[t+t, |<C

The first inequality comes from the structure of the integral representation (A.4), and the second
comes from the domination (A.8) of the local factors of the kernel by the local factors of the analytic
conductor. Notice that the integral representation (A.4) holds for R(w) > 2/9. The convergence
of the last expression is clear. [J

§3. Growth of Z(w)
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Our objective is now to establish that Z(w) defined in the previous section has polynomial
growth in a vertical Strlp —|— e < R(w) < 1+ ¢, with € a small positive number. As we shall
see, an important point is that the exponent of |(w)| in our bound is independent of the fixed
parameter «.

We begin by specializing the Poincaré series as follows. At the archimedean place vy, take

51 g = o ﬁr<w><l+x2>—z(F<z§é+w;1ﬁx2> (n= (5 1) em,)

where, as usual,

oo
1 T(a+m m
P89 = Tt 2 Ty (<D
is the Gauss hypergeometric function. This corresponds precisely to the choice made by Good
in [Go2| (see also [Di-Gol]), just presented in a form more convenient for us. Recall that we are
assuming 1, ~ R. At all the other archimedean places, we shall still keep the choice made in the
previous section (i.e., given by (1.2) with w, = «).

Notice that with the parameter choices in the hypergeometric function in (3.1), the series
representation is absolutely convergent for every real x. An easy estimate proves sufficient
admissibility of this data in the sense defined above. In fact, the series representation of the
hypergeometric function allows the following analysis to be reduced to the case of the simple
choice of data (1.2) considered in the previous section. The convenient assumption that there is
at least one real place is inessential, since, lacking any real place, for complex 1, we can take

b () 21_2wﬁr(w)(1+\x\ )~ ”““F(lf w3 2w; Tr7ze) <n: ((1) T) eN,. x#())

K I'(w—3)

0, (n) =0 <ifn:<(1) g’))

This choice corresponds to (3.1) at complex places, but we do not need this unless the field is
totally complex.

An overview. Before justifying our statements and giving details of proofs, we find it useful to
first present the main ideas in our argument. Accordingly, if we denote the corresponding integral
(2.4) by J(v,w,a), it follows again by Proposition 2.6 and Theorem 3.12 in [Di-Ga] that for
R(v), R(w) > 1,

J(U,UJ,OZ) = Z QLM / L(X_1|"U+1_Sa f)L(X||Sa f),Coo(Sa v, w, &, X)dé’

x€Co,s R(s)=c

where

’C (8 v, W, &, X) KVO(sa v, w, XVO) ’ H’CV(87 v, «, XV)
v|oo

v#Y,
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The local kernel K, corresponding to archimedean data (3.1) can be continued by expanding the
hypergeometric function in a series and reducing the computation to the case (1.2). Furthermore,
for |t +t, [ — oo, it has an asymptotic expansion of type (A.7), with B replaced by a different
ratio of gamma functions By (v, w, p fovg ). Taking v = 0 and ¢ = 1/2 in the above expression for
J(v,w, ), one can easily check that the sum over y together with the vertical integral is absolutely
convergent for R(w) = 6 > 1. Arguing as in the proof of Theorem 2.1 using the asymptotic formula
of K, , we can split

J=J + Jy J2(0,w, ) = (27T)7130(07waﬂf,,,0) [Z(w) — Z1(w) + Z3(w)]

with both Z;(w) and Z3(w) holomorphic in the half-plane $(w) > 11/18. Since the constant
C = C(n), where the split of J(0,w,«) was made, depends polynomially on w, it also follows
that Z; and Z3 have both polynomial growth in w (obviously with exponents independent of «)
for R(w) = § > 11/18. It turns out that the function BO(O,w,,unyO)cos(ﬂw/Q) has polynomial
growth, and therefore it suffices to show that cos(mw/2)J2(0,w, ) has polynomial growth in a
vertical strip % +¢e¢ <6 <1+ e. The precise reason for the choice of cos(rw/2) will become
apparent in the next paragraph.

So far, we did not really use the specific choice (3.1) of ¢, In fact, what we have said up
to this point equally holds for a variety of choices, including that made in the previous section.
As observed by Good in [Go2] over the rationals, the choice (3.1) induces some sort of functional
equation relating the values of the corresponding function cos(mw/2)J(0,w) (Since Q has only
one archimedean place, there is no a.) as w — 1 — w. Using a spectral decomposition, we shall
establish a similar relation for cos(mw/2)J(0,w, ). We call it relation, since this function has way
too many poles in the vertical strip 0 < R(w) < 11/18 (which most probably form dense subsets
of the vertical lines R(w) = 1/4 and R(w) = 1/2) preventing a genuine meromorphic continuation.
Nevertheless, following [Di-Gol], we shall consider a similar auxiliary function J***(w,«) such
that cos(mw/2)J**(w, o) has polynomial growth on the vertical lines ®(w) = —¢, 1 + ¢, and such
that when subtracted from J(0,w,«) leaves a meromorphic function in the whole vertical strip
—e < R(w) < 1+¢ with finitely many poles. In this strip we can now apply the Phragmen-Lindel6f
principle. To obtain the desired growth of Z(w), one just has to observe that cos(mw/2)J*"*(w, «)
has, in fact, polynomial growth in every vertical strip of finite width distant from the abundance
of poles, and hence in 1% +¢ < R(w) < 1+e.

