
THE HEAT-FLOW METHOD IN CONTACT GEOMETRY

ROBERT GULLIVER

Contactgeometrytreatssuchquestionsas the existenceandclassificationof contact
structuresonmanifoldsof odddimensionandspecifiedtopologicalstructure.Seeinequal-
ity (1) below. Thegeometric/analyticapproachtreatedin this reportintroducesparabolic
systemsof partial differentialequations(PDEs)in a way which complementsthebetter-
known,morealgebraicmethods.

This is a reporton joint work in progresswith Hansj̈org Geigesof the University of
Leiden,NetherlandsandMatthiasSchwarz of the Max-PlanckInstitutefor Mathematics
in theSciences,Leipzig,Germany. Many of thespecificresultsreportedonhereappeared
first in a paper[1] by Steve Altschuler, which introducedthe heat-flow methodto study
contactstructures,andin a recentpreprint[2] of AltschulerandLani Wu.

1. INTRODUCTION TO CONTACT GEOMETRY

Many of theparticipantsin this conferenceapplyanalyticalmethodsto geometrically
motivatedproblems,or usegeometricmethodsto strengthentheir analysis.However, it
cannotbe assumedthat everyoneis familiar with all of the mostmodernconceptsand
techniquesof differentialgeometry. For thatreason,this sectionwill bedevotedto anin-
troductionto contactgeometryappropriatefor analysts,amongothers,andmaybeskipped
by thosewith a goodknowledgeof thearea.I wasuntil ratherrecentlya completenovice
in thisareaof geometry, andthereadershouldnotexpectapolishednorabsolutelyconcise
presentation.See[4], [5] and[6] for morecompletereferencesto the literature. I expect
thatanalystswill beinterestedto seethisnovel applicationof parabolicoperators.

A hyperplanedistribution
�

in an openset � of �������
	�� or in a smooth 
���������� -
dimensionalmanifold ��� specifiesa subspace

���
of dimension��� in � ������	 � or ratherin

thetangentspaceto � ateachpoint ��� ��� whichdependssmoothlyon thepoint �"!
1.1. Example: a foliation. A familiar exampleof a hyperplanedistributionwouldbethe
two-dimensionaldistribution in ��# spannedby the vectorfields $ 	 
%�&�(')
*����+,�-�.� 	 � and$ � 
/�0�1'2
%+,�3���4��� � �-! Herewehavewritten �5'2
/� 	 ��� � ��� # �4! Thisdistribution is especially
easyto visualize,since $ 	 
/�0� and $ � 
/�0� area basisfor tangentvectorsto the family of
paraboloidsof revolution � #76 � �	 6 � �� '98:� for variousrealconstants8:! This family of
surfacesis a foliation of ��#0� whichmeansthateverypointof ��# liesononeof thesurfaces,
thesurfacesandthefamily aresmooth,andin someneighborhoodof any point,thefamily
lookslike thefamily of coordinateplanes� # '<;�=.>@?*AB!C� up to a local diffeomorphism.In
thissituation,wesaythatthedistributionis integrable, meaningin thiscase,wherethefirst
andsecondcomponentsof $ 	 and $ � are 
*����+D� and 
%+,�3���4� thattheir third components��� 	
and �.� � aresimultaneouslythepartialderivativesof a scalarfunction,locally. (Thescalar
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functionis � �	 �E� �� �F8:� of course.)Integrability is equivalentto sayingthatfor any two
vectorfields GH�-I in

� � theLie bracket J GK�4I9L alsoliesin
� ! Alternatively, wemaydescribe

ahyperplanedistributionasthekernelof a nowherevanishingdifferential � -form M1! (A � -
form is the dual of a vectorfield, so that for any vectorfield GH�"MN
/GO� definesa scalar
functionanddependslinearlyandpointwiseon GK! ) Given

� � the � -form M is determinedup
to a nonvanishingscalarfactorby therequirementthat MP
/$ 	 �Q'RMN
%$ � �:'2+,� where $ 	 �-$ �
form a local basisfor thedistribution

� ! (Computationally, M hasthesamecomponentsas
thecrossproductof $ 	 and $ � .) The integrability conditionfor thedistribution

�
maybe

writtenin termsof the � -form M asanidentitybetweenS -forms: M(TVUDM�'W+�! (Theexterior
derivative UDM of a � -form M is the � -form definedby thealternatingpartof thematrix of
first partial derivatives; the wedgeproductof differentialforms is the alternatingpart of
their tensorproduct.)

