EMBEDDED MINIMAL SURFACES AND TOTAL CURVATURE OF CURVES
IN A MANIFOLD

JAIGY OUNG CHOE AND ROBERT GULLIVER

ABSTRACT. LetM " beann-dimensimal complée simply connetedRiemannianrman-
ifold with sectianal cunature boundedabove by a nonposiive consant 2. It is proved
that every branded minimal surface in M bounded by a smoothJordancure  with
total curvature 4 + 2 infpom Area(p ) is embeddd. p denots the ge-
odest coneover  with vertex p. It follows thata Jordancure in M 3 with total
curvature 4 + 2 infpom Area(p ) is unknoted. In the hemisphee ST ; we
prove theembedddnesf ary minimal surfacewhoseboundarycurve hastotal curvature
4 SUPp2 sn Area(p ) .

1. INTRODUCTION

After the formidable prodem of Plateaun EuclideanR" wassettledby Douglasand
Rad, mathenaticians'attentionwasdrawn to the uniguenessandembediednesf their
solutiors (see[D] and[R1].). The rst uniguenessesultwasobtaired by Rad ([R2], p.
100). He provedthatif a simpleclosedcurve R hasa one-toene projectia onto
the bourdary of acorvex region R R?, then bourdsa unigue minimal disk. In fact
ary minimal surfacebourdedby is agraph over R; andherceis simply conrectedand
embelded.LaterNitsche[N2] shavedthatif is analyticwith totalcurvatuwe 4 ,then

bourdsexactly oneminimd disk.

Theembeldedressof theminimal disk bourdedby a Jordancurve  was rst obtained
by Gulliver and Spruck[GS] underthe assumptiorthat hastotal curvature 4 and
is extreme (thatis, it lies on the boundaryof a corvex set). In the samepaper they con-
jecturedthat eithercondtion alonewould be sufcient for the embed@dnessf anarea-
minimizing disk. Moreover Nitschehimself asked whetherhis unique solutionis free of
self-intesection([N3], esp. p. 463. IndeedTomi-Tromba[TT], Almgren-Simon[AS],
andMeeks-Yau[MY ] derivedtheembediednes®sf aminimal disk boundedby anextreme

; [MY] provedembedednes®f ary area-nmimizing disk. But the sufciency of theto-
tal curvature condtion alone,when is notassumedo be extreme,remainedpenfor 25
yeas.

Finally, in a very recentpaper, Ekholm, White, and Wienholtz [EWW] ingeriously
provedthe embedédnes®of any minimal surfacebourdedby acurve in R" with total
cunature 4 . Theirideais basedon the following obsevations. (i) The logaithm of
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thedistancefunction (x) = d(x; p) in R" is afundanentalsolutionof the Laplacianon
atwo-dimersionalplanethrough p. Similarly, log (x) is harmmic onaconep  over

with vertex p. By contiast,log (x) is strictly subharnenic on a norplanar(branched)
minimal surfacein R". This partof their prod is intimately relatedto the well-knowvn
morotonicity formula. (i) By the Gauss-Bonettheoem,2 timesthedensityat p of the
corep isatmostthetotal curvatureof

In this paperwe extendthe Ekhdm-White-Wientoltz resultto minimal surfacesin an
n-dimensionaRiemanniarmanifdd M with sectionakurvatue bourdedabove by anon-
positive constant 2. Thetwo obsenationsabove canbe appropiately genealized for
thesepurposes.Thus, it is prov%dthatif is aJordancurvein M " with total curvature

Got () = jRjds 4 + 2inf Area(p ) ;
p2 M

thenevery brandhedminimal surfaceboundedby is embeded(Theaem 3.) More pre-
cisely, the in mum of areais taken only over geodesicconeswith vertex lying in the
corvex hull Heyx () of . In the preseie of variale ambiert curvetures,a key point is
theintroductionof anew metricof constah Gausscurvatureon p
A similar theoren is also proved for minimal surfaces in the hemisplere S} , using
2= 1(seeTheoem1.) This caseis simpler sinceonly onemetricis needenp
andwill bedemastratedrst. In this pape, we have not carriedout the extensionof our
resultsto continuaus Jordan cunes,aswasdorein [M] andin [EWW].

As in [EWW], our theoremhasa topdogical implicatiort ary Jordancurve in M 3
with total curvature 4 + 2infpow Area(p ) is unkmotted. This appearsto be a
new extensionof the Fary-Milnor theorem which shaved that ary knottedcurve in R 3
hastotal curveture greaterthan4 [F], [M]. Brickell andHsiungproved our unknotting
resultfor the casewhenM 2 is the hyperbdic spaceof constan sectionalcurvature 2
(seeTheaem 4 of [BH].) It shouldalsobe mentiored that Schmitz[S] and Alexarder
Bishop[AB] obtaina the unkrottednas of a Jordancurve with total curvatue 4 in
a simply connested Riemaniien 3-manifold of norpositive sectionalcurvature, which is
thecase = 0 of our Theaem4. Alexander and Bishopalso notedthatthe minimum
total curvatureamorg knottedcurvesin any nonpositively curved 3-manifold is exactly
4 . Butfor thecaseof amanifdd M 3 with sectionacunature 2 < 0 ourhypothesis
onthetotal curvatue of is wealer, andmorenatual, sincetherearenohonothetiesand
thusno scaling,in M 3.

Oneindication of the naturalessof our hypothesisthata curve M " have total
cunature 4 + 2infpom Area(p ) , is thefactthatevery closedcurvein M has
totalcunatureatleast2 + Zinfpow Area(p ) .