To be more precise, the Poincaré series built out of the archimedean data specified at the
beginning of this section has the spectral decomposition (1.5) (see (4.13) in [Di-Gal). It follows
that Pé(g) has meromorphic continuation to a region in C? containing v = 0, w = 1. As before,
when v = 0, it is holomorphic in the half-plane f(w) > 11/18, except for w = 1 where it has a pole
of order two. Then with respect to an orthonormal basis {F} of L2, (ZaGr\Ga) of everywhere
locally spherical cuspforms, we can write

(3.2)
J(w) = J(0,w,0) =M(w, f) + > p.G, (w)L(%, F)(F|f?)
F
X G (s,w)L(1—s,x)L(s,
DO /\)(2(— 2 X?) 0 e, 2 0
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Here
G, (w) = G, (0,w) = Gy (3 +ifip, ;0,w) - [ Go(3 +iRy,;0,0)
v|oco
vF#EY,
g (s,w) = Gy (1 —s—ity;0,w) - H G,(1—s—it,;0,a)
v|oo
v#Yy,
IERT 2 gl(l—’U,’U,’U)) 2
Mw, ) = tig (R)Eoa 1) + PO 20N, 1)
with
R(w) = R(w, o) :/ Poo and Gi(l —v,v,w) = G, (v;v,w) - Hgy(v;v,a)
Noo v|oo
v#y,

We suppressed notation to J(w), as the parameter « plays no role at the moment, and v = 0 for
the remaining part.

Our immediate goal is to establish a relation connecting values of the function cos(mw/2)J(w)
as w — 1 — w. We begin with the following

Lemma 3.3. With ¢, defined by (3.1) and R(w) > 1, we have

and
o T(SerE)r(es)
gVO(S,O,w) =4 (w — 5)(w +s5— 1>F(%)

(for 0 < R(s) < 1)

Proof: To compute the first integral, write the hypergeometric function in (3.1) by its series
representation. Since this series is absolutely convergent for all z € R, we can interchange the sum
and integral. Using the well-known identity

o _w F(L_I—F’I?’L)
/;Oo(1+x2) 2 d.f:ﬁw (fOI‘ m:O,172,3,...)

we recognize the hypergeometric function F(w/2, (w—1)/2;1/2+w; z) evaluated at z = 1. Applying
Gauss’ formula

Fla i) = PO ES A (when R(9) > Ra + )

the identity follows after canceling some of the gamma functions involved.
The second identity can be verified in the same way, using formula (A.10) in the Appendix after
interchanging the sum and integral. [
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Remark: More generally, for R(w) > 1 and —R(v) < R(s) < 1+ R(v), the same idea can be used
to compute G, (s;v,w) as

7_[_—’11

F(wT'H)F(v-i-%—S)F(U—Z&-S)F(v—i—gj—s)r(v+w+s 1)3F (% +1§) s7v+w+s 1. w+§,U+ 1)
L(3 +w)I(v+

w
2

~—

where 3F5 is a generalized hypergeometric function, see [Gr-Ry], page 1071. One can easily verify
that the series defining 3 F5 above is absolutely convergent away from its poles.

From the lemma, we deduce that cos(mw/2)R(w), cos(mw/2)G, (w) and cos(rw/2)G, (s, w) are
all invariant under w — 1 — w. To establish that M (w, f) appearing in the spectral 1dent1ty of
J(w) satisfies the same invariance, first recall that

G1(1 —v,v,w)

M(w, f) = lim (R(w)<Ev+17|f|2> T )

By, |f|2>>
with
, D(2sh)p(egt )yt

R(w) = /Nwtpoo =27 72 e o ey (a—1)7"

in view of the lemma. We can compute the limit by writing the Laurent expansions around v = 0
of the functions involved:

c
Evp1=—+co+---
v
and

Gi(1—v,v,w)

o) T

gvvw gl,vvoz
V H Elfv

l/;éuo
= (bo(w) + by (w)o 4+ )(do(0) + i (@) +--) (=~ o)

One can easily find that

-1

ok u e/ -

7)
I'(y+1)

bo(w) = i T ) F(O‘zl))”

I'(3)

Also, by considering the function (A.10) with s = v and w — w + 2m, expanding it in a power
series around v = 0, and then proceeding as in the lemma, we find that

and do(a) = <\/%

Iw—1) _ 2bp (w)
1-w)l'(1+%)?2  w(l—-w)

by (w) =2 w2,

Since R(w) = bo(w)dy(cr), we obtain

G1(1 —v,v,w)
(o (20)

It follows now easily that cos(mw/2)M (w, f) is invariant as w — 1 — w

v—0

lim <R(w)Ev+1 + El—v) = 2¢oR(w) — ¢ (bo(w)dy(a) 4 by (w)dp(c))
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Following our plan, consider the auxiliary function J*"*(w) defined by

(3.4)
T (w) =Y peGa ™ (w)L(3, F)(F, | )

0|76 VAE, \ If 1) ds

x(2) / G2 (s, w) L(1 = 8,X) L(s, x)
' A(2 — 25,%?)

where G2 and g;;:x are obtained by just replacing G,, in the products defining QFOO and QXOC above
by the function

69 G = o iy (5 <t ()

For instance,
Ga(w) = Go™ (4 +ifip, ;w) - [ Go(3 +ifin,;0,0)
v|oo

v#y,

With this notation, we establish the following propositions:

Proposition 3.6. For ¢ > 0 sufficiently small, the difference

H(w) := J(w) = J*(w) = M(w,f) + Y 5 (G (w) = G2 (w))L(3, F)E|fI?)

