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We define an algebraic number « as a root of an algebraic equation, ag*x™+a*z" '+ - -4-a,_1*x+a, =
0 where a,, a1, --,a, are rational integers, not all zero. We say « is an algebraic integer if ag = 0. If an
algebraic number « satisfies an algebraic equation of degree n with rational coefficients, and none of lower
degree, then we say « is of degree n.
If «v is an algebraic number, then we define an algebraic field as the aggregate of all numbers R(«) = %,

where P,Q are polynomials with rational coefficients, and Q(«) # 0. We denote this field by K(«). It is easy
to verify that the sum and product of any two members of K(#) belong to K(f). Also if o, 8 belong to K(0)
and 8 # 0 then 3 belongs to K(9).

If an algebraic number ¢ is of degree 1, then ¢ is a rational number, and it is plain that for any rational
e K(e) is the aggregate of rational numbers. We denote this field by K(1). It is a part of every algebraic
field.

If the degree of ¢ is 2, then ¢ is said to be quadratic, and K(g) is called a quadratic field. Since the
degree of ¢ is 2 ¢ satisfies a quadratic equation, ag*x?+aj xx+az = 0. s0, € = a+bx/m/c for some integers
a,b,c,m where m doesn’t have a squared factor. It is easily verified that K(e) is the same as K(y/m) for
some square-free rational integer m, positive or negative, apart from 1.

Here we concentrate on quadratic fields. We will try to find the quadratic fields where the fundamental
theorem of arithmetic holds. But before we get there we need to develop the notion of primes, and the
Euclidean Property that will be described in a moment.

If e € K(y/m) then

_ PYm) _

) s+t*x/m/u+vy/m
<(s+txy/m)*x(u—vxsqrtm)>
<(u2—v2xm)>
<a+bxy/m>
<c>

for some rational integers s,t,u, v, a,b,c. So we have if ¢ € K(y/m) then (c* & —a)? —mb? = 0. Thus ¢ is a
root of a quadratic equation. Hence every ¢ € K (y/m) is either a rational or a quadratic.

Now we want to characterize the integers of K (y/m). Recall that ¢ € K(y/m)) is an (algebraic) integer
if it satisfies an equation 27 + a1 * 2(j — 1)+ .-+ a; = 0 for some j. We can show that if € is an integer
then there is a unique equation with j = 1 satisfied by . To do this, we define a primitive polynomial as an
integral polynomial, f(x) = ag * 2™ + arzn — 1)+ -+ + a, where ag > 0 and ged(ag, a1, -,a,) = 1. We
call f(x) =0 a primitive equation.

Let’s state a theorem that implies the assertion about j being 2.

Theorem 1. Let € be an algebraic number of degree n, and let f(x) = 0 be a primitive equation of degree n
satisfied by . If g(z) = 0 is any primitive equation satisfied by € then g(z) = f(x) - h(z) for some primitive
polynomial h(z) and for all x.

Corollary. An algebraic number ¢ of degree n satisfies a unique primitive equation of degree n, and if ¢ is
an integer then the coefficient of ™ in this equation is 1.

From this Corollary we see that our assertion about j being 2 is right. So we can say that if e € K(y/m)
is an integer then ¢ satisfies a unique quadratic equation with leading coefficient 1. As a matter of fact, we
can do better in characterizing the integers.

Theorem. The integers of K(y/m) are as follows. The integers of K (,/m) are the numbers a+0b-+/m when
m = 2(mod4) or m = 3(mod4), and the numbers a + b - w where w = % - (y/m — 1) when m = 1(mod4). a,b
are, in either case, rational integers. (We won’t prove this, but it’s not too hard.)

For example, consider K (i) and K (1/—3). The integers of K (i) are of the form a + b -4, a and b being
rational integers since —1 = 3(mod4). On the other hand, since —3 = 1(mod4), the integers of K (v/—3) are
the numbers a + % b+ (v/=3—1), a and b being rational integers.

Now we are ready to develop the notion of primes in quadratic fields. We need some definitions at this
point.

Let a, 8 be integers. We say « is divisible by  if there exists another integer v such that a = §-v. If
a is divisible by § then we also say that 8 divides «, and write 8|a. We define a unit € as a divisor of 1
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(and therefore of every integer of the field). For every integer ¢, € - € is called an associate of e. We define a
prime as an integer which is only divisible by units and by its own associates. We call € = r — s - /m the
conjugate of € = r 4+ s - /m where 7, s are rationals. The norm Ne of € is defined by

It is clear that the norm of an integer of K (1/m) is a rational integer.
If m0 we call K(y/m) a real field, and if mj0 then we call K(y/m) a complez field. Norms are positive
in complex fields, but not necessarily in real fields. We can prove the following two results.