Thesecondauthorwould lik e to thankBrian White for his pellucidprivateintroduction

to [EWW].
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2. EMBEDDEDNESS OF MINIMAL SURFACES IN THE HEMISPHERE

Recallthatin the openhemisfhereS} := fx 2 R"! :jxj = 1;Xxp+1 > Og, ary
two points p; g may be connectd by a unigue geodesic, namelythe shorterarc of the
unique greatcircle of S" passingthrough p andqg. In particdar, for any pointp 2 S}
andary immersedcurve in S7, we mayde ne thegeodesicconep  to betheunion
of the geodesicsegmentsfrom p to g, overall g 2 : The smallestclosedsubsef S}
which contairsasetS S7 andcortainsthe geodesicsegmen betweenary two of its
pointsis thecorvex hull of S, andwill bewrittenasH ..« (S): Obserethat,sinceS! isa
spaceform, Hqx (S) may alsobe describedasthe intersectiorof all closedhemisphegs
cortaining S. It follows thatif  is animmersedminimal surfacein S§ with compat
closure whoseboundary@  S; then Heox (S):

De nition 1. De ne themaximumconeareaof a curve St as
A() = sup Arealp ):
sz CVvX ()

Theorem 1. Let bea C? Jordan curvein the n-dimensionalhemispheg S} . Sugpose
2 is a brandched minimal surface having commct closuein S? andbowndary = @ :
If thetotal curvatue of satis es

1) Cot() = jRjds 4  A();
then is anembedihg.

In thede nition of G ; K denoteghe curvaturevectorof : If apoint traverses with
unitspeedthenits acceleratiowvecta in ST coincideswith K. A brancledminimal surface
is onewhich mayfail to beimmersedata discretesetof singularitieswhich areall branch
points; seeDe nition 2 below.

We shallgive the proof of Theoren 1 atthe endof this section.

Theoem 1 hasan interestingtopdogical consegence: a new extensionof the Fary-
Milnor Theorem The Fary-Milnor Theoremshavedthataknotted curve in EuclideanR 3
hastotalcunatureatleastd ([F], [M].) Thenext theoremnis whatwefeelis anapprgriate
analgueof the Fary-Milnor Theaem,whenR 3 is replacedby S . We arenot aware of
ary previousresultson total curvatureof knotsin S3 . Notethatthe bourd requred from
above on total cunaturein this theoremmay be zeroor even negaive, in which casethe
theoemfails. However, in Exanple 1 below, we shallshowv thattheboundis sharp,in the
sensdhatthereareknottedcurves in S2 for which thetotal curvatureis closeto zeroand
themaximum coneareais closeto 4 .

Theorem2. If isaC? Jordanzcurvein S3 : with total curvatue
jKjds 4 AQ) ;

then is unkrotted.
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Prod. It follows from atheoremof Morrey thatthereis a smoothbranckedimmersia of
thediskinto S3 with boundary ; having smallestareaamongsurfacesof thetype of the
disk. Morrey's result[Mo] requres the ambiert manifold M 2 to be completeandhono-
gereouslyregular. Recallthathomagyeneos reguarity is anapprgriatelyweakversionof
boundedgeomdry; see[Mo]. In orderto apply Morrey's resultto our casewe rst need
to constrict a comgete andhomogeneowsly reguar manifold M 2 in placeof S2 : Since

is compactit liesin a closedgeodsicball Bg  S? of radilsR < =2, with center
the point of rotational symmety po 2 S2: We extendBg isometricallyto a Riemann-
ian manifdd M diffeomorphic to R 3; with a rotatiorally symmetic metric,sothatM is
competeandhomayeneosly regular, andthedistanceballsB, of M from py arecorvex,
0<r < 1.TomakM homaeneasly reguar, we maychosethe metricto havee.g.
thecylindrical form S2  [r1;1 ) outsidea compmctset. Morrey's resultshaws thatthere
is asmoothbranckedimmersionof thediskinto M with boundary ; having smallestarea
amory surfaces of thetypeof thedisk. Write its closedimageas : Since is compat, it
liesin B,, for somerg; andsinceeachB, iscorvex,R r < 1 ,weseebythemaximum
principle that Br: Therefore S8

According to Theaem 1, this area-miiimizing disk mustbe anembedéhg of the disk
into S3 with boundary ; thisshowvsthat is unknotted. [ ]

An alternatve prod of Theaem 2 may be given for a real-aralytic curve , and by
appoximation for aC? curve whichsatisesGet () < 4 A() . Thealternateproof
requres Theoren 1 only for animmersedminimal surface , andcitestheresultthatthe
areaminimizing branctedimmersionfrom the disk into S with bourdary mustbean
immersionupto theboundary(see[A], [G] and[GL].)

Example 1. With this example we shall showthat the hypdhesis
Ga() 4 A(Q)

of Theoems1 and 2 (which may appear very strong from a certain point of view) is
actudly sharp.

Let o bethedouwble cover of the circle of someradiusR < =2 in atotally geodksic
S2  s2: with centerat po: This exanple is a family of (2;2m + 1)-torus knots  in
S3; > 0;forary x edpositiveintegerm, suchthattheC? distancebetween and o
asparaneterizeccurvesappoacheseroas ! 0, andsuchthat

Go( )<4 A( )+

To be speci ¢, we mightchoose  to lie onthe boundaryof the tubular neigtborhood of
o ataradisswhichtendstoOas ! O.