A contactstructure is a hyperplanedistribution which is maximallynon-integrable. In
termsof Lie brackets,wemaywrite XQ
/GH�-I<� for thetransversalcomponentMN
*J GK�4I9LY� of
theLie bracket of two vectorfields GK�4I in

� ! This makes X a � -form. The integrability
conditionrequiresthat X[Z\+,] for

�
to bea contactstructure,we requirenot merelythatX9^'_+ but farmore:thatthe ��� -form X � 'FX T`X�T a�a3abTcX benowherezeroon

�
. Equiv-

alently, via theappropriateRiemannianmetric, X definesanalmost-complex structureon
the hyperplanedistribution

� ! Restrictedto
� 'ed.f3g@MH��X is the sameas 6 UDM1! Thus,the

contactcriterionmaybewrittenentirelyin termsof the � -form MihMjTkUlM � ^'_+,!(1)

Notethat inequality(1) dependson
�

but is independentof thechoiceof � -form MH� since
if mMn'[opM for somenonvanishingscalarfunction o0� then mM5T�U@mM��jZ[op���
	-MkTkUDM��"! Note
alsothatsince UDM is a two-form, the left-handsideof (1) is a differentialform of degree�����2��� so on � ������	 or � �����
	 � it hasonly onereal component.In this sense,contact
structuresandcontactformsonly havetheir full meaningin domainsandmanifoldsof odd
dimension.A � -form M on a 
����k���q� -manifoldwhich satisfiesinequality(1) is calleda
contactform.

Inequality(1) is unusual,in thecontext of geometricanalysis,for two reasons:it is a
strictpartialdifferentialinequality, andit is anunderdetermined“system”consistingof one
real,first-order, fully nonlinearpartialdifferentialinequalityfor the ���K�c� realcomponentsrts 
/�0� of the � -form MH! Specifically, in the u -dimensionalcase�E'�� , we maywrite M in
localcoordinates
/�,vl��!�!3!B���@w�� as

M�' wx sCy v rts 
/�0��UD� s !
Then(1) is equivalentto theinequalityx z ?�{.>B
/|B� r zt} v-~D� r zt} 	 ~� � zt} # ~ �

r zt} � ~� � zt} w�~ ^'_+,�
wherethesumis over all permutations| of ��+,�3���4�t�-S������D! Systemsof partialdifferential
equationsof this generalform are ratherpoorly understoodat present. In the caseof
contactgeometry, however, weshallseethatthereis aparabolicmethodavailableto attack
inequality(1); seeSection2 below.

1.2. Example: the standard contact structure. A familiar exampleof a contactstruc-
ture would be the two-planedistribution

�
in ��# with the subspace

� �
at the point �_'
/� 	 ��� � ��� # � having basisvectorfields $ 	 
/�0� '�
%� 	 �-� � ��+l� and $ � 
%�&��'�
 6 � � ��� 	 �����q�-�
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wherewe have written � � 'R� �	 �F� �� ! In orderto visualize
� � we notethat $ 	 is thehor-

izontalvectorfield pointingaway from the � # -axis,andthat $ � is a vectororthogonalto$ 	 andwith slope �q� asmeasuredfrom the 
/� 	 ��� � � -plane.Thenthedistribution
�

is not a
foliation, which maybeseenasfollows. Suppose
%� 	 
%���4��� � 
/���*�-�N+5���Q�9�7� describesa
closedcurve in the 
%� 	 �-� � � -plane.Since

���
is never vertical,thereis a uniqueway to lift

thecurve to a curve ��
%���Q'e
%� 	 
%���4��� � 
/���-��� # 
/���*� in ��#,� sothat thetangentvector �@��
/��� is
alwaysin thedistribution

� � }�� ~ ! If � wereintegrable,thenthespacecurvewouldstayonthe
samesurfaceof thefoliation, andwould thereforebea closedcurve. To bespecific,sup-
posethat theplanecurve 
%� 	 
/���-��� � 
/���*� describestheboundary�"� � in thepositive sense,
of � ' one-fourthof anannulus:in polar coordinates
%�q���l�4� � is givenby r�� � ��� �+ � � �F��� ��! Thenalongeachof thetwo straightsides��ZW+��p�(Z ��� ��� thetangentvector
lifts to a multiple of $ 	 '�
%� 	 �-� � �-+l� , so � # 
/��� remainsconstant.But alongthequarter-
circle ��Z � ��+ � � ����� �t� thetangentvectorlifts to a multipleof $ � '\
 6 � � ��� 	 ������� , so� # 
%��� increasesby ��� � � �t! Returningalongthequarter-circle �jZ r � ��� �k��� �[+,�l� # 
%���
decreasesby �Br � � ��! Thus,thechangein � # 
%��� as � increasesfrom + to � is � 
 � � 6 r � � � �t�
which is exactly twice theareaof thequarter-annulus� !In fact, for any domain � in the 
%� 	 �-� � � -plane,the changein � # 
/��� as 
%� 	 
/���-��� � 
%���*�
describes�"� equalstwicetheareaof � ! Thismaybeseenby computingaform M v sothat� '�dlf�g@M v : M�v:'_� � UD� 	 6 � 	 Ul� � ��Ul� # !
Since �0�/
/��� is in thedistribution

