Math 2263 Spring 2016
Midterm 2WITH SOLUTIONS March 24, 2016

. (16 points) Let D be the region 0 < 2 < 4, 0 < y < \/x in the (z,y)-plane. Find the double

integral
// 22y dA.
D

ANSWER: [/}, 2y dA = f04 Oﬁw2y dydr = fo [%]f dr = % (;11'3 dr = 32.

. (18 points) Let E be the triangular solid

E={(z,y,2):2>0,y>0, z+y <1, 0<z<1}.

///Eazyzdv.

ANSWER: fffE xyzdV = fol fol Yoyzdrdydz = fo o 3 [#%y?] éfy dydz =
1
1

2f0 fo zdde—Qfozdsz — 2y +y)dy:%( %‘*‘i)zﬁ_g%— G

Find the triple integral

. (16 points) Let R be the rectangle —3 < z < 4, 0 < y < 3 in the (z,y)-plane. If a continuous
function f(z,y) satisfies

_|1"|y2 < f(:E?y) < 27
for all (x,y) € R, what does this tell you about the value of ffR f(z,y)dA?
4 3
ANSWER: A(R) = 21, and [[(~|x|y?)dA = —[x|x\/2} 3[;,3/3]0 = (~16/2 — 9/2)(27/3) =
—% so—%<ffR x,y)dA < 42.

. (28 points) Suppose x = X and y = Y are random variables with joint density function
flay)=a(z®+y?) if 2®+y* <1,

and
flz,y)=0 if 22+4%>1.

(a) (16 points) What does the constant o need to be?

ANSWER: We need [ [g. f(z,y) dA = 1. So in polar coordinates: 1 = fo 224y rdrdf =
27 fol ar?rdrdf = Za. This gives a = 2.

(b) (12 points) Find the “median” radius R, so that the probability that X2 + Y2 < R? is
50%.

ANSWER: We want to find R so that % fo a(z? +y*)rdrdd = 2r fo arddr = R*. So

R= 21/4
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5. (28 points) A plate (or lamina) is in the shape of the triangle D: 0 <2 <2,0<y <1-F,
with corners (0,0), (0,1) and (2,0). The plate has mass density at the point (z,y) equal to
p(z,y) = xy per unit area.

(a) (12 points) Find the total mass m of the plate.

1—z/2

ANSWER: m = [[,p(z,y)dA = fo - ‘T/Qxydyda: = fo [xy?/2], dr =
4

2/2)%do = L [2(4x — 4a® +23) do = g[% — A2ty 212 1(16/2 - 32/3+16/4) = 083 = L.

(b) (16 points) Find the center of mass (7,7) of the plate.

ANSWER: 7 = L [ zp(z,

) 6]‘0 1—x/2 Zy 1y L 2\[02(4282 41.3 $4)d$’ §|:743§3
4 =| = 4
x —1—5’35} 73<§_4_¢_5> 3

The other component of the center of mass is 7 = 6f0 1-a/2 xy? dydr = ifOZ(Sx — 1222 +

62° — )dmzz{ r? — 423 +3x4/27x5/5}02478+67%:%.
_ 2(1—-y)
An alternative computation is § = 6f01 f02(1 v) xy? de dy = 6f01 y? {%2}0 ! dy = 3]01 y2[4(1 —

y)?] dy = 12<7 -7+ ) = =102 — 2 S0 the center of mass of the plate is (Z,7) = (%, 2).

6. (22 points) Use the method of Lagrange multipliers to find the maximum and minimum
values of

f(:c,y) =y

among points (x,y) which lie on the ellipse

g(z,y) = 2% + a2y +y? =3.

ANSWER At any extreme point, we have Vf = AVg so yi + xj = A[(2z + )i + (z + 2y)7),
SO 2x+y =\ = x_ny, which implies that y = +z. If y = 4, then g(z,y) = g(z,x) =
22+ 22+ 22 =3,50 x = £1 and f(z,y) = f(z,z) = 22 = 1. On the other hand, if y = —=,
then g(z,y) = g(z, —x) = 22 —2? + 22 = 3, s0 * = +v/3 and f(z,y) = f(z, —7) = —2? = -3.
That is, the maximum of f along the ellipse is f(1,1) = f(—1,—1) = +1, and the minimum is

F(V3.V3) = F(—V3,V3) = -

7. (22 points) Compute the surface area A(S) of the parabolic hyperboloid S = {(x,y, 2) : 2% +
y? <1,z =9y? — 22}. (Hint: polar coordinates.)

ANSWER: Write D = {(x,%) : 24y? < 1} and f(z,y) = y?>—2%. Then A(S =[5 V1+ + (fy)? dA.
Compute f, = —2z and f, = 2y, so A(S) = ffD 1+ 422 + 492 dx dy. In polar coordlnates,
this integral becomes computable: A(S) = fo V1+4r2rdrdf = 2%% f15 Vudu, where

u =1+ 4r% This yields A(S) = Z(5v/5 — 1).