We rst conputethegeometic invaiiantsof . Itslengthis4 sinR, andits curvature

is conﬁtant:jkj cotR. Thus, Gt ( 0) = 4 cosR: Themaximun coneareaA( o) =

22 OR sinrdr =4 (1 cosR) isachieed by thedouHe cover of thetotally geocesic

disk of radius R, sincethis diskis thecorvex hull H¢x ( o) of o: Thus,equdity holdsin
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hypothesig1)for o:Got( 0) = 4  A( o): Butbothof thegeoméric invariantsA ()
andGy () arecontinousas variesin C?: We nd therefoeGy ( )< 4 A( )+ ;
asclaimed shaving thathypothesis(1) is sharp.

If wecho®eR = R()! =2, thenwe mayobtainfurtherthatGq ( ) ! O: [ ]

Propositiors 1 and2 below will form the coreof the prod of Theoreml.

Fortherestof thissectionwe shallwrite G(r) := logtan(r=2) for theGreensfunction
of the two-dmensionalsphee. Chosea point p 2 St ; andfor all x 2 S}; de ne
(x) := d(x; p); thedistancemeasuredn S :

Lemmal. LetN ? beatwo-dimensioal manifoldimmesedin ST : Thenexceptat p;

cos 1 gy 2 +d_(Fr);

4nG()= 2sin2 sin

whee A dendesthe meancurvatue vectorof N :

Prod. In S" ; the Hessiarof the distancefunction is T’ = cot (g r 1 );where
g is themetrictensorof St . Thetraceformula stateghat

X
45yG= r G(e ;e )+ dG(H);
=1
wheref e;; €29 is an orthanormal basisfor the tangentplaneto N: Theseformulas are
well known (seee. g. [CG2Z], pp. 172,174) Choosingf e;; e,g with d (e2) = 0 and
d (e1) =jr n j; wehave

—2 cos
r"Gler;e1) = ——(1  2d (ey)?)
sin
and
—2 cos
r G(e;e)=———:
(€2;€2) S
Theconclusiorfollows. [ ]
De nition 2. Let bea Riemanrsurface k a positiveinteger. Amappirgf : ! M?"

hasa brarch point of orde k at wp 2  if its comple r st partial derivativef,, :=
%(fu if v) satis eslimy; w,[fw(W)(W wp) ¥]= a2 C"nfOg. Hereu andv arethe

real andimaginary partsof thelocal comple variablew 2 ,andi = = 1.
A brancked minimal surfacef : ! M?" is a corformally parameterizecharmoric
mappng. By abuseof language, we shall alsoreferto theimage = f() off asa

branchedminimal surface

It maybe showvn thateachpoint of a brarchedminimal surfaceeitheris a brarch point
or hasanimmeisedneighlorhoad; moreover, the real andimaginay partsof the com-
plex vectora in thede nition of a brarch pointareorthagonalandhave equallength(see
[HH]). Theimportarce of branclked minimal surfacesstemsfrom thefactthatthe solution
of Plateaus problem for a minimal surfaceof a giventopdogical typein R" orin M "
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is not animmersionin geneal, but only a branctked immersion Solutionsto this varia-
tional problemarenecessarilymmersiors only whenn = 3 ([A], [G], [GL]), or whenthe
boundarycurve meetshyperplaneof R" in atmost ve points([R2], pp. 34-3%), or when
thetopdogicaltypeis notprescrited ([Fed|, [HS].)

The following lemmadescriles the effect of brarch points on areaand divergence-
theoem compuationson a brandedminimal surface. Part (b) shovs thatif p 62 , then
thereis no effectontheintegralof 4 G. Theconclwsionof part(a) maybeinterpretedto
saythatfor somepurposes, actslikethe(k + 1)-fold cover of a smoothsurfaceneara
brarch point of order k.

Lemma?2. Let = f() beabrancedminimalsurfacein a Riemamian manifdd M .
(@) Letp = f (wp),wp 2 , beabranch pointof of orderk. If is theunit normd
vectorto \ @B-(p) tangentto andpointing towardsp, thenas" ! 0, ! r

uniformlyon \ @-(p). Afterrescalingto unitradius,thecurve \ @3- (p) corvergesin
C! normto theconstam-speedk + 1)-fold cover (resp.half of theconstat-speedk + 1)-
fold cover) of a great circle in the unit sphee of T,(M ), if wg 2 (resp.wp 2 @ ).
Moreover, if wg 2 @ andf maps@ mondonicallytoaC? curve ,thenk is even
(b) If p62 ,then Z Z

4 GdA= r Gds;

@
whee istheoutward unit normalvectorto @ tangentto

Prod. Choosedocal confamal coordnatesfor nearwgp and Riemanniamormal coor
dinatesfor M atp. Writea = limy1 w, (W W) Kfw(w) =: D+ ie, wherethereal
vectas D ande areorthogpnal and have the samelength (see[HH].) Thenasw ! wy,
thetangen planeto  atf (w) converges to the planein T,(M ) spannedy B ande. In-
tegrationshavs thatf (w)  f (wp) is thereal partof &a(w wo)¥*1, moduloaterm
which tendsto zerofasterthanjw  wgj*1 . The parity of k ata boundarybrarch point
wasshovnin [N1], p. 332 Thecorclusionsof part(a) follow.

