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ABSTRACT. Let M n beann-dimensionalcomplete simplyconnectedRiemannianman-
ifold with sectional curvatureboundedabove by a nonpositive constant � � 2 . It is proved
that every branched minimal surface in M bounded by a smoothJordancurve � with
total curvature � 4� + � 2 inf p2 M Area( p�� �) is embedded. p�� � denotes the ge-
odesic coneover � with vertex p. It follows that a Jordancurve � in M 3 with total
curvature� 4� + � 2 inf p2 M Area( p�� �) is unknotted. In the hemisphere Sn

+ ; we
prove theembeddednessof any minimalsurfacewhoseboundarycurvehastotalcurvature
� 4� � supp2 Sn

+
Area( p�� �) .

1. INTRODUCTION

After the formidableproblem of Plateauin EuclideanR n wassettledby Douglasand

Rad́o, mathematicians'attentionwasdrawn to theuniquenessandembeddednessof their

solutions (see[D] and[R1].). The �rst uniquenessresultwasobtainedby Rad́o ([R2], p.
100). He proved that if a simpleclosedcurve � � R 3 hasa one-to-oneprojection onto

theboundaryof a convex region R � R 2, then� boundsa uniqueminimal disk. In fact
any minimal surfaceboundedby � is a graph over R; andhenceis simply connectedand

embedded.LaterNitsche[N2] showedthatif � is analyticwith total curvature � 4� , then
� boundsexactlyoneminimal disk.

Theembeddednessof theminimal diskboundedby aJordancurve � was�rst obtained
by Gulliver andSpruck[GS] underthe assumptionthat � hastotal curvature � 4� and

is extreme (that is, it lies on theboundaryof a convex set). In thesamepaper, they con-

jecturedthateithercondition alonewould be suf�cient for theembeddednessof an area-
minimizing disk. Moreover Nitschehimself askedwhetherhis unique solutionis freeof

self-intersection([N3], esp. p. 463). IndeedTomi-Tromba[TT], Almgren-Simon[AS],
andMeeks-Yau[MY ] derivedtheembeddednessof aminimaldiskboundedby anextreme

� ; [MY] provedembeddednessof any area-minimizing disk. But thesuf�ciency of theto-
tal curvaturecondition alone,when� is not assumedto beextreme,remainedopenfor 25

years.
Finally, in a very recentpaper, Ekholm, White, and Wienholtz [EWW] ingeniously

provedtheembeddednessof any minimal surfaceboundedby a curve � in R n with total

curvature� 4� . Their ideais basedon the following observations. (i) The logarithm of
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thedistancefunction� (x) = d(x; p) in R n is a fundamentalsolutionof theLaplacianon

a two-dimensionalplanethroughp. Similarly, log � (x) is harmonic on a conep�� � over
� with vertex p. By contrast,log � (x) is strictly subharmonic on a nonplanar(branched)

minimal surfacein R n . This part of their proof is intimately relatedto the well-known
monotonicity formula. (ii) By theGauss-Bonnettheorem,2� timesthedensityat p of the

cone p�� � is at mostthetotal curvatureof � .
In this paperwe extendtheEkholm-White-Wienholtz resultto minimal surfacesin an

n-dimensionalRiemannianmanifold M with sectionalcurvatureboundedaboveby anon-

positive constant� � 2. The two observationsabove canbe appropriately generalizedfor
thesepurposes.Thus, it is provedthatif � is aJordancurve in M n with total curvature

Ctot (�) :=
Z

�
j~kj ds � 4� + � 2 inf

p2 M
Area(p�� �) ;

thenevery branchedminimal surfaceboundedby � is embedded(Theorem3.) More pre-
cisely, the in�mu m of areais taken only over geodesicconeswith vertex lying in the

convex hull H cvx (�) of � . In thepresenceof variable ambient curvatures,a key point is
theintroductionof a new metricof constant Gausscurvatureonp�� � .

A similar theorem is also proved for minimal surfaces in the hemisphere Sn
+ , using

� 2 = � 1 (seeTheorem1.) This caseis simpler, sinceonly onemetric is neededon p�� � ,
andwill bedemonstrated�rst. In this paper, we have not carriedout theextensionof our

resultsto continuousJordan curves,aswasdone in [M] andin [EWW].
As in [EWW], our theoremhasa topological implication: any Jordancurve in M 3

with total curvature � 4� + � 2 inf p2 M Area(p�� �) is unknotted. This appearsto be a
new extensionof the Fáry-Milnor theorem, which showed that any knottedcurve in R 3

hastotal curvature greaterthan4� [F], [M]. Brickell andHsiungproved our unknotting
resultfor thecasewhenM 3 is thehyperbolic spaceof constant sectionalcurvature� � 2

(seeTheorem 4 of [BH].) It shouldalsobe mentioned that Schmitz[S] andAlexander-
Bishop[AB] obtained the unknottednessof a Jordancurve with total curvature � 4� in

a simply connectedRiemannian 3-manifold of nonpositive sectionalcurvature, which is

the case� = 0 of our Theorem 4. Alexander andBishopalsonotedthat the minimum
total curvatureamong knottedcurvesin any non-positively curved 3-manifold is exactly

4� . But for thecaseof amanifold M 3 with sectionalcurvature� � � 2 < 0 ourhypothesis
onthetotalcurvatureof � is weaker, andmorenatural, sincetherearenohomotheties,and

thusnoscaling,in M 3.
Oneindication of the naturalnessof our hypothesis,that a curve � � M n have total

curvature� 4� + � 2 inf p2 M Area(p�� �) , is the fact that every closedcurve in M has
total curvatureat least2� + � 2 inf p2 M Area(p�� �) .

