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Abstract. We describe some results on the exact boundary controllability of the wave
equation on an orientable two-dimensional Riemannian manifold with nonempty boundary.
If the boundary has positive geodesic curvature, we show that the problem is controllable
in finite time if (and only if) there are no closed geodesics in the interior of the manifold.
This is done by solving a parabolic problem to construct a convex function. We exhibit an
example for which control from a subset of the boundary is possible, but cannot be proved
by means of convex functions. We shall also describe a numerical implementation of this
method.

Dedicated to the memory of J. L. Lions

J. L. Lions was a pioneer in many areas of mathematics. His strong leadership

role, both as a creator of and advocate for mathematics, will be sorely missed.

“He beat a powerful drum.”

1. Introduction

On a Riemannian manifold (Ω, g), for a linear hyperbolic partial differential equation such
as

(1) utt = ∆gu + lower order terms

where u : Ω× [0, T ] → IR, the problem of boundary controllability is of widespread interest.
By this, we mean the question whether, for any given initial data (u0, u1) on Ω, there is
a choice of boundary data U : ∂Ω × [0, T ] → IR such that the solution of (1) satisfying
initial conditions u(x, 0) = u0(x) and ut(x, 0) = u1(x) for all x ∈ Ω and boundary conditions
u(x, t) = U(x, t) for all (x, t) ∈ ∂Ω × [0, T ] vanishes identically for t ≥ T.

In this paper, we shall assume that all manifolds are connected and orientable.
Recently, the last two authors established the following result [7]:

Theorem 1.1. Let Ω be a smooth, compact Riemannian manifold with boundary equipped
with the metric g, whose boundary ∂Ω has positive second fundamental form. Then the wave
equation (1) can be controlled from the boundary in finite time, provided any two points on
∂Ω can be connected by a unique chord which is nondegenerate. The time of control is any
T > T0 = diamΩ ∂Ω, that is, T0 is the maximum distance between points of ∂Ω as measured
by curves in Ω.

Here, a chord is a geodesic in Ω of minimum length between two points of ∂Ω.
The conditions for this theorem are far from necessary, and indeed, examples are given

in [7] where controllability holds without the condition of the uniqueness of chords being
satisfied.
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One necessary condition for controllability is well known (see e.g. [7], p. 151]): there can
be no closed geodesic in Ω. On the other hand, if ∂Ω has positive second fundamental form
and there is no closed geodesic in Ω, then Ω must be simply connected (see [7], Corollary
3.3). The question thus arises whether the wave equation (1) is controllable from ∂Ω if Ω
has no closed geodesics and ∂Ω has positive second fundamental form. The question has a
positive answer if Ω is two-dimensional:

Theorem 1.2. Let Ω be a smooth compact Riemannian surface whose boundary ∂Ω is a
smooth embedded curve with nonzero geodesic curvature vector pointing into Ω. Assume
there are no closed geodesics in Ω. Then the wave equation with lower order terms

(2) utt = ∆gu +
2

∑

i=1

bi(x, t)uxi
+ a(x, t)u

is controllable from ∂Ω in finite time.

To be more precise, given initial data u0 ∈ H−1(Ω) and u1 ∈ H0(Ω), there exist Dirichlet
controls U ∈ L2 ([0, T ]; L2(∂Ω)) achieving u ≡ 0 after finite time T .

Remark 1. It thus becomes very important to be able to discern whether a given Ω, with a
given Riemannian metric (or with a given time-independent second-order elliptic operator)
contains closed geodesics. In Section 5 we shall describe a computational method which im-
plements the parabolic flow of Proposition 2 below and will enable us to either find geodesics
homotopic to a component of ∂Ω, or to conclude that there are no closed geodesics.

2. Tools Needed in the Proof

An essential tool in this paper will be the construction of an appropriate convex function
(with respect to the Riemannian metric) on Ω. The importance of convex functions for
control of hyperbolic equations is seen in the following result of Lasiecka, Triggiani and Yao.

Proposition 1. ([8].) Suppose there is a C2 function v uniformly convex on Ω with respect
to the Riemannian metric g:

∇2
X,X v = Hessgv(X, X) ≥ 2ρ|X|2g ∀X ∈ TxΩ,

where ρ is a positive constant and 0 ≤ v(x) ≤ K. Then equation (2) is controllable in time

T > T0 := 2
√

K/ρ. (See also [3].)