To prove part(b), we applypart(a) to eachbrarch pointg = f (w;)of ,1 i m.
Thedivergencetheoemon n| ;1 B-(q) leadsto them additional boundaryterms

r Gds:
\ @-(ai)
Sincep 62 r G is uniformly bourdedin a neighlorhaod of g, while the length
of \ @-(qg) appoached by part(a), sotheseadditiona boundarytermstendto 0 as
"1 0. [ ]

Corallary 1. If 2 isabranchedminimalsurfacein ST ; thenG( (x)) = logtan( (x)=2)
is sublarmonicon . If C istheconep @ overthepolep of the distancefunction ;
thenG( ) is harmoric on C; exceptat p:

Prod. Since isadistanceunctionin S?;jr  j 1; while onthecone,sincethe S -
gradentr istangento C; jr ¢ j 1: Themeancurvatue vectorof vanishesand
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themeancurvatue vectorof C is orthogonalto thegradentr : Lemma 1 and2(a) now
implythat4 G( ) Oand4 cG( ) O, exceptatp.

If p2 ,thentheoutwardnormd derivativeof G( ) on@-(p)\  appoachest 1
as" ! O(if pisabranchpoint of ,Lemma2(a)will beusefulhere),whichimpliesthat
G is subhamoniceverywhereon . [ ]

For a 2-dimensionaimmersed_ipschitzsurface,or abrarchedsurface N2 S ; we
de ne thedensityof N at g to bethelimit

Area(N \ B-(q))

@ V(@ = fm

2

Here,B-(q) is the geodsic ball of ST with sphericalradius”, centeed at g. Note that
whenN is smoothor a core, we mayalsocomputethe dersity in termsof lengtts:

V(@ = fim HHL @D,
Of course the samelimit is alsoobtaired if the denaninatorsin thesetwo quaientsare
repla@d by the sphericalarea2 (1 cos") andsphericallength2 sin", respectidly.
Obsenre thatif N is a smootly immeisedsubmaifold andhasa self-intersectia atp 2
Sh;then n(p)  2: Also notethatif pis abrarch point of N of orderk, then y (p)
k + 1 (seetheproof of Lemma2(a).)

Proposition 1. (DensityCompaison)Let beaC? immesedclosedcurvein Sf : Choose
p2Shn :If ?isabranchedminimalsurfacein S} with bourdary@ = ;andC is
theconep  overp, thentheir dersitiesat p satisfytheinequality

P < c(p)

unless is totally geockesic.

Prod. By Corollary1, we have 4 G( ) O0and4 cG() 0; whereG( (x)) =
logtan( (x)=2) and (x) := d(x; p): Forsmall" > 0; write C- := CnB-(p), andsimi-
larly -. Thentheboundaryof -is [ ( \ @-(p):Let ( c,respectidy) bethe
outward unit nomal vectortangento - at@ - (to C- at@C-, resp.).Then

z z z — Z —
0 4 G()dA= r Gds= —ds+ _ ds:
. @ - \ @- (p) Sin Sin

Along the smallbourdarycompaent \ @-(p); as" ! O0; ro! 1 uniformly,
and

L(\ @ (p) |, .

2 sin" ' (P):
Along , r c r .Henceas"! 0,we nd
LT
2 (p € ds:

Sin
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Similarly, alongC\ @-(p), wehave ¢ r : After applyingthedivergencetheorem

tothevectoreld r ¢cG( ) onC-,we nd
Z _

_ c I )
3) 2 c(p)= o ds:

Thisimplies  (p) c(p). If equalityholds,then4 G  O; whichrequiresjr |
1 accordng to Lemmal. Thiscanonly happenwhen is totally geodesic.

We have tacitly assumedhat Cnf pg is immersedn M . Equatio (3) may be proved
in the genera caseeither by analysisin singularcoorinatesor by appraximation; we
shall carry out an appr@riateappraimation argumentat the end of the proof of the next
proposition. [ |

Proposition 2. (Gauss-Bonet) ConsiderthegeodesicconeC = p  overanimmesed
C?curve inSh;n 2:(a)lfp62 ,then

2 c(p) = Area(C) R cds:

(b)Ifp2 ,then 7
2 c(p) = Area(C) K cds

Prod. We rst assumeéhatCnf pg isimmersedn S} :
Considercase(a), wherep 62 . By the Gauss-Bonet formula on C-, for " lessthan

thedistancdrompto
z z

(4) K dA K cds R cds=2 (C):
C C\ @ (p)

where is the EulernunmberandK is theintrinsic Gausscunvatureof C: SinceC- is an
immersedannuls, we have (C-) = 0: Now C hasprincipal curvatue zeroin ther
directin, sothe deterninant of its secondfundamentaform vanishesandby the Gauss
equation,K equalgthesectionakurvatue K = 1 of theambien S :

Along C\ %‘B"(p); c= r andk ¢ cot". Thus,we maycompte
(5) lim R cds= |im(cot")L(C\ @-(p)) =2 c(p);

"0 o\ @ (p) "0

sothatformula (4) implies

(6) Area(C) R cds 2 c(p=0;

which provesPropaition 2(a) whenCnf pg is animmersian.

Theproofof part(b) is analogpus.However, whenp 2 , for small”, C- is atopolagi-
caldisk,sothat (C-) = 1. Also, thebourdaryof C- corsistsof thearcC\ @~ (p) and
thearc - := nB-(p). Forsmall" > 0, thesearcsmeetat two points forming exterior
andes (") and ("). Equation(4) becones

d (Z) (") Ea 4) >

K dA R cds R cds+ ()+ ()=2:

c C\ @-(p)
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Since issmooth (")! =2and (")! =2as"! 0,whichyields

z
@) Area(C) R cds 2 c(p= ;

andProposition2(b) follows.

