THE HEAT-FLOW METHOD IN CONTACT GEOMETRY

ROBERT GULLIVER

Contactgeometrytreatssuchquestionsas the existenceand classificationof contact
structureon manifoldsof odd dimensiorandspecifiedopologicalstructure Seeinequal-
ity (1) below. The geometric/analyti@pproacttreatedn this reportintroducesparabolic
systemsof partial differentialequationd PDESs)in a way which complementshe better
known, morealgebraianethods.

This is a reporton joint work in progresswith Hansprg Geigesof the University of
Leiden,Netherlandsand MatthiasSchwarz of the Max-Planckinstitutefor Mathematics
in the Sciencesl eipzig, Germary. Many of the specificresultsreportedon hereappeared
first in a paper[1] by Steve Altschuler which introducedthe heat-flav methodto study
contactstructuresandin arecentpreprint[2] of AltschulerandLani Wu.

1. INTRODUCTION TO CONTACT GEOMETRY

Many of the participantsin this conferenceapply analyticalmethodsto geometrically
motivatedproblems,or usegeometricmethodsto strengthertheir analysis. However, it
cannotbe assumedhat everyoneis familiar with all of the mostmodernconceptsand
technique®f differentialgeometry For thatreasonthis sectionwill be devotedto anin-
troductionto contactgeometryappropriatdor analystsamongothersandmaybeskipped
by thosewith a goodknowledgeof thearea.l wasuntil ratherrecentlya completenovice
in this areaof geometryandthereadershouldnot expecta polishednorabsolutelyconcise
presentationSee[4], [5] and[6] for morecompletereferenceso theliterature.| expect
thatanalystawill beinterestedo seethis novel applicationof parabolicoperators.

A hyperplanedistribution ¢ in an openset M of R?"+1, or in a smooth(2n + 1)-
dimensionamanifold M, specifiesa subspacé, of dimension2n in R2"*+!  or ratherin
thetangentspaceao M ateachpointz € M, which dependsmoothlyonthepointz.

1.1. Example: afoliation. A familiar exampleof a hyperplandistribution would bethe
two-dimensionatistribution in R® spannedy the vectorfieldse; (z) = (1,0,2z;) and
e2(z) = (0,1, 2z3). Herewe have writtenz = (21, 22, z3). Thisdistributionis especially
easyto visualize,sincee; (z) andez(z) area basisfor tangentvectorsto the family of
paraboloid®f revolutionzz — zZ — z = C, for variousrealconstantg. This family of
surfaceds afoliation of R% , whichmeanghatevery pointof R? liesononeof thesurfaces,
thesurfacesandthefamily aresmooth andin someneighborhooaf ary point, thefamily
lookslike thefamily of coordinateplanesz; = const ., up to alocal diffeomorphism.In
thissituation we saythatthedistributionis integrable, meaningn this casewherethefirst
andsecondcomponent®f e; andes are(1,0) and(0, 1), thattheir third componentgz;
and2z, aresimultaneouslyhe partialderivativesof a scalarfunction,locally. (Thescalar
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functionis z2 + 22 + C, of course.)Integrability is equivalentto sayingthatfor any two
vectorfieldsV, W in &, theLie braclet[V, W] alsoliesin £. Alternatively, we maydescribe
ahyperplandistribution asthe kernelof a nowherevanishingdifferentiall-form a. (A 1-
form is the dual of a vectorfield, so that for ary vectorfield V, a(V') definesa scalar
functionanddependdinearly andpointwiseon V.) Given¢, the1-form « is determinedip
to a norvanishingscalarfactorby therequirementhata(e;) = a(e2) = 0, whereey, es
form alocal basisfor the distribution £. (Computationallya hasthe samecomponentss
the crossproductof e; ande,.) Theintegrability conditionfor the distribution £ may be
writtenin termsof the 1-form a asanidentity betweer8-forms: a A da = 0. (Theexterior
derivative da: of a 1-form « is the 2-form definedby the alternatingpart of the matrix of
first partial derivatives; the wedgeproductof differentialformsis the alternatingpart of
theirtensomproduct.)