� � }�� ~ � we get M v 
%�0��
/���*�('e+�� which meansthat �@�# 
%���('6 � � 
%���*�@�	 
%���
��� 	 
/�����@�� 
%���4] hence� # 
��:� 6 � # 
/+l� is theintegralaround�"� of 6 � � Ul� 	 �� 	 Ul� � � which is twice theareaof � !The � -form M v is the standard contact form on �
#@� and
�

is the standard contact
structure. More precisely, this is the rotationally symmetricversion; the contactform� � Ul� 	 ��UD� # is translationallyinvariantin two coordinatedirections,andis alsoknown as
“the” standardcontactform. In higherdimensions,thestandardcontactform on � ���.��	 is

M v '_Ul� v � �x� y 	 
%� � � UD� � ��� 	 6 � � ��� 	 Ul� � � �-�(2)

which is invariantunderthe 
��c���q� -dimensionalgroupgeneratedby rotationin the
/� � ��� 	 ��� � � � -plane, ���� 5�F��� plustranslationalongthe �,v -axis.

A naturalquestionis: whenaretwo contactformsequivalent?Thelocalversionof this
questionhasa surprisinglysimpleanswer:

Theorem 1.1. (Darboux): Let M be a contactform on a neighborhoodof � in � �����
	 !
Thenon a smaller neighborhood,there is a diffeomorphisminto � �����
	 such that M is
mappedto thestandard contactform M�vl!

Darboux’Theoremmaybeinterpretedassayingthatthecontactcondition(1) is avery
“soft” condition, as comparedto the familiar partial differentialequationstraditionally
treatedby geometricanalysts. This softnessis apparentfrom the recentwork of Gro-
mov, Eliashberg andotherson noncompactmanifolds,which showed, for example,that
any noncompact,odd-dimensionalmanifoldwhich hasa hyperplanedistribution with an
almost-complex structurealsocarriesacontactstructure(see[8] andreferencestherein.)

1.3. Global non-uniqueness: the Lutz Twist. Sincecontactstructuresarelocallyunique,
it might seemreasonableto think thata topologicallysimplespacelike � # hasonly one
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contactstructureup to a changeof coordinates.However, therearesubtlecriteriawhich
distinguishothercontactstructureson ��# from thestandardM v !

Recall the descriptionin subsection1.2 of basisvectorfields $ 	 ��$ � for the standard
contactstructureon ��# : $ � is orthogonalto the radial vector $ 	 � andhasslope �q� which
meansthat it makes an angle ¡¢'¤£.g�;bA�£.>N� with the 
/� 	 ��� � � -plane. As �_¥ ¦���$ �
becomesvertical, so ¡�¥ ��� �t! Instead,supposethat ¡§')¡¨
%��� increasesbeyond ��� �
to make oneor morerevolutionsbeforeslowly approaching£�g-;4A-£�>N�©��� �"ª ( ª �<« )
as ��¥­¬ � ¦�! Outsidethe cylinder � � ¬©� the contactstructuremay be continued
smoothly, to join upwith thestandardcontactstructure.Thisconstructionis known asthe
Lutztwist (see[9].)

In termsof the contactform, in cylindrical coordinates
��q���,��� # �-�&M�v®'¯UD� # 6 � � Ul�
is replacedby M<'±°@vl
%���*Ul� # 6 ° 	 
�����Ul� for somefunctions °,v.�-° 	 hNJ +��b¦��©¥²� with° � 	 °@v 6 ° 	 ° �v �³+�� andwith °@vl
�����'¢���4° 	 
�����'���� for all ��´³¬©! Then ° 	 and °@v are
relatedto theangle¡ by ��° v 
����DA-£�>Q¡¨
����N'_° 	 
����4!

This new contactstructureis overtwisted,that is, thereis a topologicaldisk µ·¶\��#
with M¨¸ ¹ nowherezeroalong � µ and M¨¸ ºq¹_ZW+�! In fact,let � v bethefirst valueof � with¡¨
�� v �7' � ! Thenwe maychooseµ¢'R�,
��q������� # �:h@� # '[� �v 6 � � �-+j�9�5�[� � �-+j�9�j�� v �D! It maybeshown thatnosuchdisk existsin ��# with thestandardcontactstructure.