Thesecondauthorwould like to thankBrianWhite for hispellucidprivateintroduction

to [EWW].
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2. EMBEDDEDNESS OF M INIMAL SURFACES IN THE HEMISPHERE

Recall that in the openhemisphereSn
+ := f x 2 R n +1 : jxj = 1; xn +1 > 0g, any

two points p;q may be connected by a unique geodesic, namelythe shorterarc of the

unique greatcircle of Sn passingthrough p andq. In particular, for any point p 2 Sn
+

andany immersedcurve � in Sn
+ , we mayde�ne thegeodesicconep�� � to betheunion

of the geodesicsegmentsfrom p to q, over all q 2 � : The smallestclosedsubsetof Sn
+

which contains a setS � Sn
+ andcontainsthegeodesicsegment betweenany two of its

points is theconvex hull of S, andwill bewritten asH cvx (S): Observe that,sinceSn
+ is a

spaceform, H cvx (S) mayalsobedescribedasthe intersectionof all closedhemispheres

containing S. It follows that if � is an immersedminimal surfacein Sn
+ with compact

closure, whoseboundary@� � S; then� � H cvx (S):

De�nition 1. De�ne themaximumconeareaof a curve � � Sn
+ as

A(�) := sup
p2H cvx (�)

Area(p�� �) :

Theorem 1. Let � bea C2 Jordan curvein then-dimensionalhemisphere Sn
+ . Suppose

� 2 is a branchedminimalsurface, having compact closure in Sn
+ andboundary� = @� :

If thetotal curvatureof � satis�es

(1) Ctot (�) :=
Z

�
j~kj ds � 4� � A (�) ;

then� is anembedding.

In thede�nition of Ctot ; ~k denotesthecurvaturevectorof � : If a point traverses� with
unit speed,thenits accelerationvector in Sn

+ coincideswith ~k. A branchedminimalsurface

is onewhichmayfail to beimmersedatadiscretesetof singularities,whichareall branch

points; seeDe�nition 2 below.

We shallgive theproof of Theorem 1 at theendof this section.
Theorem 1 hasan interestingtopological consequence: a new extensionof the Fáry-

Milnor Theorem. TheFáry-Milnor Theoremshowedthataknottedcurve in EuclideanR 3

hastotalcurvatureatleast4� ([F], [M].) Thenext theoremis whatwefeelis anappropriate
analogueof theFáry-Milnor Theorem,whenR 3 is replacedby S3

+ . We arenot awareof

any previousresultson total curvatureof knotsin S3
+ . Notethat thebound required from

above on total curvaturein this theoremmaybezeroor evennegative, in which casethe

theoremfails. However, in Example 1 below, we shallshow thatthebound is sharp,in the
sensethatthereareknottedcurves in S3

+ for which thetotal curvatureis closeto zeroand

themaximumconeareais closeto 4� .

Theorem2. If � is a C2 Jordan curvein S3
+ ; with total curvature

Z

�
j~kj ds � 4� � A (�) ;

then� is unknotted.
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Proof. It follows from a theoremof Morrey thatthereis a smoothbranchedimmersion of

thedisk into S3
+ with boundary� ; having smallestareaamongsurfacesof thetypeof the

disk. Morrey's result[Mo] requires theambient manifoldM 3 to becompleteandhomo-

geneouslyregular. Recallthathomogeneousregularity is anappropriatelyweakversionof
boundedgeometry; see[Mo]. In order to applyMorrey's resultto our case,we �rst need

to construct a complete andhomogeneously regular manifold M 3 in placeof S3
+ : Since

� is compact,it lies in a closedgeodesicball BR � S3
+ of radius R < � =2, with center

the point of rotational symmetry p0 2 S3
+ : We extendBR isometricallyto a Riemann-

ian manifold M diffeomorphic to R 3; with a rotationally symmetric metric,sothatM is
completeandhomogeneously regular, andthedistanceballsB r of M from p0 areconvex,

0 < r < 1 . To make M homogeneously regular, we maychoosethemetric to have e.g.
thecylindrical form S2

b � [r1; 1 ) outsidea compactset.Morrey's resultshows thatthere

is asmoothbranchedimmersionof thedisk into M with boundary� ; having smallestarea
among surfacesof thetypeof thedisk. Write its closedimageas� : Since� is compact, it

lies in B r 0 for somer 0; andsinceeachB r is convex, R � r < 1 , weseeby themaximum
principle that� � BR : Therefore� � S3

+ :

According to Theorem1, this area-minimizing disk mustbeanembedding of thedisk
into S3

+ with boundary�; this showsthat� is unknotted.

An alternative proof of Theorem 2 may be given for a real-analytic curve � , andby
approximation for a C2 curve which satis�esCtot (�) < 4� � A (�) . Thealternateproof

requiresTheorem 1 only for an immersedminimal surface� , andcitestheresultthat the
area-minimizing branchedimmersionfrom thedisk into S3

+ with boundary � mustbean

immersionup to theboundary(see[A], [G] and[GL].)

Example1. With this example, weshall showthat thehypothesis

Ctot (�) � 4� � A (�)

of Theorems1 and 2 (which may appear very strong from a certain point of view) is

actually sharp.

Let � 0 be the double cover of the circle of someradiusR < � =2 in a totally geodesic

S2
+ � S3

+ ; with centerat p0: This example is a family of (2; 2m + 1)-torus knots � � in
S3

+ ; � > 0; for any �x edpositive integerm, suchthattheC2 distancebetween� � and� 0

asparameterizedcurvesapproacheszeroas� ! 0, andsuchthat

Ctot (� � ) < 4� � A (� � ) + � :

To bespeci�c, we might choose� � to lie on theboundaryof thetubular neighborhoodof
� 0 at a radiuswhich tendsto 0 as� ! 0.

We �rst computethegeometric invariantsof � 0. Its lengthis 4� sinR, andits curvature
is constant:j~kj � cot R. Thus, Ctot (� 0) = 4� cosR: Themaximum coneareaA(� 0) =

2 � 2�
RR

0 sinr dr = 4� (1 � cosR) is achieved by thedouble coverof thetotally geodesic

diskof radiusR, sincethisdisk is theconvex hull H cvx (� 0) of � 0: Thus,equality holdsin
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hypothesis(1) for � 0: Ctot (� 0) = 4� � A (� 0): But bothof thegeometric invariantsA(�)

andCtot (�) arecontinuousas� variesin C2: We�nd thereforeCtot (� � ) < 4� � A(� � )+ � ;
asclaimed, showing thathypothesis(1) is sharp.

If we chooseR = R(� ) ! � =2, thenwemayobtainfurtherthatCtot (� � ) ! 0:

Propositions1 and2 below will form thecoreof theproof of Theorem1.