The condition on the Hessian tensor of v has the following geometric interpretation: for
any geodesic γ(s) parameterized by arc length, v(γ(s))′′ ≥ 2ρ. The uniqueness theorem
needed according to [8] for the validity of Proposition 1 follows from [10]. The theorem in
[8] is stated for the case when Ω is topologically a domain in IRn; the proof holds for a
Riemannian manifold Ω with minor modifications.

The following proposition is an excellent illustration the unity of mathematics. In attacking
a control problem for a linear hyperbolic equation, we are forced to use a nonlinear parabolic

equation which arises in a quite unrelated geometric problem of curve-shortening flows.
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Proposition 2. ([5]; see also [2].) Let F be a smooth compact Riemannian surface without
boundary. Let C(0) : S1 → F be a smooth curve embedded in F . Then there exists a unique
family of curves C(t) : S1 → F for t ∈ [0, t∞) satisfying flow by geodesic curvature:

∂C

∂t
= k ~N

where k ~N is the geodesic curvature vector of C(t), k the signed geodesic curvature, and ~N
a unit normal vector whose orientation is induced from the orientation of S1 and of Ω. The
curves C(t) are embedded. If t∞ is finite, C(t) converges to a point and its length approaches
0 as t → t∞. If t∞ = ∞, a subsequence of C(t) converges to a geodesic (see Remark 2(b).)
Furthermore, the “evolving curve map” C(u, t) : S1 × [0, t∞) → F is smooth. (Note: We
will later see that it is a smooth diffeomorphism onto a subset of F).

The following Strong Maximum Principle is a well-known tool for problems in analysis
and geometry.

Proposition 3. Suppose
wt − wss − h(s, t) w ≥ 0

in a < s < b, 0 < t < T , with h bounded. If w takes on the minimum value of zero at an
interior point, then w ≡ 0.

Proposition 4. ([2].) For the family of curves C(t) satisfying the flow of Proposition 2,
the curvature k(s, t) of C(t) at arc-length position s satisfies the following parabolic partial
differential equation:

kt = kss + k3 + Rk

where s is arclength along C(t) and R is the Gaussian curvature of F . (Observe that (s, t)
is not the system of coordinates arising from the flow.)

Proposition 5. If the initial curve C(0) has positive geodesic curvature, then C(t) has
positive geodesic curvature for all t ≥ 0.

Proof: That k ≥ 0 follows from Proposition 4 and the weak maximum principle for para-
bolic equations. That k > 0 follows from the strong maximum principle (Proposition 3).

Our aim is to construct the convex function v needed in Proposition 1. Our method is
to construct the one-parameter family C(t) of smooth Jordan curves as in Proposition 2,
and show that these are the level curves of a convex function. Unfortunately, Proposition
2 assumes that F is a compact surface without boundary, while in Theorem 1.2 we have
a compact domain Ω with boundary. What we do is to adjoin to Ω a “cap”, that is, a
topological disc, at each connected component of ∂Ω, so as to enlarge Ω to a closed surface
F without boundary, and to choose a Riemannian metric on F which extends the metric on
Ω, via a partition of unity argument. Then C(0) is an embedded curve in F whose curvature
vector points into Ω. It follows that the flow C(t) of Proposition 2 will avoid the caps and
not cross C(0) for t > 0.
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Remark 2. It follows from Proposition 5 that (a) two different curves C(t1) and C(t2)
cannot intersect. In fact, for t > t1, C(t1) acts as a barrier for the flow of Proposition 2;
C(t) remains disjoint from C(t1) for all t > t1 by Proposition 3. Further, (b) if t∞ = ∞ in
Proposition 2, then C(t) itself converges to a geodesic (not merely a subsequence).

The following lemma holds for an n-dimensional Riemannian manifold Ω, although only
the case n = 2 is used in the present paper. Given f : Ω → IR, we write ν := ∇f/|∇f | for
the unit normal vector to the level sets Σs := f−1(s). The second fundamental form (with a
non-traditional sign) may be defined as BΣs

(X, Y ) := 〈∇Xν, Y 〉.
Lemma 1. Suppose that f : Ω → IR has convex level sets and nonvanishing gradient, and
assume at points of each level surface Σs, for all unit vectors X tangent to Σs, that

(3) |∇f |BΣs
(X, X) ≥ c1 > 0.