0| TN E, | fI?) ds

() (G, (s,w) = G (s,w))L(1 — 5, %) L(s, X)
+ Z / A2 — 25,%?)

restricted to 11/18 < R(w) < 1+ ¢, extends holomorphically to the whole vertical strip —e <
R(w) < 1+ e, except for at most w = 0,1/2,1, where it may have poles. For w # 0,1/2,1 in this
strip, the expression in the right is absolutely convergent.

Proof: By the above computation, M (w, f) is clearly holomorphic in the strip —e < R(w) < 1+,
except for w = 0, 1 where it has poles. Note that w =1 is a double pole.
To analyze the remaining part, remark that, by design, the function g;joux cancels the relevant

poles of G, in the region we are interested in. Specifically, using the expression of g,,o(s; 0,w) in
Lemma 3.3, it follows that
Gy (5;0,w) — g;‘o‘”‘(s; w)

is holomorphic as a function of w around w = s, w = 1 — s, for s # 1/2, and as a function of s
around s = w, s = 1 —w, for w # 1/2. Applying this with s = % + iﬂFWo , it follows that

G (w) = G2 (w) = [Gy(3 + i, :0,w) — G (4 + i, sw)] - [[G0(3 +iiig,:0,0)

oo
v|oo

v#y,
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is a holomorphic function for —e < R(w) < 1+ ¢, except for w = 1/2 where it has a pole. Recall
that we can assume |3‘%(qu,”0)] < 1/9 (see [Ki], [Ki-Sh]).
The absolute convergence of the discrete part follows by combining the exponential decay of

Pe (G, (w) = G2 (w) L3, F)(F | fI)

in the archimedean parameters of ' with the fact that the number of cuspforms with archimedean
data within a given bound grows polynomially, from Weyl’s Law [La-Ve], or from the upper-
bound of [Do]. In fact, shortly we shall need that p, (F,|f|?) grows at worst polynomially in the
archimedean data of F' (and by the convexity bound, so does g, L(%, F){F,|f|?)). This important
observation first made by Selberg in [Se|, was proved by Sarnak in [Sa2].

On the continuous spectrum-part, the variable w can cross the vertical line of integration
R(s) = 1/2, for each x, since by the above observation, the function

G (s,w) = G (s,w) = [Gy(1 =5 — ity ;0,w) — GE™*(1—s — ity ;w)] - [[6.(1-s—it,;00)
v|oo
vEY,
is holomorphic around s = 1 —w — it , w — ity . Also, this function has no poles other than
w = 1/2 in the vertical strip —e < R(w) < 1+ ¢ when R(s) = 1/2.
To justify the absolute convergence of the sum and integral, we note that by standard estimates

L(l — S,Y)L(S, X)

Mz-2ayy) el

has at worst polynomial growth in |$(s)| and the archimedean parameters of x; the exponential
decay of the twisted Rankin-Selberg convolution (E ,, |f|?) matches the exponential decay of the
gamma factors in A(2—2s,%?). Since g, (s,w)— gXi‘:X(s, w) has exponential decay in |J(s)| and the
archimedean parameters of x, the sum and integral are absolutely convergent for —e < R(w) < 1+,
w#1/2. O

Proposition 3.7. Fizx a small positive ¢, and write w = 6 +in. For 11/18 + & < § < 1+¢, or
d = —¢, and large |n|, we have the estimate

™

cos —- - (; ﬁFg;:X(w)L(%,FXF, |f|2>>

I~ Y(E, L |f2)ds| < nI™

o @) / G=(s, w)L(1 — 5, %) L(s,X)

Heos ik A2 - 25,%%)

R(s)=3

with a computable Ng > 0 independent of a.

Proof: We begin by applying Sarnak’s estimate [Sa2] on integrals of triple products of automorphic
forms. That result, together with a convexity estimate, implies a polynomial bound for
pe L(L, F){F,|f|?) in the archimedean data of F. The exponent in the polynomial bound as well as
the implied constant is independent of F. An analogous fact occurs in the continuous part, where

L(l B 37?)1;(57)()
A2 — 25,%?)

(Esp, |IfI?) (s =1 +it)
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is bounded polynomially in |t + ¢,| with v|oo. We remark that the continuous part estimate can
also be obtained by traditional methods. Applying Stirling’s asymptotic formula to the gamma
functions present in G5 and G*™"*, we observe that the relevant terms of the expression in the
proposition are those écorresponding to |pp, |5 [t + 1y | < 2In|, say. The remaining part of the
expression is negligible.