Theorem 2. If €; and e; are units, then €, - €5 and €1 /€2 are units.

Theorem 3. The norm of a unit is +1 or —1, and every number whose norm is 1 or —1 is a unit.
Theorem 4. An integer whose norm is a rational prime is a prime.

Theorem 5. An integer, not 0 or a unit, is divisible by a prime.

proof(5): Let v be an integer. If y is not a prime, then there are integers «; and 8; such that v = ay -5y,
[INay| > 1, |NBy| > 1, and |[Nvy| = |[Naq| - |[NB1|. If a1 is not a prime, then there are integers s and So
such that a; = ag - B2, [Nag| > 1, [Nf2| > 1, and |[Nay| = |[Nag| - |[NfBa|. Also, 1 < |[Nag| < |[Nal|. If we
continue this process, since |[Nv|,|Nall|,|Nasg|--- is a decreasing sequence of positive rational integers, we
will come to a prime «,, because |[Na| = 0 if and only if & = 0. But this «,, divides v. Hence, our claim is
true.

Theorem 6. Any integer, not 0 or a unit, is a product of primes. (This can be derived using theorem 5.)

We say that the algebraic integers in K (y/m) are a Fuclidean ring if, given any two integers v, 71,
of which v; # 0, there exist integers 7o and k such that v = k-1 + 72 with |Nvs| < |Nvp|. If this
holds in K (y/m), then we say there is a Euclidean algorithm in K(y/m), or we simply say that K(\/m) is
Euclidean. We know that the Euclidean property holds in the rational integers, and we can prove that K (7),
and K (v/—3) are Euclidean.

Theorem 7. The fundamental theorem of Unique Factorization, which states that any integer, not 0 or 1
can be expressed as a product of primes uniquely, apart from the order in which the primes are placed in
the expression, the presence of units, and ambiguities between associated primes, is true in any Euclidean
quadratic field.

To prove this, we shall first obtain in K (y/m) in an analogue of Euclid’s algorithm, and define the notion
of the greatest common divisor of two integers.

Assume, K(y/m) is Euclidean. If «, v; are given integers and v; # 0, then we get v = k - 1 + 72 with
|N7va| < |Nv1| for some algebraic integers k and v2. If 4o # 0, then 1 = k1 -2 + 3 with |[Nv3| < |[N92], and
so on. Thus, as [Nvy1],|Nvz|, - - - is a decreasing sequence of nonnegative rational integers, this process must
come to an end. So, there must be an n such that |[Ny,4+1| = 0, 7,41 = 0. The last part of the algorithm is
then v,—2 = kn—2 - Yn—1 + Vn and Yp—1 = kn—1 - VYn-

It follows that ~,, is a common divisor of v and ;. To see this, note that ~,, divides ~,,—1; which together
with the equation v,,_2 = kn—2 - Yp—1 + Vn, implies that ~,, divides 7, _o. Similarly =, divides =, _3 and so
on.

If a is a common divisor of v, 3, and every common divisor of ~, 8 divides «, then « is called the
greatest common divisor of 7, 5. We denote by (v, 3) the greatest common divisor of v, 8. The common
divisor of ¢, n found by the Euclidean algorithm is the greatest.

The greatest common divisor is not unique, since any associate of the greatest common divisor is also
a greatest common divisor. If ¢ and n are both greatest common divisors, then ¢ and 7 are associates. So
we may say that the greatest common divisor is unique except for ambiguity between associates.

Theorem 8. If (v,71) =1 and 71|83 - v, then v1|5.



proof: Suppose v # 0. Then Euclid’s algorithm gives

v = kv + e

1 = k192 +73
TYn—-2 = kn—Q *Yn—1 + Tn
Tn—1 = knfl *Yn

If we multiply each line of this algorithm by 8, we get (v - 3,71 - beta) = - v, but v, is a unit, and so
(v- 08,7 -beta) = . By the hypothesis 1|3+ and hence 77 is a common divisor of 7, - § and «y- 3. Therefore,
~v1|B by the definition of the greatest common divisor.

Corollary. If 6 is a prime and 6| - v, then either 6|3 or 0|y.