1.4. Compact Manifolds. Whataboutcompactmanifolds?Theonly known obstruction
to theexistenceof anorientablecontactstructureonanoriented,odd-dimensionalmanifold� ������	 is therequirementthatsomehyperplanedistributionon � shouldhaveanalmost-
complex structure;this can be written as a topologicalcondition on � , that the even-
dimensionalStiefel-Whitney classes» � s (certainnaturalcohomologyclasseswith « � ��«
coefficients)arein theimageof cohomologywith integercoefficients.However, thereare
many manifoldswhich satisfythis conditionbut have not beenshown to carry a contact
structure.Specifically, onewould like to know whetherthere is a contactstructure on the
odd-dimensionaltorus � ������	 .

We shall assumefor the restof this paperthat manifoldsarecompact, oriented and
haveno boundary. A readilyvisualizedexampleis theinterestingcaseof thetorus� ������	 ,
which is just thecube J 6 � � � L ���.��	 ¶F� ������	 afteroppositefaceshavebeenidentified.

A contactform maybefoundon thethree-torus� # asthefirst caseof a classicalcon-
struction.Begin on the two-dimensionaltorus � � ] introducelocal coordinates
%¼bvl��¼ 	 � on� � andthenextendthesecoordinatesto the � -dimensionalphasespace,or cotangentbun-
dle, �¾½�
�� � �-! We find thata cotangentvector ¿ � at thepoint � '§
%¼ v ��¼ 	 � hascomponents
�À v ��À 	 � , thatis, ¿ � 'EÀ v UD¼ v �®À 	 Ul¼ 	 ! (In certainapplications,
/¼ v ��¼ 	 � arecoordinatesof
positionand 
ÁÀ v �/À 	 � arecomponentsof themomentumvector.) Then X�'�U3À v T®UD¼ v �U3À 	 T7UD¼ 	 is thenaturalsymplecticform onphasespace�¾½�
�� � �-! Onenotesthat X is theex-
teriorderivative UlM1� whereM is thecanonical� -form À v Ul¼ v �:À 	 UD¼ 	 onphasespace.WhenM is restrictedto theunit-spherebundle � # h�'�Âp
%�B�/Àp�PhD���k�Q����Àk��� ½� 
��Q���-��¸ À�¸ �Q'2�lÃ ,
it satisfiesthecontactcondition(1). Here ¸ À
¸ �c'�À0�v �iÀ0�	 ! Theverificationof inequality
(1) reducesto showing that À v � ¸ À
¸ � � � À v ��À 	 � ¸ À�¸ � � � À 	 ^'<+ on � . Meanwhile,on � � �
thereis a global basisof tangentvectorfields,which implies that the unit spherebundle�<# of � � is � �cÄ�Å1	 'Æ�Q#q! In coordinates
%¼�v.�-¼ 	 ���l� for �Q#�'�
/� � � � «¾��#q� we haveM�'[;�=l?��HUD¼bvÇ�E?*ÈÉ>¨�HUD¼ 	 ! This is themostnaturalconstructionfor a contactstructureon�Q#�!

Theconstructionabovegeneralizesto higherdimensions.Let Ê beanoriented
��Q�Ë��� -
dimensionalmanifold,equippedwith aRiemannianmetric,andintroducelocalcoordinates
/¼bv��3!�!3!���¼ � �/À0v���!3!�!b��À � � for thecotangentbundle � ½ Ê of Ê�� where 
/¼bvl��!3!�!b�-¼ � � arelocal
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coordinateson Ê andacotangentvectoris representedas Ì �sÍy v À s Ul¼ s ! Let M bethecanon-
ical � -form Ì �sCy v À s UD¼ s ! When M is restrictedto theunit-spherebundle � ���.��	 � definedasÂ&
%¼D��À&�PhD¼©��Ê��/À �k�¾½Î Ê��q¸ À
¸ � '[�DÃ7� it satisfiesthecontactcondition(1). Thatis, theunit
sphereof thecotangentbundleof any manifoldcarriesa naturalcontactstructure.This is
how contactstructuresarisenaturally, onsuitableenergy surfacesin Hamiltoniansystems.