A contactstructue is a hyperplanalistribution which is maximallynon-integyrable In
termsof Lie braclets,we maywrite w(V, W) for thetrans\ersalcomponent([V, W1]) of
the Lie braclket of two vectorfields V, W in . This makesw a 2-form. The integrability
conditionrequiresthatw = 0; for £ to be a contactstructure we requirenot merelythat
w # 0 butfarmore:thatthe2n-formw™ = w Aw A - - - A w benowherezeroon£. Equiv-
alently, via the appropriateRiemanniarmetric,w definesanalmost-complg structureon
the hyperplandistribution £. Restrictedto £ = ker a, w is the sameas —da. Thus,the
contactcriterionmaybewritten entirelyin termsof the1-form « :

(2) aAda™ #0.

Notethatinequality (1) dependn ¢ but is independenof the choiceof 1-form a, since
if & = fa for somenonvanishingscalarfunction f, thena A da™ = f™*1a A da™. Note
alsothatsinceda is a two-form, the left-handsideof (1) is a differentialform of degree
2n + 1, soon R2"*1 or M27+1 it hasonly onereal component.In this sensecontact
structuresandcontactformsonly have theirfull meaningn domainsandmanifoldsof odd
dimension.A 1-form a on a (2n + 1)-manifold which satisfiesnequality (1) is calleda
contactform.

Inequality (1) is unusual,in the contect of geometricanalysis for two reasonsit is a
strictpartialdifferentialinequality andit is anunderdeterminetsystem”consistingdf one
real,first-order fully nonlineapartialdifferentialinequalityfor the2n+1 realcomponents
a;(z) of the 1-form «a. Specifically in the 5-dimensionatasen = 2, we may write a in
local coordinategz, - - . ,z4) as

4
o= Z ai(z) dz;.
=0
Then(1) is equivalentto theinequality

> sgn(0) as(o)

wherethe sumis over all permutationsr of {0, 1, 2, 3,4}. Systemf partial differential
equationsof this generalform are ratherpoorly understoodat present. In the caseof
contactgeometryhowever, we shallseethatthereis a parabolicmethodavailableto attack
inequality(1); seeSection2 below.

80,0(1) 80,0(2) # 0
8130(3) 8:50(4) ’

1.2. Example: the standard contact structure. A familiar exampleof a contactstruc-
ture would be the two-planedistribution £ in R?® with the subspacé, atthe pointz =
(z1,z9,3) having basisvectorfields e; (z) = (z1,22,0) andex(z) = (—z2,21,72),
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wherewe have writtenr? = zZ + z2. In orderto visualize¢, we notethate; is the hor-
izontal vectorfield pointing away from the z3-axis, andthate, is a vectororthogonalto
e1 andwith sloper, asmeasuredrom the (z, z2)-plane. Thenthedistribution £ is nota
foliation, which may be seenasfollows. Supposez (t), z2(t)), 0 < ¢t < T, describesa
closedcurvein the (z1, z2)-plane. Sinceé, is never vertical, thereis a uniqueway to lift
thecurveto acurve z(t) = (z1(t), z2(t), z3(t)) in R, sothatthetangentvectorz’(t) is
awaysin thedistribution &, (). If £ wereintegrable thenthespacecurve would stayonthe
samesurfaceof thefoliation, andwould thereforebe a closedcurve. To be specific,sup-
posethatthe planecurve (z1(t), z2(t)) describegshe boundaryd(2, in the positive sense,
of Q = one-fourthof anannulus:in polar coordinategr, ), Q is givenby a < r < b,
0 < 0 < 7 /2. Thenalongeachof thetwo straightsidesd = 0, 8 = /2, thetangenwector
lifts to a multiple of e; = (21, z2,0), SOz3(t) remainsconstant.But alongthe quarter
circler = b,0 < § < 7/2, thetangenwectorlifts to amultiple of e; = (—z2, z1,7%), SO
z3(t) increasedy wb? /2. Returningalongthe quartercircler = a, 7/2 > 0 > 0, z3(t)
decreaseby wa? /2. Thus,thechangen z3(t) ast increasesrom 0 to 7' is 7 (b — a?) /2,
whichis exactly twice the areaof the quarterannulus.

In fact, for ary domainQ in the (z1, z2)-plane,the changen z3(t) as(z1(t), z2(t))
describe$2 equaldwice theareaof Q. This maybeseerby computingaform «, sothat
& = ker ap:

ag = zodr1 — T1 dzy + dT3.