Recalling that

G (s3w) = WSwH'M' [F(1;S)F(w2—3) N F(S)F(w—i—s—l)}

it follows from Stirling’s asymptotic formula that
Ga (5 + iy, sw) <o [nNoem 2N (for [r, | < 2n])

A similar estimate (with the same exponential decay) holds on the continuous side.
The proposition follows immediately from Weyl’s Law [La-Ve] (the upper-bound of [Do]
suffices). O

We can relate the functions J and Z by splitting, as in the previous section,
(38) J(w) = Jl(w) + Jg(’w) Jg(w) = (277)_130(07111,,“771,0) [Z(’LU) — Zl(w) + Z3(w)]

with both Z;(w) and Z3(w) holomorphic in the half-plane R(w) > 11/18. In fact, the local kernel
K., determined by (3.1) has an asymptotic expansion which can be easily deduced from (A.7) in
the Appendix by representing the hypergeometric function in (3.1) by its series, and reducing to
the previous choice of @, It follows that

_ [(w)
— w+1 _ -\
(3.9) Bo(O,w,uf,VO) =2 ﬁf(%+w) B(O,w,uf,yo)
where
F(w-i-v—i-zi/rl—iﬁ)F(w+v—2iu+iﬁ)r(w+v+2iu—iﬁ)r(w+v—2iu—iﬁ)

I'(w +v)

2w72 T

B(v,w,pu) =

See also the Appendix. For holomorphic discrete series, see (3.1), (4.1) and Proposition 4.2 in [Di-
Gol]. Using Stirling’s asymptotic formula, it can be observed that Bo(0,w, u, , )cos(mw/2) is of
polynomial growth. Furthermore, the constant C' = C(n), where the split of J(w) occurs, depends
polynomially on w (as explained in the Appendix). This fact was established for holomorphic
discrete series in [Di-Gol], Proposition 4.2, and in general it follows by keeping track of all the
constants depending on w in the process of obtaining the asymptotic formula for ;. Then by
their definitions (see the previous section), Z; and Z3 are both of polynomial growth in w, for
R(w) = § > 11/18, with exponents independent of . Therefore, to achieve our goal, that is, the
function Z(w) is of polynomial growth, it suffices to show the same for cos(mw/2)J3(w).

To prove that cos(mw/2)Jo(w) is of polynomial growth in a vertical strip 15 +e <6 < 1+¢
with small positive ¢, consider the function cos(rw/2)(H (w) — Ji(w)), where H(w) is defined in
Proposition 3.6. We shall see that this function has polynomial growth in —¢ < § < 1+ ¢, away
from its (finitely many) poles. For 11/18 < § < 1+ &, we have

(3.10) cos(mw/2) - (H(w) — Ji(w)) = cos(mrw/2) - (Jo(w) — J*"(w))
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First, suppose that w = 1 + e +in. As By(0, Wiy, ) cos(mw/2) is of polynomial growth and
Z(w) = O(1) (w being in the region of absolute convergence of its defining sum and integral), it
follows from Proposition 3.7 that the right hand side of the above identity is polynomial in |7|.

Recall that J;(w) is defined by

1
= o Z /|L(§ +it, f @ X)|? Koo(L +it, 0, w, a, ) dt (for R(w) > 1)
x€Co.s
|t+ty, |<C

The integral representing the local kernel IC,,O(% +1t, 0, w, XVO) continues to —¢ < 6 < 14 ¢ with
finitely many poles in this region (its poles coincide with those of By(0, w, . v )). Being a function
of t +1, and w, we can estimate K, , for |t + tVo| < C and w not a pole, as

Ko (3 +it, 0, w, xoy)) <uw,a (L+[E+1,]) " (for —e < N(w) < 1+¢)

See also the discussion in the Appendix. By a simple comparison with Z(«a), we deduce that the
defining expression of J; (w) converges absolutely, away from the poles of Ky, , throughout the strip.

Now assume w = —¢e + in. Using Proposition 3.6 and the invariance of cos(mw/2)M (w, f),
cos(mw/2)G, (w), cos(mw/2)G_(s,w) as w — 1 —w, we have

7T(lz_w) J(1 —w) — cos(mw/2) Ji(w)

— cos(mw/2) - <Z PG (w)L(3, F)(F, |f|2>)
F

@) G w)L( - 506 0)
/ A(2 - 2s5,%%)

cos(mw/2) - (H(w) — Ji(w)) = cos

x|

— cos(mw/2) - PI=E=Y2UE, L If?) ds

4mik
X R(s)=3%

In the right hand side, write J = J; +J,. As already observed, cos[r(1—w)/2]J2(1—w) is bounded
polynomially in |7].
To see that )
cos Tl - w) J1(1 —w) — cos ™ J1(w)
2 2
is also bounded polynomially, we use the fact that Jj(w) can be expressed by its original
representation throughout the vertical strip —e < R(w) < 1+ ¢, except for finitely many poles of

the local kernel K, (1 +it, 0, w, Xy, ). Since away from the poles and |t + ¢, | < C,

T w) , W , A, B
cos ——— Ky (3 +it, 0, 1 —w, Xy ) — cos - - Ky (3 +it, 0, w, xy)) < (14 [t +1]) [0

for some constants A, B (see [Di-Gol], Proposition 4.6, for holomorphic discrete series, and in
general by a similar idea), we have the estimate

1 —
cos ") 11— ) — cos S hw) < 1+ 0 Z(e)  (fora <2)
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Recall that C' = C(n) depends polynomially on w.