Whenoneappliesthesameconstructionto Ê)'�� # ����'9�t� onefindsacontact� -formM 	 onthe u -dimensionalunit spherebundleof �¾½bÊ�! But theunit spherebundle �<Ï is now�Q# Ä5ÅK� � not �QÏq! However, �QÏ canstill begivenacontactstructure,aswasfirst shown by
Lutz [9]. Anotherway to find a contactstructureon �QÏ is to applythefollowing resultof
Gromov (see[8] and[5], p. 456):

Theorem 1.2. : If � � is a branchedcovering of � 	 � branchedalong a codimension-�
submanifoldÐ of � 	 � andif � 	 hasa contactform M 	 whoserestrictionto Ð alsomakesÐ into a contactmanifold,then � � hasa contactform M closeto thepullback of M 	 !

In ourcase,� � maybewrittenasa brancheddoublecover ÑRh.� � ¥ ÅK� of thesphere,
branchedsimply over four pointsof ÅK� � which we may assumearethe four equidistant
points 
�Ò©�.��+��-+l�4�P
%+,�4Ò©���-+l� alongtheequator�-À � '_+t� of ÅK� ¶F�
#0!

We constructa branchedcovering mÑRhl� � ¥Ó� 	 from � � '��QÏQ'��Q# Ä � � to � 	 '�Q# Ä1ÅK� � bytwisting ÑN� asfollows.Let ¼V'<
%¼�v.�-¼ 	 ��¼ � � becoordinatesfor �Q#Ç'2
/� � � � «¾��#q�
andlet Ài'Ô
ÁÀ@vl�/À 	 ��À � � becoordinatesfor ÅK� � whereÀ �v ��À �	 ��À �� '±�.! For each¼ � �� � � � «V� let Õ¾
%¼ � �Çh Å �¾¥ Å � betherotationin the 
ÁÀ0v���À 	 � -planeby angle ¼ � � leaving À �
fixed. Then mÑÆh�� � ¥²� 	 is definedby mÑÖ
%¼bvl��¼ 	 �-¼ � �-×D�`hÁ'�
%¼�v.�-¼ 	 �-¼ � �4Õ¾
%¼ � ��
%ÑÖ
/×D���*�&!mÑRhl� � ¥Ó� 	 is a branchedcovering,with branchlocusÐF'9�,
%¼D�/Àp�N�5� # Ä�Å � h3À@v:'W;b=l?3
%¼ � ��  ��� �.�4��À 	 'W?*ÈÉ>B
/¼ � �E  ��� �l�-��À � '_+,�0 j��«:�t!Ð hasfour connectedcomponentsÐ � �& Ö'�+,�3�.�-�t�-S�� eachof whichprojectsdiffeomorphi-
cally ontothethe �Q# factorof � 	 !

Write M 	 for thecanonicalcontact� -form Ì �sÍy v À s Ul¼ s on � 	 � viewedastheunit cotan-
gentbundleof � # ! On eachcomponentÐ � of ÐQ� wehave M 	 ¸ Ø0Ù.'_;b=D?3
/¼ � �E  ��� �l��UD¼ v �?�ÈÉ>B
%¼ � �5  ��� �.�,Ul¼ 	 ! Wecompute
%M 	 T¾UlM 	 �7¸ Ø&Ù ' 6 UD¼bv&T:UD¼ 	 T¾Ul¼ � �� Ö'_+��3�.�-����S�� which
showsthat Ð is a (disconnected)contactS -manifoldwith contactform M 	 ¸ Ø !

We maynow applyTheorem1.2 to find a contactform M on � � '2�QÏ which is close
to thepullbackof M 	 ! Thus,the u -torus �QÏ hasa contactstructure.

Theexistenceof acontactstructureonthe Ú -torus,andonnumeroushigher-dimensional
manifolds,wasunclearuntil now.

2. THE HEAT FLOW

Recallthatwe areassumingthatmanifoldsarecompact,connected,orientedandhave
noboundary. In addition,wewill assumethataRiemannianmetrichasbeenchosen.