Sincez'(t) is in the distribution &, (;), we getag (' (t)) = 0, which meansthatz;(t) =
—z9(t)z] (t) + z1(t)z(t); hencexs(T) — z3(0) is theintegralaroundd? of —zs dz1 +
z1 dz2, Whichis twice theareaof Q.

The 1-form aq is the standad contactform on R?, and ¢ is the standad contact
structue. More precisely this is the rotationally symmetricversion; the contactform
x2 dz1 + dzs is translationallyinvariantin two coordinateldirections andis alsoknown as
“the” standaracontactform. In higherdimensionsthe standarctontactform on R27+1 is

n
2 ao =dzo + Y _(T2x d¥ar—1 — Tap—1 dzax),
k=1
whichis invariantunderthe (n + 1)-dimensionabroupgeneratedby rotationin the
(z2x_1,z2r)-plane,l < k < n, plustranslatioralongthe zq-axis.

A naturalquestionis: whenaretwo contactformsequivalent?Thelocal versionof this
guestiorhasa surprisinglysimpleanswer:

Theorem 1.1. (Darboux): Let a be a contactform on a neighborhoodf z in R2%+1,
Thenon a smaller neighborhoodther is a diffeomorphisminto R?*+! sud that « is
mappedo the standad contactform a.

Darboux’' Theorenmay beinterpretedassayingthatthe contactcondition(1) is avery
“soft” condition, as comparedo the familiar partial differential equationstraditionally
treatedby geometricanalysts. This softnessis apparentrom the recentwork of Gro-
mov, Eliashbeg and otherson noncompactmanifolds,which shaved, for example,that
ary noncompactpdd-dimensionamanifold which hasa hyperplandistribution with an
almost-comple structurealsocarriesa contactstructure(see[8] andreferencesherein.)

1.3. Global non-uniqueness: theL utz Twist. Sincecontacistructuresarelocally unique,
it might seemreasonabléo think that a topologicallysimple spacdike R* hasonly one
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contactstructureup to a changeof coordinates However, thereare subtlecriteriawhich
distinguishothercontactstructureson R? from the standaraky.

Recallthe descriptionin subsectiorl.2 of basisvectorfieldse;, es for the standard
contactstructureon R%: e, is orthogonalto the radial vectore;, andhassloper, which
meansthat it makesan angley = arctanr with the (z1,z2)-plane. Asr — oo, e2
becomesvertical, so ¢ — /2. Instead,supposehaty = ¢(r) increasedeyond w/2
to make one or more revolutions beforeslowly approachingarctanr + 2am (m € 7Z)
asr — R < oo. Outsidethe cylinderr < R, the contactstructuremay be continued
smoothly to join up with the standarccontactstructure.This constructioris known asthe
Lutztwist (se€g[9].)

In termsof the contactform, in cylindrical coordinateqr, 8, z3), ag = dxs — r2 df
is replacedby a = hg(r)dzs — hi(r) df for somefunctionshg, hy : [0,00) — R with
hiho — hihly > 0, andwith ho(r) = 1,hi(r) = r2 for all » > R. Thenh; andh, are
relatedto theanglep by rhqg (r) tan o(r) = hy(r).

This new contactstructureis overtwisted thatis, thereis a topologicaldisk D c R3
with a|p howherezeroalongdD anda|sp = 0. In fact,letrq bethefirst valueof » with
¢(ro) = m. Thenwe maychooseD = {(r,0,z3) : 23 =73 —r2,0< 0 <2m,0< r <
ro}. It maybeshawvn thatno suchdisk existsin R3 with the standarctontactstructure.

1.4. Compact Manifolds. Whataboutcompactmanifolds?The only known obstruction
to theexistenceof anorientablecontacistructureonanoriented pdd-dimensionahanifold
M?7+1 istherequirementhatsomehyperplanadistributionon M shouldhave analmost-
comple structure;this can be written as a topologicalconditionon M, that the even-
dimensionalStiefel-Whitneg classesv,; (certainnaturalcohnomologyclasseswith Z /27
coeficients)arein theimageof cohomologywith integercoeficients. However, thereare
mary manifoldswhich satisfythis conditionbut have not beenshavn to carry a contact
structure.Specifically onewould like to know whetherthere is a contactstructure on the
odd-dimensionalorus 772" +1,

We shall assumdor the restof this paperthat manifoldsare compact, oriented and
haveno boundary. A readilyvisualizedexampleis theinterestingcaseof thetorus727+1,
whichis justthecube[—n, 72"+ C R?>"+! afteroppositefaceshave beenidentified.