From Proposition 3.7, it follows now that cos(mw/2)(H (w) — J1(w)) is a function of polynomial
growth on the vertical line R(w) = —e.

As H(w) and J;(w) have both finitely many poles in the strip —e < R(w) < 1+ ¢, we can
apply the Phragmen-Lindel6f principle. Accordingly, the function cos(mw/2)(H (w) — J1(w)) has
polynomial growth throughout the strip (away from its poles). In particular, for % +e <0 <1+e,
the identity (3.10) implies that cos(mw/2)(J2(w) — J***(w)) has polynomial growth in this region,
and hence, so has cos(mw/2)J2(w) by Proposition 3.7.

From the above discussion, we obtain the main result of this section. This is contained in the
following

Theorem 3.11. For fized small positive e, the function Z(w) has polynomial growth in the half-

plane R(w) > 13 + &; on the vertical line R(w) = 1§ + ¢,

with a computable M. > 0 independent of «.

Remark. To optimize the exponent M. in Theorem 3.11, it is necessary to invoke [Ho-Lo] and
[Ho-Ral, or an extension of [Be-Rel]. In this direction, see [Kr-St].

§4. Subconvexity

Fix a cuspform f on GLy(k) for a number field k£ of degree d over Q. As above, we assume
that f is a newform locally everywhere. Recall that the t—aspect convexity bound on the standard
L—function L(s, f) is

L(5 +it, f) <o (L4 )4 = (142 (for all & > 0)

We break convezity in the t—aspect by decreasing the exponent, proving

Main Theorem. Fix a number field k of degree d over Q, and a cuspform f for GLy(k), with f
generating a local newform everywhere locally. For a computable constant ¥ < 1,

d—149 +e

L +it, f) <o (14t))2 (for all £ > 0)

Note that the hypothesis that f is a newform locally everywhere exactly assures the equality
L(s, f) = L(s, ) of the finite-prime part L(s, f) of the Hecke zeta integral of f with the Langlands
L—function L(s, ) attached to the automorphic representation 7 attached to f.

Some further preparation is required before we can begin the proof of the Main Theorem.

For convenience, assume that £ has at least one real place 1, although this assumption is
inessential. Given a grossencharacter x of k, let

L+ |t+t, (for v real)

@ (X t) =
1462 +4(t+t,)? (for v complex)
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with data ¢, and ¢, attached to the local component y, of x by

xv(y) =yl (v real, y > 0)
z b it
wiz) = () " @ complex)

The archimedean part of the analytic conductor of L(s,x) is Q(x,t) = I, @ (Xv,t). As [ is
fixed, ignore the dependence on the (archimedean) local parameters of f, and approximate the
archimedean part of the analytic conductor of L(s, f ® x) by Q(x,t)?. Fix real 1 < a < 2, as
before. Instead of the (w/2)™ power of the archimedean part of analytic conductor of L(s, f ® x),
we use
@y Oy )™ T o3 +1it,0,0,x0)
v#vg

Abbreviate

a%(x:t) = qVO(XVO’t) Ko (X, t) = Iy, K:V(%"i_it’()?avxv)

Recall that

oo . o (X, )
Z(w) = Z / ]L(%—i—zt,f@X)‘Q'Wdt
Xeao,s - 0

In the sequel, 60,5 will be implicit, and we will refer to the combination of sum over x and integral
over t simply as the integral.

From Theorem 2.1, the integral for Z(w) converges absolutely for R(w) > 1, with analytic
continuation to R(w) > %, except for a pole of order 2 at w = 1. By Theorem 3.11, away from
the pole at w = 1, the function Z(w) has polynomial growth vertically on every vertical strip inside
% +¢e < R(w) < a. The function Z(w) is bounded for 1 +¢ < R(w) < a.. Via Phragmen-Lindeldf,
choose % < 0p < 1 such that Z(w) has polynomial growth of exponent < % in the vertical strip
do < R(w) <1+ €. Notice that this assures that n — Z(d9 + in)/(do + in) is square-integrable on
R. For instance, for fixed sufficiently small € > 0 (¢ = 1073, say) one can take any

1—<7_188> < & < 1

36 M.

where M. is the exponent in Theorem 3.11. Note that this is independent of the parameter «,
since (as in Theorem 3.11), the constant M. is independent of . We will make repeated use of the
fact that, for real w > 1, the kernel ICZ,(% +1it,0,w, x,) is positive, with v # 1, and is dominated
by ¢v(xv,t)”™. See the Appendix.