Further let −c2 ∈ IR be a lower bound for ∇2
Y,νf among all unit vectors Y , and suppose that

|∇f |2 ≥ c3 > 0. Write v(x) := eΛf(x). If Λ is chosen large enough that c1(c3Λ − c2) > c2
2,

then for all vectors Y ,
∇2

Y,Y v ≥ c Λ v |Y |2,
where c > 0. Specifically, 0 < c < c1 is small enough that (c3Λ − c2 − c)(c1 − c) > c2

2.

Proof: Write any vector Y ∈ TxΩ as Y = 〈Y, ν〉ν +X, where 〈X, ν〉 = 0. Then the Hessian
tensor

∇2
Y,Y v = 〈∇Y (∇v), Y 〉 = 〈∇Y (Λv∇f), Y 〉

= Λ2v〈Y,∇f〉2 + Λv∇2
Y,Y f

= Λ2v〈Y, ν〉2|∇f |2 + Λv
{

〈Y, ν〉2∇2
ν,νf + 2〈Y, ν〉∇2

X,νf + 〈∇X(ν|∇f |), X〉
}

= Λv
{

〈Y, ν〉2
(

Λ|∇f |2 + ∇2
ν,νf

)

+ 2〈Y, ν〉∇2
X,νf + |∇f |BΣs

(X, X)
}

≥ Λv
{

〈Y, ν〉2(c3Λ − c2) − 2c2〈Y, ν〉|X| + c1|X|2
}

≥ cΛv
{

〈Y, ν〉2 + |X|2
}

= cΛv|Y |2,
provided 0 < c < c1 is less than or equal to the (positive) smaller eigenvalue of the positive
definite 2 × 2 matrix

(

c3Λ − c2 c2

c2 c1

)

.

3. Construction of the Convex Function v

We are now ready to prove Theorem 1.2. Let Ω be a smooth compact Riemannian surface
with boundary, extended to a closed two-dimensional Riemannian manifold F , and choose
the initial curve C(0) = ∂Ω ⊂ F for the flow of Proposition 2. We assume that ∂Ω has
nonzero geodesic curvature vector pointing into Ω, and that there are no closed geodesics in
Ω. Our plan of action is to begin by using the curves C(t) to construct an initial version
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w(x) of the convex function v(x). Observe that for t > 0, C(t) ⊂ Ω by the remarks following
Proposition 5. According to Proposition 2, the time of existence t∞ must be finite (otherwise
C(t) would converge to a geodesic in Ω); C(t) must converge to a point x0 ∈ Ω as t → t∞;
and the length of C(t) approaches zero. Note that C(t) crosses every point of Ω\{x0} as
0 ≤ t < t∞, since otherwise, its length could not tend to zero. Also, since C(0) has curvature
k(0, s) > 0, the curvature k(t, s) of C(t) is uniformly positive for 0 ≤ t ≤ t1 < t∞ by
Proposition 5. Note that because of the absence of closed geodesics, Ω must be simply
connected (see proof of Corollary 3.3 of [7]).

Now every x ∈ Ω has a unique value of t = t(x) ∈ [0, t∞] associated with it, the “time” at
which the moving curve C(t) crosses x, so that x ∈ C(t) (see Remark 2(a)). Now let

f(x) = t∞ − t(x),

so that f(x0) = 0, f ≥ 0 and limt→t∞ C(t) = {x0}.
In case t∞ is finite, the map C(u, t) enables us to introduce (u, t) as orthogonal coordi-

nates in Ω\{x0}. Since the map C(u, t) has nonzero Jacobian there, the map is a smooth
diffeomorphism onto a subset of F . In particular, t(x) and f(x) are smooth away from x0.

It is clear that away from x0, |∇f | = 1/k(s, t) is bounded away from 0, as is BΣs
(X, X)

for unit vectors X tangent to the level curves Σs. Thus, by Lemma 1, in the complement of
a small convex neighborhood of x0, the function

w(x) := eΛf(x)

will be a uniformly convex function, provided Λ is taken sufficiently large. Note that

1 = w(x0) ≤ w(x) ≤ eΛt∞ =: α∞.

Since the level sets of the function w are nothing but the curves C(t), we can relable them
so that for 1 < α ≤ α∞,

Cα := {x : w(x) = α}
and denote their interiors by

Sα := {x : w(x) < α}.
We pick α1 sufficiently close to 1 so that Sα1

is contained in a single coordinate patch

ξ = (ξ1, ξ2), |ξ| < 1,

with ξ(x0) = 0 and so that |ξ|2 is a uniformly convex function (relative to the metric g) in
Sα1

. Now choose α2 with 1 < α2 < α1. Then for β > 0 the function

z(x) = α2 + β |ξ|2

will also be uniformly convex in Sα1
. Now letting 0 < β < α1 −α2, we have α2 ≤ z(x) ≤ α1.