A contactform may be foundon thethree-torusl™ asthefirst caseof a classicalcon-
struction. Begin on the two-dimensionatorusT'?; introducelocal coordinateggo, g1 ) on
T? andthenextendthesecoordinateso the4-dimensionaphasespacepr cotangenbun-
dle, T*(T?). We find thata cotangenvectorn, atthepointz = (qo,q1) hascomponents
(po, p1), thatis, 5, = po dgo + p1 dg:1. (In certainapplications(qq, g1 ) arecoordinate®f
positionand(pg, p1) arecomponent®f the momenturmvector) Thenw = dpg A dgo +
dpy Adq, isthenaturalsymplectidform onphasespacel™ (72). Onenotesthatw is theex-
teriorderivativeda, wherea is thecanonicall -form pg dgo + p1 dg; onphasespace When
a is restrictedto the unit-sphereoundle M® := {(z,p) : z € T%,p € T;(T?), |p|® = 1},
it satisfiesthe contactcondition(1). Here|p|? = p3 + p?. The verificationof inequality
(1) reducego shawing thatpg 8|p|?/8po + p1 8|p|?/Op1 # 0 on M. Meanwhile,on T2,
thereis a global basisof tangentvectorfields, which implies that the unit spherebundle
M3 of T? is T? x 81 = T3. In coordinateqqo, q1,0) for T3 = (R/27Z)3, we have
a = cosfdgqg + sin 0 dg,. Thisis the mostnaturalconstructiorfor a contactstructureon
T3.

Theconstructiorabore generalizeo higherdimensionsLet N beanoriented(n + 1)-
dimensionamanifold,equippedvith aRiemanniametric,andintroducdocal coordinates
(g05- - - y4nsPos - - -, Pn) fOr thecotangenbundleT*N of N, where(qo, - .., g,) arelocal
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coordinate®n N andacotangenvectoris representeds) ;' , p; dg;. Leta bethecanon-
ical 1-form >_7_, p; dg;. Whena is restrictedto theunit-spheréoundle M 2"+, definedas
{(g,p) : g€ N,p € T} N, |p|* = 1}, it satisfieghecontactcondition(1). Thatis, theunit
sphereof the cotangenbundleof any manifold carriesa naturalcontactstructure.Thisis
how contactstructuresarisenaturally on suitableenegy surfacesn Hamiltoniansystems.

Whenoneappliesthe sameconstructiorto N = T3, n = 2, onefindsa contactl-form
a3 onthe5-dimensionalinit spherdoundleof T* N. Buttheunit spherebundle M?® is now
T3 x §2, notT. However, T canstill begivena contactstructure aswasfirst shavn by
Lutz [9]. Anotherway to find a contactstructureon T is to applythe following resultof
Gromor (se€[8] and[5], p. 456):

Theorem 1.2. : If M, is a branchedcovering of M;, branchedalong a codimensior2
submanifold® of My, andif M; hasa contactforma; whoserestrictionto ¥ alsomales
¥ into a contactmanifold,then M, hasa contactform o closeto the pullbad of a5 .

In our case T'? maybewritten asa branchedloublecover F : T2 — S? of thesphere,
branchedsimply over four pointsof $2, which we may assumeare the four equidistant
points(+1,0,0), (0,+1,0) alongtheequato{p, = 0} of % C R3.

We constructa branchectovering F' : My — M; from My = T® = T3 x T2 to M; =
T3 x S2, by twisting F,, asfollows. Letq = (go, g1, g2) becoordinategor T2 = (R/27Z)3,
andletp = (po, p1,p2) be coordinatesor S2, wherep? + pZ + p2 = 1. For eachg, €
R/277Z, let ®(gz) : S? — S? betherotationin the (po, p1)-planeby anglegs, leaving p;
fixed. Thenﬁ : M2 — Ml is dEflnedby ﬁ(QOan,Q%Z) = (QOaQ1,Q2,<I>(Q2)(F(Z))) .
F: M, — M, is abranchedtovering,with branchlocus

Y = {(g,p) € T> x 8% : py = cos(qz + k/2), p1 = sin(ga + kw/2), po =0, k € Z}.