Let R be the rectangle with vertices o + ¢1" and g £ i7", traced counter-clockwise, with T
eventually going to +00. On one hand, the integral over R can be evaluated by Cauchy’s theorem,
as

1 Z(w) x*

— — 2 P(l
omi ) w dw = z P(log )

with a linear polynomial P. By choice of dp, the integrals of Z(w) 2" /w along the top and bottom
of the rectangle R go to 0 as T" — +o00.
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On the other hand, from [Da], recall Perron’s formula

1ot g 1 (forz >1) 1
—_— — = o . 6% i 17
i ) w dw {0 (for z < 1) + 2¢-0 (mm{ TTlog 7| })

Apply the identity, with = replaced by z/q,(x,t), to rewrite the integral as

1 [T Z(w)z®

27 a—iT w
RaITOTE , N (#/a,06:1)) N
—Z/_m\(2+27f®x)| Ko (X 1) - W/a—i:rww

- g @ 0k s+ BT
X qo (Xt <z

where the error term E(x,T) is estimated by the corresponding sum of integrals

oo . To\* 1
E(,T) <a XX:/OO IL(L +it, f @) - o (X, 1) - (qo(xt)> min {1, T-Ilogx/qo(x,t)I}dt

Lemma 4.1. For fixed z > 0,
lim E(z,T) = 0
T—4o00
Proof: This uses the positivity of the kernels K, (3 + it, 0, , x») (for v # 1) and their bounds by
qv(x,t)~*. In the estimate on E, for each y break the integral over ¢ into two pieces

1 1 ) 1
U T ogaa el = vil ™ Y Tegaia el © VT

The sum of the integrals in the first case is dominated by

Ko (X, 1) L
Z/|L +it, fox)* (X,t)adt N A

Since the integral for Z(a) converges absolutely, the factor 1/v/T assures that the integral in the
first subset goes to 0 as T becomes large, for fixed x.

The second case breaks into two parts. Since the integral for Z(w) converges absolutely for
R(w) > 1, the definition of absolute convergence implies that the tail of the integral goes to 0.
That is, the integral over the set in which Q(x,t) > logT goes to 0 as T becomes large, so the
same is certainly true for the integral over the subset meeting the second case.

For the part of the second case where Q(x,t) < logT, observe that, for each u > 0, one trivially
has

Z / 1 <« polynomial bound in u
QIXx:t)<u



20 A. DIACONU AND P. GARRETT

In fact, there is a bound of <« u!*¢, although for the present argument any polynomial bound in
u will suffice. Apply this bound with v = log T, and use the convexity bound of L(% +it, f ® x),
to obtain a bound on the integrand logarithmic in T. The defining condition for the second case
implies

z-e VT < L+[t+t,] < z-e/VT

which restricts ¢ to a set of measure < 1/ V/T. Thus, this part of the second case also goes to 0 for
large T'. This proves the Lemma 4.1. [

Thus, taking the limit as 7" becomes large produces an equality of the integral along R(w) = «
with a sum of integrals over regions ¢, (x,t) < «. Thus, so far, we have

1 50+iOOZ w
(4.2) Z/ IL(5 +it, f @ X)|* - Ko (X, ) dt = @z P(logz) + — (w)a"
q, (x,t) <z

" 270 50 —ioco w

Theorem 4.3. We have the estimate

— ———dw <4 3 -logx
270 Jsy—ioo w

1 So-+ioo Z(w) v 250+1

and thus,

S [ Gt e 0P sed = o Plogs) +0 (4 loga)
x Yo (xt)<z

Proof: Let E(x) denote the first integral in the statement of the theorem, w = Jy + in, and

x = e 2™ Then
1 [T

E(e—27ru) _ 6—27r7lu'r] . f(77) . €—2Tru60 d77

2r )

is essentially a Fourier transform of f(n) = Z(do + in)/(do + in) in n, namely,
o1 - (6—27Tu)—60 _E(e—Qﬂ'u) — f(u)
By our choice of dy, we have convergence of

+00 A . 2
/ ‘ (do +'“7) ’ dn
do + 11

— 00

Then Plancherel gives

+o0 +oo ©
s / )P dy = / F)Pdu = (2n) / (727~ (e 2 du

—00 — 00 — 00

o0 d o0
e / 20 By Y = o / g0t | By dy
0 ) 0
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since du = dy/2my. The elementary estimate
x T x
U [E@Py ey = [ B@Pe 0 dy = o [ p)P dy
0 0 0
gives
(14) | IE@Rdy < 2
0

The latter yields a pointwise estimate with the exponent reduced by a factor of 3, by an argument
reminiscent of a part of [Iw-Mi], as follows. That is, we claim that

Ez) <z e -log x
Again, use the positivity of ICV(% +it, 0, cv, x,,) with real a > 1, for v # y,. Let
j(X,J}) = {t : qo(Xat) < 33'}

For any x and 0 < = <y, certainly J(x,z) C J(x,y). As
E(y) = /( ) IL(5 +it, f @ X)|* - k5, (x, 1) dt — y P(logy)
Ixy

and because the integrand is positive,
(4.5) E(y) — E(z) > —(yP(logy) — z P(logz)) (for 0 <z <vy)
Fix x > 3. Replacing y by = + u in this inequality, with 0 < u < x, we have
E(z) < E(x+u)+C-u-logz (for some positive C')
since P is a linear polynomial. Similarly, replacing « by  — v with 0 < u < = and y by x gives
E(z) > E(x—u)—C-u-logz

with the same constant C'.
Integrating these inequalities in u, over 0 < u < H, with 0 < H < x, gives

(4.6) H/ t)dt — CH -logz < E(x) < H/ t)dt+CH -logx

with a new constant C' (half of the previous constant C'). The second of these inequalities is applied
for E(x) > 0 and the first for E(z) < 0.
Indeed, for E(z) > 0, the estimate

/ B(y)2dy < 22+
0
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in (4.4) together with

< H/ t)dt+ CH -logx
n (4.6) gives
2 z+H 2 9 x+H
Bla)? < H2( / E(t) dt> FACPH? - (loga)? < B2 dt + 202 H? - (log 7)?