In geneal, theconeC = p  neednotbeanimmersionaway from p: The problem
arisesexactly on the setA where is tangent to the radial gealesicfrom p; thatis,
the unit tangem vector T coincideswith r . Letuschosea C! mappirg T from
into the unit tangentoundle of S} nf pg, whichis C*-closeto T andtrans\erseto the two
sections r . Thetwo sections r de ne acodimension{n 1) submaifold of the
total spaceof the unit tangentbunde. If n  3; trans\ersality meansthat T is disjoint
from this submaifold. If n = 2; we rst embed S? asatotally geodsicsurfacein S8,
andthenrequire trans\ersality for T . In order to ensurethat T is thetanget vectorto a
closedcurve , we adjustT to satisfythen 1 closureconditiors, for small : In the

casep 2 ,wemayrequirep?2 . Thenp satis esformula (3), andformula(6) or
(7),if p62 orp2 ,respectiely.
We claimthat,since ! in the C2 norm,eachtermof equdion (3), (6) or (7) is the

limit, as ! O, of thecorresponihg quartity for : To beprecisejt shouldbe obsered
thatin generaltheconeC = p  isonly C*?! uptotheboundary . Namely theoutwad
unit normal vector ¢ satises ¢ r 0. For qin thesetA , ¢ (0) is norunique;
clearlyforq ! q, g 2 ,thenomalvectos ¢ (q ) neednotcorverge Nonetleless,
theinwardgeodesicurvaturek = K ¢ iswell de ned almosteverywhereon , since
R = 0 almosteverywhereon the problenatic setA. Similarly, ¢ r is well de ned
almosteverywhereon . Bothk and ¢ r arepointwide limits almosteverywhere
of the correspondig quantitiesfor , which are uniformly bounded. The domnated
convergencetheoremnow impliesthatformula (3), andeitherformula (6) or (7), hold for

ary C? curve Sn. [ |
Prod of Embedding Theaem 1. Let 2 be a brarchedminimal surfacein S? whose
bowndary@ = isaC? Jordancurve satisfyingthe hypothesig(1):
z
Got () = jKids 4 A():

Notethat Heox () bythemaximumprinciple. To shav that  hasnointerior branch

points andis embedled,it sufcestoshavthat (p) < 2forallp2 (p62).
Choosep 2 ,andletC = p  bethegeodsicconeover with vertex p. If is

totally geodesicthenit is the subsebf a totally geodesicS? bourdedby the embeded

cune S2,so isembeded. Otherwise py Propositios 1 and2(a), we have
z

2 P<2 cp-= kK ¢ ds+ Area(C):

Sincep 2 Hew () ; Area(C) is lessthanor equalto the maximum coneareaA () : But
R ¢ |Kj; sohypothesiq1) implies  (p) < 2; asrequred.
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It remairs to rule out bourdary brarch points (in the casen = 3 of Theoem 2, this
would follow by well-known argumentsfrom emteddedessin theinterior, e.g.[GL].) If
p2 ,thenby Propaitionsl and2(b), unleéss is totally geodsic, we have

2 P<2 cP-= R cds+ Area(C)

Using hypothesig1) asbefae,we nd that (p) < 3=2. For abourdary branchpoint
p of orderk, thedensity (p) (k+ 1)=2, andk is even by Lemma2(a). Thiswould
imply that  (p)  3=2, whichis impossible We have shavnthat  is embeded. [ |

3. EMBEDDEDNESS OF MINIMAL SURFACES IN NEGATIVELY CURVED SPACES

We now turn our attentionto the caseof norpositive ambiert sectionalcunature. For
a minimal surfacein hyperbdic space embed@édnessnay be proved in comgete anal-
ogy to section2 above, with  A() replacedn hypahesis(1) by the in mum of areas
of cones. However, unlike the caseof S? , the nonpgitively curved casecan be signi -
cantlyimprovedto permit variablesectionalcurvature,andtheinequalities requireonly a
norpositive upperbourd 2 onambien sectionakunature.

Thus,throughou this sectionwe assuméhatM is ann-dimensionalcomplete simply
comectedRiemanniarmanifold with sectionalcurvaturebourdedabove by a nonpositive
corstant 2. Let beaC? immersedcurvein M: We de ne the (geocesic)coneC =
p over with vertex p asthe union of the gealesicsegments from p to q, over all
g2 :Sincethegeodsicjoining any two pointsof M is uniqueanddepend smootty on
its endints, Cnf pg is theimageof a C? mappiry.

The main tool which will be addedto the methals emplgyed in Section2 above is
comparisonwith a metric b of corstantGausscurvature 2 on the geodesic coneC;
seeDe nition 4 belon. This metric was introduced by the rst authorin his study of
isoperimetric inequalitieson minimal surfaces[C].)

De nition 3. De ne theminimumconeareaof as

A = inf  Areal :
() LS (P )

Remark 1. A re nement of the methals of this paperwould be to replacethe corvex
hull of in De nitions 1 and3 with the (usudly) smallermeaneurvature hull of . This
would allow Theaems1 and3 to be proved with slightly wealer hypothesesThe mean-
curvatue hull of asubsetS M is de ned asthe intersectionof the closuresof C?
open subset®f M which containS, have bourdariesof nonregative meancurvatue (with
respecto theinward unit normd), andwhich aremembes of a contiruousexhatstion of
M by opensubsetsvhoseboundarieshave nomegative meancurvature. It follows that
if is a brarchedminimal surfacein M with compact closure,then lies inside the
meancurvature hull of @ .

In thisregard, it shouldbenotedthatBrickell andHsiungactuallyprovedthe unknotting
Theaem 4 for the specialcasewhenM 2 is the hyperbdic spaceof constan sectional
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cunature 2, andthein mum of areais taken only over coreswhoseverticeslie on
itself (see[BH].)

