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1. (20 points) Find an equation for the plane passing through the two points (z,y, z) = (—2,0, 1)
and (3, 3,2) so that the vector i+ j is tangent to the plane.
ANSWER: The vector between the points is (5,3, 1); its cross product with i+ is (—1,1,2);
so an equation of the plane is —(z +2) 4+ (y —0) +2(z —1) =0or —z +y + 2z = 4.

2. (15 points) Suppose z = f(x,y) is a function with first partial derivatives f;(3,—1) = 5 and
fy(3,—1) = 3. If z and y are both functions of t: x = g(t) = 1+ 2t and y = h(t) = 3 — 4¢, find
the derivative of z with respect tot att=1:

dz

(O O)!

ANSWER: By the chain rule, % = 914t 4 814 — (5)(2) + (3)(—4) = —2.
3. (20 points) The lines given parametrically by
(x,y,2) = (26,2 = 3,2+ 3t), —oo<t< o0
and
(r,y,2) = (5,3 —25,9—2s), —00<s<

intersect at the point (x,y, z) = (2,—1,5). Find an equation for the plane which contains both
lines.

ANSWER: The first line is in the direction of the vector (2,—3,+3) and the second is in
direction (1,—2,—2). Their cross product is 127 + 75 — E, so one equation of the plane is
12(x—=2)+7(y+1) — (2 — 5) = 0, or simplifying: 12z 4+ Ty — z = 12.

4. (20 points) For the function f(z,y) = e2*=¥" gin y, find the second partial derivatives

% f 0% f 0% f

fzx:w’ fxy:a?ayv fyy: ayQ'

Write each answer as a polynomial times f(z,y) plus another polynomial times g(x,y) :=
e2*=Y" cos
Y.
ANSWER: f, = 2279 gin Y, fy = —23/6293_?42 siny + e2*=Y" cos Y. SO frr = 4e2r=y” siny =4f,
fay = —4ye®* =Y sin y42e2Y" cosy = —dy f+2g, and fy, = —227Y sin y+(—2y) 22> siny—
2ye22=Y" cosy + (—2y)€2m*yz cosy — eX Y giny = (=3 + 4y f + (—4y)g.
5. (25 points) The point (x,y,z) = (3,1, —3) lies on the surface S:
222 + 2% — 3xz — 5y? = 49.
Find the equation of the tangent plane to the surface S at (3,1,—3). Write it in the form
ar + by + cz =d.
ANSWER: The gradient of 222422 —3xz—5y? is (4 —32)i—10yj+ (22 —3x)k = 17i—105 — 15k,

which is a normal vector to the tangent plane, so the tangent plane is 17(z —3) — 10(y — 1) —
15(z+3) =0 or 172 — 10y — 152 = 86.
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6. (50 points) (a) (10 points) Compute the first and second partial derivatives of f(x,y) =
x® + zy? — 322 — y? — 6.
ANSWER: f, = 322442 —6x—6; f, =220y—2y; fox =62—6; foy =2y; fyy =222

(50 points) (b) (15 points) Find all the critical points of f(x,y).

ANSWER: Since fy(z,y) = 2zy — 2y = 0, we have either y =0orz =1. If y =0, fo(z,y) =
322 —6x —6=0s0ox=1++3. If =1, then > = 9, so y = 3. Thus there are four critical
points: (14 +/3,0), (1 —+/3,0), (1,3) and (1,-3).

(50 points) (c) (25 points) For each critical point, determine whether it is a local maximum
point, a local minimum point, or a saddle point.
ANSWER: The matrix of second partial derivatives at (1,+3) has determinant fy; fy, — f2

Iy:

—36: these are both saddle points. At (1 £ +/3,0), the determinant is fyufy, — o =

(£61/3)(£2v/3) — 02 = +36: since f > 0 at (1++/3,0), this is a local minimum point; but
fee <0 at (1 —1+/3,0), so this critical point is a local maximum point.