3. hasfour connectedomponent&l, k£ = 0, 1, 2, 3, eachof which projectsdiffeomorphi-
cally ontothethe T factorof M;.

Write a; for thecanonicaktontactl-form Zf:o p; dg; on M, viewedastheunit cotan-
gentbundleof T3. On eachcomponent;, of £, we have o |, = cos(ga + km/2) dgo +
sin(ge + k7 /2) dg:. We compute(a; Aday) |s, = —dgo Adg1 Adga, k =0,1,2,3,which
shavsthatX is a (disconnectedyontact3-manifoldwith contactform a; |5 .

We may now apply Theoreml.2 to find a contactform o on M, = T whichis close
to the pullbackof a;. Thus,the 5-torusT® hasa contactstructure.

Theexistenceof acontactstructureonthe7-torus,andon numerousigherdimensional
manifolds,wasunclearuntil now.

2. THE HEAT FLow

Recallthatwe areassuminghatmanifoldsarecompactconnectedprientedandhave
no boundary In addition,we will assuméahata Riemanniammetrichasbeenchosen.

A propertyof parabolicPDEsfamiliar to analystss the strong maximunprinciple: if
the solution f (¢, z) satisfiesat theinitial time f(0,z) > 0 but f(0,z) # 0, thenattime
t > 0, f(t,z) will be positve everywhere. Thatis, heatflows instantaneouslyo warm
a connectedlomain. This propertymalesparabolicmethodsdeal for the studyof strict
inequalitiessuchasthecontactinequality(1). Theideais to usea hands-orconstructiorto
make (0, z) > 0 for z in anappropriatepossiblyquite small,openset,while f(0,-) > 0
everywhereandthento replacef (0, z) with the strictly positive solution f (¢, z) atsome
smallpositivetimet. Sincef (¢, z) is closeto f(0, ) in certainstrongnorms otherrelevant
conditionswill bemaintained.
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Altschulerin [1] considersry orientablecompacB-manifold M : hecombinesheLutz
twist with thestrongmaximumprincipleto construct contacformon M. (Theresultwas
provedusingentirely differentmethodsn [10]; seealso[4].) Altschulerstechniquds to
startwith afoliation, or equivalentlywith a1-form o satisfyinga; Adas = 0, andthento
usetheLutz twist to construct 1-form a, satisfyingas Adas > 0 onacertainopensetU,
with as = a3 neardU. Theresultingl-form ay onall of M satisfiesas A das > 0; such
1-formshave beencalledconfoliationsby Eliashbeg andThurston[4]. Altschulerthende-
finesa degeneratgarabolicsystemof equationdor al-forma(t,z), 0 <t < e, z € M,
andusesas, astheinitial conditionattime ¢ = 0. The systemof PDEsis chosensothat
the scalarquantity f (¢, z) := *(a A da), which is initially nonneative everywhereand
strictly positive on U, becomesverywherepositive for smallt > 0. Onedifficulty is that
the systemof PDEsis degeneite parabolic,so that “heat” will flow reliably only in cer
tain directions.Altschulerdefinesthe systemof equationsothatheatflows in directions
tangento ker a2, whichis theoriginalfoliation ker «; onthemoretroublesomeetM\U,
andensureghatthe Lutz twist wascarriedout so thatthe opensetU meetseachleaf of
ker o .

A nonlinearversionof the systemof equationAltschuleruseson a 3-manifoldis

da
ot
Here,for ap-form 8 onanorientedRiemanniar(2n + 1)-manifold,*g3 isa (2n + 1 — p)-
form, theHodge star of 3, whichdependdinearly on 3 andis definedat eachpointsothat
for ary orientedorthonormatoframed, . .. , 0a, of 1-forms,«(O,A...Abs,) = g A. .. A
0,—1. The system(3) appearsjuite complicatedput it may be dealtwith successfullyby
thefollowing trick. Thereal-\valuedfunction f (¢, z) satisfiesa singledegeneratgarabolic
PDE:
of _

(4) 5 =

Thus,the system(3) uncouplesveakly, in the sensehata appearsn the PDE (4) only as
acoeficient. Oncef(t, z) is determinedthe equation(3) for a(t, ) becomes parame-
terizedsystemof ODEs.Of coursetheunknavn 1-form « alsoappearsn the coeficients
of (4), so this versionof Altschulers methodsucceeddy requiringt¢ to remainsmall,
implying thata(t, -) is closeto theinitial 1-form as.