If we further make β sufficiently small, the set

C∗ := {x : z(x) = w(x)},
being a C2 perturbation of the curve Cα2

, will be another Jordan curve (with positive cur-
vature), located between the curves Cα2

and Cα1
, i.e.,

C∗ ⊂ Sα1
\Sα2

.
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Definition 1. A continuous function v : Ω → IR is uniformly convex if, for some k0 > 0,
along every geodesic γ the function v(γ(s)) − k0 s2/2 is convex as a function of arc length s
along γ.

Note that for C2 functions, the term “uniformly convex” was already defined in the state-
ment of Proposition 1. In the C2 case, as is not difficult to show, the two definitions are
equivalent.

It is easily checked (using the classical definition of a convex function of one variable) that
the maximum of two uniformly convex functions is again uniformly convex.

Hence if we define

v(x) :=

{

w(x), x ∈ Ω\Sα1
,

max[w(x), z(x)], x ∈ Sα1

}

,

we see that v is uniformly convex in Ω.
As before, let the compact Riemannian surface-with-boundary Ω be extended to a compact

Riemannian surface F without boundary. Extend v to F so that it remains uniformly convex
on a neighborhood of Ω.

Greene and Wu show ([6], p. 214):

Proposition 6. Let v : F → IR be continuous and uniformly convex, with convexity con-
stant k0 > 0. Then v is the uniform limit, as ε → 0, of smooth functions vε : F → IR with
∇2

Y,Y vε > (k0 − ε)|Y |2 for all vectors Y .

The proof of Proposition 6 is local in the sense that the uniform convexity of vε on a closed
subset Ω requires only the uniform convexity of v on a neighborhood of Ω. The function vε

in the conclusion of Theorem 6 is the function required for the hypothesis of Proposition 1
(and called v there). This concludes the proof of Theorem 1.2.

Remark 3. Even in the event that Ω contains a closed geodesic, all is not lost. Suppose
that Ω has only one boundary component. We choose a second boundary component Γ0 to
be one of the curves C(t1), t1 close to t∞, on which zero Dirichlet boundary conditions are
imposed. Ω is replaced by the subdomain swept out by C(t), 0 ≤ t ≤ t1. Then with the
help of Proposition 7 below, we get controllability from Γ1 := C(0) in the new (reduced)
manifold, which is a topological annulus.

4. Control from Part of the Boundary: an Example

In many interesting situations, control of a partial differential equation is carried out only
on a closed subset Γ1 ⊂ ∂Ω, rather than on all of ∂Ω. On the remaining open subset
Γ0 := ∂Ω\Γ1, we suppose (for example) that homogeneous Dirichlet conditions are imposed.
In this situation, [8] prove the following generalization of Proposition 1 above:

Proposition 7. Suppose there is a C2 function v on Ω which is uniformly g-convex:

∇2
X,Xv ≥ 2ρ|X|2

for all X ∈ TxΩ, all x ∈ Ω, where ρ is a positive constant. Along the uncontrolled boundary
portion Γ0, suppose that v has nonpositive outward g-normal derivative. If 0 ≤ v(x) ≤ K for

all x ∈ Ω, then the hyperbolic PDE (2) is controllable from Γ1 in time T > T0 := 2
√

K/ρ.
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The paper [3] provides another proof of Proposition 7 in the C∞ case, assuming that
no geodesic has infinite-order contact with ∂Ω (which is always true when ∂Ω has positive
definite second fundamental form), by verifying the geometric-optics hypothesis of [1].

The example we shall treat in this section involves the Euclidean wave equation on a
bounded domain Ω ⊂ IRn:

(4) utt =
n

∑

i=1

uxixi

with control from a proper subset Γ1 ⊂ ∂Ω. In this example, control in a finite time may be
proved via the result of [1], although there is no convex function satisfying the hypotheses
of Proposition 7.