A propertyof parabolicPDEsfamiliar to analystsis thestrongmaximumprinciple: if
thesolution o�
%���-�0� satisfiesat the initial time o�
/+����&�©´R+ but o�
/+����&�Ö^Z§+�� thenat time�`�§+��0o�
/�����&� will be positive everywhere.That is, heatflows instantaneouslyto warm
a connecteddomain. This propertymakesparabolicmethodsideal for thestudyof strict
inequalitiessuchasthecontactinequality(1). Theideais to useahands-onconstructionto
make o�
%+,���&�N�E+ for � in anappropriate,possiblyquitesmall,openset,while o�
/+��3aÛ�P´�+
everywhere,andthento replaceo�
/+����&� with thestrictly positive solution o�
%���-�0� at some
smallpositivetime ��! Sinceo�
/�����&� is closeto o�
/+����&� in certainstrongnorms,otherrelevant
conditionswill bemaintained.
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Altschulerin [1] considersany orientablecompactS -manifold � : hecombinestheLutz
twist with thestrongmaximumprincipleto constructacontactform on ��! (Theresultwas
provedusingentirelydifferentmethodsin [10]; seealso[4].) Altschuler’s techniqueis to
startwith afoliation,or equivalentlywith a � -form M 	 satisfyingM 	 T¾UlM 	 ZW+�� andthento
usetheLutz twist to constructa � -form M � satisfyingM � TQUDM � �E+ onacertainopenset ÜN�
with M � '9M 	 near� ÜN! Theresulting � -form M � onall of � satisfiesM � TkUlM � ´�+,] such� -formshavebeencalledconfoliationsby EliashbergandThurston[4]. Altschulerthende-
finesa degenerateparabolicsystemof equationsfor a � -form MN
%���-�0�4�K+ � � ��Ý �
�®�k���
andusesM � asthe initial conditionat time �:'�+,! Thesystemof PDEsis chosenso that
thescalarquantity o�
/�����&�OhÁ'ßÞ�
/MËT�UlM��-� which is initially nonnegative everywhereand
strictly positive on Ü¨� becomeseverywherepositive for small �Ç�W+�! Onedifficulty is that
thesystemof PDEsis degenerateparabolic,so that “heat” will flow reliably only in cer-
tain directions.Altschulerdefinesthesystemof equationssothatheatflows in directions
tangentto dlf�g,M � � whichis theoriginal foliation d.f3g@M 	 onthemoretroublesomeset �Rà.Ü¨�
andensuresthat theLutz twist wascarriedout so that theopenset Ü meetseachleaf ofdlf�g,M 	 !

A nonlinearversionof thesystemof equationsAltschulerusesona S -manifoldis

� M� � '9Þ7
�M5TkUáo"�&� whereo�
%���-�0�1'�Þ�
/MjTkUlM��-!(3)

Here,for a À -form â onanorientedRiemannian
����O����� -manifold, Þ3â is a 
����`��� 6 À&� -
form, theHodgestarof â1� whichdependslinearlyon â andis definedateachpointsothat
for any orientedorthonormalcoframe�qv��3!�!3!B��� ��� of � -forms, Þ�
��3ã@T:!�!3!YTN� ��� �H'��qvDT:!3!�!�T�3ã � 	 ! Thesystem(3) appearsquitecomplicated,but it maybedealtwith successfullyby
thefollowing trick. Thereal-valuedfunction o�
/�����&� satisfiesasingledegenerateparabolic
PDE:

� o� � '�Þ¨
/MjTkU¾Þ¾
%MkTkU�o"�����Wä%M5TkUáo0��UDM�å-!(4)

Thus,thesystem(3) uncouplesweakly, in thesensethat M appearsin thePDE(4) only as
a coefficient. Once o�
%�����&� is determined,theequation(3) for MN
%���-�0� becomesa parame-
terizedsystemof ODEs.Of course,theunknown � -form M alsoappearsin thecoefficients
of (4), so this versionof Altschuler’s methodsucceedsby requiring � to remainsmall,
implying that MN
%���3aÛ� is closeto theinitial � -form M � !

More generally, on a 
����k�9�q� -manifold,choosea 
/��� 6 ��� -form � , andconsiderthe
systemof equations

� M� � '�Þ¨
 � T5U�o"�p� where o�
%���-�0�Ph�'9Þ,
 � T5UDM��-!(5)

ThePDEsatisfiedby o is now

� o� � '�Þ¨
 � TkU¾Þ:
 � TkUáo"�*���FÞ`æ �"�� � TkUDM�ç�!(6)

Again,thesystem(5) uncouplesweakly. Further, wehave

Proposition 2.1. : Equation(6) is a weaklyparabolic PDE,a degenerateheatequation,
where the right-handside definesa second-order partial differential operator, which is
stronglyelliptic whenrestrictedto thedistribution èé¶F�Q� givenbyè¢'2
%d.f�g�
�Þ � �*�*ê5!
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Recallthatfor a � -form â on ����d.f3gtâ � h�'W�
ëj�5� � �·¸�â¨
�ë0��aÁ�1'_+N=l>:� � �ì� . Theco-
efficientsof theprincipalpartof thePDE(6) at 
/�����&� are íQî�íV� wheretheskew-symmetric
matrix í representsÞ � � in coordinateswhich areorthonormalat � ; the subspaceè � is
spannedby thecolumnsof í:î�í(!