It is obvious that if € is a prime and 6|3-v-« - - -, then either 8|3 or 8|y or 8]« and so on. The fundamental
theorem follows from this Corollary.

Definition: A simple field is a field in which the fundamental theorem of Unique Factorization is true.

As we may guess now, the arithmetic of simple fields follows the lines of rational arithmetic. It is very
difficult to determine all the simple fields. Siegel, Heilbronn, and other have proven that the number of
simple complex quadratic fields is finite. Gauss essentially conjectured this.

Since in any Euclidean quadratic field, the fundamental theorem is true, every Euclidean quadratic field
is simple. In what follows are some results that determines all the FEuclidean quadratic fields. This is done by
using the following equivalent statement to the Euclidean property. Given any § (integral or not) of K(\/m,
there exists an integer k such that |N(§ — k)| < 1.

Proof of equivalence: Assume § = r + s - /m, where r and s are rationals. If m # 1(mod4) then we can
write k = x + y - v/m for x, y rational integers. So, |(r —x)% —m - (s — y)?| = |N(6 — k)| < 1. On the other
hand, if m=1 (mod 4) then we can have k =z +y+1/2-y-(Vm—-1)=2+4+1/2-y+1/2-y-/mforx,y
rational integers. In this case, |(r — 2z —1/2-y)2 —m - (s — 1/2-y)?| = |[N(§ — k)| < 1.

Theorem 9. There are just five complex Euclidean quadratic fields. These are the fields in which m= -1,

-2, -3, -7, -11.

Proof: Let m = —u < 0. It suffices to show prove the inequalities
1) fr=a)?=m-(s=y)?l=|r—2)*+p (s—y)? <1
for m # 1(mod4) and
2) r—z-1/2-9)*=m-(s=1/2-9)°| = |(r—w—-1/2-y)* + p- (s = 1/2-y)*| <1

for m = 1(mod4) hold only in the fields for which m has the given values.

case 1. m # 1(mod4). In this case we need to show that inequality 1 holds only when m = —1, or
m = —2. We take r = 1/2, s =1/2 and § = 1/2 + (1/2) - \/m. If inequality 1 holds for this § in K(y/m)
then |((1/2) —z)? + - ((1/2) —y)?| < 1, or |(1/4) +x- (z — 1)+ p- ((1/4) +y - (y — 1)| < 1, but note that
z-(x—1)>0,and y- (y — 1) > 0, so we have

/44 (1/4) - p<1/d+z(z—1)+pu(l/4+yly—1))| <1

Hence, p < 3. Thus g = 1, or p = 2 are the only possible values. For these values if we take x,y to be the
integers nearest to r, s respectively, we can plainly satisfy inequality 1.
case 2. m = 1(mod4). In this case we need to show that inequality 2 holds only when m = —3, or
m=—7,orm=—11. We take r =1/4, s=1/4 and 6 = 1/4+ (1/4) - /m. If inequality 2 holds for this &
in K(y/m) then
((1/4) = (@ + (1/2)9)? + u(1/4 - (1/2)y)2] < 1

11/16 —1/2- (x+1/2-y) + (x +1/2-y)? + u(1/16,/4 -y + 1/4-y*)| < 1
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[1/16 4+ (x +1/2 - y)(x+1/2-y—1/2) + pn(1/16+ 1/4-y(y — 1))| < 1

But the left hand side of the last inequality is greater than 1/16+41/16-p. Hence, p < 15. Since p = 3(mod4),
the only possible values of p are 3, 7, 11. Now, given s there is a y such that |2s — y| < 1/2 and an « for
which |r — 2 —1/2-y| < 1/2 Then,

(r—2—1/2-y)2 +u(s —1/2-9)?*| < 1/4+11/16 = 15/16 < 1

Thus inequality 2 is satisfied when m = -3, -7, —11.

There are other simple fields such as (v/—19) which are not Euclidean. The fields in which m =
—-1,-2,-3,-7,—11,—19,—43, —67, or —163 are simple. Heilbronn and Linfoot proved that there is at most
one more. Lehmer has proved that for this field, if it exists, m < —5-10%; but its existence is highly
improbable. (In fact, H. Stark showed that there is no other.)

The real Euclidean quadratic fields are more numerous, but the number of such fields are finite and they
are completely determined by the following result.

Theorem 10. K(y/m) is Euclidean when m = 2,3,5,6,7,11,13,17,19,21,29,33,37,41,57,73 and for no other
positive m.