More generallyon a (2n + 1)-manifold, choosea (2n — 1)-form Q, andconsiderthe
systemof equations

(3) =x(a Adf),wheref(t,z) = x(a A da).

*(aNdx(aANdf)) + (aAdf,da).

(5) g—? = x (Q A df),wheref(t,z) := *(Q A da).
ThePDEsatisfiedby f is now
(6) C:‘),j—]::*(Q/\dak(ﬂ/\df))+*(Cf;—(tl/\cm).

Again, the system(5) uncouplesveakly Further we have

Proposition 2.1. : Equation(6) is a weaklyparabolic PDE, a degenerte heatequation,
whete the right-hand side definesa second-ader partial differential operator, which is
strongly elliptic whenrestrictedto the distribution H C T'M givenby

H = (ker(xQ))*.
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Recallthatfor a2-form g on M, ker 3, := {v € T, M | B(v,-) = 0on T, M }. Theco-
efficientsof theprincipalpartof thePDE(6) at (¢, z) are AT A, wherethe skew-symmetric
matrix A represents{), in coordinatesvhich are orthonormalat z; the subspaced,, is
spannedy thecolumnsof AT A.

In thenonlinearversionof Altschuler’s heatflow on a3-manifold,aswe have seenpne
chooses$) = «, theevolving 1-form itself. We would like to apply Proposition2.1in this
case.At agivensmalltime ¢ > 0, the1-form «(¢, -) never vanishessowe maycomplete
to a local orthonormalbasis(6,, 62, 63) with a a norvanishingscalarmultiple of 6;. We
computeker(xa) = ker(x6;) = ker(f A 63) = Rey, andthereforeH = (ker(xa))* =
Res + Res = ker a. In particular for smallpositive ¢, thedistribution H is closeto ker as.
Thus,if a, is acontactform on anopensetU whichis a neighborhoodf somepointon
eachleaf of the original foliation ker o1, thenheatwill flow out of U to warmeachpoint
of M.

In generalpnemayshaw that

Lemma2.2. : If Qislocallydecomposablasa productof 1-forms,then

H := (ker(xQ))* = ker Q.

3. THE HIGHER LUTZ TWIST

For higherdimensior2n + 1, in therecentpaperof AltschulerandWu [2], thedegen-
erateparabolicsystem(5) is studiedwith the choice2 = a A (da)™~!. They shaw the
existenceof a smoothsolutionfor all positive time, via a parabolicregularization. More
preciselyin [2] AltschulerandWu considempartlylinearizeddegeneratgarabolicsystem
whichis easierto analyzethan (5), andslightly more complicatedput hasconsequences
equialentto thoseof (5). ThePDE (6) now becomes

™ o -

Thus,the systemof equationsincouplesn the sameweaksenseasin the 3-dimensional
casen = 1 (comparesquationg3) and(4).)

Anotherpartof their papercarriesout a higheranalogueof the Lutz twist for thefive-
dimensionaproductcaseM® = N3 x F2, usinga contactstructureon the 3-dimensional
manifold N andits parallelizability They aretherebyableto prove that every product
5-manifold of this form carriesa contactstructure. Incidentally this givesanothercon-
structionof a contactform on the 5-torus7®.

Let us proceedin an analogoushut in applicationsrather different, fashion. Con-
sidera (2n + 1)-manifold M2"+t1 = N2n—1 x F? which is the productof a contact
(2n — 1)-manifold (N, an) andanorientedsurfaceF'. We shallwrite a; for the1-form
onM = N x F pulledbackfrom a. For simplicity, assumehat (N, an) hasaclosed
Reelorbit y. Thismeansghat«y'(s) # 0 andthatda(y'(s), v) = 0 for all parametevalues
s alongthe curve y andfor all vectorsv € T.,(,) M. Then,accordingto an extensionof
Darboux’ Theoreml.1,in someneighborhood¥V of -y in N, therearemultipolarcoordi-
nates(z,71,01, - sTn 1,00 1), 72 +...+72_; < R%,0; € R mod 2, sothatay is
thestandardccontactform (2), whichin thesecoordinatesneanghat

nx (QAd* (QAS)) + (QAdf,(do)™).