In thenonlinearversionof Altschuler’sheatflow ona S -manifold,aswehaveseen,one
chooses� '�M , theevolving � -form itself. We would like to applyProposition2.1 in this
case.At a givensmall time �7�W+,� the � -form MP
/����aÁ� nevervanishes,sowe maycomplete
to a local orthonormalbasis 
%� 	 ��� � ��� # � with M a nonvanishingscalarmultiple of � 	 ! We
computed.f3g3
�Þ�M��Q'[dlf�g3
�Þq� 	 �:'[d.f3g3
%� � T�� # �:'<��$ 	 � andthereforeèì'e
%d.f�g�
�Þ�M
��� ê '��$ � �k��$ # '�dlf�g@M1! In particular, for smallpositive ��� thedistribution è is closeto dlf�g@M � !
Thus,if M � is a contactform on anopenset Ü which is a neighborhoodof somepoint on
eachleaf of theoriginal foliation dlf�g@M 	 , thenheatwill flow out of Ü to warmeachpoint
of ��!

In general,onemayshow that

Lemma 2.2. : If � is locally decomposableasa productof � -forms,thenèÆh�'2
%d.f3g3
�Þ � �*��ên'_d.f3g � !
3. THE HIGHER LUTZ TWIST

For higherdimension���j�W� , in therecentpaperof AltschulerandWu [2], thedegen-
erateparabolicsystem(5) is studiedwith thechoice � '�M<T§
%UDM�� � � 	 ! They show the
existenceof a smoothsolutionfor all positive time, via a parabolicregularization.More
precisely, in [2] AltschulerandWu considerapartlylinearizeddegenerateparabolicsystem
which is easierto analyzethan(5), andslightly morecomplicated,but hasconsequences
equivalentto thoseof (5). ThePDE(6) now becomes

� o� � '_�ÖÞ¾
 � T5U¾Þ¾
 � TkU�o"�����Wä � T5Uáo0�q
%UDM
� � å-!(7)

Thus,thesystemof equationsuncouplesin thesameweaksenseasin the S -dimensional
case� '2� (compareequations(3) and(4).)

Anotherpartof their papercarriesout a higheranalogueof theLutz twist for thefive-
dimensionalproductcase�<ÏQ'_ÊË# Ä Ñ � � usinga contactstructureon the S -dimensional
manifold Ê and its parallelizability. They are therebyable to prove that every productu -manifold of this form carriesa contactstructure. Incidentally, this givesanothercon-
structionof acontactform on the u -torus � Ï !

Let us proceedin an analogous,but in applicationsratherdifferent, fashion. Con-
sider a 
/���i���q� -manifold � ���.��	 'ïÊ ��� � 	5Ä Ñ � which is the productof a contact
���� 6 ��� -manifold 
%Ê ��M�ð:� andanorientedsurface Ñ . We shallwrite M 	 for the � -form
on �ñ'<Ê Ä Ñ pulledbackfrom M
ð(! For simplicity, assumethat 
/Ê���M�ð:� hasa closed
Reeborbit ò . Thismeansthat ò&�/
/óq�¾^'W+ andthat UDMP
%ò&��
/óq�4��ë��1'_+ for all parametervaluesó alongthe curve ò andfor all vectorsë����&ô }Éõ ~ ��! Then,accordingto an extensionof
Darboux’Theorem1.1, in someneighborhoodI of ò in Ê , therearemultipolarcoordi-
nates
/×,��� 	 ��� 	 �3!�!�!"��� � � 	 ��� � � 	 �-�����	 �F!3!�!��i���� � 	 � ¬��q��� � � �÷öÖ=�ø�� � � sothat M ð is
thestandardcontactform (2), which in thesecoordinatesmeansthat

M ð '_UD×:� � � 	x� y 	 � �� Ul� � !
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In a smallball ù)¶<Ñ � � let polarcoordinates
�� � ��� � � bechosen,+Ë�[� � � ¬©�1� � ���öÖ=�ø5� � ! For somechoiceof real-valuedfunctions ° � 
%� 	 ��!3!�!"��� � � , +O�� 5����� define

M � '9° v 
�� 	 �3!�!�!"��� � �,Ul×:� �x� y 	 ° � 
�� 	 ��!3!�!B��� � ��Ul� � !(8)

Then M � will satisfythecontactinequality(1) in Ü2hÁ'WI Ä ù provided

�� 	 al!�!3!�a3� �
úúúúúúúúú
° v ° 	 !�!3! ° �� 	 °0û � 	 ° 	 !�!3! � 	 ° �...

...
...� � ° û � � ° 	 !�!3! � � ° �

úúúúúúúúú ��+�� for � s ´E+7!(9)

Heretheoperator� � denotes� � � � � ! Inequality(9) is equivalentto theorientationpreserv-
ing local diffeomorphismpropertyfor thecentralprojectionof 
/° v �B!3!�!B�4° � ����� ����	 to
the sphereÅH� ! Observe that inequality(9) continuesto hold when M � is multiplied by a
positivescalarfunction.