For therestof thissection,weshallwrite G(r ) := log tan(r=2) for theGreen'sfunction

of the two-dimensionalsphere. Choose a point p 2 Sn
+ ; and for all x 2 Sn

+ ; de�ne
� (x) := d(x; p); thedistancemeasuredin Sn

+ :

Lemma 1. LetN 2 bea two-dimensional manifoldimmersedin Sn
+ : Thenexceptat p;

4 N G(� ) = 2
cos�
sin2 �

�
1 � jr N � j2

�
+

d� ( ~H )
sin �

;

where ~H denotesthemeancurvaturevectorof N :

Proof. In Sn
+ ; theHessianof thedistancefunction is r

2
� = cot � (g � r � 
 r � ); where

g is themetrictensorof Sn
+ . Thetraceformula statesthat

4 N G =
2X

� =1

r
2
G(e� ; e� ) + dG( ~H );

wheref e1; e2g is an orthonormal basisfor the tangentplaneto N : Theseformulas are
well known (seee. g. [CG2], pp. 172, 174.) Choosingf e1; e2g with d� (e2) = 0 and

d� (e1) = jr N � j; wehave

r
2
G(e1; e1) =

cos�

sin2 �
(1 � 2d� (e1)2)

and

r
2
G(e2; e2) =

cos�
sin2 �

:

Theconclusionfollows.

De�nition 2. Let 
 bea Riemannsurface, k a positiveinteger. A mapping f : 
 ! M n

has a branch point of order k at w0 2 
 if its complex �r st partial derivativef w :=
1
2 (f u � if v ) satis�eslimw! w0 [f w (w)(w � w0)� k ] = ~a 2 Cn nf 0g. Hereu andv are the

realandimaginary partsof thelocal complex variablew 2 
 , andi =
p

� 1.
A branched minimal surfacef : 
 ! M n is a conformally parameterizedharmonic

mapping. By abuseof language, we shall also refer to the image � = f (
) of f as a
branchedminimalsurface.

It maybeshown thateachpoint of a branchedminimal surfaceeitheris a branch point

or hasan immersedneighborhood; moreover, the real and imaginary partsof the com-
plex vector~a in thede�nition of a branch point areorthogonalandhave equallength(see

[HH]). Theimportanceof branchedminimalsurfacesstemsfrom thefactthatthesolution

of Plateau's problem for a minimal surfaceof a given topological type in R n or in M n
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is not an immersionin general, but only a branched immersion. Solutionsto this varia-

tionalproblemarenecessarilyimmersionsonly whenn = 3 ([A], [G], [GL]), or whenthe
boundarycurvemeetshyperplanesof R n in atmost� vepoints([R2], pp. 34-35), or when

thetopological typeis notprescribed([Fed], [HS].)

The following lemmadescribes the effect of branch points on areaand divergence-
theoremcomputationson a branchedminimal surface.Part (b) shows that if p 62� , then

thereis noeffecton theintegralof 4 � G. Theconclusionof part(a) maybeinterpretedto
saythat for somepurposes,� actslike the(k + 1)-fold cover of a smoothsurfaceneara

branchpoint of order k.

Lemma 2. Let � = f (
) bea branchedminimalsurfacein a Riemannian manifold M .
(a) Let p = f (w0), w0 2 
 , bea branch point of � of order k. If � � is theunit normal

vectorto � \ @B " (p) tangent to � andpointing towardsp, thenas" ! 0, � � ! � r �

uniformly on� \ @B " (p). Afterrescalingto unit radius,thecurve� \ @B " (p) convergesin
C1 normto theconstant-speed(k + 1)-fold cover(resp.half of theconstant-speed(k + 1)-

fold cover) of a great circle in the unit sphere of Tp(M ), if w0 2 
 (resp. w0 2 @
 ).
Moreover, if w0 2 @
 andf maps@
 monotonically to a C2 curve� , thenk is even.

(b) If p 62� , then Z

�
4 � G dA =

Z

@�
� � � r G ds;

where � � is theoutward unit normalvectorto @� tangentto � .

Proof. Chooselocal conformal coordinatesfor 
 nearw0 andRiemanniannormal coor-

dinatesfor M at p. Write ~a = lim w! w0

�
(w � w0)� k f w (w)

�
=: ~b+ i~c, wherethereal

vectors~b and~c areorthogonal andhave the samelength(see[HH].) Thenasw ! w0,

the tangent planeto � at f (w) converges to theplanein Tp(M ) spannedby~b and~c. In-
tegrationshows that f (w) � f (w0) is the realpartof 2

k+1 ~a(w � w0)k+1 , moduloa term

which tendsto zerofasterthanjw � w0 jk+1 . Theparity of k at a boundarybranch point
wasshown in [N1], p. 332. Theconclusionsof part(a) follow.

To prove part(b), we applypart(a) to eachbranch point qi = f (wi ) of � , 1 � i � m.

Thedivergencetheoremon � n [ m
i =1 B " (qi ) leadsto them additional boundaryterms
Z

� \ @B " (qi )
� � � r G ds:

Sincep 62� , � � � r G is uniformly boundedin a neighborhood of qi , while the length

of � \ @B " (qi ) approaches0 by part (a), sotheseadditional boundarytermstendto 0 as
" ! 0.

Corollary 1. If � 2 is a branchedminimalsurfacein Sn
+ ; thenG(� (x)) = log tan( � (x)=2)

is subharmonicon � . If C is theconep�� @� over thepolep of thedistancefunction �;
thenG(� ) is harmonic onC; exceptat p:

Proof. Since� is a distancefunction in Sn
+ ; jr � � j � 1; while on thecone,sincetheSn

+ -

gradient r � is tangentto C; jr C � j � 1: Themeancurvature vectorof � vanishes,and
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themeancurvature vectorof C is orthogonalto thegradient r �: Lemmas 1 and2(a) now

imply that4 � G(� ) � 0 and4 C G(� ) � 0, exceptat p.
If p 2 � , thentheoutwardnormal derivative of G(� ) on @B " (p) \ � approaches+ 1

as" ! 0 (if p is a branchpoint of � , Lemma2(a) will beusefulhere),which impliesthat
G is subharmoniceverywhereon � .