1
< = - a2t L g2 (log z)?
H
using (a+b)? < 2(a?+b?), and Cauchy-Schwarz. Setting H = x 2 , and recalling that E(z) > 0,
we obtain
E(r) <

A similar argument applies when E(z) < 0, proving the theorem. [

250+1

-logx

Proof of the Main Theorem: Recall that s, (x,t) is positive, for all x,¢. Let
(47) S@ =3 [ LG+t s o 0P k(o) d
x Y2t <z

For H > 0 and fixed x, certainly J(x,z) C J(x,z + H). Also, the integrands are positive. For
x = 1, with 1, real, q,(1,t) =1+ |¢t|. Ignoring all terms but for trivial x, and taking

(48) x25%+1 << H << 1,25(]3+1
we have
x+H
(4.9) / IL(X +it, /)P Ky (L, t)dt < S(z+H+1)— S(z)

= (z+ H+1)P(log(z+ H + 1)) —:cP(log:U) +FE(x+H+1)— E(x)

<902
< % -log x

where the last inequality comes from Theorem 4.3.
Recall that dy is independent of «, and that ko (1,1) > (14 [t))~ (@D (see the lower-bound

(A.9) in the Appendix). Choosing o = 1 + 5775, we obtain
x+H
(4.10) / L 4t Pt < (x4 H) D ™5 loga
< @ HEERHE gy <, gl R

The short-interval estimate (4.10) yields a pointwise estimate, via Cauchy’s theorem and use of
the functional equation of L(s, f), by an argument broadly analogous to that at the end of [Gol]
for GLy(Q), yielding the conclusion of the Main Theorem. [J
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§Appendix

Here we record some explicit formulas and related estimates used throughout. These facts were
discussed in detail in [Di-Gol] and [Di-Go2]. In the holomorphic discrete series case everything
is worked out completely in [Di-Gol]. For the waveform case, the corresponding results can be
obtained analogously using the computations made in [Di-Go2]. Accordingly, we organize these
facts for the convenience of the reader. Throughout this appendix, we refer very precisely to certain
points in [Di-Go2].

First, the kernel K (s, v, x) appearing on the moment side (1.4) decomposes over the infinite
primes

ICOO(S) v, X) = H ICV(S) v, XV)

v|oco

We shall discuss some properties of IC,(s,v,w,x,), with the choice of archimedean data
corresponding to (1.2). When archimedean data is given by (3.1), the study of the corresponding
kernel IC,, can be reduced to that for the choice (1.2). Thus, our conclusions concerning KC,, for the
choice (1.2) hold equally for K, attached to (3.1).

For v complex, we have

(A1) Ku(s, v, w, x,) = 277717 72K, (25 + 2it,,, 2v, 2w)

where Ky(s,v,w) is defined in [Di-Go2], page 71, (4.15). In that formula for K¢(s,v,w), one should
also replace p and v by 2u, , and 2f, ,, respectively.
For v real, we have

(A.2) Ko(s, v, w, x,) = 22777 "K_1(s + L +it,,v,w)

[SIE

This follows easily by comparing (1.9), (1.17), and (1.18) transformed by (2.2) in [Zh2] with the
formula for K¢(s, v, w) (following (4.15)) in [Di-Go2]. Here again K_y (s+ § +it,, v, w) in the right
must have the parameters u, v replaced by u, ,, fi, ,, respectively.

In what follows we shall refer to specific facts about Ky(s,v,w) discussed in [Di-Go2]; the
corresponding properties of the local kernel K, (s, v, w, x,) can then be easily translated using
(A.1) and (A.2).

From the representation (4.17), page 72, it follows that Ky(s, v, w) is holomorphic in the region
D consisting of (s,v,w) € C? such that there exist d; and d for which

+ R(e 2 —o £ R(2
o 82%(2”)<(51<§, 2+ R(v) 20 §)‘E(zu)<52<§7

T -2
—1<(51—|-(52<L

(A.3)

Here /¢ is either —1/2 or a non-negative integer. In particular, if R(s) = 1/2 and v = 0, the
local kernel KC, (s, 0, w, x,) is holomorphic for #(w) > 2/9. Note that we used Kim-Shahidi bound
[R(ip, )| < 1/9 (see [Ki], [Ki-Sh]) for the local archimedean parameters of f. Using (4.17), one
can also meromorphically continue Ky(s, v, w) by shifting the contour in d;, say, to the right. To
see this, assume ¢ = —1/2, s = 1+ T, v =0, |R(ip)| < 1/9 and v = 1 in (6.1) on page 76. By
(A.3), we can take 01 = 0 = —3 + 15 + &, and R(w) = 2 + 6¢ with small positive e. Aiming to
continue K_; /5 in w, shift the contour §; = —% + Tls + ¢ slightly to the right such that the only
pole crossed is & = —1 — & + w/2. The shifted integral is holomorphic for —¢ < R(w) < % + 6¢
with a small positive constant c¢. The residue at §& = —1 — & + w/2 is given in (6.25) on page 82.
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Shifting again to the right in (6.25) such that the only poles crossed are at £ = (w — 1 +iu)/2,
one obtains the meromorphic continuation of K_; o for R(w) > —c. It also follows that the poles
of K_1 /2 in this region coincide with those of B(0,w, u1) in (A.7). This last fact also holds for the
local kernel K, (% +it, 0,w, xy, ) attached to (3.1), by expanding the hypergeometric function in
its series, thereby reducing to the immediately previous discussion.