We shall prove that K(y/m) is Euclidean when m = 2,3,5,6,7,13,17,21,29. Let’s combine inequality
1 and inequality 2 to treat the two cases (m = 1(mod4), m # 1(mod4)) together. To accomplish this we do
the following. Let, A = 0 and n=m when m # 1(mod4) and A = 1/2 and n = (1/4) - m when m = 1(mod4).
Now if we replace 2s by s when m = 1(mod4), then the two inequalities can be combined, and we get
|(r — 2 —X-y)? —n(s —y)?| < 1|. We refer to this inequality as inequality 3. Let’s assume that K (y/m) is
not Euclidean. Then there exist some rationals r, s for which the inequality 3 is not true for all integral x, y.

We may assume that 0 < r, s < 1/2 (inequality 4). This is easily seen when m # 1(mod4). In this case
inequality 3 is |(r — )2 —m(s —y)?| < 1| The value of the left hand side of this inequality remains unchanged
if we replace r,x, s,y by e1 -r+u, ea-x+u, €3-S+ v, es -y + v respectively, where ey, e5 are each 1 or —1. we
can choose e1, ea, u, v so that ey -7+ u, es - s+ v lie between 0 and 1/2 inclusive. In the case m = 1(mod4),
the inequality 3 becomes |(r —z — (1/2) - y)? — (1/4) - (s — y)?| < 1|. The left hand side here is unaltered by
the following substitutions:

ley-r+u,e1-x+u,e1-s,e -y

2r,x —v,s+2-v,y+2-v
3.r,x+vy,—s,—y
41/2—r,—x,1—s,1—y

for 7, x, s, y respectively.

We use 1 to make 0 < r < 1/2; then 2 to make —1 < s < 1. if =1 < s <0, then 3 makes 0 < s < 1. If yet
s does not lie between 0 and 1/2 inclusive, we use 4 to make s to lie between 0 and 1/2. Now we let, P(z,y)
be the inequality (r —x — X-y)? > 1+ n(s —y)? and let Q(x,y) be inequality n(s —y)2 > 1+ (r—x — \-y)2.
There are therefore some rationals r, s satisfying inequality 4 such that one or the other of P(x,y), Q(x,y)
is true for all integral x,y. Consider The following.

) r? > 1+ ns? Q(0,0) : ns? > 1 +r?
00 (1—-r)2>1+4+ns? Q(1,0):ns?>1+(1—r)?
P(-1,0): (14+7)?>1+4+ns®> Q(-1,0):ns>>1+ (1+7)2
Note that 7 and s both can’t be zero because if they are, both P(0,0) and Q(0,0) will be false. So r and s
are not both 0. Then P(0,0), P(1,0) are both false; so Q(0,0), and Q(1,0) are true. If P(—1,0) were true
then P(—1,0) together with P(1,0) implies that

1472 >14n-s2>14+ 1+ (1—-1)%
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and so 4 -r > 2. thus r = 1/2. But this will imply that ns? = 5/4. If s = p/q, where gcd(p,q) = 1, then
dnp? = 5¢%. If m # 1(mod4) then n = m, and so 4mp? = 5¢*. Hence, p = 1 and ¢ = 2. Therefore s = 1/2
and m = 5, a contradiction to m # 1(mod4).

On the other hand, if m = 1(mod4), then m = 4n, and so mp? = 5¢>. Hence p = 1, and ¢ = 1.
Therefore s = 1, a contradiction to inequality 4.

We conclude that P(—1,0) can’t be true. So we have that Q(—1,0) is true. This gives us

ns®>1+(1+7r)?2>2

implying n > 8 using inequality 4. It now follows that there is an algorithm in all cases in which n < 8.
These cases are m = 2,3,5,6,7,13,17,21, 29.

A note on the proof: Notice that for Q(z,y) to be true for all integral z,y, n should be a big number.
On the other hand, for P(x,y) to be true for all integral z,y, n should not be so big. Since, we have used
only a finite number of values of z,y, we can’t say that the values we’ve got for m, which is not the full list
of theorem 10, are the only values.

Everything that we have said so far has been about algebraic numbers. There are numbers which are not
algebraic. A number which is not algebraic is called transcendental. Since the set of integral polynomials is
enumerable, the set of algebraic numbers is enumerable too. So we can say that almost all real numbers are
transcendental because the set of real numbers is not enumerable, and in particular the set {xeR:0 <z < 1}
is not enumerable. We conclude this paper by proving that e is transcendental.