For a 2-dimensionalimmersedLipschitzsurface,or a branchedsurface,N 2 � Sn
+ ; we

de�ne thedensityof N at q to bethelimit

(2) � N (q) := lim
" ! 0

Area(N \ B " (q))
� "2 :

Here,B " (q) is the geodesic ball of Sn
+ with sphericalradius" , centered at q. Note that

whenN is smoothor a cone,wemayalsocomputethedensity in termsof lengths:

� N (q) = lim
" ! 0

L(N \ @B " (q))
2� "

:

Of course,thesamelimit is alsoobtained if the denominatorsin thesetwo quotientsare
replaced by the sphericalarea2� (1 � cos" ) andsphericallength2� sin" , respectively.

Observe that if N is a smoothly immersedsubmanifold andhasa self-intersection at p 2
Sn

+ ; then� N (p) � 2: Also notethatif p is a branch point of N of order k, then� N (p) �

k + 1 (seetheproof of Lemma2(a).)

Proposition 1. (DensityComparison)Let� bea C2 immersedclosedcurvein Sn
+ : Choose

p 2 Sn
+ n� : If � 2 is a branchedminimalsurfacein Sn

+ with boundary @� = � ; andC is

theconep�� � overp, thentheir densitiesat p satisfytheinequality

� � (p) < � C (p);

unless� is totally geodesic.

Proof. By Corollary 1, we have 4 � G(� ) � 0 and4 C G(� ) � 0; whereG(� (x)) :=

log tan( � (x)=2) and� (x) := d(x; p): For small " > 0; write C" := CnB " (p), andsimi-
larly � " . Thentheboundaryof � " is � [ (� \ @B " (p)) : Let � � (� C , respectively) bethe

outward unit normalvectortangentto � " at @� " (to C" at @C" , resp.).Then

0 �
Z

� "

4 � G(� ) dA =
Z

@� "

� � � r G ds =
Z

� \ @B " (p)

� � � r �
sin"

ds +
Z

�

� � � r �
sin �

ds:

Along thesmallboundarycomponent� \ @B " (p); as" ! 0; � � � r � ! � 1 uniformly,
and

L(� \ @B " (p))
2� sin"

! � � (p):

Along � , � � � r � � � C � r � . Henceas" ! 0, we �nd

2� � � (p) �
Z

�

� C � r �
sin �

ds:
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Similarly, alongC \ @B " (p), wehave� C � � r �: After applyingthedivergencetheorem

to thevector�eld r C G(� ) onC" , we �nd

(3) 2� � C (p) =
Z

�

� C � r �
sin �

ds:

This implies� � (p) � � C (p). If equalityholds, then4 � G � 0; which requires jr � � j �

1 according to Lemma1. Thiscanonly happenwhen� is totally geodesic.
We have tacitly assumedthatCnf pg is immersedin M . Equation (3) maybe proved

in the general caseeither by analysisin singularcoordinatesor by approximation; we
shallcarryout anappropriateapproximationargumentat theendof theproof of thenext

proposition.

Proposition 2. (Gauss-Bonnet) ConsiderthegeodesicconeC = p�� � overan immersed

C2 curve� in Sn
+ ; n � 2: (a) If p 62� , then

2� � C (p) = Area(C) �
Z

�

~k � � C ds:

(b) If p 2 � , then

2� � C (p) = Area(C) �
Z

�

~k � � C ds � � :

Proof. We �rst assumethatCnf pg is immersedin Sn
+ :

Considercase(a), wherep 62� . By theGauss-Bonnet formula on C" , for " lessthan

thedistancefrom p to � ,

(4)
Z

C "

K dA �
Z

�

~k � � C ds �
Z

C \ @B " (p)

~k � � C ds = 2� � (C" ):

where� is theEulernumberandK is the intrinsic Gausscurvatureof C: SinceC" is an

immersedannulus, we have � (C" ) = 0: Now C hasprincipal curvature zeroin the r �
direction, so thedeterminant of its secondfundamentalform vanishes,andby theGauss

equation,K equalsthesectionalcurvatureK = 1 of theambient Sn
+ :

Along C \ @B " (p); � C = � r � and~k � � C � cot " . Thus,wemaycompute

(5) lim
" ! 0

Z

C \ @B " (p)

~k � � C ds = lim
" ! 0

(cot " ) L (C \ @B " (p)) = 2� � C (p);

sothatformula (4) implies

(6) Area(C) �
Z

�

~k � � C ds � 2� � C (p) = 0;

whichprovesProposition 2(a) whenCnf pg is animmersion.

Theproofof part(b) is analogous.However, whenp 2 � , for small" , C" is a topologi-

cal disk,sothat� (C" ) = 1. Also, theboundaryof C" consistsof thearcC \ @B " (p) and
thearc � " := � nB " (p). For small " > 0, thesearcsmeetat two points forming exterior

angles� (" ) and� (" ). Equation(4) becomes
Z

C "

K dA �
Z

� "

~k � � C ds �
Z

C \ @B " (p)

~k � � C ds + � (" ) + � (" ) = 2� :
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Since� is smooth, � (" ) ! � =2 and� (" ) ! � =2 as" ! 0, whichyields

(7) Area(C) �
Z

�

~k � � C ds � 2� � C (p) = � ;

andProposition2(b) follows.