Combining (4.13), (4.14) with v = i, and (4.15) on page 71, one can see that

(A4) Ko(1 4 it, 0, w) :(/kaw¢fjlﬂn¢-ﬁlj@¢MPd¢
0

O+1tit—i O+1tit+i
F( +1+2t ”)F( +1+2t+ M)
T+ 1)
C+14+dt—ip £4+14+dit+1
F< +1+idt—ip £+1+74 +W;£+1;—tanQ(¢)>

(A.5) Vi e(t, o) = g 1+it cos_e_l_“(gb) sing(qb) .

2 ’ 2

Initially, the integral representation (A.4) holds for R(w) sufficiently large. Then, by Landau’s
Lemma (adapting the proof of Theorem 6, page 115 in [Ch], as in section §5 of [Di-Gal), the
holomorphy up to R(w) = 2/9 above implies that the integral representation holds for R(w) > 2/9.
Clearly, for real w > 2/9, the kernel in (A.4) is positive. This positivity was used repeatedly
throughout.

Recall from Section 4 that ¢, (x,,t) is defined to be

1+ [t+t] (for v real)
a(xv,t) =
1+ 02 +4(t+t,)* (for v complex)

By Theorem 6.2, one has the following asymptotic expansions when |3(w)|?*¢ < ¢, (x.,t) with
small € > 0 : for v complex,

(AG) ,CV(S, v, w, Xl/) = A(vvwhu’f,u) ’ q’/(XWt)_w 1+ Oa,v,'w,ﬂf,V<qy(Xu7t)_1/2>:|

where A(v,w, ut, ) is the ratio of gamma functions

g2w—2v—4 12 D(w+v+ip+ip)l(w + v —ip+ip)l(w + v +ip — ig)D(w + v —ip — if)
I'(2w + 2v)

and, for v real,

(A7) ICV('S’ v, W, Xl/) = B(anmuf,y) ’ QV(Xll?t)_w |1+ O(r,v,w,,u,f,y(ql/(XlMt)_l)

where

F( w+v+2iu+iﬂ )F( w+v—2i,u+iﬂ )F( w+v+2i,u—iﬂ )F( w+v—2i,u—iﬂ )

I'w + v)

B(v,w,p) = 29 277"
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The dependence upon J(w) in these asymptotics is polynomial (in fact, essentially quadratic), and
the dependence upon R(w) is continuous. This is explicit in Lemma 6.5 on page 77 and in the
proof of Lemma 6.6 on page 82. The underlying point in the above asymptotics is the asymptotic

I'(s+a) ( <|a!2>
Mot (o (lEY))
['(s) ]
for |a] = o(4/|s]). This is used in the proof of Lemma 6.7.
We have an estimate

(A.8) Ko (2 +it,0,w, %) <w @(xw:t)™°

When [S(w)[**® < ¢u(Xv,t), with small € > 0, and R(w) > 2/9, inequality (A.8) follows from
(A.6) and (A.7). When |S(w)[?>T¢ > q,(x.,t), the inequality (A.8) holds wherever K, is defined
(e.g., away from its poles).

For C < q,(xy,t) with sufficiently large positive C, and real w > 2/9, it also follows from (A.6)
and (A.7) that

(A.9) GWx, )™ <y ICV(% +it, 0, w, xu)

Using the integral representation (A.4), and the fact that the hypergeometric function in (A.5) is

not identically 0, it follows that the inequality (A.9) also holds for ¢, (x,,t) < C and real w > 2/9.
In Section 3, we needed specific choices of archimedean data, producing corresponding functions

G, on the spectral side (3.2) of the identity. For ¢, given by (1.2), the corresponding G, on the
spectral side is, for v real,

(=)D (e D(2f D (upasl)

(A.10) G50, w) =7 P +3)

and, at complex places v,
Fov+1—s)Tv+w—s)Iv+s)T'v+w+s—1)

A1l L (s = (2m)~ %
A1) Gulsiv,w) = (2m) T(w)T(20 + w)

When the field k is totally complex, we take
(A.12)

L(w)(1 + |z[*)™" F(w, w; 2w; ) 1
_ ol—2w AR S n Cd _ z

g, (n) =2 & Tw=1) <n—<0 1)€Nl,0,3:7$0>

and

p,(n) =0 <ifn:<(1) 2))

With this choice, the archimedean integrals in (1.5) at 1, (i.e., the analog of Lemma 3.3) are
computed as

and i
(A.14) Guy(5:0,w) = (w— y) - LA S()

(w—s)(w+s—1)
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