Theorem 3. Let 2 bea branched minimal surface(of arbitrary topdogical type)in an
n-dimensionalcompletesimplyconnetedRiemanian manifdd M whosesectiona cur-
vatureis bourdedaboveby a nonpositiveconstan 2. Write = @ ; which weassume
to bea C? Jordancurve i. e. a C2 embeddig of thecircle S*: If thetotal curvature of

satis es .
(8) Got() = jKids 4 + ZA();

then is anembedihg.

We shallgive the proof of Theoren 3 atthe endof this section.

Theoem 3 implies a substantialextensionof the Fary-Milnor Theaem, which was
provedfor = 0in [AB] and[S]. The prod of the following theoremis similar to the
proof of Theoem?2 above.

Theorem 4. Let bea C? Jordan curvein a complete simply conneted Riemanian
3-manifold M with sectionalcurvature 2. If thetotal curvatue of ~ satis es
z

jRids 4 + 2A();
then is unkrotted.

Example 2. Thisexampleshowsthatthe hypottesis
Ga() 4 + 2A()

of Theoems3 and4 is sharp.

Let o bethedolble cover of thecircle of radius R in atotally geodesicH?  H?3: Here

H" is the n-dimersionalhyperbolic spaceof constansectionalcurvatue 2 = 1. In
a similar fashionto Exampe 1, givenary choiceof positive integerm, the exanple is a
oneparamgerfamily of (2; 2m+ 1)-torusknots inH3; > O;with ! ¢ andwith

Got( )<4 +A( )+

In fact, ¢ haslength4 sinhR; cunaturejk| cothR, Got ( o) = 4 coshR; and
A( o) =4 (coshR 1) [ |

We shallnow presensix results,n preparationfor theprod of Theaem3.
Write G(r) := logtanh( r =2) for the Greens function of the two-dimensionahyper
bolic planeH?(  ?) with Gausscurvatue 2 < 0, andG(r) := logr for R?, if

= 0. WecomputedG=dr = =sinh r ordG=dr = 1=r, respectiely. Choosea point
p2 M;andde ne (x) := d(x;p); usingthedistanceunctiond(; ) of M:



12 JAIGY OUNG CHOE AND ROBERT GULLIVER

Lemma 3. Let N? bea two-dimensioal manifdd immesedin a complete simply con-
nectedRiemamian manifoldM whosesection&curvatueis bourdedaboveby — ?;

0: Then

(a) exceptat p;

cosh
sinh?

d (H)

2
AnG() 2 sinh

in case > (;

1 grn 2+
and

4nG() 32 1 jrn j? + T case =0

whee H is themeancurvatue vectorof N :
(b)
4y log(l+cosh ) 2+ tanh( = 2)d (H)in case > 0;

and
4y %2 4+2 d(H)incase =0:

Prod. By the Hessiancomparisontheoem, the Hessiarof the distancefunction of M
satis es

2 — —

r coth (g r r )for >0; andr 2 2gfor =0

whereg is themetrictensorof M (see[SY], p. 4).

As in theproof of Lemmal, afterapplyingthetraceformula, thisinequdity leadsusto
theconclwsionof part(a).

For the prod of part(b), we againusethetraceformula andnotethat

2

—2 — — .
r log(l1+ cosh ) 1+ cosh cosh g+ (1 cosh )r r for > 0:

For a 2-dimensionaimmersed_ipschitz subnanifold, or abrancledsurface, N M
andapointq2 M, wede ne thedensityof N at g to bethelimit

) (@ = "“!mo Area(N -\-28" (@)

asin de nition (2) abore. As obseredin section2 abore, if N is a smodhly immersed

submaifold of M andhasa self-intersectioratp 2 M ; then §(p) 2. Furtherif pis

aninterior brarch pointof N of orderk, then N (p) k+ 1; atabourdarybranchpoint,
n(p)  (k+ 1)=2.

Let bea C? immersedclosedcurve in M: Choosep 2 M. If 2 is abrancted
minimal surfacein M with bourdary@ = ; andC istheconep  overp, thenthe
key ingredentin the prod of Theaem 3 is to give anupper boindof  (p) by ¢ (p).
Unfortunatelythisis impossibleunlessM is rotatiorally symmeéric abou p. To getarownd
thisdif culty we needto de ne aconstanteurvature metric on C asfollows.
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De nition 4. Letf bea new metricon C with constaat Gausscurvatue 2 sud that
thedistancefromp remainghe sameasin theoriginal metricg, andsodoesthearclength
elemenbf . More precisely everygeocdesicfromp under g remainsa geocesicof equd
lengthunder b, thelengthof anyarc of remainsthe same andthe anges betweerthe
tangentvectorto andthegeodesidromp remainunchanged

We shallwrite ® for the two-dmensionalRiemanian manifld (C; ), whichis sin-
gularatp. In orderto construct®, we may startwith anarc-lengh paraneters along .
Letr(s) bethedistancan C from thecorrespnding pointof top. Thenchoasea point
b2 H2( 2), andletacurve P locally isometricto  betracedoutin H2(  2) sothat
thedistancefrom p equalsr (s). Let b= p b, which maybein acoveringof H?( ?)
brarchedover p, and nally glue@ alongthe geodesicsegmentsfrom p to theinitial and
nal points(cf. [C], p. 211) Note thatthe anglebetweentwo geodsicsat p becones
larger underf, aswe shallseein Propsition5 below.