In general, theconeC = p�� � neednot be an immersionaway from p: The problem

arisesexactly on thesetA � � where� is tangent to theradialgeodesicfrom p; that is,
the unit tangent vector ~T coincideswith � r � . Let us choosea C1 mapping ~T� from �

into theunit tangentbundle of Sn
+ nf pg, which is C1-closeto ~T andtransverseto thetwo

sections� r � . The two sections� r � de�ne a codimension-(n � 1) submanifold of the

total spaceof the unit tangentbundle. If n � 3; transversality meansthat ~T� is disjoint
from this submanifold. If n = 2; we �rst embedS2

+ asa totally geodesicsurfacein S3
+ ,

andthenrequire transversality for ~T� . In order to ensurethat ~T� is thetangent vectorto a

closedcurve � � , we adjust ~T� to satisfythen � 1 closureconditions, for small � : In the
casep 2 � , we mayrequire p 2 � � . Thenp�� � � satis�esformula(3), andformula(6) or

(7), if p 62� or p 2 � , respectively.
Weclaimthat,since� � ! � in theC2 norm,eachtermof equation (3), (6) or (7) is the

limit, as� ! 0, of thecorresponding quantity for � � : To beprecise,it shouldbeobserved
thatin general,theconeC = p�� � is only C1;1 upto theboundary� . Namely, theoutward

unit normal vector� C satis�es� C � r � � 0. For q in thesetA � � , � C (q) is nonunique;
clearly, for q� ! q; q� 2 � � , thenormal vectors � C � (q� ) neednot converge. Nonetheless,

theinwardgeodesiccurvaturek = � ~k � � C is well de�ned almosteverywhereon � , since
~k = 0 almosteverywhereon the problematic setA. Similarly, � C � r � is well de�ned

almosteverywhereon � . Both k and � C � r � are pointwide limits almosteverywhere

of the corresponding quantitiesfor � � , which are uniformly bounded. The dominated
convergencetheoremnow impliesthat formula(3), andeitherformula(6) or (7), hold for

any C2 curve � � Sn
+ .

Proof of EmbeddingTheorem 1. Let � 2 be a branchedminimal surfacein Sn
+ whose

boundary@� = � is a C2 Jordancurvesatisfyingthehypothesis(1):

Ctot (�) :=
Z

�
j~kj ds � 4� � A (�) :

Notethat� � H cvx (�) by themaximumprinciple. To show that� hasno interiorbranch
pointsandis embedded,it suf�ces to show that� � (p) < 2 for all p 2 � (p 62� ).

Choosep 2 � , andlet C = p�� � be thegeodesicconeover � with vertex p. If � is
totally geodesic,thenit is thesubsetof a totally geodesicS2

+ boundedby theembedded

curve � � S2
+ , so� is embedded.Otherwise,by Propositions1 and2(a), we have

2� � � (p) < 2� � C (p) = �
Z

�

~k � � C ds + Area(C):

Sincep 2 H cvx (�) ; Area(C) is lessthanor equalto themaximum coneareaA (�) : But

� ~k � � C � j~kj; sohypothesis(1) implies� � (p) < 2; asrequired.
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It remains to rule out boundary branch points(in the casen = 3 of Theorem 2, this

would follow by well-known argumentsfrom embeddednessin theinterior, e.g. [GL].) If
p 2 � , thenby Propositions1 and2(b), unless� is totally geodesic,we have

2� � � (p) < 2� � C (p) = �
Z

�

~k � � C ds + Area(C) � � :

Usinghypothesis(1) asbefore, we �nd that � � (p) < 3=2. For a boundarybranchpoint

p of order k, thedensity� � (p) � (k + 1)=2, andk is even, by Lemma2(a). This would
imply that� � (p) � 3=2, which is impossible.We haveshown that� is embedded.

3. EMBEDDEDNESS OF M INIMAL SURFACES IN NEGATIVELY CURVED SPACES

We now turn our attentionto thecaseof nonpositive ambient sectionalcurvature.For
a minimal surfacein hyperbolic space,embeddednessmay be proved in complete anal-

ogy to section2 above, with � A (�) replacedin hypothesis(1) by the in�mum of areas
of cones. However, unlike the caseof Sn

+ , the nonpositively curved casecanbe signi�-

cantly improvedto permit variablesectionalcurvature,andtheinequalitiesrequireonly a
nonpositiveupperbound � � 2 onambient sectionalcurvature.

Thus,throughout this sectionwe assumethatM is ann-dimensionalcomplete,simply
connectedRiemannianmanifold with sectionalcurvatureboundedabove by a nonpositive

constant� � 2. Let � bea C2 immersedcurve in M : We de�ne the(geodesic)coneC =

p�� � over � with vertex p as the union of the geodesicsegments from p to q, over all
q 2 � : Sincethegeodesic joining any two pointsof M is uniqueanddependssmoothly on

its endpoints,Cnf pg is theimageof a C2 mapping.
The main tool which will be addedto the methods employed in Section2 above is

comparisonwith a metric bg of constantGausscurvature � � 2 on the geodesic coneC;
seeDe�nition 4 below. This metric was introduced by the �rst author in his study of

isoperimetric inequalitiesonminimalsurfaces([C].)

De�nition 3. De�ne theminimumconeareaof � as

A(�) := inf
p2H cvx (�)

Area(p�� �) :

Remark 1. A re�nement of the methods of this paperwould be to replacethe convex

hull of � in De�nitions 1 and3 with the(usually) smallermean-curvature hull of � . This
would allow Theorems1 and3 to beprovedwith slightly weaker hypotheses.Themean-

curvature hull of a subsetS � M is de�ned as the intersectionof the closuresof C2

open subsetsof M whichcontainS, haveboundariesof nonnegativemeancurvature(with

respectto theinwardunit normal), andwhich aremembers of a continuousexhaustionof
M by opensubsetswhoseboundarieshave nonnegative meancurvature. It follows that

if � is a branchedminimal surfacein M with compact closure,then � lies inside the
mean-curvaturehull of @� .

In thisregard, it shouldbenotedthatBrickell andHsiungactuallyprovedtheunknotting

Theorem 4 for the specialcasewhenM 3 is the hyperbolic spaceof constant sectional
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curvature� � 2, andthe in�mum of areais takenonly over coneswhoseverticeslie on �

itself (see[BH].)

Theorem 3. Let � 2 be a branchedminimalsurface(of arbitrary topological type)in an
n-dimensionalcomplete, simplyconnectedRiemannian manifold M whosesectional cur-

vature is boundedabovebya nonpositiveconstant � � 2. Write � = @� ; which weassume

to bea C2 Jordancurve, i. e. a C2 embedding of thecircle S1: If thetotal curvature of �
satis�es

(8) Ctot (�) :=
Z

�
j~kj ds � 4� + � 2 A(�) ;

then� is anembedding.

We shallgive theproof of Theorem 3 at theendof this section.

Theorem 3 implies a substantialextensionof the Fáry-Milnor Theorem, which was
proved for � = 0 in [AB] and[S]. The proof of the following theoremis similar to the

proof of Theorem2 above.