We begin with a regular n-simplex W ⊂ IRn, that is the convex hull of n+1 points p0, . . . pn

on the unit sphere (|pi| = 1), at pairwise distance
√

2(n + 1)/n. Choose 0 < a < 1/6, and let
V be obtained from W by removing all points at distance < a from the vertices pi, 0 ≤ i ≤ n;
and all points at distance < 2a from the edge midpoints (pi + pj)/2, 0 ≤ i < j ≤ n. The
domain Ω will be a C∞ approximation to V in the uniform norm: we require that the
balls of radius 2a centered at the edge midpoints (pi + pj)/2 remain outside Ω, and that
neighborhoods of the points qi := (1 − a)pi be unchanged. In particular, ∂Ω is concave in
a neighborhood Si ⊂ ∂Ω of qi, that is, the line segment joining any two points of Si lies
outside Ω. Now replace each Si by the intersection of Si with the ball of radius 2a centered
at pi. We may now choose Γ0 to be the union of S0, . . . , Sn.

We claim that there is no C2, strictly convex function v : Ω → IR satisfying ∂v/∂ ~N ≤ 0

on Γ0, as required in the hypothesis of Proposition 7. Here ~N is the outward unit normal
vector to ∂Ω. For suppose there were such a function v. Then for i = 0, . . . , n, fi(t) := v(tqi)
satisfies f ′′

i (t) > 0, 0 ≤ t ≤ 1, and f ′

i(1) ≤ 0. It follows that f ′

i(0) < 0. But f ′

i(0) is the inner
product of ∇v(0) with qi. Since the vectors q0, . . . , qn do not lie in any closed half-space of
IRn, we arrive at a contradiction.

According to [1], nonetheless, the wave equation (4) may be controlled from Γ1 in time
T > T0, provided that every geodesic in Ω, continued after meeting Γ0 by reflection with
equal angles and in the same normal plane, reaches Γ1 after distance at most T0. In our
example, a geodesic is a straight line segment σ. If σ(t0) ∈ Γ0, then in forward and backward
time, the next meeting σ(t1) of σ with ∂Ω will be inside the controlled set Γ1. Namely,
Γ0 = S0∪· · ·∪Sn lies in the union of the balls B2a(pi) of radius 2a centered at pi, 0 ≤ i ≤ n.
If σ(t0) ∈ Si ⊂ B2a(pi), then at the next time t1 when σ(t1) ∈ ∂Ω, σ(t1) cannot lie in B2a(pi)
by the concavity of Si; and σ(t1) cannot lie in B2a(pj), j 6= i, since the line segment σ([t0, t1])

resp. σ([t1, t0]) would pass through B2a(
pi+pj

2
), which lies outside of Ω by construction. This

shows that a reflecting unit-speed geodesic σ : [0, T ] → Ω travels a distance T at most equal
to twice the diameter of Ω, before crossing Γ1; hence, the time of control is at most

T0 ≤ 2 diamIRnΩ := sup{|x − y| : x, y ∈ Ω}.

Remark 4. A non-Euclidean example, where control is active on all of ∂Ω but there is
no strictly convex function whatever, has been given by Galbraith [4]. In the case of the
Euclidean wave equation (4) on a bounded domain Ω ⊂ IRn, in contrast, uniformly convex
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functions are always available, such as v(x) = |x − x0|2. The Euclidean example above is
therefore possible only because of the uncontrolled boundary Γ0.

5. Numerical Approximation to Geodesic Curvature Flows on Parametric

Surfaces

We need to approximate numerically the evolution of a curve C(t) on a surface Ω =
x(D) ⊂ IR3, D ⊂ IR2, which is given parametrically as

(5) x(u1, u2) = (x1(u1, u2), x2(u1, u2), x3(u1, u2)) ∈ IR3.

Note that the notation used in this section, for a surface in IR3, is slightly different from the
previous sections. The curve is defined by the level set function φ(u1, u2, t) as

(6) C(t) = {x(u1, u2) : φ(u1, u2, t) = 0}
and evolves according to the geodesic curvature flow,

(7)
∂C

∂t
= k ~N

where k ~N is the geodesic curvature vector. We think of the curve C(0) as being given, and
choose φ(·, ·, 0), for example, close to the signed distance from C(0). The evolving curve
C(t) depends only on C(0), and not otherwise on the choice of φ(·, ·, 0). Then we choose the
level set function to satisfy

(8) φt = |∇φ| ∇ ·
( ∇φ

|∇φ|

)

where ∇· and ∇ are the divergence and gradient operators on the surface S. Then (7) will
be satisfied. More precisely, equation (8) is equivalent to the validity of (7) for each of the
level sets of φ.