n—1

ay =dz + Zrkz doy,.
k=1
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In asmallball B c F?, let polar coordinategr,,, 6,,) bechosenp < r, < R, 6, € R
mod 27. For somechoiceof real-wvaluedfunctionshy(ry,... ,7,), 0 < k < n, define

(8) az = ho(ry,... ,rn)dz—i—th(rl,... ,Tn) dOy .

k=1
Thenas will satisfythecontactinequality(1) in U := W x B provided

ho  hi ...  hy
1 d1ho O1hi ... Oihn

- - >0, forr;>0.
rL ... Tnp

©) S :
Ouho Ouhy oo Onhn

Heretheoperatod, denote)/dr.. Inequality(9) is equivalentto theorientationpreserv-
ing local diffeomorphisnpropertyfor the centralprojectionof (hy, ... ,h,) € R**! to
the sphereS™. Obsene thatinequality (9) continuesto hold whenay is multiplied by a
positive scalarfunction.

Recall that we wish to carry out this higher Lutz twist on the openset U, but we
needto constructas on all of M. Thereforeit will be necessaryor the coeficients
hg(r1,... ,r,) to satisfyboundaryconditionson U, so that the extensionof a» to all
of M by definingas = a; on M\U will be smooth. However, only the orientedcon-
tact structureis importantto us, which meansthat a; only needsto be definedmod-
ulo a (nhonconstantpositive multiple. Specifically thereneedsto hold on the boundary
hi(riy ... yrn) = 12 ho(r1,... ,70), 1 <k < n—1,andh,(ry,...,r,) = 0, aswell
asinequality (9) in the interior of U. This requiresusto find a mappingfrom the sector
V= {(r1,...,rn) € (0,00)" : 72 + ...+ 72 < R?} to the sphereS™ which is a
diffeomorphisnof V' with anopensubsebf S™, having thefollowing boundaryalueson
dV. Onthecurvedpartof theboundary{r? + ... + r2 = R%}, werequireh; = r? ho,
1<k<n-1,andh, = 0. For1 < k < n, ontheface{r, = 0}, we require
hr =0, 1 < k < n. In thefive-dimensionatasen = 2, thismaybedoneusinga confor
mal mappingfrom the quarterdisk V' to the hemispheref $2? with a slit from aninterior
pointto the equatorremoved. The boundaryof the quarterdisk coversthe slit twice and
the equatoronce. For the generalcasen > 2, anothemorehands-orconstructiorof the
mapfrom V' into thehemispheref S™ worksevenbetter

ClosedReeborbits may be rarefor a given contactmanifold (N, ax), but the abore
proceduranay be modifiedappropriately

A coveringargumentmaythenbe usedto arrangedisjoint opensetsof M of theabove
form sothattheir projectiondrom M = N x F'to N coverall of N. For smalltimet > 0,
the solutiona(t, -) will be closeto theinitial valueas. On the complementf the union
of the setsU wherethe higherLutz twist hasbeencarriedout, we have as = a;. Write
Q1 = oq A (doy)™ L. Sinceqy is the pullbackof the contactform oy, we seethatQ; is
the pullbackof a volumeform on N, andthusis decomposablasa productof 1-forms.
It follows from Lemmaz2.2 that on the complemenbf the setsU, the distribution H; of
elliptic directionsfor the system(5), with Q replacedby Q;, equalsker Q1, whichiis the
tangentplaneT F to {y} x F2inTM = TN x TF. Thereforefor smalltimet > 0, the
distribution H is closeto the foliation T'F. It follows by Proposition2.1, for smalltime
t > 0, thatheatflows out of the union of opensetsU alongdirectionsarbitrarily closeto
TF towarmall of M = N x F. Numerougpointsomittedhere,in partrathertechnical,
will betreatedn [7] to prove
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Theorem 3.1. : If N2*~1 is a contactmanifold and F? is an orientedsurface then
M2+l = N x F hasa contactl-form, which is C2-closeto a 1-form o, obtainedfrom
thecontactform of N by meansof the higher Lutztwist.

By inductiononn = 2,3,..., with N = T?*~! andF = T?, we deduce
Corollary 3.2. : Anyodd-dimensionalorusT?"*! carriesa contactstructue.
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