Recall that we wish to carry out this higher Lutz twist on the openset Ü , but we
needto construct M � on all of � . Thereforeit will be necessaryfor the coefficients° � 
�� 	 �3!�!�!���� � � to satisfyboundaryconditionson � Ü , so that the extensionof M � to all
of � by defining M � '¢M 	 on �RàlÜ will be smooth. However, only the orientedcon-
tact structureis important to us, which meansthat M � only needsto be definedmod-
ulo a (nonconstant)positive multiple. Specifically, thereneedsto hold on the boundary° � 
�� 	 �3!�!�!���� � ��'\� �� °,vD
�� 	 ��!3!�!B��� � �4�&�k�R i�<� 6 ��� and ° � 
%� 	 ��!�!3!B��� � �¾'§+�� aswell
asinequality(9) in the interior of ÜN! This requiresus to find a mappingfrom the sectorGühÁ'ý�,
�� 	 ��!3!�!B��� � �Ë�e
%+��b¦�� � h¨� �	 �R!3!�!@�9� �� � ¬ � � to the sphereÅK� which is a
diffeomorphismof G with anopensubsetof ÅK� � having thefollowing boundaryvalueson� G . On thecurvedpartof theboundary��� �	 �_!3!�!.��� �� '<¬ � �D� we require ° � '�� �� ° v ����ì \�é� 6 �.� and ° � 'ï+,! For ���ì \�Æ��� on the face �q� � 'ì+t�D� we require° � 'W+,�B�V�� k����! In thefive-dimensionalcase�Ë'��t� thismaybedoneusinga confor-
mal mappingfrom thequarter-disk G to thehemisphereof ÅK� with a slit from aninterior
point to theequatorremoved. Theboundaryof thequarter-disk coverstheslit twice and
theequatoronce.For thegeneralcase�E´<� , anothermorehands-onconstructionof the
mapfrom G into thehemisphereof ÅK� worksevenbetter.

ClosedReeborbits may be rarefor a givencontactmanifold 
%Ê ��M�ð:� , but the above
proceduremaybemodifiedappropriately.

A coveringargumentmaythenbeusedto arrangedisjointopensetsof � of theabove
form sothattheirprojectionsfrom �²'_Ê Ä Ñ to Ê coverall of Ê�! For smalltime �1��+��
thesolution MN
%���3aÛ� will becloseto the initial value M � ! On thecomplementof theunion
of thesets Ü wherethehigherLutz twist hasbeencarriedout, we have M � '�M 	 ! Write� 	 '�M 	 Tn
%UDM 	 ��� � 	�! Since M 	 is thepullbackof thecontactform M ð � we seethat � 	 is
thepullbackof a volumeform on Ê�� andthusis decomposableasa productof � -forms.
It follows from Lemma2.2 that on the complementof the sets Ü¨� thedistribution è 	 of
elliptic directionsfor thesystem(5), with � replacedby � 	 � equalsd.f3g � 	 � which is the
tangentplane �QÑ to �qþ@� Ä Ñ � in �Q�²'_�:Ê Ä �QÑN! Therefore,for small time �N��+,� the
distribution è is closeto the foliation �QÑN! It follows by Proposition2.1, for small time�Q�9+�� thatheatflows out of theunionof opensetsÜ alongdirectionsarbitrarily closeto�QÑ to warmall of �­'2Ê Ä ÑN! Numerouspointsomittedhere,in part rathertechnical,
will betreatedin [7] to prove
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Theorem 3.1. : If Ê ��� � 	 is a contactmanifold and Ñ � is an orientedsurface, then� ������	 'RÊ Ä Ñ hasa contact � -form,which is 8 � -closeto a � -form M � obtainedfrom
thecontactformof Ê by meansof thehigherLutztwist.

By inductionon �®'W����S,��!�!3!p� with Ê)'�� ��� � 	 and Ñ<'�� � � wededuce

Corollary 3.2. : Anyodd-dimensionaltorus � ������	 carriesa contactstructure.
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[9] R. Lutz, Sur la géoḿetrie desstructuresde contactinvariants, Ann. Inst. Fourier (Grenoble)29 (1979),

283–306.
[10] J.Martinet,Formesdecontactsur lesvariét́esdedimension3, LectureNotesin Math.209 (1971),142–163:

Springer, Berlin.

SCHOOL OF MATHEMATICS, UNIVERSITY OF M INNESOTA

E-mail address: gulliver@math.umn.edu