We introduce a symbol A", which is defined by

RO =1,h" =7l(r > 1)

If f(x) =>4 ¢ -a" is any polynomial in z of degree m, then we define f(h) as

i@»hr = zm:c,.w!
0 0
where 0! = 1, and define f(x + h) as
D () (@) rhhr = flr) ()
0 0

If we fix x, and let F(y) = f(z +y), then F(h) = f(x+h). We define U, (z) and E,(x), for r =0,1,2,... by

Uy (z) = z over(r + 1) + (X?)
(r+1)(r+2)+--=ekl. E.(x)

We note that |U,.(z)| < elz|, and so E,(x) < 1 for all z.

Lemma 1. If f(z) = Y g ¢, - 2" is any polynomial in = of degree n, and g(xz) = Y ¢, - Ex(x) - 2", then
e - f(h) = f(z + h) + g(x)elol.

Proof. We first show that (z + h)" =€® - h" — U, (z) - 2".
(x+h)" = h+r-hr—1D-z+@ -(r-1/2)-hlr—-2).- 22+ .. 42"
= rltr-(r—1)ax+r-(r—1)-(r—=2) 22+ 42"
= 14z +22/20 4+ 2" /r!)
= rl(e® = Up(z) - 2" - (1/r))
= rle® —U.(z) - a"
so e”-h" = (x4 h)" + U.(z) - 2". Multiplying both sides by ¢, and summing, we get
e f(h) = fla+h) +ela] - g(a)
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Lemma 2. Let f(z) be any integral polynomial in z. If m > 2, and

<zlm—-1)>

B =— (m—1)1 > (@)
File) = o 1)

then Fy(h) and F»(h) are both integers and Fy(h) = f(0)(modm), and F»(h) = 0(modm).

proof. Let f(z) = >y b, - 2", where a1, as, - - -, a, are integers. Then,

n b,
F1(x):zozm-x(r+m—l)

and

Fa(o) = 3 ooty et

5 (m—1)!

So 0 b
n r+m-—1)!
= Zobr'%

which is an integer. When r > 1, % is a multiple of m. Hence, we have Fy(h) = f(0)(modm).
Similarly,
Fap(h) = 33§ gy - hlr +m)
n m)!
= 20 br- %
(r4+m)!

which is an integer. When r > 0, is a multiple of m. Hence, we have that F»(h) = 0(modm).

(m—1)!

Theorem 11. ¢ is transcendental.

proof. Suppose, on the contrary, that e is not transcendental. Then we can have
n
Zat ' =0 (eq.l)
0

where ag, a1, - - are integers, ag # 0, and n > 1. Let p be a prime which is greater than max(n, |ag|), and

Fla)=(x—1)-(x—2)----- (z —n)P

We define -
e
f@) = gy @D =2 @ =)
If we multiply both sides of equation 1 by f(h), and use lemma 1, we get
Y ar f(h)e! = oat (f(E+D)+g(t)-e)
= Yoa f(t+h)+3ga-g(t) e
= S1 + Ss
= 0

By lemma 2, f(h) is an integer and



For 1 <t <n,

(t+ x)P~t

fit+z) = =1

(ft+x-1)-t+z—-2)--x-(x—1)-(x+t—n)’
= 2P over(p — 1)! - h(z)

for some integral polynomial h(z) in x.
Again if we use lemma 2, it follows that f(t 4 h) is an integer and f(t + h) = 0(modp). So,

S1=3ar- f(t+h) = ao- F(h)(modp) = (~1)" - (nl)? - ag(modp)
0

Since ag # 0, and p > n, |ag|, S1 # 0(modp). Thus S; is an integer, and therefore |S71| > 1.
Now we will show that |S2| < 1. To do this, we recall that |E,(z)| < 1. We then have the following.

lg@)| = 20 ler| 17 1B (D))
< Soolerl -t
- ol
= (1) (=) (- )|
< éPT‘ll)!.(t+1)-(t+2)-~-(t+n)p

Hence, we can make g(t) close to 0 by choosing p big enough. So we can get |Sa| < % by choosing big enough.
Since |S1] > 1, and |Ss| < 3, S1 + S2 cannot be equal to 0, which is a contradiction. We conclude that e is
transcendental.

Some other examples of transcendental numbers known are 7, sin(1), log2, e”.