Corollary 2.
(@) If 2 isabranchedminimalsurfacein M ; thenG( ) is subharmaic on
(b) If ® istheconep @ overthepolep of thedistane function in M with themetric
b of Gausscurvatue 2, thenG( ) is harmonicon ®; exceptat p.
(c) Further, on ®
4 .log(1+ cosh )= Zfor > 0; and

2 — —_ N
4. “=4for =0

Prod. (a)On ,themeancurvaturevectorof vanishesandjr j 1;hencet G( )

0, except atp, accordng to Lemma3(a). Nearp, we argue asin the prod of Corollary 1.

(b) Onthecone®, however, weapplyLemma3(@)withM = N = ®, sothatd  Oand
jr ¢ 1. Moreover constagy of the Gausscunvatureon @ forcesall the inequalities
in the proof of Lemma3(a) to becone equalityandconseqently4 - G( )  0: Similarly

for part(c). [ ]

Remark 2. Thefollowing four propasitionstreattheconeC = p . Intheprod of each,
it is corvenientto assumehatthe coneis immersedexcept at p. This impliesthat@nf pg
is a smoothtwo-dimensionaimanifdd with Gausscunature® 2. This assumption
entailsno lossof geneality, since,asacurvein M, is theC? limit of closedcurves
with the propertythatp isimmersedexcept at p. Speci cally, thegeodsic cunatures
k andR consideredelov, andthenormd derivative ¢ r of , arethepointwiselimits
almosteverywhereof the correspndingquantitiesfor . This may be proven asat the
endof theproof of Propaition 2 above.

Proposition 3. (Density Compaison)Let 2 be a branded minimal surfacein an n-
dimensimal simplyconnectd Riemaniman manifoldM with section curvature 2,
If ® is asin De nition 4 above then (p) < < (p) unless is totally geodesiowith
corstantGausscurvatue 2.
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Prod. By Corollary 2, we have 4 G( ) 0and4 .G( ) 0; where, as above,
G( (x)) := logtanh( (x)=2) and (x) := dwm (X; p) ord (x; p) respectiely. For small
"> 0; write ® = &nB-(p) and - = nB-(p), whereB-(p) dendesthe geodsic
ballin M of radius" andcenterp. Thenthebowndaryof -is [ ( \ @-(p): (The
commpnert \ @-(p) maybeempty) Let  betheoutward unit normal vectortangenm
to ~at@ -. Then

z z z = z =
0 ” 4 G()dA= o r Gds= o SR ds+ g
Along the smallbourdarycompaent \ @-(p); as" ! O0; ro! 1 uniformly,
and
L(\ @ () .
2 sinh" - (P):

Let ¢ betheoutwardunit normal vectortangem to C alorg its bourdary. Thenit should
be notedthat

r c r along
Thus,we nd thattheinequdity aboveimplies
Z _
(10 2 (p c ' gs:

sinh
Noteherethat ¢, consideedasatangentvecta to C, is alsothe outwardunit normal
vecta in the metrich. Along the intrinsic distancesphere@--(p) o r is the
outward unit normd vectortangen to o Henceby Corollary 2(b), assumingCnfpg is

immersed,as" ! O,
Z

0=  4.G()dA!l 2 (p)+ c '
C-

sinh

SeeRemark2 for thenonimmersectase.Therefore,by inequality(10),
Z _

r
2 (M= o—ds 2 (p)

whichis the desiredestimate.

If equalityholds,then4 G  0O; whichrequiresjr  j 1 accordng to Lemma3.
But this meansthat is a coneover p, aswell asbeingminimd, which canonly occur
when s totally geodesic.Moreover, 4 G 0 now impliesthat4 coth ,
which, alongwith K 2 impliesthat hasconstanGausscurvatue K ’n

Proposition 4. (GeodesicCurvature ComparisoplLet bea C? curvein M ", a manifold
with sectionalcurvatures 2, andlet C betheconep . If ® is the coneC with
the constantcurvature metrich, asin De nition 4 above, thenk(q) l?(q) for almostall
g2 ,wheek andR denotetheinward geodesicurvatuesof inC and®, respectively

Prod. We rst assumahatCnfpgisimmersedFor o> 0,let o = C\ @ ,(p), and
let ko bethe geodesiccunvatureof ¢ in C. Also, let ko be the geodesiccunatureof ¢
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in ®. To estimateko andR, let usde ne V (‘9, respectiely) to bea Jacobield in C (@,
respectiely) alongtheunit-speedjeodesic fromptoq2 , satisfying

(11) V(p)= ¥(p)=0andV ? ;9?2

Foreachq2 ,sinceg= palong , wemayalsoimposethebourdarycondtions

(12) MOERICHVCIESIICIERE

therely determiring V and¥ uniquely, sinceK and®, the Gausscurvatuesof C and®

respectiely, arenorpositive. In fact,V = ¥ asvector elds on Cnf pg. V and¥ satisfy
the Jacobiequdions

(13 r r V=R(;5V)_and lb_lb_‘pzﬂ?(_;*?)_;
wherer ;© dende theconrectionsfor themetricsg; b respectiely, while R; R dendethe
Riemanrcunaturetensorf g andf, respectiely. Writef (t) = jjV ( (1))]j, andsimilarly

1b(t) = ij( (1))jj, wherethe norms aremeasuredisingg andy, respectiely. SinceC
and® have dimersion?2, eguations(13) areequivalentto the scalarJacobiequatias

(14 £O01) + K ( ()F (1) = 0; #°%0) + R( (1)) = 0:
By the Gaussquationwe have
K = R (5ViV; )V + det(B);
whereRy, istheRiemanrcurvatuetensorof M andB is thesecondundamentalform of
C in M: SinceC isacone we havedet(B) = 0, andit followsthatC hasGaussurvature
K 2:

We next compute ko and Qo. ExtendV andV asnomal Jacobi elds alongall ra-

dial geodesicdrom p. Also, let W be the unit vector eld whichis tangen to the radial

gealesics.Then[V;W] Oandhv;Wi 0. Similarly, [?;W] 0Oandh®;wi o.
Then

iiVii2ko= hTyV;Wi = hv;r yWi = b, Vi= _(jVjj?)=2= fYt)f (t):
Thus ko( (1)) = ft)=f(t): Similarly, we compte Ro( (1)) = ft)=ft): As is well
known, the scalarJacobiequatiors (14) areequialentto the Riccatiequations

kS( () + ko( ()2 = K( (1) %
and
RIC ) + Ro( ()2 = R( (1)) = 2

It follows thatthedifferencesatis esa homogeneaslineardifferentialinequdity
(ko Ro)°+ (ko+ Ro)(ko Ro)= K+R o0

Meanwlile, ko Ry = (f ob o )=(fbf) I Oast! O, asfollowsfrom L'Hospital'srule
usingtheequatios (14). Therefae

(15 fof ==k, R, O
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We arenow in a positionto comparethe respectie inward gealesiccurvatuesk and
Rof . Write T = (V=f)cos' W sin' for the unit tangen vecta to : T hasunit
lengthwith respectto eithermetricg orh. Thenr +T = k ¢ and |bTT = R c,
where ¢ = (V=f)sin' + W cos' istheoutwardunit normd vectorto , with respect
to eithermetric,andcos' 0. We computer wW = r w(V=f) = 0; r vy (V=f) =

koW andr v W = kqV. It followsin astraightfowardfashionthat k ¢ =r 1T =

ko ccos  cT().Thusk = kocos + T('),andsimilarlyR = Rycos + T(").
Hence

k R= (ko Qo) cos' 0:
Remark2 now impliesthatk R almosteverywherein the geneal casewhereCnf pg
neednotbeimmersed. [ ]

Remark 3. The proof of Propaition 4 holdsmoregenerally for any two metricsg; g on
a conewhich have the sameunit-sped geodsicsfrom the vertex, agreeat the boundry,
andwhoseGaussiarcunaturessatisfykK 10

Proposition 5. (DensityandAreaComparisoplLet bea C? curvein M ", andlet C =
p , asin Proposition4. If ® is the coneC with the constantcurvatue metric b, as
in De nition 4 above thenthe densities ¢ (p) c (p) andthe areas Area(C)
Area(®).

Prod. Theinequality (15) above impliesthatf (t)=lb(t) is increasing Recallingthe nor
malizationf = 1bateachqz andf = fo= 0 atp, weseethatf (t) fb(t) along ;90
10 at g, andf© 0 at p: Notethat Area(C) andArea(@) may be written asthe same
double integral with respectre integrandsf andfo. [ |

Remark 4. We notehereaninterestingnequality relatedto Proposition5 above, although
wewill notneedit in this paper:

Area() Area(@) :

Theprooffollows analoguslyto Propaition 3, usingLemma3(b) andCorollary 2.

Proposition 6. (Gauss-Bonet)(a) For anygeodesia:one@ =p ;p62 ;withconstam
curvatue 2 overanimmesedC? curve inM"; nZ 2;

2 P+ ZArea(®) = Rds;
wheeR is thegeodesicurvatue of in ®.
(b)Ifp2 ,then z
2 P+ ZArea(®) = Rds
Prod. (a) Consitzjerp 62 . ByztheGausg—Bonrte‘ormula on®. := GnB-(p);

(16) RdA+ Rds+ Rds=2 (&)=0;
C- C\ @ (p)
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wherel 2 js theintrinsic Gauscunatureof ®. . Since®. is animmersedannults,
the Eulernumbe (@--) =0

Thegeocsiccunatureof @\ @8- (p) is the negative of the curvature of @-(p) asa
curvein H2( ZZ), namdy, coth " . Thus,

lim Rds lim ( coth " )L(B\ @-(p)

O @ (p)

.!i!mo(cosh" 2 c@= 2 (p:

SinceArea(@--) ! Area(@); the GaussZ-Bonet formula (16) now implies

17 2prea(®)+  Rds 2 .(p)=0;
which proves Proposition6(a) when Cnfpg is animmersion The generalcasefollows
from Remark2. Theprod of (b) is analogusto (a) andPropaition 2(b). [ ]
Prod of Embediing Theoem 3. Let 2 be a brancted minimal surfacein M whose
bondary@ = isaC? Jordancur\éesatisfyingthehypothesis(8):

Got() = [Rjds 4 + 2A();

where 2 isanuppea bound onsectionaturvaturesof theambiert manifdd M . We need
to shav that  hasno brarch pointsandis embedled. Thus, it will sufce to shawv that

(p) < 2atallp2 Mn andthat (p) < 3=2atp2

Consideraryp2 n ,andletC = p  bethegeodsic coneover with vertex p.
If istotally geodesicthen is embeded,sincethereareno compactotally geodesic
surfaces andno geodesidoops in M . Otherwise by Propsition 3 and Propsition 6(a),
we have Z

2 (<2 (= Rds ZArea®):

Recallthat Heox () - HencePropgition 5 implies that Area(@) is at leastequal
to the minimum coneareaA () :andsinceR  k jRj almosteverywherealong by
Propsition4, we nd
2 (M<Ga() 2AQ):
Therefore, hypothesis(8) implies (p) < 2. If p2 , apply Proposition 6(b) to shov
(p) < 3=2. Then,asin theprod of Theaem1, theembedeédcharaterof follows. ll
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