Theorem 4. Let � be a C2 Jordan curve in a complete, simplyconnected Riemannian

3-manifold M with sectionalcurvature � � � 2. If thetotal curvatureof � satis�es
Z

�
j~kj ds � 4� + � 2 A(�) ;

then� is unknotted.

Example2. Thisexampleshowsthat thehypothesis

Ctot (�) � 4� + � 2A(�)

of Theorems3 and4 is sharp.

Let � 0 bethedouble cover of thecircle of radius R in a totally geodesicH 2 � H 3: Here

H n is then-dimensionalhyperbolicspaceof constantsectionalcurvature � � 2 = � 1. In

a similar fashionto Example 1, givenany choiceof positive integerm, theexample is a
one-parameter family of (2; 2m + 1)-torusknots� � in H 3; � > 0; with � � ! � 0 andwith

Ctot (� � ) < 4� + A(� � ) + � :

In fact, � 0 haslength 4� sinhR; curvaturej~kj � coth R, Ctot (� 0) = 4� coshR; and
A(� 0) = 4� (coshR � 1):

We shallnow present six results,in preparationfor theproof of Theorem3.

Write G(r ) := log tanh( �r =2) for theGreen's functionof thetwo-dimensionalhyper-
bolic planeH 2(� � 2) with Gausscurvature � � � 2 < 0, andG(r ) := logr for R 2, if

� = 0. We computedG=dr = �= sinh �r or dG=dr = 1=r, respectively. Choosea point

p 2 M ; andde�ne � (x) := d(x; p); usingthedistancefunction d(�; �) of M :
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Lemma 3. Let N 2 be a two-dimensional manifold immersedin a complete, simplycon-

nectedRiemannianmanifoldM whosesectional curvature is boundedaboveby� � 2; � �
0: Then

(a) exceptat p;

4 N G(� ) � 2� 2 cosh��

sinh2 ��

�
1 � jr N � j2

�
+ �

d� ( ~H )
sinh ��

in case� > 0;

and

4 N G(� ) �
2
� 2

�
1 � jr N � j2

�
+

d� ( ~H )
�

in case� = 0;

where ~H is themeancurvature vectorof N :
(b)

4 N log(1 + cosh�� ) � � 2 + � tanh( ��= 2) d� ( ~H ) in case� > 0;

and

4 N � 2 � 4 + 2� d� ( ~H ) in case� = 0:

Proof. By theHessiancomparisontheorem, theHessianof thedistancefunction � of M

satis�es

r
2
� � � coth �� (g � r � 
 r � ) for � > 0; and r

2
� 2 � 2g for � = 0;

whereg is themetrictensorof M (see[SY], p. 4).
As in theproof of Lemma1, afterapplyingthetraceformula,this inequality leadsusto

theconclusionof part(a).
For theproof of part(b), weagainusethetraceformula andnotethat

r
2

log(1 + cosh�� ) �
� 2

1 + cosh��

�
cosh�� � g + (1 � cosh�� )r � 
 r �

�
for � > 0:

For a 2-dimensionalimmersedLipschitzsubmanifold, or a branchedsurface,N � M

anda point q 2 M , wede�ne thedensityof N at q to bethelimit

(9) � N (q) := lim
" ! 0

Area(N \ B " (q))
� "2

asin de�nition (2) above. As observed in section2 above, if N is a smoothly immersed
submanifold of M andhasa self-intersectionat p 2 M ; then� N (p) � 2. Further, if p is

aninterior branchpointof N of orderk, then� N (p) � k + 1; ataboundarybranchpoint,

� N (p) � (k + 1)=2.

Let � be a C2 immersedclosedcurve in M : Choosep 2 M . If � 2 is a branched

minimal surfacein M with boundary @� = � ; andC is the conep�� � over p, thenthe
key ingredient in theproof of Theorem3 is to give anupper bound of � � (p) by � C (p).

Unfortunatelythis is impossibleunlessM is rotationally symmetric about p. To getaround

thisdif�culty we needto de�ne aconstant-curvature metricbg onC asfollows.
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De�nition 4. Let bg be a new metric on C with constant Gausscurvature � � 2 such that

thedistancefromp remainsthesameasin theoriginal metricg, andsodoesthearclength
elementof � . More precisely, everygeodesicfromp under g remainsa geodesicof equal

lengthunder bg, the lengthof anyarc of � remainsthesame, and theanglesbetweenthe
tangentvectorto � andthegeodesicfromp remainunchanged.

We shall write bC for the two-dimensionalRiemannian manifold (C; bg), which is sin-
gularat p. In orderto constructbC, we maystartwith anarc-length parameters along� .

Let r (s) bethedistancein C from thecorresponding point of � to p. Thenchoosea point
bp 2 H 2(� � 2), andlet a curve b� locally isometricto � be tracedout in H 2(� � 2) so that

thedistancefrom bp equalsr (s). Let bC = bp�� b� , which maybein a covering of H 2(� � 2)

branchedover bp, and�nally glue bC alongthegeodesicsegmentsfrom bp to the initial and
�nal points(cf. [C], p. 211.) Note that the anglebetweentwo geodesicsat p becomes

largerunderbg, aswe shallseein Proposition5 below.

Corollary 2.

(a) If � 2 is a branchedminimalsurfacein M ; thenG(� ) is subharmonic on � :
(b) If bC is theconep�� @� over thepolep of thedistance function� in M with themetric

bg of Gausscurvature � � � 2, thenG(� ) is harmonicon bC; exceptat p.
(c) Further, on bC

4 �

C log(1 + cosh�� ) = � 2 for � > 0; and

4 �

C � 2 = 4 for � = 0:

Proof. (a)On� , themeancurvaturevectorof � vanishesandjr � � j � 1; hence4 � G(� ) �

0, except at p, according to Lemma3(a). Nearp, we argue asin theproof of Corollary1.
(b) On thecone bC, however, weapplyLemma3(a) with M = N = bC, sothat ~H � 0 and

jr �

C � j � 1. Moreover constancy of theGausscurvatureon bC forcesall the inequalities
in theproof of Lemma3(a) to become equalityandconsequently4 �

C G(� ) � 0: Similarly

for part(c).