We are ready to reformulate the flow by curvature as an intrinsic problem in the geometry
of the surface Ω (thus arriving at the context of the first four sections of this paper). In fact,
the equation (8) can also be written in terms of the surface Ω itself (rather than IR3) using
the metric tensor

(9) gµν =
∂x

∂uµ
· ∂x

∂uν
gµσgσν = δν

µ

as

(10) φt = |∇φ| 1√
g

∂

∂uν

( √
g

|∇φ|g
µν ∂φ

∂uµ

)

where

(11) |∇φ|2 = gµν ∂φ

∂uµ

∂φ

∂uν

and

(12) g = det(gµν) 6= 0.

Note that the summation convention is used in (10) and (11) with implicit summation
µ, ν = 1, 2 over repeated indices. The degenerate parabolic PDE (10) exhibits diffusion
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only along of the level sets of the solution, so that the zero level set C(t) of φ(·, ·, t) evolves
independently of the other level sets.

We compute a second order numerical solution to Eq. (10) with a finite difference scheme.
A square domain domain of integration on the variables (u1, u2) is uniformly discretized with
N ×N gridpoints, where the values of the approximate solution φij are stored, 1 ≤ i, j ≤ N .
The coordinate axis u1, u2 run at 45 degrees with respect to the grid as shown in Fig. 1. The
temporal part of the integration is done with a simple second order Runge-Kutta scheme

(13) φij

(

t +
δ

2

)

= φij(t) +
δ

2
Hij(t)

φij(t + δt) = φij(t) + δHij

(

t +
δ

2

)

where Hij is the discretization of the right hand side of Eq. (10) and δ is the time step.
The components of the metric tensor are precomputed at the center of the square (i, j), (i +

i, j i+1, j

i, j+1

u

0 L

h

i+1/2, j+1/2

2 1u

Figure 1. Numerical grid and discretization

1, j), (i+1, j +1), (i, j +1) of diagonal h (circles in Fig. 1); for this we compute the centered
derivatives ∂x/∂u1 ≈ (xi+1,j+1 −xi,j)/h and ∂x/∂u2 ≈ (xi,j+1 −xi+1,j)/h and then compute
gµν and g directly with Eqs. (9) and (12).

During the time integration we compute |∇φ| at (i+1/2, j +1/2) with Eq. (11) where we
approximate the derivatives as ∂φ/∂u1 ≈ (φi+1,j+1−φi,j)/h and ∂φ/∂u2 ≈ (φi,j+1−φi+1,j)/h.
Then we compute the following quantities:

(14) P ν
i+1/2,j+1/2 =

√
g

|∇φ|g
µν ∂φ

∂uµ
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where we are using the summation convention on µ but not in i or j, and all the quantities
on the right hand side are computed at the center (i + 1/2, j + 1/2). Finally,

(15) Hij = |∇φ|c
1√
gc

1

h

(

P 1
i+1/2,j+1/2 − P 1

i−1/2,j−1/2 + P 2
i−1/2,j+1/2 − P 2

i+1/2,j−1/2

)

where gc is centered at (i, j) and is given by the averaged value on the four surrounding
squares 4gc = gi+1/2,j+1/2 + gi+1/2,j−1/2 + gi−1/2,j+1/2 + gi−1/2,j−1/2. A similar expression is
used to compute |∇φ|c at (i, j).

Here we use periodic boundary conditions on φ and on the surface S, however this is not
essential in this numerical scheme provided the curve remains bounded inside the domain
of integration during its evolution; this is ensured for these examples by the approximate
vanishing of geodesic curvature of the boundary of the computational domain. For stability
considerations the time step is constrained as δ < Ch2.

Figure 2. Evolution of a curve towards a closed geodesic (2A, left) and to-
wards a point (2B, right)

In Fig. 2A we show the evolution of a curve surrounding a surface S that has a closed
geodesic, in fact several. Asymptotically, the curve approaches the outermost geodesic. In
Fig. 2B the surface does not have a closed geodesic, and the curve collapses into a small
circle. In order to visualize the curves and the surfaces we used Geomview. The curves are
computed as the union of the zero crossings of the linearly interpolated function φ(u1, u2) on
each discretization square. If the curve collapses into a point, then the sign of the function
φ becomes uniform on the domain of integration. If the curve converges to a geodesic then
the length of the curve will converge to a finite value.
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