Remark 2. Thefollowing four propositionstreattheconeC = p�� � . In theproof of each,
it is convenientto assumethattheconeis immersedexcept at p. This impliesthat bCnf pg

is a smoothtwo-dimensionalmanifold with Gausscurvature bK � � � 2. This assumption
entailsno lossof generality, since,asa curve in M , � is theC2 limit of closedcurves� �

with thepropertythatp�� � � is immersedexcept atp. Speci�cally, thegeodesiccurvatures
k andbk consideredbelow, andthenormal derivative � C � r � of � , arethepointwiselimits

almosteverywhereof the correspondingquantitiesfor � � . This may be proven asat the
endof theproofof Proposition 2 above.

Proposition 3. (Density Comparison) Let � 2 be a branched minimal surfacein an n-
dimensional simplyconnected Riemannian manifoldM with sectional curvature � � � 2.

If bC is as in De�nition 4 above, then� � (p) < � �

C (p) unless� is totally geodesicwith

constantGausscurvature � � 2.
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Proof. By Corollary 2, we have 4 � G(� ) � 0 and 4 �

C G(� ) � 0; where,as above,

G(� (x)) := log tanh( �� (x)=2) and� (x) := dM (x; p) or d �

C (x; p) respectively. For small
" > 0; write bC" := bCnB " (p) and� " := � nB " (p), whereB " (p) denotesthe geodesic

ball in M of radius" andcenterp. Thentheboundaryof � " is � [ (� \ @B " (p)) : (The
component � \ @B " (p) maybeempty.) Let � � betheoutward unit normal vectortangent

to � " at @� " . Then

0 �
Z

� "

4 � G(� ) dA =
Z

@� "

� � � r G ds =
Z

� \ @B " (p)
�

� � � r �
sinh �"

ds +
Z

�
�

� � � r �
sinh��

ds:

Along thesmallboundarycomponent� \ @B " (p); as" ! 0; � � � r � ! � 1 uniformly,
and

�
L (� \ @B " (p))

2� sinh �"
! � � (p):

Let � C betheoutwardunit normal vectortangent to C along its boundary. Thenit should
benotedthat

� � � r � � � C � r � along � :

Thus,we �nd thattheinequality above implies

(10) 2� � � (p) �
Z

�
�

� C � r �
sinh ��

ds:

Noteherethat� C , consideredasa tangentvector to C, is alsotheoutwardunit normal

vector in the metric bg. Along the intrinsic distancesphere@bB " (p) � bC; �r � is the

outward unit normal vectortangent to bC" . Henceby Corollary 2(b), assumingCnf pg is
immersed,as" ! 0,

0 =
Z

�

C "

4 �

C G(� ) dA ! � 2� � �

C (p) +
Z

�
�

� C � r �
sinh��

ds:

SeeRemark2 for thenon-immersedcase.Therefore,by inequality(10),

2� � �

C (p) =
Z

�
�

� C � r �
sinh ��

ds � 2� � � (p);

which is thedesiredestimate.

If equalityholds,then4 � G � 0; which requiresjr � � j � 1 according to Lemma3.
But this meansthat � is a coneover p, aswell asbeingminimal, which canonly occur

when� is totally geodesic.Moreover, 4 � G � 0 now implies that 4 � � � � coth �� ,
which,alongwith K � � � � 2, impliesthat� hasconstantGausscurvatureK � � � � 2.

Proposition 4. (GeodesicCurvatureComparison) Let � bea C2 curvein M n , a manifold
with sectionalcurvatures� � � 2, and let C be the conep�� � . If bC is the coneC with

theconstantcurvature metricbg, asin De�nition 4 above, thenk(q) � bk(q) for almostall

q 2 � , wherek andbk denotetheinward geodesiccurvaturesof � in C and bC, respectively.

Proof. We �rst assumethatCnf pg is immersed. For � 0 > 0, let � 0 = C \ @B � 0 (p), and

let k0 be thegeodesiccurvatureof � 0 in C. Also, let bk0 be thegeodesiccurvatureof � 0



EMBEDDED MINIMAL SURFACESAND TOTAL CURVATURE 15

in bC. To estimatek0 andbk0 let usde�ne V (bV, respectively) to bea Jacobi�eld in C ( bC,

respectively) alongtheunit-speedgeodesic
 from p to q 2 � , satisfying

(11) V (p) = bV (p) = 0 and V ? _
 ; bV ? _
 :

For eachq 2 � , sinceg = bg along� , wemayalsoimposetheboundaryconditions

(12) V (q) = bV (q); jV (q)j = j bV (q)j = 1;

thereby determining V and bV uniquely, sinceK and bK , theGausscurvaturesof C and bC

respectively, arenonpositive. In fact,V = bV asvector�elds on Cnf pg. V and bV satisfy
theJacobiequations

(13) r _
 r _
 V = R( _
 ; V ) _
 and br _
 br _
 bV = bR( _
 ; bV) _
 ;

wherer ; br denote theconnectionsfor themetricsg; bg respectively, while R; bR denote the

Riemanncurvaturetensorsof g andbg, respectively. Write f (t) = jjV (
 (t)) jj , andsimilarly
bf (t) = jj bV (
 (t)) jj , wherethenorms aremeasuredusingg andbg, respectively. SinceC

and bC havedimension2, equations(13) areequivalentto thescalarJacobiequations

(14) f 00(t) + K (
 (t)) f (t) = 0; bf 00(t) + bK (
 (t)) bf (t) = 0:

By theGaussequationwehave

K = RM ( _
 ; V; V; _
 )=jjV jj2 + det(B );

whereRM is theRiemanncurvature tensorof M andB is thesecondfundamentalform of

C in M : SinceC is acone, wehavedet(B ) = 0, andit followsthatC hasGausscurvature

K � � � 2:

We next compute k0 andbk0. ExtendV and bV as normal Jacobi�elds along all ra-

dial geodesicsfrom p. Also, let W be theunit vector�eld which is tangent to theradial
geodesics.Then[V; W ] � 0 andhV; W i � 0. Similarly, [ bV ; W ] � 0 andhbV ; W i � 0.

Then

jjV jj2k0 = �h r V V; W i = hV; r V W i = hV; r _
 V i = _
 (jjV jj2)=2 = f 0(t)f (t):

Thus k0(
 (t)) = f 0(t)=f (t): Similarly, we compute bk0(
 (t)) = bf 0(t)=bf (t): As is well

known, thescalarJacobiequations (14) areequivalentto theRiccatiequations

k0
0(
 (t)) + k0(
 (t))2 = � K (
 (t)) � � 2;

and
bk0

0(
 (t)) + bk0(
 (t))2 = � bK (
 (t)) = � 2:

It follows thatthedifferencesatis�esa homogeneouslineardifferentialinequality

(k0 � bk0)0+ (k0 + bk0)(k0 � bk0) = � K + bK � 0:

Meanwhile, k0 � bk0 = (f 0bf � bf 0f )=( bf f ) ! 0 ast ! 0, asfollowsfrom L'Hospital's rule
usingtheequations (14). Therefore

(15) f 0=f � bf 0=bf = k0 � bk0 � 0:
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We arenow in a positionto comparethe respective inward geodesiccurvaturesk and
bk of � . Write T = (V=f ) cos' � W sin ' for the unit tangent vector to � : T hasunit
lengthwith respectto eithermetric g or bg. Thenr T T = � k � C and br T T = � bk � C ,

where� C = (V=f ) sin ' + W cos' is theoutwardunit normal vectorto � , with respect
to eithermetric,andcos' � 0. We compute r W W = r W (V=f ) = 0; r V=f (V=f ) =

� k0W andr V W = k0V . It follows in a straightforwardfashionthat � k � C = r T T =
� k0 � C cos' � � C T(' ). Thusk = k0 cos' + T(' ), andsimilarly bk = bk0 cos' + T(' ).

Hence

k � bk = (k0 � bk0) cos' � 0:

Remark2 now implies that k � bk almosteverywherein the general casewhereCnf pg
neednotbeimmersed.

Remark 3. Theproof of Proposition 4 holdsmoregenerally, for any two metricsg; bg on

a conewhich have thesameunit-speedgeodesicsfrom thevertex, agreeat theboundary,
andwhoseGaussiancurvaturessatisfyK � bK .

Proposition 5. (DensityandAreaComparison) Let � bea C2 curvein M n , andlet C =

p�� � , as in Proposition4. If bC is the coneC with the constantcurvature metric bg, as
in De�nition 4 above, then the densities� C (p) � � �

C (p) and the areasArea(C) �

Area( bC).

Proof. The inequality (15) above implies that f (t)=bf (t) is increasing. Recallingthenor-
malizationf = bf ateachq 2 � andf = bf = 0 atp, weseethatf (t) � bf (t) along
 ; f 0 �
bf 0 at q; and f 0 � bf 0 at p: NotethatArea(C) andArea( bC) maybewritten asthesame
double integralwith respective integrandsf and bf .

Remark 4. Wenotehereaninterestinginequality, relatedto Proposition5 above, although

wewill notneedit in thispaper:

Area(�) � Area( bC):

Theproof followsanalogouslyto Proposition 3, usingLemma3(b)andCorollary 2.

Proposition 6. (Gauss-Bonnet)(a) For anygeodesiccone bC = p�� � ; p 62� ; with constant

curvature � � 2 overan immersedC2 curve� in M n ; n � 2;

2� � �

C (p) + � 2 Area( bC) =
Z

�

bk ds;

wherebk is thegeodesiccurvature of � in bC.

(b) If p 2 � , then

2� � �

C (p) + � 2 Area( bC) =
Z

�

bk ds � � :

Proof. (a) Considerp 62� . By theGauss-Bonnet formula on bC" := bCnB " (p);

(16)
Z

�

C "

bK dA +
Z

�

bk ds +
Z

�

C \ @B " (p)

bk ds = 2� � ( bC" ) = 0;
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where bK � � � 2 is theintrinsic Gausscurvatureof bC" . Since bC" is animmersedannulus,

theEulernumber � ( bC" ) = 0:
Thegeodesiccurvatureof bC \ @B " (p) is thenegative of thecurvatureof @B " (p) asa

curve in H 2(� � 2), namely, � � coth �" . Thus,

lim
" ! 0

Z

�

C \ @B " (p)

bk ds = � lim
" ! 0

(� coth �" )L ( bC \ @B " (p))

= � lim
" ! 0

(cosh�" )2� � �

C (p) = � 2� � �

C (p):

SinceArea( bC" ) ! Area( bC); theGauss-Bonnet formula (16)now implies

(17) � � 2 Area( bC) +
Z

�

bk ds � 2� � �

C (p) = 0;

which provesProposition6(a) whenCnf pg is an immersion. The generalcasefollows

from Remark2. Theproof of (b) is analogousto (a) andProposition 2(b).

Proof of Embedding Theorem 3. Let � 2 be a branched minimal surfacein M whose

boundary@� = � is a C2 Jordancurvesatisfyingthehypothesis(8):

Ctot (�) :=
Z

�
j~kj ds � 4� + � 2A(�) ;

where� � 2 is anupper boundonsectionalcurvaturesof theambient manifold M . Weneed

to show that � hasno branch pointsandis embedded. Thus,it will suf�ce to show that
� � (p) < 2 at all p 2 M n� andthat� � (p) < 3=2 at p 2 � .

Considerany p 2 � n� , andlet C = p�� � bethegeodesic coneover � with vertex p.
If � is totally geodesic,then� is embedded,sincethereareno compacttotally geodesic

surfaces andno geodesicloops in M . Otherwise,by Proposition3 andProposition6(a),

wehave

2� � � (p) < 2� � �

C (p) =
Z

�

bk ds � � 2 Area( bC):

Recall that � � H cvx (�) . HenceProposition 5 implies that Area( bC) is at leastequal

to the minimum coneareaA(�) ; andsincebk � k � j~kj almosteverywherealong� by
Proposition4, we �nd

2� � � (p) < Ctot (�) � � 2A(�) :

Therefore,hypothesis(8) implies � � (p) < 2. If p 2 � , applyProposition 6(b) to show

� � (p) < 3=2. Then,asin theproof of Theorem1, theembeddedcharacterof � follows.

REFERENCES
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